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Abstract

These notes are based on my knowledge of completely positive maps that I have gained throughout
my studies. Most of the results contained in these notes may be found in Vern Paulsen’s Completely
Bounded Maps and Operators Algebras which is a very complete resource on these topics. However, my
notes will focus on those ideas that are essential to be able to study C*-algebras and will take a slightly
different point of view towards the subject matter.

These notes will assume that the reader has a basic knowledge of C*-algebras including knowledge of
the Continuous Functional Calculus for Normal Operators, a basic knowledge about positive operators,
and knowledge of C*-bounded approximate identities for C*-algebras. All C*-algebras will be non-unital
unless otherwise specified and all inner products will be linear in the first variable.

This document is for educational purposes and should not be referenced. Please contact the author
of this document if you need aid in finding the correct reference. Comments, corrections, and recom-
mendations on these notes are always appreciated and may be e-mailed to the author (see his website
for contact info).
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1 Introduction

Completely positive maps are an important collection of morphisms between C*-algebras. These maps have
many of the same properties as *-homomorphism even though they are generally not multiplicative. Various
interesting properties of C*-algebra can be developed by considering how completely positive maps behave
on these C*-algebras. To begin these notes, we will review how positive linear functionals on C*-algebra
behave.

Definition 1.1. Let 2 be a C*-algebra. A linear functional ¢ : 2l — C is said to be positive if ¢(A) > 0
whenever A € 2 and A > 0. A linear functional ¢ : 2 — C is said to be a state if ¢ is positive and ||¢|| = 1.

States are the building blocks of the proof of the GNS theorem; the fact that for every C*-algebra A
there exists a Hilbert space H such that 2 may be viewed as a C*-subalgebra of B(#). Before we give some
examples of positive linear functionals, we first note the following simple yet important observation.

Lemma 1.2. Let 2 be a C*-algebra and let ¢ : A — C be a positive linear functional. Then p(A) € R
whenever A is a self-adjoint element of A. Moreover p(A*) = p(A) for all A € 2.

Proof. Suppose A € 2 be self-adjoint. By the Continuous Functional Calculus for Normal Operators,
A=A, — A_ where Ay and A_ are positive operators. Since ¢ is a positive linear functional, ¢ (A, ) and
©(A_) are positive scalars and thus p(A) = p(Ay) — p(A_) € R.

Next suppose that A € 2 is an arbitrary operator. Then ¢(Re(A)), p(Im(A)) € R so

P(A") = Q((Re(A) +ilm(A))") = p(Re(A) —ilm(A))
= @(Re(A)) —ip(Im(A)) = p(Re(A4)) +ip(Im(A)) = ¢(A)
as desired. O]

Examples of positive linear functionals are abundant in mathematics.

Example 1.3. Let X be a compact Hausdorff space and let x4 be a probability measure on X. If ¢ : C(X) —
C is defined by

wnzéﬂmwm

for each f € C(X), then ¢ is a state on C(X). To see this we first notice that ¢ is clearly linear by
integration theory. Next if f € C'(X) is positive then f = g*g for some g € C'(X). Whence for all z € X
f(z) = g*(z)g(x) = g(x)g(x) > 0. Therefore p(f) is the integral of a continuous function that is positive
everywhere and thus ¢(f) > 0. Moreover

o (/)] S/le(x)ldu(x)S/Xllfl\oodu(x) < lloo (X)) = [1f 1l oo

for all f € C(X). Thus ||| < 1. Since p(Ig(x)) = u(X) =1, [|¢|| = 1. Whence ¢ is a state on C(X). In
particular the map f — f(x) is defines a state on C(X) for all z € X.

Example 1.4. Let 2 be a C*-algebra and let 7 : 2 — B(#H) be a *-homomorphism. For each £ € H define
e 1 A = C by pe(A) = (m(A)E,€) for all A € A. Tt is clear that ¢¢ is well-defined and linear. In addition if
A € 2 is positive then A = B*B for some B € 2 and thus

pe(A) = (m(B*B)E, §) = (m(B)E, m(B)E) = [|m(B)¢] = 0.
Whence each ¢ is a positive linear functional. Note that for all A €

lpe(A)] < (AN IEN < 1AN lllf®

s0 [|eell < €17 Moreover, if 2 is unital and 7 (Iy) = I then lloell = 1€]1? as we(la) = leN?. 1t e is a
state, we call @¢ a vector state on 2.



In fact it will be shown later that every state on a C*-algebra is a vector state on 2.

Example 1.5. Let 2 = M,,(C) and define tr : A — C by tr([a;;]) = 2 3", a;; for all [a; ;] € M, (C). It

n Luj=1
is clear that ¢r is a linear functional. To see that ¢r is positive, we notice that for all A = [a; ;] € 2

tr(A*A) = tr ([i%,i%,j])
k=1
DR

j=1k=1

%zn:zn: \ak,j|2 > 0.

=1 k=1

Whence tr is a positive linear functional.

We claim that ¢r is a state on (. To see this, we notice that tr(I,) =1 so ||tr|| > 1. To prove the other
inequality, let A = [a; ;] € 2 be arbitrary and let E; ; be the canonical matrix units of M,,(C). Since E; ; is
a projection, ||E; ;|| = 1. Then

|aii| = llaiiBiill = [|Ei i AE || < | Bl |A[ | Eiill = [|A]l -

Thus

Hence ||tr|| = 1 and ¢r is a state on 2.

Notice that all of the positive linear functionals given in the above examples were continuous even though
continuity was not required in Definition 1.1. It turns out that if a linear functional is positive then it is
automatically continuous. To prove this, we begin with a lemma about convergence of positive elements in
a C*-algebra that the reader may not be familiar with.

Lemma 1.6. Let A be a C*-algebra. Suppose (An)n>1 € A is a sequence such that lim,,_,oc A, = A € A
and A, >0 for alln € N. Then A is positive.

Proof. By considering the unitization 2 of 2, we may assume that 2 is unital. By the continuity of the
adjoint A* = lim,,_,oo A% = lim, o, 4, = A as each A, is self-adjoint. Let ¢ := sup,,~; ||4n| < co. Thus
[|A|l < c. Since 0 < A,, < cly for all n, 0 < 24,, < 2cly for all n and thus —cly < 24, — cly < cly for
all n. Thus (by the Continuous Functional Calculus) ||24,, — cIy|| < ¢ for all n € N. As lim,,_,o, 4,, = A,
lim,, 00 24, — cly = 24 — cly so ||2A — cly]| < ¢. Whence —cly < 24 — ely < cly and thus 0 < A < cly
as desired. O

Proposition 1.7. Let A be a C*-algebra and let ¢ : A — C be a positive linear functional. Then ¢ is
continuous.

Proof. First we claim that {¢(4) | A € A, A > 0,||A|| < 1} is a bounded subset of R>o (that is, we
claim ¢ is bounded on the positive elements of norm at most one). To see this, suppose otherwise. Then
for each n € N there would exists an A4, € A such that 4, > 0, ||A,|| < 1, and ¢(A,) > n? Consider
B = EZO>1 %An. Notice that B is a well-defined operator in 2l as (%An)ng is an absolutely summable
sequence since H#A”H < %

For each m € N

1 = 1
B - 7An = 71477, > 0
n;l n? nzg—i-l n?



by Lemma 1.6. Whence

HMS
/"\
:‘,_.
v

‘G
/N

&

|
hE
3M‘,_.

>
N————

Vv

(@)

n=1
so
m 1 m
22 oA 2 ) 1=m
n=1 n=1
for every m € N. As this is an impossibility, we must have that {¢(A) | A€ A, A > 0,] 4| <1} is bounded
in Rzo.

Let
M :=sup{p(A) | Ae A>0]|A| <1}
and let A € 2 be arbitrary. Write A = Re(A) + iIm(A) and recall ||Re(A)]|, |[Im(A)| < ||A]|. By the
Continuous Functional Calculus, both Re(A) and Im(A) can be written as the difference of two positive

elements each with norm at most |Re(A)|| and ||[Im(A)|| respectively. Whence A = P — Py + iP5 — iPy
where P; € 2 are positive elements with || P;|| < ||A||. Thus

4

4
<D le(PI <Y MIPj|| < 4M||A]l.
j=1

j=1
Thus ¢ is bounded with ||¢|| < 4M. O

The bounded of 4M obtained in the above proposition is never tight. Indeed looking at Examples 1.3,
1.4, and 1.5, we see that ||¢| = ¢(ly) in all of these examples. Below we will show that this is not a
coincidence. Although Proposition 1.11 will encapsulate Corollary 1.9, the proof of Corollary 1.9 is simple,
interesting, and will be used later in a more general setting. We begin with the following proposition for
unital C*-algebras.

Proposition 1.8. Let A be a unital C*-algebra. Suppose ¢ : A — C is a continuous linear functional such
that ||p|| = ¢(Ia) = 1 and suppose N € 2 is a normal operator. Then ¢(N) € conv(o(N)) where o(N) is
the spectrum of N and conv(o(N)) is the closure of the convex hull of o(N).

Proof. Suppose that N € 2 is a normal operator such that ¢(N) ¢ conv(o(N)). Basic geometry (via the
separating version of the Hahn Banach Theorem) shows that there exists a z € C and an r > 0 such that

conv(o(N)) C B.[z] :={2"€C | |z =2| <r}

and |p(N) — z| > r (that is conv(o(N)) is contained in the closed ball of radius r centred at z yet ¢(N) is
not in this ball).

Consider T := N — zIy € 2. Thus T is a normal element such that o(T) = o(N) — z C B,[z] —z = B,.[0]
where B,.[0] is the closed ball of radius r around the origin. Since T is normal ||T'|| = spr(T') < r. However

lo(T)] = [p(N) = zp(Ia)| = [p(N) = 2| > 7
which contradicts the fact that ||| = 1. O

Corollary 1.9. Let 2 be a unital C*-algebra and let ¢ : A — C be a linear functional. Then ¢ is positive if
and only if ]| = ¢ (I).

Proof. First suppose that ¢ is positive. We need to show that |p(A4)] < (1) [|A] for all A € A. First we
will prove the result for self-adjoint elements of 2 and then for a general element of 2.

Let A € A be self-adjoint. Then ¢(A) € R by Lemma 1.2. Since ||A|| Iy — A > 0, ||A|| o(In) — ¢(A) > 0.
Similarly as ||A|| Iy + A > 0, ||A]| In + ¢(A4) > 0. Combining these two inequalities, we obtain that

= [1Allp(Ta) < (A) < [|A] p(La)



so |p(A)] < o(Iy) ||A|| as required.
Let A € 2 be an arbitrary element. Then there exists a # € [0,27) such that [p(A)| = e?p(A) = p(e? A).
Let B := ¢ A. Then
0 < |p(A)| = ¢(B) = ¢(Re(B)) +ip(Im(B)).

