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Abstract

The purpose of this document is to develop some of the basic theory of the multiplier algebra of a
C*-algebra. Three characterizations of the multiplier algebra will be given. Several examples and results
pertaining to the multiplier algebra will be developed based on these descriptions. The final section will
be devoted to developing additional results and applications of the multiplier algebra.

Most of these notes are developed from the three references contained in the bibliography along with
the author’s personal knowledge.

A reader of these notes should be familiar with the basics of C*-algebra theory. In particular, a reader
should be familiar with unitizations of C*-algebras, the Continuous Functional Calculus for Normal
Operators, states, representations of C*-algebra, C*-bounded approximate identities, and ideals.

For these notes, H will denote a Hilbert space, Ho will denote a right B-Hilbert module, 2 will
denote the unitization of a C*-algebra 2, and B(X) will denote the space of bounded linear maps on a
Banach space X. An ideal of a C*-algebra will mean a closed two-sided ideal (which is then automatically
self-adjoint), all inner products will be linear in the first co-ordinate, and all C*-valued inner products
will be linear in the second co-ordinate.

This document is for educational purposes and should not be referenced. Please contact the author
of this document if you need aid in finding the correct reference. Comments, corrections, and recom-
mendations on these notes are always appreciated and may be e-mailed to the author (see his website
for contact info).
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1 Definitions

In the theory of C*-algebras it is very useful that a C*-algebra has a unit. However many canonical and
interesting examples of C*-algebras are unitless. There are several techniques and ideas in order to deal with
this technicality. One technique is to consider the unitization 2 of the C*-algebra 2. This is a canonical way
of adding a unit to 2 such that 2 sits as an ideal in 2 and such that A /2 ~ C. Another useful technique is
to consider C*-bounded approximate identities. Such bounded approximate identities behave as asymptotic
units and thus enable many of the analytic properties of a unit.

There is an additional notation of unitization known as the multiplier algebra of a C*-algebra. The
multiplier algebra of a C*-algebra 2( is a universal unital C*-algebra that contains 20 as an ideal and has
the property that for every other C*-algebra that contains 2 as an ideal there is a *-homomorphism from
the C*-algebra into the multiplier algebra that is the identity on 2. As such, the multiplier algebra of a
C*-algebra can be viewed as the largest unital C*-algebra containing 2l as an ideal.

To begin our study of multiplier algebras, it is useful to describe certain special ideals of C*-algebras.

Definition 1.1. Let 2 be a C*-algebra. An ideal Z of 2 is said to be essential if Z N J # {0} for every
non-zero ideal J of 2.

It is trivial that every C*-algebra is an essential ideal of itself. There are several more interesting canonical
examples of essential ideals.

Example 1.2. Let H be a separable, infinite dimensional, complex Hilbert space, let B(#) be the bounded
linear maps on H, and let K be the set of compact operators on H. Then it is well-known that K is the only
non-trivial ideal of B(#) and thus £ is an essential ideal in B(H).

Example 1.3. Let 2 := 0, 1] (the set of continuous functions on [0, 1]). It is well-known that every ideal
of 2 is of the form Zx := {f € A | flx = 0} for some closed subsets X of [0,1]. Therefore Zx is not an
essential ideal if and only if there exists a closed subset Y C [0, 1] with Y # [0, 1] such that Zx NZy = {0}.
Since Tx NZy = {0} if and only if f|x = 0 and f|y = 0 implies f = 0 for all f € 2, it is clear that this later
condition occurs if and only if X UY = [0,1].

Since Y must be a proper closed subset of [0, 1], the condition that X UY = [0, 1] occurs if and only if X
has interior. Indeed if X has empty interior then X UY = [0, 1] implies that Y contains the complement of
X in [0,1]. Since Y is closed, this implies that ¥ must be all of [0, 1] and which is a contradiction. However,
if X has interior and Y is the closure of the complement in [0,1] of the interior of X then it is clear that
Y #[0,1] and XUY = [0, 1]. Thus Zx is an essential ideal of 2 if and only if X has no interior. In particular,
every maximal ideal of 2 is essential.

In the above example, an ‘essential’ idea was used to determine whether or not an ideal was essential.
This idea is encapsulated in Proposition 1.5. For convenience to the reader, we note the following lemma.

Lemma 1.4. Let A be a C*-algebra and let T and J be ideals of A. Then TN J = {0} if and only if
I-J:={AB| AcI,BecJ}=1{0}.

Proof. Suppose ZNJ = {0}. Then for all A € Z and B € J we note that AB € Z and AB € J as Z and J
are ideals. Therefore AB € ZNJ = {0} so AB =0. Hence Z-J = {0}.

For the other direction, suppose Z - J = {0} and let T € TN J be non-zero. Then T'€ Z and T € J.
Since 7 is closed under adjoints, T* € Z. Hence T*T € Z-J = {0}. Thus T*T = 0 so T = 0. Thus
INJ ={0} as desired. O

Proposition 1.5. Let A be a C*-algebra and let T be an ideal of A. Then the following are equivalent:
1. 7 is an essential ideal of 2.
2. The only element A € 2 such that AB =0 for all B € T is the zero operator.

3. The only element A € A such that BA =0 for all B € T is the zero operator.



Proof. Tt is clear that (2) and (3) are equivalent by taking adjoints as every ideal of 2 is closed under adjoints.
To prove that (1) and (2) are equivalent, first let us assume that Z is an essential ideal of 2. Suppose
that A € 2 is such that AB = 0 for all B € Z. Let J be the closed ideal of 2 generated by A; that is

J = {C1AC, | C1,Cy € A}

(it is clear that the expression on the right is a closed ideal). Note A € J. However, for all C,Cy € 2 and
forall Bp e Z
(ClACQ)BO = ClA(CQBo) = 010 =0

as CoB € T and AD =0 for all D € Z. Hence TB =0 for all T € J and B € Z. Hence J -Z = {0} so
Lemma 1.4 implies that Z N J = {0}. Therefore J = {0} as Z was assumed to be an essential ideal of .
Therefore, since A € J, A = 0. Hence (1) implies (2).

To see that (2) implies (1), suppose Z is not an essential ideal of A. Then there exists a non-zero ideal J
of A such that ZNJ = {0}. Let A € J be any non-zero operator (which exists as J is non-zero). However,
forall BeZ, ABeZ and ABe JasBe€Z, A€ J,and Z and J are ideals. Hence AB € TN J = {0} so
AB =0forall BeT. O

For those familiar with Hilbert C*-bimodules, the above says that if we consider the right Hilbert -
module 2 with C*-valued inner product (A, B) = A*B for all A,B € 2, then Z is an essential ideal of
if and only if Z+ := {A € A | (A,B) = 0 for all B € Z} = {0}. Thus it is common to say that Z is an
essential ideal of 2 if and only if its orthogonal complement (or annihilator) is zero. For an exposition of
Hilbert C*-bimodules, see http://www.math.ucla.edu/~pskoufra/OANotes-HilbertC-Bimodules.pdf.

As a simple corollary, we obtain the following.

Corollary 1.6. Let 2 be a non-unital C*-algebra and let 2 be the unitization of A. Then A is an essential
ideal of A.

Proof. 1t is clear that 2 is an ideal in 2. Suppose My + A € A is such that (Mg + A)B =0 for all B € 2L
If A =0, then by selecting B = A*, we obtain that AA* = 0 and thus A = 0 by the C*-identity. Otherwise
Then AB+ AB =0 for all B€ Aso (—A\"!A)B=Bforall B€ 2. As —\"1A €2, —A\"1Ais a left identity
of /. By taking adjoints of the above equation, we obtain that (—A~1A)* is a right identity of 2. Since any
left and right identities in an algebra must be equal by elementary algebra, we obtain that —A~'A4 is a two
sided identity in 2 and thus 2/ is unital. As this contradicts the assumptions on 2, 2l is an essential ideal of
2 by Proposition 1.5. O

Another interesting corollary of Proposition 1.5 is the following.

Corollary 1.7. Let A be a unital C*-algebra and let B be a unital C*-algebra containing A as an essential
ideal. Then B = 2.

Proof. Let Iy and Iy be the identities of 21 and B respectively. Then for all A €
(Ip —In)A=IgA—A=0

as Iy is an identity for % which contains 21. Therefore, since 2l is an essential ideal of B, Proposition 1.5
implies that Iz = Iy € A. However, as 2 is an ideal of 28, we obtain that B C 2l as desired. O]

With the above examples as motivation, we shall finally define the multiplier algebra of a C*-algebra.

Definition 1.8. Let 2 be a C*-algebra. The multiplier algebra of 2, denoted M (2l), is the universal C*-
algebra with the property that M(2() contains 2 as an essential ideal and for any C*-algebra 9B containing
2 as an essential ideal there exists a unique *-homomorphism 7 : B — M(2) that is the identity on 2.



It is a priori not apparent that the multiplier algebra of a C*-algebra exists. However, it is clear that
if such an object exists, it is unique up to isomorphisms by the universal properties. Indeed suppose € is
a C*-algebra containing 2 as an essential ideal with the property that for any C*-algebra B containing A
as an essential ideal there exists a unique *-homomorphism 7 : B8 — € that is the identity on 2. Since €
and M(2() contain 2 as an essential ideal, the universal property implies that the only *-automorphism on
each of € and M (1) that is the identity on 2 is the identity *-homomorphism. Furthermore the universal
property implies that there are unique *-homomorphisms 71 : € = M(2) and 73 : M() — € that are
the identity on 2. Hence m o mg : M(A) = M(2) and 73 0 7 : € — € are *-homomorphisms that are
the identity on 2 and thus must be the identity *-homomorphisms. Hence 7 is a *-isomorphism from € to
M(2).

Assuming the existence of the multiplier algebra of a C*-algebra, Corollary 1.7 immediately provides
information about the multiplier algebra of a unital C*-algebra.

Lemma 1.9. Let 2 be a unital C*-algebra. If M(2) is unital then M(A) = 2.

Proof. By the definition of the multiplier algebra, 2( is an essential ideal of M(2(). If M(2() is unital then
Corollary 1.7 implies that M(2A) = 2. O

In the next three sections, we shall demonstrate various proofs and constructions that demonstrate the
multiplier algebra of a C*-algebra exists. Using these three constructions, we shall demonstrate multiple
properties of the multiplier algebra and most properties of the multiplier algebra can usually be deduced
by using one of these constructions and elementary arguments. For example, we will see that the multiplier
algebra is always unital and thus M (2() = 2 for any unital C*-algebra 2.



2 Construction of Multiplier Algebra by Multipliers

In this section we will demonstrate the existence of the multiplier algebra of an arbitrary C*-algebra via
multipliers. As in the construction of the unitization of a non-unital C*-algebra 2, we can let an element
A € 2 act on A by left multiplication, L4, or by right multiplication, R4. These operators are called the
multiplier operators. It is clear that for all A, B,C € 2 that ALc(B) = Rc(A)B. It is pairs of bounded
linear operators on 2 with this interconnecting property that will enable the construction of the multiplier
algebra. This construction relies only on elementary C*-algebra results and no sophisticated results on
representations of C*-algebras (that will be necessary in Section 3).
We begin with the definition of the set of all ‘nice’ pairs of bounded linear maps on a C*-algebra 2.

Definition 2.1. Let 2 be a C*-algebra. A pair (L, R) where L, R € B(2) is said to be a double centralizer
of Aif AL(B) = R(A)B for all A, B € 2. We will denote the set of all double centralizers by DC(2).

Our first goal is to equip DC(2) with a *-algebra structure. For the involution we must place an additional
structure on B(2).

Lemma 2.2. Let 2 be a C*-algebra. For an operator T € B() we define T* € B(A) by T*(A) = T(A*)*
for all A € A. Then* is an isometric, multiplicative, conjugate linear, idempotent on B(2L).

Proof. It is clear under this definition that 7% is linear with ||T#|| = || T|| as ||A*|| = || A]| for all A € 2. Thus
% is a well-defined isometric operation on B(2l). For S,T € B(2) and A € C we notice that

(AT + S)¥(A) = (AT + S)(A")* = NT(A*)* + S(A*)* = (AT* + %) (4)
and
(T (4) = (T) (A%)* = (T((47)*)")" = T(A)

and

(T 0 8)(A) = T(S(A"))" = T((S(A")")")" = T(S}(A)")" = T*(S*(4)) = (T* 0 §%)(A)

for all A € A. Hence (AT + S)¥ = NT* + S*, (T")8 =T, and (T 0 S)* = T# o S* for all T, S € B(A). Hence
the result is complete O

With the above operation, it is easy to turn DC(2() into a unital *-algebra.
Lemma 2.3. Let 2 be a C*-algebra. For A € C, (L, R), (L1, R1), (L2, R2) € DC(A), the operations

)\(L, R) = ()\L, )\R) (Ll, Rl) + (LQ, RQ) = (L1 + Lg7 R1 + RQ)
(Ll, Rl)(LQ, RQ) = (Ll o LQ, RQ o Rl) (L, R)* = (]:f’j7 Lﬁ)
are well-defined and turn DC(2A) into a unital *-algebra where the zero vector is (0,0) where 0 € B(A) and

the unit is (Id,Id) where Id € B() is the identity map.

Proof. Let A € C and (L, R), (L1, R1), (L2, R2) € DC(A). It is then elementary to verify that AL, AR, L +
Lo, Ri+Rs,L10Ls, RooR; € B(2). Furthermore it is elementary to verify that (AL, AR), (L1+ L2, R1+R2) €
DC(A). To see that (Ly o Ly, Ry o Ry) € DC(2A), we note for all A, B € 2 that

A(L1(L2(B))) = R1(A)L2(B) = Ra(R1(A))B

by the definition of a double centralizer. Hence (L o Lo, Ry 0 Rq) € DC(2A). Thus addition, scalar multipli-
cation, and multiplication are well-defined on DC(2(). Furthermore it is elementary to verify that (0,0) is a
zero vector and these operations turn DC(2) into an algebra. Notice if Id € B(2) is the identity operator
then

A(Id)(B) = AB = (Id)(A)B

for all A,B € A so (Id,Id) € DC(A). It is clear that (Id, Id) is the multiplicative unit in DC(2L).