However, by Lemma 1.2, o(Re(B)) and ¢(Im(B)) are real numbers. Therefore 0 < ¢(Re(B)) + ip(Im(B))
is possible only if ¢(Im(B)) = 0. Thus, since Re(B) is self-adjoint, by applying the above result in the
self-adjoint case we obtain that

[p(A)] = ¢(Re(B)) < [[Re(B)l| ¢(In) < [|Bl[ ¢ (Ia) = [|All ¢(In)

as desired.
Next suppose that [|¢]| = ¢(Iy). If ¢ = 0, we are done so suppose ||¢| > 0 and define ¢ : A — C
by ¥(A) = mgo(A). Then 1) is a linear functional such that (Iy) = ||| = 1. By Proposition 1.8

Y(N) € conv(c(N)) whenever N is a normal element of 2. In particular, if A € 2 is a positive element,
P(A) € conv(o(A)) C [0,00). Whence p(A) = ||| (A) > 0. Hence ¢ is a positive linear functional. O

Remarks 1.10. To prove the analogue of Corollary 1.9 for positive linear functionals on a non-unital

C*-algebra, we notice that if ¢ : 2 — C is a positive linear functional and we define [-, ] : 2 x 2 — C by
[A, B] = ¢(B"A)
for all A,B € 2, then [-,] is a positive sesquilinear form on 2. Indeed [-,-] is clearly linear in the first

component, conjugate linear in the second component, and [A, A] = p(A*A) > 0 as ¢ is a positive linear
functional. It is a simple proof to show that a positive sesquilinear form on a vector space satisfies the
Cauchy-Schwarz inequality (this will be left as an exercise) so that

lp(B*A)| = | [A, B]| < [A, A]? [B, B]? = p(A*A)}p(B*B)*

for all A, B € 2. This observation is essential in the following result along with the incredibly important
GNS construction.

Proposition 1.11. Let A be a C*-algebra and let p : A — C be a linear functional. Then the following are
equivalent:

1. ¢ is a positive linear functional.
2. |lell = limp @(Ey) for all C*-bounded approzimate identities (Ex)a of 2.
3. |loll = lima @(Ey) where (Ex)a is a C*-bounded approximate identity of 2.

Proof. (1) implies (2) Suppose that ¢ is a positive linear functional and (F))a is any C*-bounded approxi-
mate identity of 2. If ¢ = 0 the result clearly holds. Therefore we will assume that ||| > 0. Since (E))a
is an increase net of positive elements of 2 and ¢ is positive, (¢(E)))a is an increasing net of positive real
numbers and thus converges to sup, ¢(Ey). Since ||Ey|| <1 for all A, clearly ||| > limp @(E)).

Next suppose A € 2 is arbitrary. Since 0 < F) and ||Ey\|| < 1forall A € A, 0 < E?\ < E) by the
Continuous Functional Calculus and thus 0 < @(E%) < p(E,) for all A € A. Since ¢ is continuous by
Proposition 1.7 and (E) ) is a C*-bounded approximate identity for 2,

o(A)] = lim |p(AEy))|
< li/{n |30(AA*)|% |p(ELEy)|? by the Cauchy-Schwarz inequality from Remarks 1.10
. i w5 1
< lim ||| % [[AA"]? (E5)?

1 . 1
< llell* Al Tim e (Ex)=.



As the above inequality holds for all A € 2(, we obtain that

Nl

el < llll* (lim p(Ey))

and thus, as ||¢|| # 0, |l¢|| = limp @(EN).

(2) implies (3) Clear.

(3) implies (1) Suppose that (E))a is a C*-bounded approximate identity such that ||¢|| = lima @(E}).
First we will show that if A € 2 is self-adjoint then ¢(A) € R (which is necessary if ¢ is to be positive by
Lemma 1.2). Thus suppose A € 2 is self-adjoint and write ¢(A) = a + bi where a,b € R. We desire to show
that b = 0. The following may seem extremely obscure, but is a common trick. By exchanging A with —A
we can assume that b > 0. For each A € A and n € N consider Ay, := A +inE)y. Then

lim inf [ Axnl? = liminf |[(A — inEx)(A + inEy)|
< lim inf |A|I” + n||AE\ — ExA|| + n?
= A +n*.
So
a® + (b +n|el)? = la+ b +nlel)il
= lim [p(A) + inp(B)|*
= li/r\n|90(A)\,n)|2
< HsoHQlimAinfIIfh,nll2
< llel* 1A1* + llel* n®,
Thus

2 2 2 2
a® + b+ 20n [loll + lell* n® < [loll” A" + lol” n®

for all n € N so 2 2
a® + 0% + 20 |lo| < [lel” Al

for all n € N. As b > 0, this is possible if and only if b = 0. Therefore ¢ maps self-adjoint elements to
self-adjoint elements.

To complete the proof that ¢ is positive, it suffices to show that ¢p(A) > 0 for all A € 2 such that A >0
and ||A]] < 1 (as we can scale all other positive elements). Thus suppose A € 2 is such that A > 0 and
|A]| < 1. Let By := A— E\. Then

—Iy < -Ey<A-E\<ALIy

in the unitization of A. Whence [|[A — E,|| < 1 so |¢(A) — @(E\)] < |l¢] for all A € A. Since ||| =
limy ¢(E)y), by taking a limit we obtain that |p(A) — ||¢||| < |l¢ll. However ¢(A) € R so this inequality
implies that 0 < ¢(A) < ||| as desired. O

Before we move onto proving the GNS construction, we make an important and necessary detour into the
land of extending positive linear functionals. The importance of the Hahn-Banach Theorem is the ability to
extend a linear functional f defined on a subspace ) of a Banach space X to a linear functional f : X — C

such that ||f| = Hf‘

algebras. The answer is yes as will be shown below. The proof of this result is made up of a few small
extension results that exploit Corollary 1.9 and a few subtleties.

. Thus it is natural to ask whether or not states can be extended to states on C*-

Lemma 1.12. Let A be a non-unital C*-algebra, let A be the unitization of A, and let ¢ : A — C be a
positive linear functional. Then ¢ has a unique positive extension @ : A — C such that ||@] = ||¢||-



Proof. If ¢ : 21 — C is a positive extension of ¢ such that ||¢| = ||@|| then ¢(I5) = [|@] = ||| by Corollary
1.9 (or Proposition 1.11). Thus the only possible way to define ¢ is by ¢(Mg + A) = A|p|| + ¢(A). Hence
if there is a norm-preserving positive extension of ¢ it must be unique.

Now define ¢ : 21 — C by @(Ag + A) = A|¢|| + ¢(A) for all A € 2 and \ € C. Since every element
of 2 has a unique decomposition as a sum of an element of Clg and an element of 2, ¢ is a well-defined
linear functional. To show that ¢ is positive it suffices by Corollary 1.9 (or Proposition 1.11) to show that

2|l = (1) (that is; ¢ will be positive if and only if ||| = ||| so it suffices to show that ¢ is a norm-
A

preserving extension to complete the proof). Let (Ey)a be a C*-bounded approximate identity for 2(. Since

¢ is positive, Proposition 1.11 implies that [[¢[| = limy ¢(Ey). Since ¢ is positive and thus continuous, we

have for all alg + A € 2 that
[p(ady + A)| = |a ol + ©(A)]|
= 11/1\11 lap(Ey) + ¢(AEY)]
= li[I\Il lp(aEy\ + AE))|
< limsup [l¢] [|(alg + A)Ea |
< limsup lo|l || (alg + A)[| 1A

= lloll || (el + A)]].
Whence ||@]| < ||¢]|. Since clearly ||@]| > |l¢l|, the result follows. O

Lemma 1.13. Let A be a unital C*-algebra, let ¢ : A — C be a positive linear functional, and view A as a
non-unital C*-subalgebra of A @ C canonically. Then ¢ has a unique positive extension @ : A H C — C such

that ||l = ll#ll-
Proof. Tt ¢ : A @ C — C is a positive extension of ¢ such that ||¢|| = ||@| then

P(Ia @ 1) = o)l = llell = p(a) = ¢(Ia ® 0)

by Corollary 1.9 (or Proposition 1.11). Hence ¢(0®1) = 0. Thus the only possible way to define ¢ : A®C — C
so that ¢ is positive is by @(A @ \) = ¢(A). Hence if there is a norm-preserving positive extension of ¢ it
must be unique.

Now define ¢ : ADC — C by g(A® N) = ¢(A) for all A €A and A € C. As ||A® A|| = max{|| 4], |\|},
and A@ A > 0 if and only if A > 0 and A > 0, it is trivial to verify that ¢ is a norm-preserving positive
extension of . O

Lemma 1.14. Let A C B be C*-algebras with the same unit. If p : A — C is a positive linear functional
then o has a positive extension @ : B — C such that ||@]] = ||¢]|-

Proof. Let 2 C B be C*-algebras with the same unit and suppose ¢ : 2 — C is a positive linear functional.
By the Hahn-Banach Theorem there exists a linear functional ¢ : 8 — C such that ¢|y = ¢ and ||¢|| = ||@||-
Thus, by Corollary 1.9 (or Proposition 1.11),

18]l = llell = ¢(Ia) = o(In) = $(Is)
Whence ¢ is positive by Corollary 1.9 (or Proposition 1.11). O

Theorem 1.15. Let A C B be C*-algebras and let ¢ : A — C be a positive linear functional. Then there
exists a positive linear functional ¢ : B — C such that Y|y = ¢ and ||¢] = ||¢]-

Proof. We shall break the proof into two cases that will follow easily from the above lemmas.
Case 1: 2 is not unital Let *B be the unitization of B if B is not unital and let B be B if B is unital.
Consider the *-algebra

Clg +%A:={Mg+A| AcA N C}CD.



Let 2 be the unitization of 2 and define 7 : A — Clg+Aby m(Myz+A) = Mg+ Aforall Ac2and A € C.
It is easy to verify that 7 is a *-homomorphism. As the domain of 7 is a C*-algebra and the range of 7 sits
inside the C*-algebra B, the range of 7 is a C*-algebra. As w() = CIg + 2, Clg + A is a C*-subalgebra
of B with the same unit. Moreover if (Mg + A) =0 then Mg = —A € 2. As 2 is not unital, this implies
that A = 0 and then A = 0. Whence 7 must be injective and thus Clg + 2 is *-isomorphic to 2.