Thus to show that DC(2l) is a unital *-algebra, it suffices to check that we have a well-defined involution.
To see this, we notice if (L, R) € DC(2A) then

AR (B) = A(R(B*))" = (R(B")A")" = (B*L(A"))" = L(A")"B = L}(A)B

for all A,B € 2. Hence (L,R) € DC() implies that (R* L*) € DC(A). Hence (L, R)* := (R* LF) is a
well-defined operation.

It remains to verify that the operation (L, R)* := (R*, L¥) is an involution. It is trivial to verify that this
operation is conjugate linear by Lemma 2.2. Moreover it is clear that

(L, R)")" = (R}, L#)" = ((L*)F, (R*)) = (L, R)
by Lemma 2.2. Finally we notice that

((L1, B1)(L2, R2))" = (Lio Lo, 2OR1)*

= ((RQORl) (LloLg)u)
(
(

R oR‘i,Ljj o L¥)

REL)(RE. 1) = (La. Ro)"(Ln. Ry)*

by Lemma 2.2. Hence (L, R)* := (R, L*) is an involution and thus DC(A) is a *-algebra. O
With the above *-algebra structure, it is easy to turn DC(2l) into a C*-algebra.

Lemma 2.4. Let A be a C*-algebra. If (L, R) € DC(A) then |L|| = ||R||. Moreover if we equip DC(A) with
the norm ||(L, R)|| := ||L|| for all (L, R) € DC(2A) then DC(A) is a unital C*-algebra.

Proof. Let (L, R) € DC(A). To see that || L|| = || R|| we recall that if A € 2 and 2; is the unit ball of 2 then

[All = sup [[AB|| = sup [ BA]|
Bel, Be?ly

(these equalities come from the C*-equation and we omit the proof as these equations are used in the proof
that the unitization of a C*-algebra is in fact a C*-algebra). Therefore

IL] = supgeq, [L(B)]|
SuPa,Be, |AL(B)||
SUPa,Be, HR(A)BH

sup geq, [[R(A)]
= IRl

as desired.
The fact that ||(L, R)|| := ||L|| is a norm on DC(A) follows trivially as L + || L] is a norm on B(2) and
by the operations on DC(2() given in Lemma 2.3. To see that this norm is submultiplicative we notice that

(L1, R1)(La, Ro)|| = [[(L1 0 La, Ra o Ry)|| = |[L1 o La|| < || L[ [[ L2l = [|(L1, Ra)l| [|(L2, R2)||

for all (L1, Ry1), (L2, R2) € DC(2A). Thus the norm is submultiplicative. To verify that the norm satisfies the
C*-equation we notice that

I(L,R)*(L,R)|| = |[|(R*, L*)(L, R)|| = ||[(R*o L,Ro L¥)|| = |[R*o L]
SuP4 Bealy HARti ( )H
supa pea, [|[A(R(L(B)")")]|
sup 4 pea, [[(R(L(B)")A")"||
sup 4 pea, |[R(L ( )*)A™||
= SUPg Bew, ||L( L(A )H



However

sup || L(B)'L(A")| < sup |L(B) LA = sup |IL(B)| | L(A)] = |IL|?
A,Bey A,Bey A,Befl,

and

sup [|L(B)*L(A")|| > sup ||L(A*)*L(A%)|| = sup | L(A)*L(A)| = sup |L(A)[* = |[L]*.
A,BeRy AeRly Aedy Aedy

Therefore ||(L, R)*(L, R)|| = ||L||* = ||(L, R)||>. Therefore ||(L,R)| := ||L|| is a C*-norm.

To complete the proof that DC(2A) is a C*-algebra, it suffices to demonstrate that DC(2l) is complete
with respect to this norm. Let ((Ly,, R,))n>1 be a Cauchy sequence in DC(2(). Then (Ly,),>1 and (Ry)n>1
are Cauchy sequences in B(2() as ||(Ln, Rn) — (Lm, Rm)|l = ||Ln — Lm|| = ||Rn — Bm|| and by the addition
on DC(A). Therefore, as B(2) is complete, there exists L, R € B(2) such that lim, o, L, = L and
lim,_.oc R, = R. However for all A,B € 2

AL(B) = lim AL,(B)= lim R,(A)B = lim R(A)B

n—oQ n—o0 n—o0

as norm convergence implies pointwise convergence and since multiplication by a fixed operator in 2 is a
continuous operation as 2 is a C*-algebra. Hence (L, R) € DC(). Since lim,_, ||(Ln, Rn) — (L, R)|| =
limy, o0 | L — L|| = 0, ((Ln, Rn))n>1 converges to (L, R) € DC(A). Hence DC(A) is complete and thus a
unital C*-algebra. O

For DC(2l) to be the multiplier algebra of 2, it is necessary to demonstrate that 2 sits as an essential
ideal in DC(A). The injective of A into DC(2A) is easy to describe but to show that 2 is an ideal in DC(2A) we
will need some additional knowledge about double centralizers. This knowledge gives some additional light
to why we call these operators multipliers.

Lemma 2.5. Let A be a C*-algebra and let (L, R) € DC(A). Then L(AB) = L(A)B and R(AB) = AR(B)
for all A, B € .

Proof. Fix A, B € 2. Then for all C € A
CL(AB)=R(C)(AB) = (R(C)A)B=(CL(A))B=CL(A)B
nd
’ R(AB)C = (AB)L(C) = A(BL(C)) = AR(B)C.

In particular, if we choose C' = L(AB)* — (L(A)B)* the first equation gives CC* = 0 so C* = L(AB) —
L(A)B = 0 by the C*-identity. Similarly if we choose C' = R(AB)* — (AR(B))* the second equation gives
C*C =0s0 C* = R(AB) — AR(B) = 0 by the C*-identity. Thus the result is complete. O

With the above lemma showing that 2 embeds as an essential ideal in DC(2() is simple. For later use,
we prove a more general result.

Lemma 2.6. Let 2 and B be C*-algebras with 2 an ideal in B. For each B € B define Lp, Rp € B(A)
by Lp(A) = BA and Rp(A) = AB for all A € A. Then (Lp,Rp) € DC(A). Moreover the map m : B —
DC(A) defined by 7 (B) = (Lp, Rp) is a *-homomorphism. Furthermore mwy is injective and mo () is an
essential ideal in DC(2A).

Proof. Since 2l is an ideal of B, it is clear that AB, BA € 2 for all A € 2 and B € 8. Thus it is clear that
Lp,Rp € B(A) for all B € 8. To see that (Lg, Rp) € DC(A) we notice that

ALp(C) = A(BC) = (AB)C = Rp(A)C

for all A,C € 2. Hence (Lg, Rp) € DC().



It is clear that the map 7y is well-defined. To see that my is a *-homomorphism, we notice that

Lxa,+a, =ALa, + La, Rxa,+4, = ARa, + Ra,
LAlAz = LA1 o LA2 RA1A2 = RAZ © RAI

for all By, By € % and A € C. Therefore, by the definition of the operations of DC(2) given in Lemma 2.3,
it is clear that my is a homomorphism. To see that mg preserves adjoints, we notice that

L4 (A) = Lp(A*)* = (BA*)* = AB* = Rp-(A)

and
RY(A) = Rp(A*)* = (A*B)* = B*A = Lp-(A)

for all A € 2 and B € 8. Hence LﬁB = Rp~ and RﬁB = Lp+ so
s (B*) = (Lp-, Rp+) = (R, LE) = (Lp, Rp)" = ma(B)"

for all B € 8. Hence g is a *-homomorphism.

To see that 7y is injective, we notice if 7o (A) is zero then R4 = 0. Therefore A*A = R4(A*) = 0 so
A =0 by the C*-identity. Hence 7y is injective.

To see that my (2A) is an ideal in DC(A), it suffices to show that (L, R)(La, Ra),(La, Ra)(L, R) € o (2A)
for all A € 2 and (L, R) € DC(A) as my () is already closed in DC(A) being the image of a *-homomorphism
of a C*-algebra. Moreover, since my (2l) is closed under adjoints, it suffices to check that (L, Ra)(L, R) =
(LyoL,RoRa) € my(2A) for all A € A and (L, R) € DC(A) (i.e. it suflices to check that my(2A) is a right
ideal). However we notice

(LaoL)(B) = La(L(B)) = AL(B) = R(A)B = Lg(4)(B)

and
(Ro Ra)(B) = R(Ra(B)) = R(BA) = BR(A) = Rp(a)(B)

(by Lemma 2.5) for all A, B € . Hence (La, Ra)(L, R) = (Lgr(a), Rr(a)) € ma(A) as desired. Hence g (A)
is an ideal in DC(2).

To show that g () is an essential ideal in 2, it suffices by Proposition 1.5 to show that if (L, R) € DC(2)
is such that (La,Ra)(L,R) = 0 for all A € 2 then (L,R) = 0. However, by the above computation,
(La,Ra)(L,R) = (Lp(a), Rreay) = ma(R(A)). Therefore, if (La, Ra)(L,R) = 0 for all A € A then R(A) =0
for all A € 2 as my is injective. Therefore R = 0 so ||L|| = ||(L, R)|| = ||R]| = 0 by Lemma 2.4. Hence
(L, R) =0 and thus 7 () is an essential ideal in 2. O

With the above technical lemma complete, the proof that DC(2() is the multiplier algebra reduces to
verifying that DC(2() has the universal property.

Theorem 2.7. Let 2 be a C*-algebra. The double centralizer of A, DC(), is the multiplier algebra of A
when we view A C DC(A) via 7y from Lemma 2.6.

Proof. By Lemma 2.4 and Lemma 2.6 DC(2l) is a unital C*-algebra that contains 2( as an essential ideal via
my. To verify that DC(2() has the universal property of the multiplier algebra, let B be a C*-algebra that
contains 2 as an essential ideal. By Lemma 2.6, there exists a *-homomorphism 7wy : B — DC(). It is
clear that 7|9 = mo by construction. Thus, to complete the proof, it suffices to show that 7gs is the unique
*-homomorphism that gives my when restricted to 2.

Suppose o : B — DC(2) is such that olg = mg. Since 2 is an ideal of B, we notice that

s (B)my(A) = s (B)ms (A) = w5 (BA) = mo(BA) = 0(BA) = o0(B)o(A) = o(B)my(A)
for all B € B and A € . Hence
(m3(B) — o(B))ma(A) =0

for all B € B and A € A. Since my(A) is an essential ideal in DC(A), Proposition 1.5 implies that
7 (B) —o(B) =0 for all B € B. Hence my = o as desired. O



The proof given above of the existence of the multiplier algebra has many corollaries which provide more
information about the structure of the multiplier algebra.

Corollary 2.8. Let 2 be a C*-algebra. Then M(2l) is unital.
Proof. Lemma 2.4 showed that DC(2l) is unital. O

Corollary 2.9. Let 2 and B be C*-algebras such that 2 is an ideal in B. Then there exists a unique
*-homomorphism 7 : B — M() that is the identity on A. If B is unital then 7 is unital. Furthermore if
A+ :={B € B | BA=0 for all A € A} then ker(n) = A+. Finally 7 is injective if and only if A is an
essential ideal of B.

Proof. Let 2 and B be C*-algebras such that 2 is an ideal in 8. The assumption that 2 was an essential
ideal in 2B was not used in the proof of the universal property of M(2() in Theorem 2.7. Therefore there
exists a unique *-homomorphism 7 : B — M (2) that is the identity on 2 where 7 = 7|y is from Lemma
2.6. If Iz is a unit of B, it is clear that Ly, = Idy = Ry, so my is unital.

If B € A+ then L = 0. Hence mys(B) = (Lp, Rp) must be zero as ||Lg|| = ||Rp|| = 0 by Lemma 2.4.
Thus A+ C ker(w). For the other inclusion, suppose that B € ker(w). Hence (L, Rg) = 7 (B) = (0,0).
Thus Lp = 0 so BA = Lg(A) =0 for all A € 2. Hence B € 2A+. Thus ker(r) = 2A+.

Proposition 1.5 implies that 2l is an essential ideal of B if and only if A+ = {0} which is equivalent to
the fact that 7|y is injective by the previous paragraph. O

Corollary 2.10. If 2 is unital then M(2) = 2.

Proof. We shall provide two proofs of this fact. For the first, we note from Corollary 2.8 that M (2l) is unital.
Hence M(2) = A by Lemma 1.9.
For the second proof, suppose (L, R) € DC(2). Let A := L(Iy) € 2. Then for all B € 2

L(B) = L(IyB) = L(Iy)B = AB = L4(B)

by Lemma 2.5. Moreover
R(B) = R(B)Iy = BL(In) = BA = Ra(B)

by the definition of a double centralizer. Hence (L, R) = (La, Ra) € mo (). Therefore, since (L, R) € DC(A),
M) =2 O

With the above important corollaries complete, we turn our attention to a method of concretely realizing
the double centralizer of a C*-algebra. As seen in Section 1, there seems to be a connection between multiplier
algebras and right Hilbert C*-modules. We will investigate this connection in greater detail in Section 4. To
begin this discussion and obtain a preliminary result, we note the following.

Remarks 2.11. Let 2 be a C*-algebra. Then 2l can be viewed as a right Hilbert 2(-module with inner
product (Ay, As) = AjAs for all Ay, As € A and right action p : A — B(A) by p(A)A" = A’A for all
A, A" € A. Recall that B, () is the set of all bounded linear maps T on 2 such that there exists a bounded
linear map 7™ such that (41, T(As)) = (T*(A1), Az) for all Ay, A € . Tt is not difficult to verify that B, ()
is a unital C*-algebra. Furthermore, due to the structure of the inner product selected on 2, a bounded
linear map 77 on 2 is in B, () if and only if there exists a To € B(2) such that AjT1(As) = (T2(A41))* Az
for all Ay, Ay € U if and only if ATy (Ay) = (T3)!(A1)A; for all Ay, Ay € 2 if and only if (T1,TF) € DC(A).
Hence there exists a bijective map W : B, () — DC(A) defined by W(T) = (T, (T*)%) for all T € B, ().