By Lemma 1.12, ¢ extends to a positive linear functional ¢ : Clg + 24 — C such that [|@|| = [|¢]|. Since
Clg +2AC B are C*-algebras with the same unit, Lemma 1.14 implies that ¢ extends to a positive linear
functional 1 : B — C such that Hz/; = ||@|l. Let ¢ : B — C be defined by 1) = v|ss. Since the restriction

of a positive linear functional is clearly positive, ¢ is a positive linear functional. Moreover 1 extends ¢ by

construction and ||¢] < sz = |l¢|| < |I¥|| (where the last inequality comes from the fact that ¢ extends ).

Case 2: U is unital Let B be the unitization of B if B is not unital and let B be B if B is unital. If
2 and B have the same unit, the result follows from Lemma 1.14. Else suppose that Iy # Ig. Whence we
have that Iy < Ig (as A C ‘B) so P := Ig — Iy is a non-zero projection in B. Define 7 : A® C — B by
T(AP N =A+ /\P for all A €2 and X € (C We claim that 7 is an injective *-homomorphism. It is clear
that 7 is well-defined, linear, and *-preserving. To see that 7 is multiplicative, we note that PA = AP =0
for all A € A since I A = Al = A= IyA = Aly for all A € . Therefore

7T(A1 D /\1)7T(A2 D )\2) = (Al + )\1P)(A2 + )\QP) = A1Ay + M2 P = TF((A1 D /\1)(A2 D )\2))

for all A;,As € A and A\, Ay € C. Whence 7 is a *-homomorphism. To see that 7 is injective, suppose
m(A@®A) =0. Then A+ AP = 0 so that 0 = P(A+ AP) = AP. Thus A =0 as P # 0. Whence A =0 so
A@ X\ =0. Thus 7 is an injective *~homomorphism so 2 & C can be viewed as a C*-subalgebra of B. Since
Iy ® 1 is a unit for A S C and w(Iy ® 1) = Iy + P = Iz, A ® C can be viewed as a C*-algebra of B with
the same unit.

By Lemma 1.13, ¢ extends to a positive linear functional ¢ : A& C — C such that ||@|| = ||¢||. Since
2A @ C C B are C*-algebras with the same unit, Lemma 1.14 implies that ¢ extends to a positive linear

functional ¢ : B — C such that Hzﬁ = ||@|l. Let ¢ : B — C be defined by 1 = v|ss. Since the restriction

of a positive linear functional is clearly positive, ¢ is a positive linear functional. Moreover 1 extends ¢ by

construction and ||| < HzﬂH = |l¢ll < ||#]] (where the last inequality comes from the fact that ¢ extends
©). O

As a corollary of the above proposition (or simply Lemma 1.12), we obtain a non-unital version of
Proposition 1.8.

Proposition 1.16. Let A be a C*-algebra. Suppose ¢ : A — C is a positive linear functional with ||¢] =1
and N € 2 is a normal operator. Then p(N) € conv(a(N)) where o(N) is the spectrum of N and conv(o(N))
is the closure of the convex hull of o(N).

Proof. If 2 is unital, the result was proven in Proposition 1.8. If 2 is not unital, let 2 be the unitization

of A. By Lemma 1.12, ¢ extends to a positive linear functional ¢ : A — C such that ||¢|| = [¢| = 1.
By Corollary 1.9 (or Proposition 1.11), ¢(I5) = ||¢|| = 1. Thus if N € 2 is a normal operator then
©(N) = @(N) € conv(o(N)) by applying Proposition 1.8 to N and ¢. O

Now that we have demonstrated that positive linear functionals can be extended to positive linear func-
tionals, we will proceed with the GNS construction. To obtain the result that every C*-algebra may be
represented on a Hilbert space (Theorem 1.20), it is possible to consider only unital C*-algebras in extending
linear functionals and in the following theorem. However, it is instructive to prove the following theorem for
non-unital C*-algebras.

Theorem 1.17 (Gelfand-Naimark-Segal Construction). Let 2 be a C*-algebra and let ¢ : A — C be a
non-zero positive linear functional. Then there exists a Hilbert space H, a *-homomorphism 7 : A — B(H),



and a vector &€ € H such that 7(A)§ = H (a vector that satisfies this property is said to be cyclic for w(2A)),
H§||,2H = ||¢l|, and (7(A)E, &) = @(A). If A is unital then m(Iy) = I3.

Proof. Since ¢ is a positive linear functional, the map [-,-] : A x 2 — C defined by [A, B] = ¢(B*A) is a
positive sesquilinear form on 2 as seen in Remarks 1.10. We want to turn 20 with this positive sesquilinear
form into a Hilbert space. To do this, we must first make this positive sesquilinear form an inner product
by removing the elements A € 2 such that [A, A] = 0. Let

N:={Ae2 | [A A =0}
We claim that A is a subspace of 2. Indeed if A € N and B € 2 then
|14, B]| <[4, A]* [B, B]* =0.

Whence

N={AeA | [A B]=0forall Be}
which is clearly a subspace of 2. Therefore [, -] defines an inner product (-,-) : (A/N) x (A/N) — C by
(A+N,B+N) =[A, B]. Let H be the completion of A/N with respect to the norm induced by this inner
product. Whence H is a Hilbert space.

Next we desire to construct the *-homomorphism 7. This will be constructed by letting 2 act on itself
by multiplication on the left. Define 7 : A — L(A) by © (A)B = AB. Clearly n is a well-defined
homomorphism into £(2) as each © (A) is clearly linear. We claim that 7~ defines a homomorphism from
A to LIA/N). Indeed if A, B € A then

(7" (4)B,7" (A)B] = p(B* 4" AB) < (| 4" Ally B°B) < | A4 [B, B

as ¢ is a positive linear functional. Whence 7 (A)B € N whenever B € N. Therefore we may define
7 A — LA/N) by ©'(A)(B +N) = AB + N. By the above inequality, we obtain that

17" (A)(B + Ny < [|Allg 1B + Nl

Therefore, for each A € 2 we can extend 7' (A) to an element A, € B(H) by continuity. Define 7 : 2 — B(H)
by 7(A) = A, for all A € A. We claim that 7 is a *-homomorphism. To see that 7 is linear, we notice for
all A, B € 2 and A € C that 7(AA + B) = An(A) + 7(B) on the dense subset 2/A of H. Whence = must be
linear by continuity. Similarly if A, B € 2 then m(AB) = w(A)7(B) on the dense subset A/N of H. Whence
7 must be multiplicative by continuity. Lastly we notice for all A, B,C € 2l that

(m(A)*(B+N),C+N)=(B+N,AC+N)
((AC)*B)

p(C*(A*B))

(n(A*)(B +N),C + N).

Since 2A/N is dense in H, we obtain by continuity of the inner product that (w(A)*n, ) = (7(A*)n,¢) for all
7,¢ € H. Whence 7 is a *-homomorphism.

Lastly, we need to construct the vector £. In the case that 2 is unital this task is not difficult. We will
first present the case when 2l is unital, and then the case when 2l is not unital.

Case 1: U is unital Let &€ := Iy +N € H. Then

1113, = (T + N, Ta + N) = o(IqTa) = o(Ta) = o]

by Corollary 1.9. Moreover 7(2)§ = 2A/N = H so £ is a cyclic vector. Notice m(Iy)(A+N) = A+ N for all
A € . Whence 7(Iy) = Iy. Lastly

(m(A)§,€) = (A+ N, In + N) = o(I5.4) = p(A)



for all A € 2. Whence £ has the desired properties.
Case 2: A is not unital Let (Ey))x be a C*-bounded approximate identity of 2 and let £ := E) + N.
We claim that (£x)a is a Cauchy net in H. To begin we notice if a,, 8 € A then

€0 — €517, = ((Ba — Ep)*) = 9(E2) + ¢(E) — p(EaEp) — ¢(EsEa).

Note that ¢(E7) and o(E3) are positive as ¢ is positive and thus ¢(EoEs) + ¢(EsE,) € R. Let € > 0.
By Proposition 1.11 and the fact that (p(FE)))a is an increasing net, there exists an g € A such that
lell — € < @(Ey) for all A > ag. Since (Ey)a is a C*-bounded approximate identity, there exists a 8y such
that if A > By then |[ExEq, — Eqo,|| < € and ||Eoy Ex — Eqo,|| < €. Thus for all 8 > By

‘290(an) - SD(anEﬁ) - QD(EﬁEom” <2 ”90” €

and thus —p(Ea,Eg) — ¢(EgEw,) < 2|l¢| € — 2¢(Eq,) as all terms under consideration are real. Therefore

€0 — €113, = ©(EZ,) + @(E3) — ¢(EaoEp) — ¢(EpEay)
< 2ell + 2 llell € — 2¢(Ea,))
<2l +2lelle = 2(]lell —€)
= 2([lpll + 1)e

whenever 8 > . Thus if 8, A > Sy

168 = Exllyy < 1168 = Eaollz + 180 = Exllyy < 2v2([[0ll + 1)e

As € > 0 was arbitrary, we obtain that (£))a is a Cauchy net in H.
Let € := limy &€\ € H. To complete the proof it suffices to show that ¢ satisfies the three claims in the
theorem. For the first we notice that

€1, = tim €113, = limp(E2) =

since (Ei) A is also a C*-bounded approximate identity for 2 and by Proposition 1.11. Next we claim that
w(A)§ = A+ N for all A € 2. To see this, we notice that

[m(A)E — (A+N)Il3, = lim [[m(A)x — (A+N)]3,
= lim [|(AE — A) + N3,
< lirr}\inf V((AE\ — A)"(AE) — A))

< lim [ | AEx — A* = 0

for all A € 2. Whence m(A)¢ = A+ N for all A € A and thus 7 (2A)§ = A/N = H. Lastly we notice that

(m(A)E,6) = (A+N,¢)
= lij{n<A +N,E,\ +N>
= limp(ExA) = ¢(4)
for all A € A as desired. O

The above theorem is extremely important as it show that each state on a C*-algebra provides a repre-
sentation of the C*-algebra. The following is an example that we hope removes some mystery of the GNS
construction.
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Example 1.18. Let X be a compact Hausdorff space, 2 € X, and ¢, : C(X) — C be defined by ¢.(f) =
f(z). It was shown in Example 1.3 that ¢, is a state on C'(X). In the GNS construction, we see that
N ={feCX) | f(x) =0} so that f + N = g+ N in 2A/N if and only if f(z) = g(x). Thus it is easy
to see that the map U : A/N — C defined by U(f + N) = f(z) is a well-defined isometry of pre-Hilbert
spaces. Whence 20/N is complete and isomorphic to C. Then, by identifying the Hilbert space H in the
above construction with C, it is trivial to verify that the *-homomorphism 7 : C'(X) — B(C) constructed in
the above theorem is w(f)A = f(a)A for all A € C and f € C(X).

To complete our proof that every C*-algebra can be viewed as a C*-subalgebra of some B(H), it suffices
to construct a faithful *-homomorphism 7 : 2 — B(#). To do this we will appeal to Theorem 1.15 and the
above theorem.

Lemma 1.19. Let 2 be a C*-algebra and let A € A be self-adjoint. Then there exists a Hilbert space H
and a representation wa : A — B(Ha) such that |[ma(A)|| = [|Allg. If A is unital then we may choose 74
such that ma(Iy) = I3, .

Proof. Let C*(A) be the C*-subalgebra of 2 generated by A. Then C*(A) is isomorphic to the continuous
functions on o(A) that vanish at zero. Since || Al|o = spr(A), there exists an x € 0(A) such that || = [|A]|y.
Define ¢ : C(c(A)) — C by ¢o(f) = f(x). By Example 1.3, ¢ is a state on C(c(A)) and thus defines a
state ¢ : C*(A) — C. Since (A) =z, [P(A)| = ||Al|y (alternatively, such a state can be constructed using
Gelfand Theorem which is implicitly used to view C*(A) as continuous functions).

By Theorem 1.15 v extends to a state 1/; : A — C. By Theorem 1.16 there exists a *-homomorphism

ma: A — B(Ha) and a £ € H 4 such that ||€|| =1 and (w4 (B)E, &) = (B) for all B € A (and ma(Iy) = Ix,
if 2 is unital). In particular

1 Allg = [(A)] = [P(A)] = [{ma(A)E, )] < [[ma(A)ll
Since 7 is a *-homomorphism between C*-algebras, ||[74(A)|| < || 4] so [[ma(A)]| = || Ally- O

Theorem 1.20 (GNS Theorem). Let 2l be a C*-algebra. Then there exists a Hilbert space H and a faithful
*-homomorphism m : A — B(H). Whence every C*-algebra may be viewed as a closed *-subalgebra of B(H).

If A is unital then we may choose m such that w(Iy) = I3.

Proof. For each non-zero positive element A € 2, let H 4 be a Hilbert space and my4 : A — C be a *-
homomorphism from Lemma 1.19 such that ||[7a(A)| = ||A|ly (and wa(Ia) = Iy, if 2 is unital). Define

m:A—B (GBAEQl\{O},AzO 7—[,4) by
T(B)= D 7B
A\ {0},A>0
for all B € A. Note that 7 does map into B (@Aem\{o},AZO 7—[,4) since if B € 2 then |74 (B)]|| < || B]| so that

m(B) is a direct sum of uniformly bounded operators and thus is bounded. Clearly 7 is a *-homomorphism
being the direct sum of *-homomorphisms (and clearly m(Iy) = I if 2 is unital).

To complete the proof it suffices to show that 7 is isometric. Fix B € A\ {0}. Then |7g-p(B*B)|| =
IB*BI| = || B]|* so

2 2 * * * 2
[m(B)II” = [7«(B)|” = |lmp+5(B)*m5-5(B)|| = |7z-5(B*B)|| = | B*B| = || B||

so ||m(B)|| = ||B]| as 7 is contractive.
Since the image of a C*-algebra under a *-homomorphism is closed, the final statement follows. O

The above theorem allows us to use the structure of the bounded operators on a Hilbert space to prove
many interesting properties of C*-algebras. The first property we will discuss is another characterization of
a positive operator in B(H).
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Proposition 1.21. Let T € B(H). Then T >0 if and only if (TE, &) >0 for all € € H.
Proof. Y T >0, T = N*N for some N € B(H). Whence

(T¢,€) = (N*NE,€) = |INE|? >0

for all £ € H.
Next suppose that (T'¢,£) > 0 for all £ € H. Thus

(T=T7),€) = (T€, &) — (£, T¢) = (T¢€,§) —(T€,£) =0

for all £ € H. However, for every R € B(H) and every (,n € H, it is trivial to verify the identity

(RCm) = 7 (LR(C+n), €+ m) — (RIC—m),C =) + {R(C+ i), C + im) — i(R(C — im),C — im).
Thus as ((T'—T%*)&, &) = 0 for all £ € H, the above inequality implies that ((T'—T%*)¢,n) =0 for all {,n € H
and thus T = T™.

Since T is self-adjoint, we may apply the Continuous Functional Calculus to write T' = T} — T_ where
T.,T_ € B(H) are positive and T4 T = 0 = T_T,. We desire to show that 7_ = 0. Since (T¢,£) > 0 for
all ¢ € H, we obtain that

<T*£a §> < <T+£a §>

for all £ € H. By substituting 7_n for £ in the above expression for any € H, using the fact that 72 > 0
by the Continuous Functional Calculus, and the first direction of the proof, we have that

0 <(T2n,n) <(TWT-n,T-n) =0

Whence (T3n,n) = 0 for all n € H. As demonstrated above, this implies T3 = 0. Whence T_ = 0 by the
Continuous Functional Calculus and thus T'= T > 0. O

Another property that will be essential in Chapter 3 is that if 2 is a C*-algebra, n € N, and M,,(2)
is the *-algebra of the n x n matrices with entries in 2 with the operations [A; ;] + [B; ;] = [4i; + Bijl.
[Ai,jHBi,j] = [ZZ:I Ai7kB;€7j], and [Ai,j]* = [A;:J for all [Ai,j}, [Bi,j] S Mn(Ql), then Mn(Ql) isa C*-algebra.
To prove that M,,(21) is a C*-algebra, we will use prove that M, (B(H)) is a C*-algebra for every Hilbert
space H and apply the GNS Theorem.

Lemma 1.22. Let H be a Hilbert space and n € N. Then M, (B(H)) is a *-algebra where the operations
are as defined above and M, (B(H)) ~ B(H®™) as *-algebras (where HP" is the direct sum of n copies of
H). Whence M, (B(H)) can be given a C*-norm.

Proof. Fori € {1,...,n}, let E; : H — H®™ be defined by
E£=0006---000{B0d---0

where the & occurs in the it"-coordinate of the direct summand. It is trivial to verify that EYE; = Iy,
EiE; =0 for all i # j, and Y 1" | E;E; = Iyjen. Define m: M, (B(H)) — B(H®") by

m([Ti,]) = > BT ,E;

i,5=1

for all [T; ;] € M,,(B(#)). Note that each 7 ([T} ;]) is a finite sum of bounded operators and thus is bounded.
By the known facts of the E; and the operations on M,,(B(H)), 7 is a *-homomorphism. We claim that =
is injective. To see this, we notice that if 7([T} ;]) = 0 then Ty, = Efn([T;,;])Ee = 0 (by the properties of
the E;) for all k,£ € {1,...,n}. Whence [T} ;] = 0.

Lastly, we claim that 7 is surjective. To see this, let 7' € B(H®™) be arbitrary. Let T; ; := EfTE; € B(H).

Then it is easy to verify (by using the properties of the E;s) that n([Ti;]) = X2} ;o EiE;TE;Ef =T. O
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From now on we will view M,,(B(H)) and B(H®") as the same C*-algebra using either identification
as required. The only restriction remaining in showing that M,, () is a C*-algebra using Theorem 1.20 is
completeness. The following lemma solves this problem and is extremely useful.

Lemma 1.23. Let [T; ;] € M, (B(H)) for some n € N and some Hilbert space H. Then

2
1
2
H;gXIITi,jIISH[E,jHIS > Tl Snn;@XIITi,jIM
’ i,j=1 ’

Proof. Fori € {1,...,n}, let E; : H — H®™ be defined by
E£=0008---000(B08---00

where the ¢ occurs in the i*"-coordinate of the direct summand. Suppose [T} ;] € M,,(B(#)). By the proof
of Lemma 1.22, Ty, o = E{[T; ;]E, for all k,£ € {1,...,n}. Since each E; is an isometry, ||E;|| = 1 for all
ie{l,...,n} so

[T, ell = I1EET5 5 Eell < [I[T5]]]

for all k,£ € {1,...,n}. Thus max; ; ||T; ;|| < |[[T;]]-
For the second inequality, let £ = (&1,...,&,) € HP" be arbitrary. Then

2
1T 51€01% = S Ty &Y Tagé =y <Z kz€z7ZTk,j§]>
j=1 j=1 k=1 \i=1 j=1
< Z Z ‘ Ty 1£1aTkj§7>|
k=14,j=1
<y Z T, 1€ T 111151
N _n 2
k:l i=1
1 1\ 2
n 2 n 2
< Z ||Tk,|| S lg1P
i=1 j=1

- 1

ZIITkZII ) IE® = el® > 1Tl

ij=1

>
Il

1

1
2

Thus, as this holds for all € € H®", we have ||[T} ]| < (ZZ . ||T,,j||2) as claim.
1
Finally, it is clear that (szzl ||T”||2) " < nmax, ;|| Tl as Vi? =n. O

Theorem 1.24. Let A be a C*-algebra and let n € N. Then M, () is a *-algebra with the operations
[Ai j]+[Bij] = [Aij + Bijl, [Aijl[Bis] = [Zk 1 Ai kBr jl, and [Aq j]* = A ] for all [A; 5], [Bi ;] € Mn(2A).
Moreover there is a unique C*-norm on M., (2

Proof. Tt is trivial to verify that M,, () is a *-algebra with the operations indicated above. Moreover, if a
C*-norm exists on M,,(2() then it must unique by C*-algebra theory.

To show that M, (2) is a C*-algebra, let 7 : A — B(H) be a faithful *-homomorphism which exists
by Theorem 1.20. Since 7 is a *-homomorphism between C*-algebras, 7(2) is a closed *-subalgebra of
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B(H). Define m(,) : My (A) — Myp(B(H)) by 7 ([Aij]) = [7(Asj)]. It is trivial to verify that 7, is
a *-homomorphism and that 7, is injective since 7 is injective. Thus m,)(M,,()) is a *-subalgebra of
M, (B(H)). Thus we can define a C*-norm on M,,(2() by

I[A J]HMH(QL) H7T n) i:J'])HMn(B(H))

for all [A; ;] € M,(2). Thus it remains only to show that M, (2) is complete. To begin, suppose that
([Aijk)k>1 € M, () is a Cauchy sequence. Then ([7(A;;x)])k>1 is a Cauchy sequence in M,,(B(H)).
Since max; ; [|T; ;|| < ||[T3,;]]] for all [T ;] € M, (B(H)), we obtain that (w(A; ; x))x>1 is a Cauchy sequence

in m(A) C B(H) for all 4,5 € {1,. n} Since 7(2) is closed and thus complete, for each i,j € {1,...,n}
there exists a A; ; € 2 such that ’/T(Aiyj) = limg_0o m(A; j k). We claim that ([7(A; ;x)])k>1 converges to
T(n)([As,5]) so that ([A;;r])k>1 converges to [A; ;] in M, (2L). To see this, we notice by Lemma 1.23 that

2

fimsup |43, - (A5l = lmsup (4] ~ (s sll < Jim (3 In(Ais) — w(Ausl? ] =0,
k—o0 k—o0 =1
Whence M,,(21) is complete with respect to this C*-norm and thus is a C*-algebra. O

Notice that if 2 is a non-unital C*-algebra and 2 is the unitization of 2 then M, (A) € M,,(2A) for
all n € N although M, (2) is not in general the unitization of M, () (as it could be larger). Using
M, () € M, (A) we can often assume that 2 has a unit when dealing with M., ().