Thus, using the above remarks, the following theorem gives a concrete description of the multiplier algebra
via the adjointable linear maps on a right Hilbert C*-module.

Corollary 2.12. Let A be a C*-algebra and equip A with the right Hilbert A-module structure as in Remarks
2.11. Then the map ¥ from Remarks 2.11 is a *-isomorphism so M(2) = B, ().



Proof. Since ¥ is bijective by Remarks 2.11, it suffices to show that ¥ is a *-isomorphism by Theorem
2.7. Since both * and ¥ are conjugate linear, clearly ¥ is linear. Since * is antimultiplicative, since *
is multiplicative, and since the multiplication in the double centralizer is antimultiplicative in the second
component, clearly U is multiplicative. To see that U is *-preserving, we notice that

U(T*) = (T, ((T")")F) = (T, T%) = (T, (T*)))" = (T, (T")})" = ¥(T)"
for all T € B,(21). Hence ¥ is a *-isomorphism. O

Although there are many other technical details and interesting results that may be obtained from the
double centralizer version of the multiplier algebra, we will complete this section with the following result.
We remind the reader that there are many other results and properties of multiplier algebras that may
be obtained using one of the three descriptions of the multiplier algebra that we will develop. We shall
investigate some of these properties in Section 5.

Proposition 2.13. Let {;}icr be a set of C*-algebras. If @, ;Ui denotes the direct sum of A; (the closure
with respect to the supremum norm of all functions indexed by I with values at i in A; with finite support)

then
M (EB m) ~[[m@
iel iel
where [],c; M(2L;) is the product of M(2L;) (all bounded functions indexed by I with values at i in M(2;)).

Proof. Consider the map W : [],.; DC(™A;) — DC(P,; 2As) defined by

\II(((L“ RZ))ZGI) = (w(Li)ieI ) w(Ri)ieI)

i€l

where
Veryyier (Ai)ier) = (Ti(Ai))ier

for any bounded set {T;}icr C B(A). It is clear that if ((Ls, R;))ier € [[;c; DC(As) then Y1), e, V(Ri)ier €
B(P,c; Ai). Moreover, if (A;)icr, (Bi)icr € @, 2Ai then

(Ai)ier¥(r)ic, ((Bi)ier) = E
(

Az)ze[( ( z) el
AZLZ( z))zEI

Rz( ) 1)16]
= (Ri(A))ier(Bi)ier
V(Ry)ier ((Ai)ier) (Bi)ier-

Hence ¥ is a well-defined map from [[,.; DC(2;) to DC(EP,; ;). Since 1. is linear and multiplicative in
its subscript, it is clear that ¥ is a homomorphism. Furthermore, since ©q« = 1}, it is clear that U is a
*~homomorphism.

To see that W is injective, suppose that W(((L;, R;))ier) = 0. Therefore ¢z,),., = 0 so L;(A) = 0 for all
Ae; and all i € I. Hence L; =0 for all ¢ € I. Since ||R;|| = || L;|| for all ¢ € I, we clearly obtain that ¥ is
injective.

To see that W is surjective, let (L, R) € DC(P,; As). Therefore L, R € B(P,.;Ai). We claim that L
and R must map each 2l; to itself; that is, if (A;)ie; € €;; i is such that A; = 0 unless j = i for some
ip € I and L((A;)ier) = (Di)ier then D; = 0 unless j = ig. To see this, suppose (A;)icr € @;c; i is such
that A; = 0 unless j = i for some g € I. Let (D;)icr := L((As)icr). Let (By)ier € @,c; A be arbitrary
and define C; := Oy if j # ip and C;, := B;,. Then, by Lemma 2.5,

L((Ai)ier)(Bi)ier = L((AiBi)ier) = L((AiCi)ier) = L((Ai)ier)(Ci)ier-

Hence D;B; = D;C; = 0 for all j # ig. Since (B;)icr € @, i was arbitrary, D; = 0 if j # 9. Hence the
result is complete for L. The proof of the result for R is identical.
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For each k € I we define Ly € B(2ly) such that if (A4;);cr € @, As is a sequence where A; = 0 unless
i =Fkand L((A;)icr) = (Bi)ier where B; = 0if i # k then L(Ay) = By. Since L is linear, it is trivial to verify
that Ly is well-defined and linear. Similarly we define Ry € B(2l). It is clear that Ly, Ry are well-defined
elements of B(2) and uniformly bounded over k € I by ||L| and || R|| respectively. Moreover, since functions
with finite support are dense in €, ; 2, it is easy to see that L = vy, , and R = 1 (g,),.,. Thus it suffices
to verify that (L;, R;) € DC(2;) for all ¢ € I; that is AL;(B) = R;(A)B for all A,B € 2; and for all i € I.
However this follows trivially from the definition of L; and R; and the fact that (L, R) € DC(EP,c; As).
Hence V¥ is surjective and thus a *-isomorphism. O
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3 Construction of Multiplier Algebra by Representations

In this section we will demonstrate the existence of the multiplier algebra of an arbitrary C*-algebra by an
application of the representation theory of C*-algebras. In particular we will demonstrate that given a ‘nice’
representation of a given C*-algebra we can construct a set with a certain algebraic property that will be the
multiplier algebra. Although Section 2 required slightly less machinery and had a more explicit description
of the multiplier algebra, the results of this section are, in general, easier to deal with.

We begin with the definition of the ‘nice’ representations of a given C*-algebra that we will deal with.

Definition 3.1. Let 2 be a C*-algebra. A representation 7 : 2l — B(#) is said to be non-degenerate if
Tm(H = {7(A)¢ | A€ A & € H} is dense in H.

A representation 7 : 2 — B(H) is said to have trivial null-space if 7(A)¢ = 0 for all £ € H implies that
A=0.

If 2 is a C*-subalgebra of B(H), we say that 2 is non-degenerate (has trivial null-space) if and only if
the identity representation is non-degenerate (has trivial null-space).

It is clear from the GNS construction that every GNS representation is non-degenerate. Moreover it is
clear that the direct sum of representations with trivial null-spaces have trivially null-space. It turns out that
the concepts of non-degenerate representations and representations with trivial null-spaces coincide and thus
every C*-algebra has a faithful non-degenerate representation. It is this later fact that will be necessary for the
rest of the section. As it is not clear from the definition that the direct sum of non-degenerate representations
is non-degenerate, we will prove the following results which the author feels should be explicitly stated in
more textbooks on C*-algebras.

Proposition 3.2. Let A be a C*-algebra, let w: A — B(H) be a representation of A, and let K := m(A)H.
Then K is a closed subspace of H.

Furthermore (Ex)a is a C*-bounded approzimate identity of A then mw(Ey) converges in the SOT to Px
(the orthogonal projection of H onto K).

Let ' : A — B(K) be defined by n'(A) = w(A)|x for all A € A. Then 7' is a non-degenerate representation
of A. In fact, 7(A) = 0 for all € € K+. Hence ||7'(A)|| = ||x(A)| for all A € A. Moreover 7’ is faithful
whenever T is faithful. Lastly w is non-degenerate if and only if 7(2A) has trivial null-space.

Proof. First we will demonstrate that if £ € K and (E))a is a C*-bounded approximate identity of 2 (note
that at least one exists) then lima 7(E)\)§ = £ Let £ € K = 7n(A)H and let (E))a be a C*-bounded
approximate identity of 2(. By the definition of 7(A)H there exists A, € 2 and 7, € H such that £ =
lim, 7(An)n,. Let € > 0. Since § = lim, 7(A, )7y, there exists an N € N such that || — m(Ax)nn| < 5.
Moreover, since (F))a is a bounded approximate identity for 2, there exists a A’ € A such that for all A > N,
IExAn — An|| < Hence, since 7 is a contraction, ||7(ExAn) — m(An)|| < Hence for
all A\ >\

€ €
3w I+1) 3(llnnl+1)

€ — (BN < 1€ — m(AN)nn || + |7 (An)ny — T(ExAN)nn || + (|7 (ExAn)ny — 7m(Ex)E||
< 5+ Im(Ax) = w(Br AN nw | + (B I (Ax)an = €]

<ty ¢ Ihy| + 15 <
Cy ¢ 1S <e
3 3(lnnll+1) 3

Hence limp 7(E) )¢ = € as claimed.

To see that K is a Hilbert space, it suffices to verify that K is a linear subspace of H. If £1,& € K and
a € C then limy 7(Ey)(aé1 + &) = a&1 + & so that a&y + & € K by the definition of K. Hence K is a
Hilbert space.

It is clear that 7’ is a well-defined representation of 2 as K is 7(2)-invariant (and thus reducing) subspace.
Moreover, since limp 7/ (Ey)€ = limpy m(E)) = € for all £ € K, £ € #/(A)K for all £ € K. Hence 7’ is a
non-degenerate representation of 2.
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Next suppose 17 € K+. Then for all £ € K
(m(A)n, &) = (n,7(A")§) =0

since n € K+ and 7(A*)¢ € K. Similarly, if ¢ € Kt then (7(A)n,£¢) = 0. Hence n(A)n = 0 as desired.
Consequently ||7(A)|| = ||7'(A4)| as 7'(A) = 7(A)|x. Furthermore if 7 is faithful and 7'(A;) = 7/(Az) then
(A1)l = 7(A2)|c and, since (A1) |xr = 7(A2)|cr =0, (A1) = m(Az) so A} = As. Hence 7' is faithful.
To see that (m(Fy))a converges in the SOT to Px, let £ € H be arbitrary and write £ = &g + 1 where
¢ e K andn e Kt. Then
limm(Ey)E = lim7(Ex)ée +0 = Ee = Preg

as m(A)n =0 for all A € A. As & € H was arbitrary, the claim is complete
Lastly suppose 7 is non-degenerate so that H = K = w(2A)H. Suppose ()¢ = {0}. Then if (E)), is
any C*-bounded approximate identity of 2, (w(Ex))a converges in the SOT to I3 and thus

&= 11[I\n7r(E,\)§ = th\nO =0.

Hence 7(2l) has trivial null-space. Now suppose 7(2l) has trivial null-space. If H # 7(2)H then there exists

a & € H such that £ € 77(521)7-[% However, from earlier work, this implies that w(A)¢{ = 0 for all A € 2 which
contradicts the fact that 7(2) had trivial null-space. O

The relation between non-degenerate representations and the multiplier algebra is any non-degenerate
representation of a ideal can be extended to a representation on the entire C*-algebra. Thus, if the ideal is
essential and the representation is faithful, the extension will also be faithful. This is very close to what is
necessary in the multiplier algebra. There is an additional property of the extension that will be desirable
and thus we make the following definition and postpone the desired result.

Definition 3.3. Let H be a Hilbert space and A C B(H). The idealizer of A, denoted ZD(A), is the set
ID(A):={T e B(H) | TAC A, AT C A}
(where TA :={S € B(H) | S=TA for some A € A}).

It is fairly clear that if A is a *-algebra then ZD(A) is also a *-algebra that contains A as an ideal (see
the proof below). In particular, ZD(A) is the largest algebra that contains 4 as an ideal. The idealizer of a
C*-algebra is a nice subset of B(H).

Lemma 3.4. Let A be a C*-subalgebra of B(H). Then ID(2) is a unital C*-subalgebra of B(H) that contains
A as an ideal. If A is non-degenerate then 2 is an essential ideal of TD(2).

Proof. Since 2 is closed under addition, scalar multiplication, multiplication, and adjoints, it is clear that
ID() is a *-subalgebra of B(H). Moreover, since 2 is closed, it is trivial to verify that ZD(2l) is closed.
Hence ZD() is a C*-subalgebra of B(#). Furthermore it is clear by the definition of the idealizer that 2 is
an ideal in ZD(2) and Iy, € ZD(A).

Suppose 2 is non-degenerate. To show that 2l is an essential ideal of ZD(2l), suppose that T € ZD(2) is
such that TA = 0 for all A € 2. Therefore TA¢ =0 for all A € 2 and £ € H. Since 2 is a non-degenerate
subalgebra of B(H), the set {A¢ | A € A, £ € H} is dense in H. Hence Tnp = 0 for all n € H so T = 0.
Therefore Proposition 1.5 implies that 2( is an essential ideal of ZD (). O

The above shows how when given a C*-algebra 2 we can construct a C*-algebra containing 2 as an
essential ideal. In particular, the above is how we will construct the multiplier algebra of 2. In order to
prove that the construction is the multiplier algebra, we will need to be able to extend representations from
ideals. In particular, the following result looks very similar to the conditions necessary and conclusions
obtained in Section 2 for the multiplier algebra.
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Lemma 3.5. Let Z be an ideal of a C*-algebra A and let m : T — B(H) be a non-degenerate representation.
Then there exists a unique *-homomorphism 7 : 2 — B(H) extending 7 (that must then be non-degenerate).
If A is unital then 7 is unital. Furthermore m(A) C ID(n(Z)). Finally, if in addition 7 is faithful and
It :={A e | AB=0 for all B € I}, then ker(7) = I+. Thus if m is faithful then T is an essential ideal
of A if and only if T is faithful.