In Chapter 3 maps like () will be of the greatest importance.
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2 Positive Maps

In the first chapter of these notes we examined positive linear functionals and obtained some important
results pertaining to C*-algebras. In this section we will generalize the notion of positive linear functionals
to maps between C*-algebras.

Definition 2.1. Let 2 and B be C*-algebras. A linear map ¢ : 24 — 9 is said to be positive if p(A) >x 0
whenever A € 2 and A > 0.

Example 2.2. Positive linear functionals are positive maps with the complex numbers as their range.

Example 2.3. Let 2 and 8 be C*-algebras and let 7 : A — B be a *-homomorphism. Then 7 is a positive
map since
w(A*A) = n(A")w(A) = n(A)*w(A) >3 0

for all A € .

Example 2.4. Let 2 be a C*-algebra and let A € 2 be arbitrary. Define ¢ : 2 — 2 by ¢(B) = A*BA for
all B € 2. Then ¢ is a positive map since

¢(B*B) = A*B*BA = (BA)*BA >0
for all B € 8. In general ¢ is not a *-homomorphism. The map ¢ is known as the conjugation by A.

Example 2.5. Define ¢ : M,,(C) — M,,(C) by ¢(A) = AT for all A € M,,(C) where AT is the transpose
of A. Then ¢ is a positive map since

for all A € 2 as the transpose and the adjoint commute.

Example 2.6. Let ¢; : 2; — B; be positive maps for i = 1,2. Then the map ¢ @ s : A1 DA — B, By
defined by (1 ® p2)(A1 & As) = p1(A1) @ p2(As) for all A; € 2, is a positive map. Indeed

(01 @ 2)((A1 @ A2)" (A1 © Az)) = p1(ATAL) © 02(A542) >0

since (p; are positive and an element By @ By € 61 @ B is positive if and only if B; > 0 and By > 0. Thus
the direct sum of positive maps is positive.

The most obvious questions are whether or not the theorems developed for positive linear functionals
hold for positive maps between C*-algebras. It turns out that the continuity and many (if not all) of the
norm properties of positive linear functionals carry-forward to positive maps between C*-algebras. However,
the extension properties of positive maps will not hold in general. The proof that positive maps between
C*-algebras are continuous is virtually identical to Proposition 1.7 with the addition of the following lemma.

Lemma 2.7. Let 2 be a C*-algebra and let A,B € A. If 0 < A < B then |A|| < ||B].

Proof. In the unitization of A, 0 < A < B < ||B||Iy. Thus [|A[| < ||B| by the Continuous Functional
Calculus. O

Proposition 2.8. Let A and B be C*-algebra and let p : A — B be a positive map. Then ¢ is continuous.

Proof. We proceed as we did in Proposition 1.7. We claim that {|[¢(A)[lg | A € A, A > 0,[|All < 1} is
a bounded subset of R>( (that is, we claim ¢ is bounded on the positive elements of norm at most one).
To see this, suppose otherwise. Then for each n € N there would exists an A,, € 2 such that A, > 0,
[[Anlly <1, and [[o(An)|lg = n®. Consider B :=3>, 45 A,. Notice that B is a well-defined operator in 2
as (#An)nzl is an absolutely summable sequence since H#AnH o < #
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For each m € N

by Lemma 1.6. Whence

SO

P(B) > Y Lo(An) > —o(An)

n=1

for every m € N. Since 0 < #@(Am) as (p is a positive map, Lemma 2.7 implies that

1 1
leB)ly = —5 lo(Am) g = —5m® =m

for every m € N. As this is an impossibility, we must have that {[|¢(A)|g | A € A, A >0, [|Ally < 1} is
bounded in Rxg.
Let
M = sup{[lp(A)llg | A€AA>0,[Ally <1}

and let A € A. Write A = Re(A) + iIm(A) and recall [|[Re(A)|ly , [[Im(A)]lg < ||Allg- By the Continuous
Functional Calculus, both Re(A) and I'm(A) can be written as the difference of two positive elements each
with norm at most ||[Re(A)|| and ||[Im(A)| respectively. Whence A = Py — P, + iP3 — iPy where P; € 2 are
positive elements with || P;||ly < [|Ally for all j. Thus

4 4
(Al <D lePi)llg <D M |[Pylly < 4M || Allg
j=1

j=1
Thus ¢ is bounded with ||| < 4M. O

It remains to generalize Proposition 1.11 to positive maps. However, it is clear that the proof of Propo-
sition 1.11 does not follow to the setting of positive maps since one direction uses the Cauchy-Schwarz
inequality and the other makes use of properties of the complex numbers. We will see in Chapter 3 that
the proof of Proposition 1.11 generalizes to a subcollection of positive maps. It can be shown that Propo-
sition 1.11 generalizes to positive maps but the proof will detour us from our ultimate goal of studying
the subcollection of positive maps in Chapter 3. For a quick outline, it is possible to show that a positive
map between unital C*-algebras obtains its norm at the identity. If ¢ : 2l — B is a positive map between
non-unital C*-algebras, we recall that the double duals 24** and %** are unital C*-algebras (specifically von
Neumann algebras) such that any C*-bounded approximate identity of 2 converges to the identity of 2** in
the weak*-topology. It is then possible to show that the second adjoint of ¢, ¢** : A — B is also a positive
map that is weak*-continuous. Therefore, it is easy to see that the norm of ¢** is obtained at the unit of A**
and thus is at most the limit inferior of the norms of ¢ evaluated at the C*-bounded approximate identity
of 2.

Before we move on to Chapter 3, we desire to generalize the notion of a positive map. To have a notion
of a positive map between vector spaces we need only have a notion of positivity in each space. Therefore we
can consider positive maps between vector subspaces of C*-algebras. One small problem is that we would
like to be able to decompose every element of these subspaces into a linear combination of positive elements
in these subspaces. One way of doing this is to consider special subspaces of unital C*-algebras known as
operator systems.

Definition 2.9. An operator system S is a (not necessarily closed) vector subspace of some unital C*-algebra
A such that Iy € S and S is closed under adjoints (that is S* ={T €2 | T* € S} = §).
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There are a plethora of operator systems so we simple give a few common examples.
Example 2.10. Unital C*-algebras are clearly operator systems.

Example 2.11. Let 2 be a unital C*-algebra and A € 2 be arbitrary. Then
P(A) := span{I,{A", (A")"},>1}
is an operator system of 2 that is not a *-algebra.

Example 2.12. Let S :={f € C(T) | f(z) = az+ b+ c¢Z,a,b,c € C}. Clearly S is an operator system of
C(T) that is not a *-algebra.

Next we demonstrate that operator systems have the desired positivity results mentioned above.

Lemma 2.13. Let § C A be an operator system. Then every element of S is a linear combination of four
positive elements of S.

Proof. Let A € S be arbitrary. Since S is closed under adjoints, A* € S. Therefore Re(A),Im(A) € S
are self-adjoint elements (this is one of many reasons why operator systems are required to be closed under
adjoints). Thus it suffices to show that every self-adjoint element of S is a linear combination of two positive
elements.

Let A € S be self-adjoint. Then ||A|| Iy — A and ||A|| I + A are positive elements of . Since Iy € S,
A I — A, | A|| Ia + A € S (this is one of many reasons why operator systems are required to have units).
Moreover A = 1(||A| Ia + A) — 3(||A]| I — A) so A is a linear combination of positive elements of S. [

Now we may generalize the notion of positive maps to operator systems.

Definition 2.14. Let S C 2 be an operator system and 6 a C*-algebra. A linear map ¢ : S — B is said
to be positive if ¢(A) > 0 whenever A € S and A >y 0. If B = C, we say that ¢ is a positive linear
functional.

As unital C*-algebras are operator systems, we have already seen several positive maps. The following
is an example of a positive map on an operator system that is not a C*-algebra.

Example 2.15. Let S :={f € C(T) | f(z) =az+b+cZ,a,b,c € C}. Clearly S is an operator system of
C(T). Define ¢ : § — M3 (C) by

b 2a
2¢ b

cp(az—&-b—i—cz):[

It is easy to check that ¢ is well-defined (as every element of S has a unique representation as az + b + ¢z)
and is linear. We claim that ¢ is positive. To see this, suppose that f(z) = az + b+ ¢z € S is positive.
Then f = f* which implies that b = b* and a = ¢* due to the unique representations of elements of S.
Thus it is clear that ¢(f) is self-adjoint. Next we notice that since f > 0, f(z) > 0 for all z € T. Whence
b+2Re(az) > 0 for all z € C. However 2Re(az) > —2|a| for all z € T and equality is obtained for some z € T
(that is, if a = re?, where > 0 and 6 € [0,27), Re(a(—e~ ")) = —|a|). Since f > 0 we must have that
b > 2|al. Since ¢(f) is self-adjoint, ¢(f) is positive if and only if its eigenvalues are non-negative. However,
the characteristic equation of ¢(f) is

Xo()(A) = A* = 26X + b® — dac

so that ¢(f) has real eigenvalues if and only if

2b + /462 — 4(b% — 4ac)
2

are both positive. However b > 2|a| > 0 so b > 0 and b* > 4|a|?. Thus 0 < /b2 — 4[a|2 < b. Whence ¢(f)
is positive so ¢ is a positive linear map.

= b+ 4]ac|
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The next logical question is whether or not all positive maps on operator systems are continuous. The
answer is yes, but we will see that the norms of positive maps on operator systems need not be obtained at
the identity. First we generalize Lemma 1.2 to show that positive maps on operator systems take self-adjoint
elements to self-adjoint elements.

Lemma 2.16. Let S C A be an operator system or C*-algebra, let B be a C*-algebra, and let ¢ : S — B be a
positive map. Then p(A) is self-adjoint whenever A is a self-adjoint element of S. Moreover o(A*) = p(A)*
forallAceS.