Proof. Let Z be an ideal of a C*-algebra 2 and let 7 : Z — B(*) be a non-degenerate representation. Fix a
C*-bounded approximate identity (Ey)a for Z. For each A € 2, we claim that the operator 7o(A) defined
on m(Z)H by
Fo(A) (r(B)E) = (AB)
for all B € Z and £ € H is well-defined. To see this, we notice that AB € Z for all B € Z as Z is an ideal
so m(AB) makes sense. To see that 7o(A) is well-defined, suppose By, By € Z and &1,& € H are such that
W(Bl)fl = W(BQ)SQ. Then
W(ABl)fl = limA W(AEABl)fl

HmA 7T(AE,\)7T(B1)§1

limA 7T<AE)\)7T(B2)§2
= 1imA W(AEkBg)fg
= 7(AB2)&

Hence 7o(A) is well-defined. Moreover we notice that

|70 (A)(m(B1)§) — To(A)(m(B2)§)|| = |[Im(ABy — AB2)¢]|

= limA ||7T AE)\(Bl — Bg))§||
limy |7 (AEy)m(B1 — B2)&||
limy || (AEN)]| |7(B1 — Ba2)¢||
lim sup, [[AEX|| [[7(B1 — B2)¢||
Al [|7(By — B2)|| -

Therefore, since limp 7(E))§ = £ for all £ € H by Proposition 3.2, the above inequalities implies that
(To(A)T(EN)€)a is a Cauchy sequence. Hence we define 7(A) to be the function on #H defined by

F(A)E 1= lim o (A)m(E)E = limm(AE))

— —~

VARVAN VAN

for all £ € H. It is then clear that 7(A) is a linear map and is bounded since ||[T(AE)¢|| < [|[7(AEN)| €] <
[|A|l [|€]] for all £ € H and A € A. Hence 7(A) € B(H). Furthermore it is clear A — 7(A) is linear as 7 is
linear. Hence 7 : A — B(H) is a linear map. In addition, if A € Z then

F(A)¢ = limn(ABy)E = m(A)¢

for all £ € H so 7 extends 7.
To show that 7 is multiplicative and preserves adjoints, we first notice that if A€ A, B€ Z, and £ € H
then
7(A)(r(B)E) = li/{n m(AE\)m(B)¢ = li/{n m(AE\B)¢ = m(AB)¢.

Thus 7(A) extends 7o(A) for all A € A. Therefore, if A, B € 2
T(AB)¢ = li/{n 7(ABE))¢ = lijr\n 7(A)(m(BE))E) = 7(A)7(B)E

for all £ € H. Hence 7 is multiplicative.
To see that T preserves adjoints, we notice for all A € 2 and £,n € H that

(T(A*)E,m) = limp(m(A*EN)E, w(Ex)n)
lim (€, m(ExA)m(Ex)n)
hmA( (E)\AE)\) >
lim (€, m(Ex)m(AEx)D)
lim (7 (E,\)& T(AEN)N)
= (& 7(A)n).
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Hence 7(A*) = w(A)* for all A € 2. Hence 7 is a *-homomorphism.
Suppose o : A — B(H) was an extension of 7. Then

o(A)r(B)E = o(A)o(B) = o(AB)E = m(AB)¢

for all A € A, B € Z, and £ € H. Since m(Z)H is dense in H as 7 is non-degenerate, we obtain that
o(A) = 7(A) for all A € 2. Hence 7 is the unique extension of .
Suppose 2 is unital. Then

T(Ia)§ = limm(laE))§ = limm(E))€ = €

for all £ € H. Hence 7 is unital if 2 is unital.
To see that 7(2A) C ZD(w(Z)), we notice that if A € A and B € T then

7(A)m(B) = 7(A)7(B) = 7(AB) = m(AB) € n(T)
and
m(B)w(A) = 7#(B)7(A) = 7(BA) = n(BA) € ©(2).

Hence 7() C ID(w(Z)) by the definition of the idealizer.
Finally, suppose in addition that 7 is faithful. If A € Z+ then AB = 0 for all B € Z. Therefore

#(A)E = limm(AE)E =0

for all £ € H. Hence B € ker(7) so ker(w) C Z. To see the other inclusion, suppose that 7(A4) = 0 for some
A €. Then for all Be€Z and £ € H

0 =w(A)(m(B)§) = m(AB)E.

Therefore 7(AB) = 0 for all B € Z. Since 7 is faithful, this implies that AB = 0 for all B € Z and thus
A € T+ by definition. Hence ker(7) = Z*. Finally Proposition 1.5 implies that Z is an essential ideal if and
only if Z+ = {0} which, by the above proof, occurs if and only if 7 is faithful. O

With the above results in hand, it is simple to construct the multiplier algebra of a C*-algebra

Theorem 3.6. Let 2 be a C*-algebra and let w: A — B(H) be a faithful, non-degenerate representation of
A (which exists by the GNS construction and Proposition 3.2). Then ID(mw(21)) is the multiplier algebra of
A where we view A C ID(w(A)) via 7.

Proof. By Lemma 3.4 ZD(w(2()) is a C*-algebra that contains m(2() as an essential ideal. Since 7 is faithful
m(2A) ~ A so ID(w(2A)) contains A as an essential ideal via .

Suppose that % is another C*-algebra that contains 2 as an essential ideal. By Lemma 3.5 there exists
a unique representation 7 : B — ID(w(2()) that extends m. Hence ZD(m(2()) is the multiplier algebra of 2
by definition. O

The proof given above of the existence of the multiplier algebra has the same corollaries as shown in
Section 2 with different proofs.

Corollary 3.7. Let 2 be a C*-algebra. Then M(2L) is unital.
Proof. Lemma 3.4 showed that ZD (7 (1)) is unital for any faithful, non-degenerate representation 7 of 2. [

Corollary 3.8. Let 2 and B be C*-algebras such that A is an ideal in B. Then there exists a unique
*-homomorphism 7 : B — M(21) that is the identity on 2. If B is unital then 7 is unital. Furthermore if
AL :={B € B | BA=0 for all A € A} then ker(n) = A+. Finally  is injective if and only if A is an
essential ideal of *B.
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Proof. The result follows trivial from Lemma 3.5 (where we did all of the additional work to obtain this
result). O

Corollary 3.9. If 2 is unital then M() = 2.

Proof. We shall provide two proofs of this fact. For the first, we note from Corollary 3.7 that M (2() is unital.
Hence M() = 2 by Lemma 1.9.

For the second proof, suppose 7 : 2 — B(H) is a faithful, non-degenerate representation. Since Iy is
a C*-bounded approximate identity of 2, we obtain from Proposition 3.2 that 7(Iy){ = £ for all £ € H
so Iy, € w(A). However, from the definition of the idealizer, it is clear that Iy € w(2) implies that
ID(w(A)) C A. Hence ID(w(A)) = A as desired. O

To complete this section we will note one useful result of Theorem 3.6 that Theorem 2.7 did not give and
another whose proof is significantly simplified.

Corollary 3.10. Let H be an infinite dimensional Hilbert space and let R be the set of compact operators
on H. Then M(R) = B(H).

Proof. 1t is clear that the identity representation of £ is a non-degenerate, faithful representation of K. Since
R is an ideal of B(H), it is clear that ZD(R) = B(#). Hence the result follows from Theorem 3.6. O

Proposition 3.11. Let {;}icr be a set of C*-algebras. If @, ; Ui denotes the direct sum of U; (the closure
with respect to the supremum norm of all functions indexed by I with values at i in A; with finite support)

then
M (@mi) ~[[M@&)  and M (Hm,) ~ [[m@)

iel iel el iel
where [];c; M(2L;) is the product of M(2;) (all bounded functions indexed by I with values at i in M(2;)).

Proof. We shall only prove the first result as the second follows verbatim by replacing @, 2; with [ ], 2.
For each i € I let m; : ; — B(H;) be a faithful, non-degenerate representation. Then €, ; ; is a faithful,
non-degenerate representation of @, , 2;. Therefore

M (QB m) =1ID (@mmg) CB <@Hi) .

Consider the map W : [[,.; ZD(m;(;)) — B (D,c; H:) defined by

V((Ti)ier) = @Tz
il

for all (Ti)icr € [[;c; ID(mi(2A;)). It is clear that W((7;)er) is indeed a bounded linear operator and it is
clear that VU is injective. To verify that U((T;):cr) € ZD (@iel 7ri(91i)), we notice for all (A;)icr € P, Wi
that T;m;(A;) € m(;) and 7;(A)T; € m;(;) for all ¢ € I. Moreover, since for every € > 0 there are
only finitely many A; with ||A;|| > €, there are only finitely many ¢ such that || T;m;(A4;)|| > |[(T3)icr]| € and
7 (A)Till > (To)ierll e. Hence (@i Ti) (Bicymi(Ai)) € @iermi(Ai) and (Bie; mi(Ai)) (Bier Ti) €
@D, mi(As). Hence ¥((T;)icr) € ID (@, mi(As)) as desired.

To see that ¥ is surjective, let T € ID (@iel m(le)) For each pair 4,5 € I let T;; : H; — H; be
the bounded operator defined by restricting the domain of 7' to H; and the range of T' to H;. We claim
that T; ; = 0 unless ¢ = j. To see this, for each k € I consider all operators (A;)ier € EBZ.GI 2A; such that
A; = 0 unless i = k. Since T € ID (D,;; m:(2;)), we obtain that T (P,c; mi(A:)) € D,e; mi(A;). Thus
T; k7 (Ar) = 0 whenever ¢ # k and Ay € y. Since 7y is non-degenerate, 7 () Hr = Hi by Proposition
3.2 so the equation T; 7y (Ax) = 0 for all Ay, € A, implies that T; , = 0 whenever ¢ # k. Thus the claim is
complete.
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Next we claim that T;; € ID(m;(%;)) for all ¢ € I. To see this, for each k € I consider all oper-
ators (Ai)icr € @,;c; Ui such that A; = 0 unless i = k. Since T € ID (@iel Wi(Qli)), we obtain that
T (B,c;mi(Ai) € Biermi(A;) and (@, mi(A4i)) T € @B,c;mi(A;). These equations clearly imply that
Tk,kﬂ'k(Ak) S Wk(mk) and Fk(Ak)Tkyk S m(Qlk) for all A;, € A,. Hence Tk,k (S I’D(?Tk(Qlk)) for all k € I as
desired. Since [|T;;|| < ||T|| for all i € I, it is clear that (T;)ier € [[;c; ZD(m(;)) and V((Ti)icr) = T
Hence ¥ is surjective. O
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4 Construction of Multiplier Algebra by Bimodules

In this section we will demonstrate the existence of the multiplier algebra of an arbitrary C*-algebra through
the existence of faithful, non-degenerate representations on right Hilbert C*-modules. Although the repre-
sentation theory and C*-theory used in Section 3 is simpler for the average reader, the results of this section
follow along the same lines and the realization of the multiplier algebra in this section has many theoretical
applications. In particular, this section is a generalization of Section 3 (that is, the results of this section
include those of Section 3) and draws an important connection between multiplier algebras and right Hilbert
C*-modules. Those that do not desire to discuss the representation theory of C*-algebras on right Hilbert
C*-modules may simply read the examples, read the proof of Theorem 4.24, and then derive the main ad-
ditional results of this section from Examples 4.18, 4.19, and 4.20. A reader that is unfamiliar with right
Hilbert C*-modules is referred to http://www.math.ucla.edu/~pskoufra/OANotes-Hilbert C-Bimodules.pdf.

The results of this section will follow those of Section 3 by replacing Hilbert spaces with right Hilbert
C*-modules. Thus we begin with the analogue of a non-degenerate representation.

Definition 4.1. Let 2 and B be C*-algebras. A representation 7 : 2 — B, (H) is said to be non-degenerate
if () Hy :={m(A)E | A€ A, & € Hp} is dense in Hy.

If 2 is a C*-subalgebra of B,(Hss ), we say that 2 is non-degenerate if and only if the identity represen-
tation is non-degenerate.

The theory of representations of C*-algebras on right Hilbert C*-modules is more complex than the
theory of representations on Hilbert spaces. We do have the following analogue of Proposition 3.2.

Proposition 4.2. Let A and B be C*-algebras, let m : A — B, (Hw) be a representation of A, and let
K :=n()Hes. Then K is a closed subspace of Hes .

Furthermore (Ex)a is a C*-bounded approzimate identity of A then limy w(Ex\)E =& for all £ € K. In
particular, if K = Hep then (m(Ey)))a converges to Iy, in the SOT.

Proof. First we prove the second claim. Let £ € K = w(2A)Hap and let (Ex)a be a C*-bounded approximate
identity of 2. By the definition of 7(A)Hsy there exists A, € A and 7,, € Hsyp such that £ = lim,, 7( A, )n,.
Let € > 0. Since § = lim, 7(A;)n,, there exists an N € N such that ||{ — 7(An)nn|| < 5. Moreover,
since (Fy)a is a bounded approximate identity for 2, there exists a X' € A such that for all A > N,
|ExAN — An|| < Hence, since 7 is a contraction, ||7(EyAn) — w(An)| < Hence for
all A > N

e e
3w I+1) 3w I+1)

I§ = (EEN < g = w(An)nn | + (A = T(ExAx)nx] + (s An ) = (B
< S 4 l(A) — 7B AN v + (B x(Ax)ny €]

€ €
< -

€
+ = AN+ 15 <e
3 3wl +1) 3

Hence limp m(E))€ = £ as claimed.

To see that I is a closed subspace, it suffices to verify that IC is a linear subspace of Hay. If £1,& € K
and « € C then limp 7(E)) (a1 + &) = a1 + & so that a&y + & € K by the definition of K. Hence K is a
closed subspace. O

Although the GNS representations along with Proposition 3.2 provide a plethora of non-degenerate
representations, the most important non-degenerate representations of a C*-algebra on a right Hilbert C*-
module for this section are the following.

Example 4.3. Let 2 be a C*-algebra. Recall from Remarks 2.11 that 2 can be viewed as a right Hilbert
A-module. Define m : A — B,(A) by n(A)A" = AA’ for all A, A" € A. It is trivial to verify that 7 is a
well-defined map that maps into B, (2) and is a *~homomorphism. This C*-valued inner product, this right
action, and this adjointable action gives 2 a canonical Hilbert 2-2[-bimodule structure.
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We claim that = is faithful. Indeed if A € 2 is such that 7(A)B = 0 for all B € A then AA* = 0 so
A = 0. Hence 7 is faithful.