Proof. First suppose S is a C*-algebra. Let A € S be self-adjoint. By the Continuous Functional Calculus,
there exists positive elements A;, A_ € S such that A = Ay — A_. Then p(4) = p(4;) — p(A_) is
self-adjoint being the difference of two positive operators.

Let A € § be arbitrary. Thus

(A7) = p((Re(A) +iIm(4))") = @(Re(4) - ilm(A))
~ oA ip(imia)
— (p(Re(4)) + ip(Im(A))* = o(A)*

as desired.

Now suppose S is an operator system. This proof will serve as a great example of why the conditions in
the definition of an operator system are necessary. Let A € S be self-adjoint. Let Ay := 1(||A| Is 4+ A) and
A_ = (|| A|| In — A) which are positive elements of S with A = A, — A_. Then p(A) = ¢(A;) — p(A_)
is self-adjoint being the difference of two positive operators.

Let A € S be arbitrary. Since S is closed under adjoints, the self-adjoint elements Re(A) and Im(A) are
in §. Thus the computation in the previous case shows @(A*) = p(A)* as desired. O

Proposition 2.17. Let S C 2 be an operator system, let B be a C*-algebra, and let ¢ : S — B be a positive
map. Then ¢ is continuous with ||| < 2 |lo(Ix)| - If B = C then ||| = |¢(Ia)].

Proof. We will mostly follow the proof of Proposition 2.8 yet we will make use of the unit in S to simplify
the first step. Let A € S be positive with ||[Allq < 1. Then 0 < A < Iy so 0 < ¢(A) < p(Iy). Whence

(Al < llo(Ia)llgs by Lemma 2.7.
To prove the inequality with the constant 2 (instead of perhaps the constant 4 which we would obtain

using the proof of Proposition 2.8) we will need to be a little careful. Consider A € 2 with A self-adjoint
and [|Alloq < 1. Then ¢(A) is self-adjoint by Lemma 2.16. Let A := J(Iy + A) and A_ := (I — A) which
are positive elements of S with A=A, — A_ and [[Ay|y,[[A=|ly < 1. Whence

—A_<A<A,.
By applying ¢ and the above results for positive operators, we obtain that
—lleUa)l 1 < —p(Ia) < —p(A-) < p(A) < p(Ay) < p(la) < [lo(a)] 15

where Iy is the unit of the unitization of B if B is not unital. Therefore ||p(A)[lg < [[¢(La)|y by the
Continuous Functional Calculus.

Finally suppose A € S is an arbitrary element such that ||Ally < 1. Then Re(A) and Im(A) are
self-adjoint elements of S with norm at most one. Whence

oAl < llp(Re(A)llg + le(Im(A)llg < 2 llv(La)lln

as desired.
Now suppose that B = C. We know from above that [¢(A)| < ||Al|y ¢(Ia) for all A € S self-adjoint. Let
A € S be arbitrary and choose 6 € [0,27) such that e?p(A) = |p(A)| and let B := e A € S. Then

[p(A)| = ¢(B) = ¢(Re(B)) + ip(Im(B))
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(as Re(B),Im(B) € S so it makes sense to apply ¢ to these elements). Since Re(B) and Im(B) are
self-adjoint elements of S, ¢(Re(B)) and ¢(Im(B)) are real numbers by Lemma 2.16. However, since
p(Re(B)) +ip(Im(B)) is a real number, this implies that p(Im(B)) = 0 and ¢(Re(B)) > 0 so

[p(A)] = ¢(Re(B)) = |p(Re(B))| < [[Re(B)lly ¢(Ian) < [|Bllg p(Iat) = [|Allg o (L2r)-
Since A € S was arbitrary, ||¢| < ¢(Ia). Since the other inequality is clear, we have completed the proof. [

Remarks 2.18. It turns out that inequality ||| < 2 {|¢(Ia)|| obtained in the previous proposition is strict
for arbitrary positive maps on operator systems. For example, consider the positive map ¢ from Example
2.15. Then ¢(1) = I has norm one yet if f(z) = zforall z € T, f € S and ||f]| =1 yet

0 2
has norm two.

However there are many cases where we can obtain a tighter bounded for the norm of a positive map.
The first we will demonstrate is when the range of the positive map is an abelian C*-algebra. To prove this
we need a simple lemma.

Lemma 2.19. Let S C A be an operator system and let B and € be C*-algebras. If ¢ : S — B and
1 B — C are positive maps then Yo p: S — € is a positive map.

Proof. Let A € S be a positive operator. Since @ is a positive map, p(A) € B is positive. Since ¥ is a
positive map, (¥ o ¢)(A) = ¥ (p(A)) is positive in € as desired. O

Proposition 2.20. Let S C 2 be an operator system, let X be a compact Hausdorff space, and let p : S —
C(X) be a positive map. Then ||¢|l = ||o(Ia)]-

Proof. Clearly [|¢|| > ||¢(Ia)| - The idea for the rest of the proof is to make use of the norm equality from
Proposition 2.17 for positive linear functionals. For each z € X define §, : C(X) — C by 0,(f) = f(x) for
all f € C(X). Then each J, is a positive linear functional by Example 1.3. Moreover || f|| = sup,ex [0z(f)]
for all f € C(X). Let A € A be arbitrary. Then

(A = sup |62 (¢(A))].

However 6, 0 ¢ : & — C is a positive linear functional for all x € X. Thus ||d; 0 ¢| = dz(p(ln)) by
Proposition 2.17. Hence

(Al < sup [0z 0 @l [[A]l = sup (|62 (L) | 1Al = lle(L20) || [[All
zeX zeX

so [l < (T2l H

Next we will show that the norm of a positive map from C(X) (where X is a compact Hausdorff space)
is obtained at the identity. First we need a small technical lemma and a common theorem from the theory
of C(X) that will not be proven. Note that the following lemma is trivial in the case that A = C'(X).

Lemma 2.21. Let 2 be a C*-algebra. Suppose Ay,...,A, € 2 are positive elements. Then for all
A, ..., A € C with ‘)\z| <1 fOT’ all i € {1, Ce ,n}, ||Zzl:1 >\1Az|| < ||ZZL:1 AzH

Proof. To prove this lemma, we will Theorem 1.24 and matrix tricks. By considering the unitization of 2 if
necessary, we may assume that 20 is unital. Notice in M, () that

7_1 AL 1 * )\1[ 0 0 1
>imi Xidi 0 0 A7 0 - 0 ) ] A7 O 0
0 O 0 . 0 . .0
: 0 .
2 2
0 0 0 Ap 0 0 0 0 N A7 0 0
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Thus, by Lemma 1.23,

A 1 2 )\1[ 0 0
i NA; O 0 AF 0 0
n 0 0 --- 0 0 0
Z)\iAi < . . . < o
— : Do ; 0
It is clear that
MO -0

0 L0 = max <1

: . . 0 i=1,...,n

0 0 - AJd

(by either viewing A®™ as a C*-algebra of M,,(2) or using the fact that the norm on M,,(2l) comes from
the norm of M,,(B(H)) ~ B(H®™) and the norm in B(H®") can easily be check to have this property).
Moreover

1 2 1 * 1 " A 0 - 0
AP 0 0 AP 0 o] [ 4 o 0 Ezbl 0 o
:l . . - :l . . .l . . - :
A2 0 .- 0 AZ 0 - 0 A2 0 - 0 0
However, by Lemma 1.23 (using the second inequality),
Dimy Ai 8 8 . N §
<(Isoa]) -[5a
i=1 i=1
Whence [|3°0 MA;|| <[>0, Al as desired. O

Theorem 2.22. Let X be a compact Hausdorff space and let {U;}?_, be a finite open covering of X. Then
there exists continuous function g; : X — [0,1] such that Zz:l 9i = Ic(x) and gilus = 0. The collection
{9} is called a partition of unity of X.

Proposition 2.23. Let B be a unital C*-algebra, let X be a compact Hausdorff space, and let ¢ : C(X) — B
be a positive map. Then ||| = ||l¢o(1)|| where 1 is the constant function on X with value 1.

Proof. Clearly ||¢]l > [|e(1)||- Fix f € C(X) with | f]| < 1. The idea of the proof is to approximate f using
a partition of unity from the above theorem and appeal to the Lemma 2.21 to say that the norm of ¢(f)
is not too large. To begin let € > 0 and for each y € X let U, := f~!(Bc(f(y))) which will be open in X
since f is continuous. Since X = J .y U, and X is compact, there exists a finite open subcover {Uy, }7,
of X such that for all x € Uy, |f(x) — f(x;)| < e. By the above theorem there exists continuous functions
gi : X —[0,1] such that >_1 ; g; = 1 and g;(x) = 0 for all z ¢ U,,.

For each i € {1,...,n} let \; := f(x;). Since ||f]| <1, [\ < 1 for all i € {1,...,n}. Moreover for any

reX
‘f(x)_z/\zgz Sz‘f( A‘gz <ZGQZ—6

since if z € Uy, then |f(z)—X;| = |f(z)—f(2:)| < eand if & ¢ U,, then g;(x) = 0. Hence ||f — > Xigill <

€.

=1

20



Since g; are positive for all i € {1,...,n} and ¢ is a positive map, ¢(g;) are positive for all i € {1,...,n}.
Moreover notice that [|Y i, ¢(g:)] = lle Oy gi)ll = le(1)]] and [A;] < 1 for all ¢ € {1,...,n}. Whence
137 Xiw(gi)]| < lle(1)| by Lemma 2.21. Therefore

¢ (f -> /\igi>
i=1

Thus, as [[¢| < oo is a constant and € > 0 was arbitrary, [[¢(f)|| < [[¢(1)||. Thus, as f was arbitrary,
llell < ll¢(1)]] as desired. i

> Nie(9:)

=1

eI < +

<ellell + e

Remarks 2.24. The above proposition allows us prove that there are positive maps from operator systems
that cannot be extended to positive maps on the entire C*-algebra. To see this consider ¢ : S — M3 (C) as
constructed in Example 2.15. Then ¢ cannot be extended to a positive map @ : C(T) — M2 (C) since this
would imply

- - 1
el = lle@ll = lle@)ll = 3 ll¢l
which is impossible as 0 < ||¢|| < [|@|| since ¢ extends .

One topic we have yet to address is whether positive linear functionals on operator systems have the same
properties as positive linear functional on C*-algebras. The answer is yes (except for the GNS construction)
and proofs are almost identical to those given in Chapter 1.

Proposition 2.25. Let S C 2 be an operator system. Suppose ¢ : S — C is such that |¢|| = p(In) =1
and suppose N € S is a normal operator. Then ¢(N) € conv(o(N)) where o(N) is the spectrum of N and
conv(a(N)) is the closure of the convex hull of o(N).

Proof. Suppose that N € S is a normal operator such that o(N) ¢ conv(c(N)). Basic geometry (via the
separating version of the Hahn Banach Theorem) shows that there exists a z € C and an r > 0 such that

conv(c(N)) C B [2] ={z' €C | |z— 2| <7}

and |[@(N) — z| > r (that is conv(c(N)) is contained in the closed ball of radius r centred at z yet ¢(N) is
not in this ball).

Consider T := N — zIy € S. Thus T is a normal element such that o(T) = o(N) — z C B,[z] — z = B,[0]
where B,.[0] is the closed ball of radius r around the origin. Since T is normal ||T|| = spr(T) < r. However

(D) = [o(N) = zp(Ia)| = [o(N) — 2| > 7
which contradicts the fact that ||¢| = 1. O

Corollary 2.26. Let S C A be an operator system and let ¢ : S — C be a linear functional. Then ¢ is
positive if and only if ||| = o(Ia).
Proof. If ¢ is positive, Proposition 2.17 implies that ||| = ¢(Ix).

Next suppose that ||¢]| = ¢(Ia). If ¢ = 0, we are done so suppose ||¢|| > 0 and define ¢ : A — C
by ¥(A) = mgo(A). Then % is a linear functional such that ¥ (Iy) = ||¢| = 1. By Proposition 2.25

(N) € conv(o(N)) whenever N is a normal element of 2. In particular, if A € 2 is a positive element,
P(A) € conv(o(A)) C [0,00). Whence p(A) = ||| (A) > 0. Hence ¢ is a positive linear functional. O

Proposition 2.27. Let S C A be an operator system and let ¢ : S — C be a positive linear functional.
Then there exists a positive linear functional @ : A — C such that ||| = |l¢|| and P|ls = ¢.

Proof. By the Hahn-Banach Theorem there exists a linear functional ¢ : 2l — C such that ||@|| = ||¢|| and
@Pls = ¢. By Proposition 2.17 ||@|| = |l¢l| = ¢(Ia) = ¢(Ix). Whence by Corollary 2.26 ¢ is positive. O
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Lastly we would like to remark that many authors require that operator systems are closed. The following
proposition shows why.

Proposition 2.28. Let S C 2 be an operator system, let B a C*-algebra, and let ¢ : S — B be a positive
map. Then there exists a positive map @ : S — B extending .

Proof. Since ¢ is positive, ¢ is continuous by Proposition 2.17 and thus extends to a linear map @ : S — B.
It remains to show that 3 is positive. Let A € S be positive. Then there exists a sequence (A!),>1 C S
such that A = lim,, o A),. Let A, := Re(A]) € . Since A is positive, A is self-adjoint so A = A* =
lim,, o0 (AL)* and thus A = lim,, o Ap.

Let € > 0. Since A = lim,_,~, A,, by the lower semicontinuity of the spectrum there exists an N € N
such that o(A,) C [—€,spr(A) + ¢] for all n > N. Therefore A, > —ely for all n > N so that ¢(4,) >
—ep(Iy) = —€||p|| for all n > N. Since B(A) = lim, 00 p(4,) € R, we obtain that B(A4) > —e||¢|| for all

€ > 0. Whence 3(A) > 0 so @ is a positive map. O

We close this chapter by noting that there exists an abstract notion of an operator system. For our
purposes, viewing operator systems as unital linear subspaces of C*-algebra that are closed under adjoints
will be enough.
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3 Completely Positive and Completely Bounded Maps

In this chapter we will begin to examine the subcollection of positive maps known as completely positive
maps that were mentioned in the previous chapter. Completely positive maps behave significantly better
that positive maps and most positive maps that one usually encounters are completely positive. In this
chapter we will develop the basic theory behind completely positive maps. As a result, we will also study
maps known as completely bounded maps as the basic theory of both types of maps goes hand-in-hand. To
obtain the most generality for completely bounded maps, we make the following definition.

Definition 3.1. Let 2 be a C*-algebra. An operator space S of 2 is a (not necessarily closed) vector
subspace of 2. Notice that operator systems and C*-algebras are operator spaces.

The intuition behind studying completely positive and completely bounded maps is that given an operator
space S there are canonical norms on n X n matrices with entries in S. In particular, if S C 2( is an operator
space (operator system, C*-subalgebra) then M, (S) C M, () is easily verified to be an operator space
(operator system, C*-subalgebra). In the case S is an operator system or C*-algebra, this allows us to
consider positive maps on M,,(S). Moreover, the proof of Theorem 1.24 showed us a convenient way of
taking a linear map ¢ : 2l — B and obtaining a linear map ¢, : My (2A) = M, (B).

Definition 3.2. Let S C 2 be an operator space, let B be a C*-algebra, and let ¢ : S — B be a linear
map. For each n € N define ¢,y : M,,(S) = M,,(B) by

Py ([Aij]) = [o(Ai )]

It is then clear that if ¢ : S — B is a linear map and A € C is a scalar then (¢ + A)) () = @) + A(n)-
Define |||, = ||¢(m)|| and [[¢|l, = sup, [l¢ll,, (which is known as the completely bounded norm). The
linear map ¢ is said to be completely bounded if |||, < co. It is then clear that the completely bounded
norm is indeed a norm on the vector space of all completely bounded maps from S to B.
Now suppose S is an operator system or a C*-algebra. For an n € N, the linear map ¢ is said to be
n-positive if ¢(,) is a positive map. The linear map ¢ is said to be completely positive if o, is positive for
all n.

Remarks 3.3. Traditional what we have denoted ¢(,) is denoted ¢, in the literature. We have made
this non-standard notation in the hopes that students new to the theory will not confuse these maps with
sequences of maps and in the hope that those familiar with the theory will be able to easily follow this
notation.

Recall that Proposition 2.8 and Proposition 2.17 imply that positive maps (and thus completely positive
maps) are norm continuous. We will use this result without statement for the rest of these notes. We begin
with some examples and non-examples of completely positive and completely bounded maps.

Example 3.4. Let 2l and 8 be C*-algebras and let 7 : A — B be a *-homomorphism. It is easy to verify
that m(,) : Mu(A) — M,(B) is also a *-homomorphism. Therefore 7, is positive for all n € N and
thus 7 is completely positive. Moreover, since every *-homomorphism between C*-algebras is contractive,
||| <1 for all n € N. Thus ||z, < 1. Whence 7 is also completely bounded.

Example 3.5. Let 2 be a C*-algebra and let S € 2 be arbitrary. Define ¢ : 2 — 2 by p(A) = S*AS for
all A € 2. Then
P(n) ([Ais]) =[S Ay S] = diagn(S)*[Aij]diag, (S)

(where diag,(S) is the n X n matrix in M, () with S in each diagonal entry and 0 in each non-diagonal
entry). If [4; ;] € M, () is positive then [A,; ;] = [N; ;]*[N; ;] so that

) ([Ai5]) = ([Nijldiagn(S))* ([Ni jldiag,(S)) > 0.
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Hence ¢ is completely positive. Moreover
[0 ([Ai D] < lldiagn (S I[Ass]1l [ diagn(S)I| = I1S* [ IS I[Az 4]

for all [A; ;] € M, () and n € N. Therefore |||, < 1SS = 1512

Similarly, if S, T € 2 we can define ¢ : A — A by p(A) = SAT. Then ¢ is a completely bounded map
with ¢, < [IS]||T]|. However it is possible that ¢ is not even positive.

More generally, if H and K are Hilbert spaces and V' € B(#, K) then the map ¢ : B(H) — B(H) defined
by ¢(T) = V*TV is completely positive by the same arguments.

Example 3.6. Let ¢ : M3(C) — My (C) be defined by ¢(A) = AT for all A € My(C). It was shown in
Example 2.5 that ¢ was positive. However ¢ is not 2-positive. To see this consider ¢(9) : Mz(M32(C)) ~
My (C) = M3z(M3(C)) ~ My(C) (where Ma(M3(C)) ~ My(C) by Lemma 1.22). Let

A= S MQ(MQ((C)).

oo oo
= o O

0
0
0
0

_ o O -

Then A is positive since
(A(h1, ... ha), (h1, ... ha)) = (b1 + ha)hy + (hy + ha)hg = (hy + ha)® > 0
(or alternatively that A is clearly self-adjoint and A% = 24 so o(A) C {0,2}). However

10 0 1 100 0
“{lo o “{lo o 0010
Pr(4) = 00 0 0 “lo 10 0
{11 0 “\lo 1 000 1

is not positive as (p2)(A4)(0,1,-1,0),(0,1,-1,0)) = =2 < 0 (or since A = —1 is an eigenvalue). Hence ¢
is not 2-positive. In fact, ¢ is not n-positive for all n > 1 as we will see shortly. It turns out that ¢ is
completely bounded with ||¢||., = 2. The proof of this follows from Proposition 7.2 which we will postpone
until our further studies of completely bounded maps and the canonical shuffle.

Example 3.7. Let #H be an infinite dimensional separable Hilbert space with an orthonormal basis {e, }m>1.
Consider the linear map ¢ : B(H) — B(H) given by ¢(T') = T*, the transpose map (that is (T'e;,e;) =
(T*e;,e;) defines an element of B(H)). It is easy to verify by definitions that ||T"|| = |T*|| = ||T|| (that is
Tth =T*h where Y, < Amem = >, <1 Am€m). Thus [l¢|| = 1.

We claim that Hgo(;)H = n for all n € N. To see this, for each ¢,j € N let E; ; € B(#) be the operator
such that E; ; (Zm>1 )\mem) = Aje; . Then for each n € N consider A,, = [E;;] € M, (B(H)). We notice
that A2 = [E; ;) = > p_, ExiEjx] = [0; jPn] where P, is the projection onto span{ei,...,e,}. Thus A?
is the finite direct sum of orthogonal projections and hence a projection. Therefore HA2|| = 1. However
A* = [E;i]* = [E};] = [Ej]. Therefore A is self-adjoint and thus |A|I> = ||A*A|| = 1. Hence ||A| = 1.
However ¢(,)(An) = [Ei ;]. We claim that [E; ;] has norm n. To see this we note that [E; ;|* = [E} ;] = [E j]
and [E; ;1> = [>_r_, EixEx j] = n[E; ]. Thus [E; ;] is self-adjoint and the function 2% — nz is equal to 0 on
the functional calculus of [E; ;]. Thus n € o([E;;]) as [E; ;] # 0. Thus ||[E; ;]| = spr([E; ;]) = n (we could
have also use the fact that L[F; ;] is a projection). Hence ||¢(,)(A)|| = n so that ||¢(m|| > n. Thus ¢ is a

continuous linear map that is not completely bounded. Later (Proposition 3.10) it will be possible to show
that ||@n| < n.