We claim that 7 is a non-degenerate representation. To see this, we notice if A € 2 is positive then
A = w(A2)Az e 7(A)A. Since 7(A)2A contains every positive elements of 2, the span of the positive
elements of 2 is A, and 7(A)2A is a subspace of A by Proposition 4.2, 7(A)A = 2A. Hence 7 is a non-
degenerate representation.

There are many more canonical examples of non-degenerate representations. We shall postpone these
examples until we have demonstrated the relation between the multiplier algebra of a C*-algebra and non-
degenerate representations of C*-algebras on right Hilbert C*-modules.

Following the ideas of Section 3, the idealizer of a faithful, non-degenerate representation is the correct
construct for the multiplier algebra.

Definition 4.4. Let Ho be a right Hilbert 8B-module and let A C B,(Hx). The idealizer of A, denoted
ID(A), is the set
ID(A) :={T € Bo(Hs) | TAC A, AT C A}

(where TA :={S € By(Hx) | S =TA for some A € A}).
The following is the generalization of Lemma 3.4.

Lemma 4.5. Let B be a C*-algebra and let A be a C*-subalgebra of By (He). Then ID(R) is a unital
C*-subalgebra of B,(Hss) that contains A as an ideal. If A is non-degenerate then 2 is an essential ideal of
ID().

Proof. Since 2 is closed under addition, scalar multiplication, multiplication, and adjoints, it is clear that
ID() is a *-subalgebra of B, (Hs). Moreover, since 2 is closed, it is trivial to verify that ZD(2l) is closed.
Hence ZD() is a C*-subalgebra of B,(Hs). Furthermore it is clear by the definition of the idealizer that 2
is an ideal in ZD () and Iy, € ZD(A).

Suppose 2 is non-degenerate. To show that 2 is an essential ideal of ZD(2) suppose that T € ZD() is
such that TA = 0 for all A € 2. Therefore TA¢ = 0 for all A € 2 and £ € Hgs. Since 2 is a non-degenerate
subalgebra of B,(Hs), the set {48 | A € A,§ € Hy} is dense in Hos. Hence Tnp = 0 for all n € Hos so
T = 0. Therefore Proposition 1.5 implies that 2( is an essential ideal of ZD(2). O

As in Section 3 it is necessary to be able to extend representations of ideals of C*-algebras on right
Hilbert C*-modules to the entire C*-algebra in ‘nice’ ways.

Lemma 4.6. Let B be a C*-algebra, let T be an ideal of a C*-algebra A, and let m : T — By(Hw) be a
non-degenerate representation. Then there exists a unique *-homomorphism 7 : A — B, (Hp) extending
(that must then be non-degenerate). If A is unital then 7 is unital. Furthermore ©(A) C ID(w(Z)). If in
addition 7 is faithful and T+ := {A € A | AB = 0 for all B € I}, then ker(%) = I+. Therefore if 7 is
faithful the T is an essential ideal of A if and only if 7 is faithful.

Proof. Let T be an ideal of a C*-algebra 2 and let 7 : Z — B,(Hs) be a non-degenerate representation. Fix
a C*-bounded approximate identity (Ey)a for Z. For each A € 2, we claim that the operator 7o(A) defined
on m(Z)Hs by

7o (A)(m(B)§) = m(AB)§

for all B € Z and £ € Hgy is well-defined. To see this, we notice that AB € Z for all B € 7 as 7 is an ideal
so m(AB) makes sense. To see that 7o(A) is well-defined, suppose By, Ba € Z and &1, & € Hg are such that
W(Bl)fl = W(Bg)fg. Then

ﬂ'(ABl)fl hmA 7T(AE,\Bl)€1
limA W(AEA)W(Bl)fl
HmA 7T(AE,\)7T(B2)§2
1imA W(AE)\BQ)gg

= F(ABQ)fQ.
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Hence 7 (A) is well-defined. Moreover we notice that

170 (A) (w(B1)E) — To(A) (m(B2)$) |

||m(AB1 — AB2)E||

limp [[m(AEN(B1 — B2))||
limp [[7(AEN)T(B1 — B2)¢]|
limy || (AEN)|| |7(B1 — Ba2)§||
limsup, [[AEL|| ||7(B1 — B2)¢|
|A]| |7 (By — B2)&]| -

INININ I

Therefore, since limp 7(Ey)§ = £ for all £ € Hy by Proposition 4.2, the above inequalities implies that
(To(A)m(EN)€)a is a Cauchy sequence. Hence we define 7(A) to be the function on Hy defined by

T(A)E = liflﬁo(A)W(Ex)f = lilf\Ilﬂ(AEA)f

for all € € Hgs. It is then clear that 7(A) is a linear map and is bounded since ||[T(AE)¢|| < [[7(AEN)| €] <
A 1€]] for all & € Heys and A € A. Hence 7(A) € B(Hsy). Furthermore it is clear that A — 7(A) is linear
as 7 is linear. Hence 7 : 2 — B(Hsw) is a linear map. In addition if A € Z then

F(A)E = limm(AF,)E = n(A)g

for all £ € Hgs so 7 extends .
To show that 7 is multiplicative and preserves adjoints we first notice that if A € A, B € Z, and £ € Hwy
then
7(A)(r(B)¢) = li/{n m(AE)\)7(B)¢ = lij{n m(AE)\B)¢ = m(AB)E.

Thus 7(A) extending 7o(A) for all A € 2. Therefore, if A,B €2

F(AB)E = limn(ABEy) = lim #(A)(r(BE))§) = #(A)7 (B¢

for all £ € Hy. Hence 7 is multiplicative.
To see that T(A) € By (Hp) for all A € A and that 7 preserves adjoints we notice for all A € 2 and
&,n € Hy that

(T (A")E,m) limp (7 (A" EX)E, w(Ex)n)

limp (€, m(ExA)m(Ex)n)
hmA< (EAAE,\) >
limp (€, 7(Ex)m(AEN)N)
= limp(r (EA)S, (AEN)N)
= (& 7(A)n).

Hence 7(A*) = 7(A)* for all A € 2. Hence 7 : A — B,(Hp) is a *~homomorphism.
Suppose o : A — B,(Hs) was an extension of . Then

o(A)m(B)§ = 0(A)o(B)§ = a(AB)¢ = m(AB)¢

forall A€ A, BeZ, and £ € Hoy. Since 7(Z)Hsp is dense in Hys as 7 is non-degenerate, we obtain that
o(A) = 7(A) for all A € 2. Hence 7 is the unique extension of .
Suppose 2 is unital. Then

w(la)€ = li/{ﬂW(ImEA)& = hj{nW(EA)f =<

for all £ € Hy. Hence 7 is unital if 2 is unital.
To see that 7(A) C ZD(w(Z)), we notice that if A € A and B € 7 then

#(A)n(B) = 7#(A)7(B) = #(AB) = n(AB) € n(Z)



and
m(B)7(A) = 7(B)7(A) = #(BA) = n(BA) € n(2).

Hence 71(A) C ID(w(Z)) by the definition of the idealizer.
Finally, suppose in addition that = is faithful. If A € Z+ then AB = 0 for all B € Z. Therefore

T(A)¢ = lij{n m(AE\)E =0

for all £ € Hes. Hence B € ker(7) so ker(7) C Z. To see the other inclusion, suppose that 7(A) = 0 for
some A € 2. Then for all B€ 7 and £ € Hwy

0 =7(A)(r(B)S) = m(AB)E.

Therefore m(AB) = 0 for all B € Z. Since 7 is faithful, this implies that AB = 0 for all B € Z and thus
A € T+ by definition. Hence ker(7) = Z+. Furthermore Z is an essential ideal if and onyl if Z+ = {0} by
Proposition 1.5 which is equivalent to 7 being faithful by the above proof. O

With the above results in hand it is simple to construct the multiplier algebra of a C*-algebra as we did
in Section 3.

Theorem 4.7. Let 2 and B be C*-algebras and let m : A — B, (Hs) be a faithful, non-degenerate repre-
sentation of 2 (which exists by Example 4.3). Then ID(w(2A)) is the multiplier algebra of A where we view
ACID(n(A)) via 7.

Proof. By Lemma 4.5 ZD(w(2)) is a C*-algebra that contains 7(2() as an essential ideal. Since 7 is faithful
m(2A) =~ A so ID(w(2)) contains A as an essential ideal via 7.

Suppose that € is another C*-algebra that contains 2| as an essential ideal. By Lemma 4.6 there exists a
unique representation 7 : € — ZD(w(2()) that extends 7. Hence ZD(w (%)) is the multiplier algebra of 2 by
definition. O

The proof given above of the existence of the multiplier algebra has the same corollaries as shown in
Section 3 with identical proofs.

Corollary 4.8. Let 2 be a C*-algebra. Then M(2L) is unital.
Proof. Lemma 4.5 showed that ZD (7 (1)) is unital for any faithful, non-degenerate representation 7 of 2. [

Corollary 4.9. Let 2 and B be C*-algebras such that 2 is an ideal in B. Then there exists a unique
*-homomorphism 7 : B — M() that is the identity on A. If B is unital then 7 is unital. Furthermore if
A+ :={B € B | BA=0 for all A € A} then ker(n) = A+, Finally 7 is injective if and only if A is an
essential ideal of B.

Proof. The result follows trivial from Lemma 4.6 (where we did all of the additional work to obtain this
result). O

Corollary 4.10. If 2l is unital then M(2l) = 2.

Proof. We shall provide two proofs of this fact. For the first, we note from Corollary 4.8 that M (2() is unital.
Hence M () = 2 by Lemma 1.9.

For the second proof, suppose 7 : A — B,(Hs) is a faithful, non-degenerate representation on a right
Hilbert B-module. Since Iy is a C*-bounded approximate identity of 2, we obtain from Proposition 4.2
that 7m(Iy)€& = & for all £ € Hy so Iy, € m(2A). However, from the definition of the idealizer, it is clear that
Iy, € m(A) implies that ZD(w(~A)) C 2A. Hence ZD(w(A)) = 2A as desired. O

The benefit of Theorem 4.7 is that the multiplier algebra of a C*-algebra can be realized as ‘nice’ operators
on a right Hilbert C*-module. Using these ideas, we obtain a third proof of the above result and an alternate
proof of Corollary 2.12.
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Corollary 4.11. Let 2 be a C*-algebra and equip 21 with the Hilbert A-2A-bimodule structure from Fxample
4.8. Then B, () = M(2).

Proof. By Theorem 4.7 it suffices to show that B,() = ID(w(2A)). Clearly ZD(mw(2A)) C B,(A). Let
T € B,(2) be arbitrary and fix A € A. Then T(A) € 2. Furthermore for all B € 2

(Tm(A))B = T(AB) = T(p(B)A) = p(B)(T(A)) = T(A)B = =(T(A))B

as adjointable maps commute with the right action. Hence Tw(A) = n(T(A)) € m(2A) for all T € B,(2A) and
A € 2. Furthermore

m(A)T = (T"7(A"))" = (x(T"(A")))" = =((T"(A"))") € =(A)
for all T € B,(A) and A € A. Hence T € ZD(w(2A)) so B,(A) = ID(w(A)) as desired. O

Thus Example 4.3 provides a concrete realization of the multiplier algebra of a C*-algebra. Through
other additional canonical right Hilbert C*-modules, the multiplier algebras of other C*-algebras (such as
matrix algebras of a C*-algebra) may be realized.

Example 4.12. Let 2 be a C*-algebra and let n € N. Then A" := {(A41,...,4,) | A; € A} can be
viewed as a right Hilbert 2-module with inner product ((44,..., 4, ) (Bi,...,Bn)) = Z —1 A} B; for all
Aj, B; € 2 and right action p : 2 — B(A™) by p(A)(A1, ..., A4,) = (414, ..., A, A) for all A Aj E Ql Define
T Mp () — B, (A™) by

W([Ai,j])(Alv"'vAn) = ZAl,jAj,...,ZAn,jAj
j=1 Jj=1

for all [A; ;] € M, (2A) and (Aq,...,A,) € A", It is trivial to verify that 7 is a well-defined map that maps
into B, (2A™) and is a *~homomorphism. This C*-valued inner product, this right action, and this adjointable
action gives A" a canonical Hilbert M,, ()-2A-bimodule structure.

We claim that = is faithful. Indeed suppose [4; ;] € M, () is such that 7([4; ;]) =0. Fixk € {1,...,n}
and consider all elements (41, ..., A,) € A™ such that Aj = 0unless j = k. The above definition of 7 implies
that A; p A =0 for all Ay, € A and ¢ € {1,...,n} and thus A =0forallie{l,...,n}. Thus [4;;] =0
as k was arbitrary. Thus 7 is faithful.

We claim that 7 is a non-degenerate representation. To see this, we notice if (A;,...,4,) € A™ is such
that A; > 0 for all j € {1,...,n} then

1

1 1 1 I —
(A1,...,Ay) =7(diag(AZ,..., AZ))(AZ,..., AZ) € T(M,,(A))2A".

Since m(M,,(2())A" contains n-tuple with a positive element in each entry, the span of the positive elements

of A is 2, and (M, ()" is a subspace of A™ by Proposition 4.2, (M, (20))2" = 2A™. Hence 7 is a

non-degenerate representation.

Corollary 4.13. Let A be a C*-algebra, let n € N, and equip A™ with the Hilbert M, ()-A-bimodule
structure from Example 4.12. Then B, (") = M(M,, ().

Proof. By Theorem 4.7 it suffices to show that B,(2A") =
B, (A™). Let T € B,(A™) be arbitrary and fix [4; ;] € M, (A
™. Then for all (By,...,B,) € A"

ID(r(M, (2))). Clearly TD(r(M, () €
) Let (C’LJ,...,C’n,j) = T(Al,jy-“aAmj) S

(Tr([AigD)( By, ..., By) = T Z;;lALij,...,Z;;lAn,ij)
Z;L:lT(Al,ijw--»An,ij)

21 T (p(B) (Avg, s Ang))
Zg 1P(BH)T (A, Anyj)
Zg 1P(Bj)(C1, - Cn )

> i-1(C1iBy, ..., CpiBy)
W([Ci,j])(317~--73n)

TN
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(as adjointable maps commute with the right action). Hence T'n([4; ;]) = 7([Ci;]) € 7(M,(2)) for all
T € B,(A™) and [A; ;] € A”. Furthermore

m([Ai DT = (T*w([Ai;]7)" = (w(T"([Ai;]7)" = 7(T"([Ai,]7)7) € 7(Mq (1))

for all T € B,(A") and [A;;] € M, (A). Hence T € ID(n(M,(2A))) so B,(A") = ID(n(M,(A))) as
desired. O

It is not difficult to extend the above to infinite tuples.

Example 4.14. Let 2 be a C*-algebra. Then

A = (Ap)n>1 | An €2, Z A} A, converges in 2

n>1

can be viewed as a right Hilbert 2-module with inner product ((A,)n>1,(Bn)n>1) = >, AnBy for all
(An)n>1, (Bp)n>1 € A% and right action p : A — B(™A*®°) by p(A)(An)n>1 = (ApA)p>1 for all A € A and
(An)n>1 € A, Notice for each k € N that A* (as in Example 4.12) can be embedded as a right Hilbert
2-module into A*° by embedding into the first k-coordinates. Notice that | J,~, 2A* is then dense in A>.

Notice for each k € N the M (2)-left-action on A* from Example 4.12 can be extended to a left-My (21)-
action on A by letting My (2) act on the first k-coordinates as it does on ¥ and letting it act as zero
on the other coordinates. Furthermore, these actions are contractive and are preserved under the canonical
embeddings of M (2l) into M1 (). Therefore, if & is the C*-algebra of compact operators on a separable,
infinite dimensional Hilbert space and 2 ®mui, £ is the inductive limit of My (2A) then there exists a *-
homomorphism 7 : A@min & — B,(A>) obtained by extending the M, (2A)-left-action on A*. Since |, A
is then dense in A% and the M, (A)-left-action on A* is non-degenerate, it follows that 7 is non-degenerate.

To see that 7 is faithful, we note that if (Ex)a and (P,),>1 are C*-bounded approximate identities of 2
and R respectively (where P, is the rank n projection onto the first n-co-ordinates) then (Ej ® Pp,)axn is
a C*-bounded approximate identity of A ®min & such that (E) ® P,)T(E\ ® Pp,) € A @min M, (C) for all
T € A Rumin & Suppose T € A @uin K is such that 7(T) = 0. Then

T = lim (E\ ® P,)T(E\ ® P,).
AXN

Furthermore
T(Ex @ Pp)T(EXx® Py)) =7(Ex @ Pp)m(T)m(E\® P,) =0

for all A € A and n € N. However, since 7 is faithful on 2 ®,in M, (C) (being an extension of the left-
M, ()-action), m((Ex @ Pp,)T(Ex ® P,)) = 0 implies (E) ® P,)T(E) ® P,) =0 for all A € A and n € N.
Hence T' = 0. Thus 7 is faithful as desired.

Corollary 4.15. Let 2 be a C*-algebra, let R denote the C*-algebra of compact operators on a complez,
infinite dimensional, separable Hilbert space, and equip A with the Hilbert A Qumin K-A-bimodule structure
from Exzample 4.14. Then B, (A®) = M(A @min R).

Proof. By Theorem 4.7 it suffices to show that B,(2A®°) = ID(7(A Qmin R)). Clearly ZD(7( Qmin K)) C
B, (A). Let T € B,(A°). To show that T7(A @min &) C 7(A Omin &) it suffices to show if {E; ;}; j>1 are
the canonical matrix units for & and A € A then Tn(A® E; ;) € 7(A @min K). Fix A € A and let D € A~
be the sequence with A in the i** spot and zero elsewhere. Then T'(D) € A®. Let (Cy,)p>1 := T(D). We
claim that ) -, C, ® E,, ; converges in A ®min & To see this, we notice for any finite subset 7 C N that

L

mel nel

Z C:C, ® E;

nel

Yy crc,

nel

> Co®E,;

2
nel |
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Therefore, since )y, -, CrC), converges in A as (Cy)p>1 € A, Y o, Cp ® E,, j converges in A @min K.
Hence for all (B,,),>1 € A B

(Tm(A® E;;))(Bn)n>1 = T (p(B;)D)

o
D
Qz—\/—\
CASAS
m%.kﬁ
N
VQﬂ
3 —~
v o
= 3=
V

—

(as adjointable maps commute with the right action). Hence T (A®min &) C 7(ARminK) for all T € B, (A>).
Since the adjoint operation is a bijection on B, (2°°) and 7(2A Qmin &), we obtain that 7(A Qmin K)T C
(A @min &) for all T € B, (A*). Hence B,(A®°) = ID(7(A @min K)) as desired. O

All of the above examples give concrete realization of the multiplier algebra as the bounded adjointable
maps on a right Hilbert C*-module. These examples are a specific subscase of a result we now desire to
demonstrate. This result is motivated by the fact that the compact operators on a Hilbert space are a
non-degenerated subset of the bounded linear maps on the same Hilbert space and thus the bounded linear
maps are the multiplier algebra of the compact operators as in Corollary 3.10. Thus we desire the analogue
of the compact operators on a right Hilbert C*-module.

Definition 4.16. Let 8 be a C*-algebra and let Hy be a right Hilbert 8-module. For each £, € Hy we
define the operator 6 ,, € B(Hx) by

0.0 (C) = p((n, )€

(or &(n,¢) if the reader is comfortable with omitting notation for the right action) for all ¢ € Hy (clearly
these are the analogues of the rank one operators for right Hilbert C*-modules). It is trivial to verify that
0¢ p is linear and bounded with norm at most ||€]| ||7||. Furthermore for all {,w € Hyp

(€ () = (¢ p((&w))n)
(C.m (& w)

= <Cﬂ7> )€ w)
(p({n, ))& w)
(2 n(o,w>

so that 0¢ ;) € B,(Hs) with 07, = 0, ¢. Furthermore it is clear that

H
(

0>\51+52,7I = )‘051,77 + 952,77

and 7
O¢ An1+ns = Mgy + Oc
for all A € C and &,&1,&2,7m,1m1,m2 € Hes. Moreover

9517”1(9£2a772(§)) = 951,771(p(<772v> )
p((n1, p((n2, €))€2))61
p((n1, &2) (M2, C))&1
p((n2, Q) p((n1, &2))&
9P(<771 £2))€1,m2 (C)

for all C,fj,??j € Hss. Hence 9517,71 o 9&277]2 = ap(<m7§2>)517772.
Let R(Hx) be the closure in B, (Hp) of the linear span of all 8¢, where £,n € Hg. By the above
computations, R(Hg) is a C*-subalgebra of B, (Hs) known as the compact operators on Hes.

To obtain some intuition behind K(Hs) we note the following examples. Our first example shows why
R(H) is indeed a generalization of the compact operators on a Hilbert space.

24



Example 4.17. Let Hc be a right Hilbert C-module (that is, Hc is a Hilbert space). For each &,n € Hc
notice 0¢ ,, is the rank one operator sending n to {. Hence &(Hc) is the closure of the span of the rank one
operators in B,(Hc) = B(Hc) and thus K(Hc) is precisely the compact operators on Hc.

Example 4.18. Let 2 be a C*-algebra and view 2 as a Hilbert 2(-2(-bimodule as in Example 4.3. If A, B € 2
then
045(C)=AB*C =n(AB*)C

for all C' € 2. Therefore, since 2 is the span of its positive elements (which are of the form A*A for some
A € ), the above shows that K(2) = 7w ().
Suppose further that 2 is a unital C*-algebra. If T € B, () let A := T(Iy) € A. Then for all B € 2A

T(B) = T(p(B)la) = p(B)T(la) = p(B)A = AB = 7(A)B.
Hence T'=m(A) so T € (). Hence B, () = R(RA) = 7(A) whenever 2 is unital.

Example 4.19. Let 2 be a C*-algebra and view 2™ as a Hilbert M,,(2)-2-bimodule as in Example 4.12.
If (Alv . ,An)7 (Bl, . ,Bn) € A™ then

9(A1 ..... A.,,,),(Bl,...,Bn)(Ch"'7Cn) = p(<(Bla7Bn)7(0177cn)>)(A177An)
- Alzyle;cj,...,Anzg;lB;cj)

= (T BG4 B))C)
7([4;B:])(Ch, - .., Cn)

for all (Cy,...,C,) € A™. Therefore, since M, (2) is the span of its positive elements (all of which can be
written as sums of elements of the form [4;Af]), the above shows that &(A") = m(M,,(A)).
Suppose further that 2 is a unital C*-algebra. If T' € B,(A") let E; € A™ be the element with Iy in the

j' component and zeros elsewhere and let (A j,..., A, ;) = T(E;) € A". Then for all (Bi,...,B,) € A"

T(Bi,...,B)) =

Hence T' = m([A; ;]) so T € (M, (). Hence B, (A") = R(A™) = m(M,,(2A)) whenever U is unital.

Example 4.20. Let 2 be a C*-algebra and view A as a Hilbert 2 ®,;n 8-2-bimodule as in Example 4.14.
If (Ap)n>1, (Bn)n>1 € A are such that A,,, B, =0 if n > m for some m € N then it is easy to verify that
0(A)ns1,(Br)ns, 15 the operator on A% obtained by using the left-action of M, () on A* (as in Example
4.14) with the operator [A;BJ]}";_;. Therefore, since 0, is continuous in & and 7, since |J,,-, A" is dense
in A%, since {J,,5; Mn () is dense in A ®min K, and since the span of elements of the form [A4; B7[";_; is all
of M, (), we obtain that K(A*) = A @min K.

If 2 is unital it need not be the case that £(A°°) = B, (A°°). Indeed if A = C, A = l5(N), K(A>) is the
usual C*-algebra of compact operators, and B, (2°°) is the usual C*-algebra of all bounded linear operators
on 62 (N)

One important lemma before discussing the multiplier algebra of K(Hsy) is that £(Hep) is an ideal in
Bo(Hs) just as the compact operators are an ideal of the bounded linear maps on a Hilbert space.

Lemma 4.21. Let Hss be a right Hilbert B-module. Then R(Hsw) is a closed ideal of By(Hss).

Proof. It is clear by Definition 4.16 that &(Hsp) is a C*-subalgebra of B,(Hs). Thus, to show that K(Hsy)
is an ideal, it suffices to show that TR(Hyp) C K(Hey) and K(Hp )T C R(He) for all T € B,(Hw). However
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it suffices by linearity and density to show that T'0¢ , and 0¢,7T are compact for all £, € Hgs. To see this
we notice that if ( € Hey then

T0e.n(C) = T(p((n,€))E) = p({n, N T(&) = O1(5) 7 (C)

and
Oe.nT(C) = p((n, TC))E = p((T™ 1, €))E = Oe. 0+ (€)
so T0¢ y, = O7¢,y and O¢ ) T = O¢ 7+, Hence the result is complete. O

To begin our discussion of the multiplier algebra of &(Hg) we note the following technical lemma.

Lemma 4.22. Let Hos be a right Hilbert B-module. If € € Hos then
e—0t

Proof. First note for all € > 0 that (£, &) + eIy is invertible in the unitization of B (as (£, ) is positive) and
thus (£,€)((€,€) + el) ™! is a well-defined element of B. Furthermore

I
(6.6 + el)~H)E) — (p((&, €)(

§7€>_<£ap( 55 € < §>+61‘B)_1)£a5>
(€. E)((€,€) T L) 1)E, p((€. E)((€,€) + el)~1)E)

= (£,€) — (& (&) +eln) ™) = ((£,€) +eln)1)(6,€)?
_(<£7 >+EI‘B)71)<£7£>3(<£,£>+6I ) 1)

which by the Continuous Functional Calculus for Normal Operators converges to zero as € converges to zero
from above. Thus the result follows. O

Using Theorem 4.7 and Lemma 4.21 we will prove the following result. This result along with the above
examples generalizes the results of Corollary 4.11, Corollary 4.13, and Corollary 4.15.

Corollary 4.23. If Hay a right Hilbert B-module then M(R(Hs)) = Bo(Hss)-

Proof. To conclude using Theorem 4.7 that M(R(Hw)) = Ba(Hs) it suffices to show that R(Hsy) is non-
degenerate and ZD(R(Hwp)) = Buo(Hss). For the first, we recall that the right action of B on Hay clearly
extends to the unitization of 9. Hence we may assume that B is unital. Thus we notice if £ € Hy and
€ > 0 then

Op(((,6)+elm)-1)e,e (€) = P((E, ) (€, €) + els) ~H)E.

Hence £ € R(Hp)Hsp by Lemma 4.22. Since £ € Hys was arbitrary, &(Hx ) is non-degenerate.

To see that ZD(8(Hx)) = B, (Hss), we note clearly that ZD(R(Hsw)) C Ba(Hes) and K(Hs) is an ideal
of By(Hp) by Lemma 4.21. Therefore ZD(R(Hsy)) = Ba(Hs) follows from the definition of the idealizer so
the result is complete. 0

To complete this section we desire to provide another proof of Corollary 4.23 directly from Theorem
2.7. This proof then provides a short-cut to obtain the main results and examples of this section directly
from those in Section 2 thereby avoiding the discussion of representation theory on right Hilbert C*-modules.
However, although the theory of representations of right Hilbert C*-modules was difficult, the following proof
is quite technical.

Theorem 4.24. Let He be a right Hilbert B-module. Then the map v : By(Hp) — DC(R(Hss)) (where
the C*-algebra of double centralizers is as described in Definition 2.1) defined by ¥(T) = (Lr, Rr) where
Ly (K)=TK and Rr(K) = KT for all K € R(Hss) is a isomorphism of C*-algebras.
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Proof. Recall we may assume 9B is unital as we may extend the definition of p. Since R(Hg) is an ideal of
Ba(Hss) by Lemma 4.21, the map ¥ exists and is *~homomorphism by Lemma 2.6. Thus it suffices to show
that W is bijective. Recall from Corollary 2.9 that

ker(W) = {T € Bo(Hs) | TK =0 for all K € &(Hp)}.

Thus to see that ker(¥) = {0}, suppose T € B,(Hss) is such that TK =0 for all K € K(Hsp). Let £ € Hp
be arbitrary. Then, by Lemma 4.22 and the proof of Corollary 4.23,
T¢ = lim T(p((& (& &) + elw)1)E) = Hm T(Op((¢ ) +era)1e(€) =0

as T'0,(((¢.6)+eln)-1)e,e = 0. Hence T'= 0 so W is injective.
To see that U is surjective, let (L, R) € DC(R(Hx)) be arbitrary. We claim that for each £ € Hg the
limit lime_o+ p(((€,€) + els) ™) (L(Be.e)(€)) exists. To see this, we first note that

L(0g.e)" L(Oc.c) = (Oc e, (L*L)(0¢.€)) rem) < ILIP (Oe.c O ) rem) = LI Op(e.npece

where the C*-valued inner product is the canonical C*-valued inner product on £(Hg) from Remarks 2.11
(and L € B,(R(Hsx)) with L* = R*). Therefore if ¢; > e, > 0 then

P((<§,§>+€11%)_1)(L(‘9£5)( €)) — p(((6,€) + e2aI) " H)(L (955)(5))’
= (& &) +eln) ™t — ((&, €>+621%) 1)( (955)() (0e.) () (((&,€) + exds) ™t — ((€,€) + e2]w) ™ RH
= (e2— 1) ||((6,€) + exls) "1 ((€,€) + e2s) (&, ( ) L(0e.)(€)((€,€) + er]) (€, €) + eas) |
< LI (e2 — €0)? [[({€, €) + e1Tm) "L ({6, €) + €20) THE Oprie,e)e.c () ((6,€) + e1Tm) TH((E,€) + exlos) 1|
= |IL| (e2 — €1)? (€€, ) + e11m) T (&, &) + el ) THE, p((€,€))p((€, EEV(E, &) + e1Ts) TH(E, &) + e21m) 7|
= |ILI* (e2 — €1)? || (46, &) + e1]m) "1 (€, ) + e2lm) "HE E)P((E,€) + ers) L&, €) + eal) |-

. ea—er)2z3
Thus if fe, e, (x) := L2 m then

(6.6 + 1) )L E) — (16,8 + el NEB @) < 1 feveal (&N

2 (ea—er1)’x
(z+€1)?

2
Since the supremum of g, ., is easily seen to be at = = €1, ge, ¢, (€1) = Z|? %, we easily obtain that
1

However, since €1 > ez > 0, it is easy to see that if g., ., (z) = || L] then fe, e, < geyep 00 [0,00).

—_

2 €9 — €1)%€;
Jotct6.:6)+ clm) LG ~ pl((€.8) + eatu) LB EN] < LI LGS < S

Hence the limit exists as desired.
A similar computation shows that lim._.q+ p(((£,&) + d%)_l)((R(Hg,g))*({)) exists. Therefore, for each
& € Hys we define
T(€) := lim p(({€.€) +eln) )(L(0e)(€))

and
S(€) = lim p(((£,€) + elw) ") (R(0.£))"(€))-
We claim that T, S € B, (Hss). To show this, it suffices to show that

(n,T(€)) = (S(n),¢)

for all £, € Ha (as this will clearly enable us to show that T and S are linear; the rest of the claim
follows from results in http://www.math.ucla.edu/~pskoufra/OANotes-HilbertC-Bimodules.pdf). Thus, if

&, n € He, we note that
(L(ef,ﬁ))*en,n = <L(9§75)’0n,n>ﬁ(7{%)

<9€¢§7 R? (977,77»,@(7-[% )
= 07 :(RY0n,n))
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(recall that L* = R* by Remarks 2.11) so by Lemma 4.22 we have that

. TE) = limeor (p((m,m)((n,n) + els) ™ ), p(((€, €) + els) ™) (L(0e.£)(6)))
= limeyor () + els) ™ (1,0) (0, L(Be.£)()) ((6,€) + elw) !
= lime o+ ((n,0) + els) " Hp((n, 1)), L(0e.) (€)) ((€.€) + eln)
= lime o+ ((0,7) + els) ™ (On,n (1), L(0e,6) (&) (€. €) + els)™
= lime 0+ ((n,m) +el)” 1<((L(9ss))) 2 €) ((6,€) + elm) ™
— s () + lm) (8" (R¥ Oy, €) (6,6) + €)™
= lime o ((n,7) + lm) “H(R(05,) ") (0), 0c £ (€)) (€, €) + elm) ™"
= limc o+ (p (({n,m) + €ls)” )(( () ")), (€, €) + €ls) ™) (0e.£)) (€)))
= (S(),&)
as desired. Hence T, S € B,(Hy) and S = T*.
To complete the proof it suffices to show that ¥(T) = (L, R). To see that Ly = L, we notice for all

67 7, C € H%
L (0e,0)(C)

T(0c,5(¢))
T(p((n,C)

hrﬂe~>0Jr P

)
p((n, O)T(€
(

(n,

£)

)

OP(((.€) +eln) ) (L

lim_,o+ L(0c.¢)p((n,C))p(((€, &) + el
limeo+ L(0e.e)0,(((e,6)+erm)1)en(C)

lim6_>0+ L
limeﬁm L

L(%n)(()

(
(
liIne—)OJr L(
G
G

9660 o(((6,6)+els)~ 1)) (©)

as T € B,(Hw)
(Hgig)(f)) definition of T'(£)
) &) as L(0ge) € Ba(Hn)

by Lemma 2.5

p((p((E.6) +elm )~ 1)E ) m) ()
p(( e&)telm)(Ee0En) (€)

where the last line follows by Lemma 4.22 and the fact that 6 is continuous in each subscript. Therefore
Ly = L. Furthermore, since Rgp = L~ by (the proof of) Lemma 2.6, since T* = S, and since

Lyp- (95»7)(()

S(0e.1(C))
((< ;)€
p((n,€))S

(€
hIne—)OJr (
hme—>0+ (R
lim€_>0+ (R

0
(

hme—>0+

lim, ,o+ R
hrne~>0Jr
lim,_, o+ R!

11m€_>0+

R¥ (0 )(C)

(
(

(
i
i
(¢
{C

)
)
U

9
It

7,0

p(((€.
ot (R0, 0(((¢,6) 1)~ 1)e © Pe)

)

p

0,, e £>+d%> 1 ©0e.6)*)(C)
& O Up(((e,8)Feln) 1), n)(é)

(
0

)
)
X3

)0(((6,€) + el) (R

)"
) O0(((6.6) eln) D
5+6193) 1)§R(95 E)) ()

3
o 5p(<5£>+d%> Henen)(
(6,60 ((€.€)+eln)e,m) (C)

as S € B,(Hwm)

(Oee)*(€)) definition of S(&)

P(< OP(((E,€) + eln) T)(€)  as R(bge) € Ba(H)

by Lemma 2.5

(where the last line follows by Lemma 4.22 and the fact that 6 is continuous in each subscript) for all

&, m,w € Hey, we obtain that RﬁT = R¥ so Ry = R. Hence ¥(T) =
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5 Applications and Other Interesting Results

In this section we will develop some interesting and important results pertaining to multiplier algebras of
C*-algebras. These proofs will be developed from the descriptions of the multiplier algebra demonstrated in
the previous three sections. As such, due to the different possible techniques, we may (or may not) present
multiple proofs of each fact.

The first results we desire to discuss is the minimal tensor product of multiplier algebras. As the minimal
tensor product of two C*-algebras can be derived from the images of faithful representations, we are in a
prime position to apply Section 3.

Proposition 5.1. Let A and B be C*-algebras. Then there exists a faithful, unital *-homomorphism V¥ :
M(Q[) Qmin M(%) — M(QL Qmin %)

Proof. By Theorem 3.6 there exists faithful, non-degenerate representations mg : A — B(H) and 7y :
B — B(K) such that M() = ID(my(2A)) and M(B) = ID(mx(B)). Therefore, by properties of the
minimal tensor product, there exists a faithful *-homomorphism 7 : A ®uin B — B(H ® K) such that
T(A® B) = my(A) @ ms (B) for all A € A and B € B. Therefore, since my (A)H = H and 7 (B)K = K, it is
easy to see that m(2A @min B)(H ® K) contains all tensor of the form £ ®n where £ € H and n € K. Therefore,
since (A Qmin B)(H ® K) is a subspace of H ® K by Proposition 3.2, 7 is a non-degenerate representation
of A ®min B. Hence M(A @iy B) = ID(7(A Qmin B)).

Since M(2) and M(B) are C*-subalgebras of B(#H) and B(K) respectively, we easily obtain that
M) Rpmin M(B) is the C*-subalgebra of B(H ® K) obtained by taking the closure of the span of all
operators of the form T'® S where T' € ZD(wy (1)) and S € ID (7 (B)). Since for any T' € ITD(my (A)) and
S € ID(m(B)) we have that

(T@S)m(A® B) =Tn(A) @ S7(B) € 79 (A) © 75 (B) C 7(A Qumin B)

and
(AR B)(T®S)=7n(A)T @ w(B)S € m(A) © 15 (B) C 7(A rmin B)

for all A € A and B € B and since the closed linear span of elements of the form A ® B (where A € 2 and
B € B) is dense in A Quin B, we obtain that T ® S € ID(mwy (B)). Thus the result follows. O

We note that the map in the above theorem need not be surjective. Indeed if 2 = B = & then ¥ is the
canonical inclusion of B(H) ®min B(H) into B(H @ H) which is not surjective when H is infinite dimensional.
The following is an important corollary of a case where ¥ is surjective.

Proposition 5.2. Let 2 be a C*-algebra. Then M,(M(2)) =~ M(M,(2)).

Proof. In the proof of Proposition 5.1, if we let B := M,,(C) then we can take my to be the identity map.
To see that ¥ is surjective, suppose T' € ZD(7(UA Qmin B)) = ID((me)n(Mn(A))) where (mg)p : My () —
B(H®™) ~ M, (B(H)) is the map defined by (my)n([A;;]) = [ma(Ai ;)]. Therefore we can write T' = [T; ;]
where T; ; € B(H). To complete the proof it suffices to show that T; ; € ZD(mg ()) for all ¢,j € {1,...,n}.
To see this, we notice for each k,¢ € {1,...,n} that if E; ; € M,,(C) are the canonical matrix units then

ZTi,kW(A) @ i =T (ma)n(A® By ) € (m)n (M, (1))

and
T(A)Te; @ Ej = (Ta)n(A® B o) T € (ma)n(Mn(2))
=1

J

for all A € 2. Therefore we easily conclude that 7(A)T; ;, T; jm(A) € my(A) forall A € Aand i, j € {1,...,n}
so that T; ; € ZD(mg (A)) = M() as desired. O
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With the above example complete we turn our attention to placing a new topology on our multiplier
algebras. This topology generalizes several common topologies on C*-algebras.

Definition 5.3. Let 2 be a C*-algebra. For each A € 2 define the seminorms l4 and r4 on M(2() by
la(T) = [ ATlly  and  7a(T) = [[TAlly

for all T € M(2(). The strict topology on M () is the locally convex topology generated by the seminorms
{la,rataea.

Remarks 5.4. Note that the strict topology on M(2) is indeed a locally convex topology since 2 is
an essential ideal in M(2l) so Lemma 1.5 implies that {l4,74}4ecn is a separating family of seminorms.
Moreover the strict topology on M(2l) is the topology on M(2l) such that a net (T))a converges to an
element T' € M(2) if and only if limy ThA = T A and limp AT\ = AT for all A € A. If A is separable it is
clear that we may consider sequences instead of nets as the strict topology can easily be seen to be generated
by a countable family of seminorms and thus is metrizable.

Example 5.5. Let 2 be a unital C*-algebra. Then, by Corollary 2.10 or Corollary 3.9, M(2() = 2 and it
is easy to see that the strict topology on M(2() is the norm topology on 2.

Example 5.6. Recall that M(R) = B(H) by Corollary 3.10. It is easy to see for T, (Th)a C B(H) that
limy ThA = TA for all A € K if and only if (Th)a converges to T in the o-strong topology. Similarly
limy AT\ = AT for all A € fif and only if limy TY¥A = T* A for all A € 8 if and only if (T})a converges to
T* in the o-strong topology. Thus the strict topology on B(H) induced by R is the o-strong* topology.

With the above definition of the strict topology, we note the following two important results.

Proposition 5.7. Let 2 be a C*-algebra. Then every bounded net in M(2L) that is Cauchy in the strict
topology converges in the strict topology. Furthermore if 2 is separable then M(2L) is complete.

Proof. By Theorem 2.7 the double centralizer, DC(2l) is equal to the multiplier algebra of 2. Suppose (T))a
is a bounded net that is Cauchy in the strict topology on M(2). By viewing M () as DC(2) we can write
T\ = (Lx,Ry) € DC(A). Recall that we view A C DC(A) via A — (La,Ra) where Ls(B) = AB and
R4(B) = BA for all B € 2.

Notice that (L)\, R,\)(LA, RA) = (L,\OLA, RA OR,\) and (LA, RA)(L)\, R)\) = (LAOL)\7 R,\ORA). However

(Lo La)(B) = Ly(AB) = Ly(A)B = Ly, (1)(B)
for all B € A by Lemma 2.5 and similarly
(R,\ (e} RA)(B) = R)\(BA) = BR)\(A) = RRA(A)(B)-
Hence Ly o La = Ly, (a) and Ry o R4 = Rp,(a)-
Since (Th)a is a Cauchy net in the strict topology on M(2() we obtain that ((Lx, Rx)(La,Ra))a and
((La,Ra)(Lx,Ry\) = (Lao Lx,Ry o Ra))a are Cauchy nets in 2 C DC(2) for all A € A. By the above
description this implies that (Lx(A))a and (Rx(A))a are Cauchy nets in 2 for all A € 2. Therefore, since

2l is complete, we define
L(A) = li/r\n Ly(A) and R(A):= lij{n Ry(A)

for each A € 2. It is then clear that L and R are bounded linear operators as (Ly)a and (Ry)a are bounded
nets. Moreover we notice for all A, B € 2 that

AL(B) =lim AL,(B) = lim R(4)B = BR(4)
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so (L, R) € DC(A). Therefore, to complete the proof, it suffices to show that ((Lx, Rx))a converges to (L, R)
in the strict topology. However Lemma 2.4 implies

limp [|((Lx, Bx) = (L, R))(La, Ra)l| = limp ||(Lx — L) o Lal

lima || Lz, (a)-r(a)]|
= limy ||[Lx(A) — L(A)|| =0

and
limp [[(La, Ra)((La, Bx) — (L, R))|| = limp ||[Rao (Rx — R)|
= lima || Rp,(a)-rea |
= limy [Rx(4) — R(A)[[ =0
for all A € 2. Hence the proof of the first claim is complete.

To see the second claim, we recall that since 2l is separable it suffices to consider sequence in the strict
topology on M(2(). Moreover, if (T}, := (Ly, Ry))n>1 is a Cauchy sequence in M (2() with regards to the strict
topology then it is easy to see that (L,),>1 and (R,),>1 are pointwise bounded as (L, o La = L, (4))n>1
and (R, o Ry = Rpg, ( A))nzl are Cauchy sequence in 2 for all A € 2. Hence the Uniform Boundedness
Principle implies that (T},),>1 is uniformly bounded and thus the proof is proceeds as above. O

Proposition 5.8. Let A be a separable C*-algebra, let (T},)n>1 be a bounded sequence of self-adjoint elements
in M(2), and let S be a total subset of A (that is, span(S) =2A). Then (T,,)n>1 converge strictly in M(2)
if and only if (T),A)n>1 is a norm Cauchy sequence in 2 for all A € S.

Proof. 1t is clear that if (7},),>1 converge strictly in M(2() then (7, A),>1 is a norm Cauchy sequence in A
forall A€ S.

Suppose that (T,,A),>1 is a norm Cauchy sequence in A for all A € S where S is a total subset of 2.
Since the span of S is dense in A and (7},),>1 is bounded, it is elementary to see that (73, A),>1 is Cauchy
in A for all A € A. Furthermore, since each T, is self-adjoint, we easily obtain that (AT,),>1 is Cauchy in
2 for all A € A. Hence (T),),>1 is a Cauchy sequence in the strict topology on M(2() and thus converges by
Proposition 5.7. O

One use of strict convergence is the ability to sum an infinite number of elements in the multiplier algebra.
Proposition 5.8 implies that if we can check that a sum of self-adjoint elements in the multiplier algebra
converges when tested against an total subset of the C*-algebra, then the sum converges in the multiplier
algebra.

To complete this section, we desire to discuss o-unital C*-algebras and relations to multiplier algebras.
One of the reasons for this is that multiplier algebras occur canonically in KK-Theory for C*-algebras and
adding the condition that the C*-algebra under investigation is o-unital aids in the theory. We begin with
the following definition that is essential to developing the idea of a g-unital C*-algebra.

Definition 5.9. Let 2 be a C*-algebra. A positive element A € 2 is said to be strictly positive if p(A) > 0
for every state ¢ on 2.

Example 5.10. If 2 is a unital C*-algebra the identity in 2 is clearly a strictly positive element.

Example 5.11. Let f € Cy(0,1) be a strictly positive function; that is f(x) > 0 for all € (0,1). Then,
by the Riesz Representation Theorem characterizing the states on Cy(0, 1), f is a strictly positive element
of Cy(0,1). This is the reason for Definition 5.9.

We first desire to develop a proposition that easily enables us to determine when a C*-algebra has a
strictly positive element in some cases. In addition, if we know a C*-algebra has a strictly positive element
the proposition will say something nice about C*-bounded approximate identities. We begin with a technical
lemma.

Lemma 5.12. Let 2 be a C*-algebra, let A € A be a strictly positive element, and let w: A — B(H) be a
non-degenerate representation. Then m(A)H = H.
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Proof. This lemma can be obtained as a result of Proposition 5.17 but as the proof of said proposition is
more complicated than needed for this result, we shall prove this result directly.

x
Suppose m(A)H # H. Let £ € ( (A)H) be any unit vector and consider the state ¢ on 2 defined by

o(T) = (w(T),€) for all T € A (¢ is indeed a state as 7 is non-degenerate; see Proposition 3.2). Then, as
A is strictly positive

0 <p(4) = (r(A4)§,6) =0
_\1L
as € € (ﬂ'(A)’H) . Hence we have a contradiction so the result is complete. O

Proposition 5.13. Let A be a C*-algebra. Then A has a strictly positive element if and only if A has a

countable C*-bounded approrimate identity. In particular, if A € 2 is a strictly positive element of norm
1

one then (An)p>1 is a C*-bounded approzimate identity of A.

Proof. The following proof is based on [AK]. Suppose 2 has a countable C*-bounded approximate identity.
Let {E,, }n>1 be the elements in the C*-bounded approximate identity (the C*-bounded approximate identity
need not be a sequence). Let A := %" _, %En which is clearly a well-defined positive element of 2. We
claim A is strictly positive. To see this, suppose ¢ is a state on 2l. As the norm of ¢ is the limit of ¢ applied

to any C*-bounded approximate identity there exists some m € N such that ¢(E,,) > 0. Hence

PA) 2 50(Em) > .

Hence A is strictly positive.

Suppose A is a strictly positive element of 2l of norm one. For each n € N define E,, := A, By the
Continuous Functional Calculus for Normal Operators it is clear that (E),),>1 is bounded by one and is
an increasing sequence of element of A. To show that (E,),>1 is a C*-bounded approximate identity it
suffices to show that lim, , |7 — TE,| = 0 for all positive elements T € A (by taking adjoints and linear
combinations of positive elements). Thus fix a positive element T € 2. Notice that

2 2 2
IT = TE,|” = ||T(Ig — En)||

IN

i 2

|74/ |
1

|T||||T2 (Ig — En)T

= |7 |T-T:E.T?

2 1
W%—Eﬁ

IN

Hence it suffices to show that lim,, . HT —T:E,Tz| =0.

For eachn e Nlet S,, ;=T — T%EHT% > 0. Since (T%EnT%)nzl is clearly an increasing sequence of
positive operators, it is clear that (S,),>1 is a decreasing sequence of positive operators. We claim that
lim;, 0 ||Sn|] = 0. To begin, let ¢ be any positive linear functional on . By the GNS construction there
exists a Hilbert space #H,, a non-degenerate representation 7, : 2 — B(H,), and a vector { € H,, such that
w(B) = (m(B)&, &) for all B € A. It is clear by the Borel Functional Calculus for Normal Operators that
m(E,) = W(A)le converges in the weak operator topology to the range projection of A as n tends to infinity.
Therefore Lemma 5.12 implies that (7(E,))n>1 converges to I3, in the strong operator topology. Hence

N|=

lim_ (Sy) = lim (r(T)E,€) — (w(Ba)m(T2)E,n(T)€) = (n(T)E, &) — (n(T2)¢, (T

n—oo — 00

)§) = 0.

Hence lim,,_,o ¢(S,) = 0 for all positive linear functional ¢ on 2. However, (S,,),>1 defines a sequence of
decreasing weak*-continuous linear functionals on the weak*-compact set of all positive linear functionals of
norm at most one on 2. Hence Dini’s Theorem implies that (¢(Sy))n>1 converges uniformly to zero on all
positive linear functionals on 2 with norm at most one. Hence it trivially follows that (S,,),>1 converges to
zero on 2 as desired. ]

With the above proof complete we easily obtain that certain C*-algebras have strictly positive operators.
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Example 5.14. As the compact operators on a separable Hilbert space clearly have a countable C*-bounded
approximate identity, the compact operators have a strictly positive operator.

Example 5.15. It is well-known that every separable C*-algebra has a countable C*-bounded approximate
identity. Hence every separable C*-algebra has a strictly positive element.

We desire a term to classify when a C*-algebra has a strictly positive operator.
Definition 5.16. A C*-algebra 2 is said to be o-unital if 2 contains at least one strictly positive element.

The reason for the term o-unital is that Proposition 5.13 implies a C*-algebra having a strictly positive
element is the same as the C*-algebra having a countable approximate unit. By the above results, it is clear
that unital C*-algebras and separable C*-algebras are o-unital.

To complete these notes, we desire to show that the multiplier algebra is well-behaved with respect to
inclusion for C*-subalgebras that contain strictly positive elements. To see this, we require the following
proposition.

Proposition 5.17. Let 2 be a C*-algebra and let A € A be positive. Then A is a strictly positive operator
if and only if A (or AA) is dense in 2.

Proof. 1t is clear that by taking adjoints the statements A2l is dense in 2l and 2(A is dense in 2 are equivalent.
Suppose A € 2 is a positive element that is not strictly positive. Therefore there exists a state ¢ on 2 such
that ¢(A) = 0. Therefore if C' € A then

[(AC)|2 = |p(AZ(AZ0))|F < p(A)p(C*AC) =0

by the Cauchy Schwarz Inequality for positive linear functionals. Hence ¢(AR() = {0}. If A were dense in
20, the previous equation would imply that ¢ = 0 which contradicts the fact that ¢ was a state. Hence if
A € 2l is a positive element that is not strictly positive then A2( is not dense in 2.

The remainder of the proof is based on [Di] and [AK]. Suppose A% is not dense in 2. Then it is easy to
see that there exists a positive element B € 2 that is not in A (as every element in 2 is a linear combination
of four positive elements). Let € > 0 be arbitrary and let S, be the set of all positive linear functionals on 2
with norm at most one such that f(B) > e. Clearly S, is compact in the weak*-topology.

Suppose there exists a ¢ € S, such that ¢(AA) = {0}. Since p(B) > €, ¢ # 0 so a multiple of ¢ is a
state on 2. However, by the Continuous Functional Calculus for Normal Operators, there exists a sequence
of functions f, € C(c(A)) such that lim, . Af,(4) = A. Hence p(A) = 0 so A is not a strictly positive
operator. Thus we may assume that each element in S, does not vanish on A2.

For each ¢ € S, choose an element A, € A such that p(A,) # 0. Therefore, by the Cauchy Schwarz
Inequality for positive linear functionals, 0 < |@(A,)[* < |lo|l ¢(A,A%). Hence there exists a weak*-
neighbourhood U, of ¢ in S, such that ¢(A, A7) > 0 for all ¢ € U,. Therefore, since S, is weak*-compact,

there exists Aq,..., A, € AU such that
(A1 A1+ -+ A,A7) >0
for all ¢ € S..

Let M, :=inf{p(A14; +---+ A, A}) | ¢ € Sc}. Since S, is weak*-compact, it is clear that M, > 0. Let
(A1A; + -+ A, AZ) which is a positive element in A2 (as A2 is a right ideal). Hence

T, = ﬁ
o(T.+elyg—B)>1+¢€|p|-1=€>0
for all ¢ € S.. Moreover, if @ is a state on 2l that is not in S, then
o(Tc+ely —B)>0+e—e>0.

Hence (T + el — B) > 0 for all states ¢ on 2l and hence B < T, + elg.
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1 -1 1
Notice that B3 (Te2 + dﬁ) T2 is a well-defined element in 2( such that

Nl

-1 —1
= ||(1F ety 1) (T +etg)  B(TE +ely) (T2 +ely—12)

1 —1 1 —1
= ¢2 (TEE + eIQ-l) B (Te2 + eIQ-l>
1 1
< @||(T2 vely) (T ely) (T +ely)
< ¢

as f(z) =€ (iit)% obtains its maximum at z = 0. Thus

-1

1
B=lim T2 (T2 +ely)  B(TF +ely) T2,

e—0t
However, T2 € AU as T. € A, T2 is a limit of polynomials in 7. that vanish at zero, and A2 is a closed
1 1 -1 1 .
B (Tﬁ + elﬁ) T2 € 2, we obtain that B € A2 which is a

contradiction. Hence if A2l is not dense in 2, A is not a strictly positive element. O]

1
right ideal. Furthermore, since (Te2 + 6]5[)

Theorem 5.18. Let A be a C*-algebra and let B be a C*-subalgebra of A. Suppose there exists a strictly
positive element A of A such that A € B. Then there exists a unital, injective *-homomorphism m : M(B) —
M),

Proof. Let : A — B(H) be a faithful, non-degenerate representation. Therefore Theorem 3.6 implies that
ID(mw(A)) = M(2A).

We claim that 7|y is a faithful, non-degenerate representation of %B. Clearly 7|y is faithful as 7 is
faithful. To see that 7|g is non-degenerate, we notice that w(A)H is dense in H by Lemma 5.12. Hence 7|y
is a faithful, non-degenerate representation of 8. Therefore Theorem 3.6 implies that M (B) = ID(7(B)).

To complete the proof it suffices to show that if T € ZD(n(B)) then T € ID(xw(2)). Suppose T €
ID(n(B)). Hence Tn(A) € 7(B) so Tw(AA) C w(B)n(A) C w(~A). Therefore, as A is a strictly positive
element of A, Proposition 5.17 implies that A2 is dense in 2 so T'r(A) C 7(A). Similarly ()T C 7(A) so
T € ID(w(A) as desired. O
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