Next we will show that continuous linear functionals are completely bounded and positive linear function-
als are completely positive. This provides one motivations for studying completely bounded and completely
positive maps; they are a nice generalization of continuous linear functionals and positive linear functionals
that share many of the same properties.
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Proposition 3.8. Let S C A be an operator space and let ¢ : S — C be a continuous linear functional.
Then ¢ is completely bounded with |||, = ||¢||. Moreover if S is an operator system or a C*-algebra and
@ 1s positive then ¢ is completely positive.

Proof. To show that ¢ is completely bounded we will show that @], = |l¢ll. Let A = [A; ;] € M,(S)
be arbitrary. We desire to show that || (A)|| < [l¢|l[[Al. To see this we recall that ||<p(n) )| =
sup{[{em)(A)z,y)| | =,y € C"lz[, ||yl < 1} as pu)(A) € M, (C). However, if z = (z1,...,2,) and
y = (Y1,--.,Yn) are unit vectors in C", then

n

(om)(A)z,y)| = Z (Aij)zTi| = | Z Ai gy || < llell Z Ai iU

t,j=1 4,j=1 i,j=1
Thus it suffices to show that HZZ]‘:1 Aidd:jyij” < ||A|l- To see this, we notice that
S Az 0 .0 _ _
I= e . y(l)l ygl A171 Al,n 1'11 0 ... 0
0 0o ... : T . . . . .
(:) RIS (1) 5 At o Ann znl 0 ... 0

By Lemma 1.23 is smaller than the norm of the left-most matrix and the other three

doi i1 AijriT;

1 1
matrices have norm (31, [vi|?) 2, [|A], and (31, |#]?)? respectively. However, if = and y are unit

vectors, ||yll,, ||z, < 1. Hence szj:l aiijngjH < ||A]| as desired. Hence ¢ is completely bounded with

e || = llell for all n € N.

Now suppose that ¢ is positive. We need to show that ¢, is positive for all n € N. Fix n € N and let
A = [A;;] € M,(S) be an arbitrary positive element. To show that ¢(,)(A) is positive we notice for all
x = (x1,...,%,) € C" that

n

() (A)w,z) = D (A j)a;T7 = Z A; joi T

4,j=1 4,5=1

Therefore, by Proposition 1.21, it suffices to show that ZZ =1 A; jx;T; is a positive element of A as ¢ is
positive. However, using a matrix trick similar to that from Lemma 2.21 and viewing M, (S) € M, () C
M, (B(H)) for some Hilbert space H, we see that

* *

IH .Z‘ll 0o ... 0 {)31191 0O ... 0 I’H

zn: AijaiTi = : P : A

ij=1 I, Z,1 0 ... 0 zal 0 00| | Iy

Hence, since A is positive, the product on the right is positive and thus ijzl A; jx;T; positive. Since

A € M, () was arbitrary and since n € N was arbitrary, ¢ is completely positive as desired. O

Proposition 3.9. Let S C 2 be an operator space and let B and € be C*-algebras. If ¢ : S — B and
¥ B — € are completely bounded then Yo : S — € is a completely bounded map. If S is an operator
system or C*-algebra and ¢ and v are completely positive maps then o ¢ : S = € is a completely positive
map.

Proof. Tt is trivial to verify that (¢ o ¢)n) = ¥(n) © ©(n). Therefore

[@ @)l < [[9em |l leam | < 101l Il
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for all n € N so ¢ o ¢ is completely bounded if ) and ¢ are completely bounded.
By Lemma 2.19 the composition of positive maps is positive and thus o is completely positive whenever
@ and v are completely positive. O

Our first result is to show that if ¢ is continuous then ¢, is continuous for all n € N. However, we will
see that the norms need not behave very well.

Proposition 3.10. Let S C A be an operator space, let B be a C*-algebra, and let ¢ : S — B be a continuous
linear map. Then ¢, is continuous for all n. Moreover ||¢qy || < nllel|.

Proof. First we may assume that B C B(#) for some Hilbert space . Then for all A = [4, ;] € M,(S)
@0 ([Aij]) = [¢(As;)]. Then, by Lemma 1.23, we have that

n 2 n 2 n 2
e @I < [ D0 Ie(Dl® | < lel | Do 14l | <llell | D 11417 | =nllell 1Al
4,j=1 i,j=1 ij=1
Thus ¢, is continuous and ||<p(n) H <n|le- O

Note Example 3.7 shows that the inequality obtained above is tight. Next we will show that the norms
of () behave fairly nice and show that the positivity of ¢(,) behave as expected.

Proposition 3.11. Let S C A be an operator system or C*-algebra and let B a C*-algebra. If ¢ : S — B
s linear then Htp(k)H < Hgo(n) H for all k < n. Moreover, if ¢ is n-positive then ¢ is k-positive for all k < n.
Consequently ¢ is not k-positive for all k > n if ¢ is not n-positive.

Proof. Suppose k < n. Then each A € My (2l) we define

A 0 _
A = kx(n—k) :| e Mn S).
[ On—tyxk  On—r)x(n—k) (%)

Therefore the map from M (2) to M,,(2) defined by A — A’ is a well-defined, injective *-homomorphism
and therefore isometric. Hence ||A’|| = ||A|| for all A € M(S).
Similarly since

A) Ok (n—
n A/ — @(k)( kX(TL k) :| EM” %
) (4) { On—t)yxt  O(n—t)x(n—r) (®)

o) (A = [lom (A)]]. Thus

e || = sup{|jew (A)]] | A € Mp(S),||A] <1}
sup{|[om) (A)|| | A€ Mi(S),||4] <1}
= [l -

IN

Thus we have obtained our norm inequality.

Now we desire to show that if ¢ is n-positive then ¢y, is positive whenever k < n. Let A € My(S) be
positive. Then A’ > 0 since A’ is the image of the positive operator A under a *~homomorphism as described
above. Thus ¢(,)(A4’) > 0 as ¢ is n-positive. But then, if we view B C B(H) by the GNS construction, we
obtain that for all h = (hy,..., hy) € HF*

<(p(k)(A)h,h> = <<p(n)(A’)(h1,...,hk,O,...,O),(hl,...,hk,O,...,O)> Z 0

as P(n)(A") > 0. Hence @)(A) >0 for all A >0, A€ My(S). Hence ¢y is positive. O

26



We note that the proof of the above result could be slightly simplified if Lemma 3.17 part (3) was proved
first although the proof of said lemma is more complicated than the above argument.

So far we have seen that continuous linear functionals are completely bounded and positive linear func-
tionals are completely positive. Our next goal is to develop some similar results where continuity /positivity
imply completely bounded/positive.

Let X be a compact Hausdorff space and let C(X) be the C*-algebra of continuous functions on X. We
wish to consider M,,(C(X)) for all n € N. Notice that each element F = [f; ;| of M,,(C(X)) can be viewed
as a continuous matrix-valued function from X (continuous as if z,, — x in X then each component of F
converges (by Lemma 1.23) and hence [f; ;(x,)] — [fi ;(z)] in the norm on M,,(C) (by Lemma 1.23)).

Lemma 3.12. Let X be a compact Hausdorff space and let C(X) be the C*-algebra of continuous functions
on X. Then ||| = sup{||F(2)[|r,(c) | * € X} is the unique C*-norm on M, (C(X)).

Proof. We note that clearly ||F|| > 0, ||F|| = 0 if and only if F'(z) = [0] for all z € X if and only if F = [0],
the triangle inequality and scalar property clearly hold as they hold for M,,(C), and, since each component
of F is bounded on X being a continuous function on a compact set,

=

1
2

IF@I< | Y. 1FR;@P | <[> IR,

ij=1 ij=1

|io < 00

by Lemma 1.23. Therefore this is a norm.

We claim that this norm is a C*-norm. First M,,(C(X)) is complete with respect to this norm by applying
Lemma 1.23 and the same arguments used in Theorem 1.24. To see that this norm is submultiplicative, we
notice for every Fy, Fy € M, (C(X)) and every x € X that

[FvEa ()| = [Py (@) Fa(o) | < [Py (@) [ Fa(@)lf < [ Pl

as the norm on M,,(C) is submultiplicative. Hence, as this holds for all z € X, ||F1Fs| < ||Fi| || F2|| so
that this norm on M, (C(X)) is submultiplicative. Lastly, to see that this norm is a C*-norm, we notice
that for all z € X and F € M, (C(X)) |F*F(z)|| = ||F*(2)| |F(z)|| = |F(z)||* as the norm on M,,(C) is
a C*-norm. Hence |[F*F| = ||F||* so that this norm is a C*-algebra norm. Consequently, as each *-algebra
has a unique C*-norm, this norm is the C*-norm on M,,(C(X)). O

With this in hand we can easily prove the following lemma and subsequent corollary.

Lemma 3.13. Let X be a compact Hausdorff space and A = [f; ;] € M, (C(X)). Then A is positive in
M, (C(X)) if and only if A(x) > 0 as an element of M,,(C) for all x € X.

Proof. In the case n = 1, this is equivalent to saying that a continuous function on a compact Hausdorff
space is positive if and only if its range is positive. Since this is true, it seems logical that this lemma should
be true. Suppose A > 0 in M,,(C(X)). Then there exists an N € M, (C(X)) such that A = N*N. Thus
forallz € X A(z) = (N*N)(x) = N(x)*N(x) >0

Now suppose for all z € X that A(z) > 0. Therefore A(z)* = A(z) for all x € X and thus A is self-
adjoint. Moreover, for all A € C with A ¢ [0, 00), the matrix Al,, — A(x) is invertible for all + € X. Thus
for all x € X the matrix F)\(z) = (A,, — A(x))~! exists. By the cofactor expansion of a matrix we can see
that F\ € M, (C(X)) as each entry with be a rational function of linear combinations of the continuous
functions Ad; ; — f; ;(x) with non-vanishing denominator (this is by Cramer’s rule. The denominator is
det(AI,, — A(z)) # 0 as the matrix is invertible). Moreover, for all z € X

(AL — A2))Fa(2) = I, = FA(2)(M,, — A(a)

and hence

(M, c(x)) — A EX = L, ox)) = FxA g, cx)) — A)
as element of M,,(C(X)). Hence A4, (c(x)) — A is invertible in M,,(C(X)) for all A ¢ [0,00) and hence A
is positive. O
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Corollary 3.14. Let S be an operator space, let X be a compact Hausdorff space, and let p : S — C(X)
be a bounded linear map. Then ¢ is completely bounded and |¢||, = |¢|. Moreover, if S is an operator
system or C*-algebra and ¢ is positive then ¢ is completely positive and ||¢l|,, = ||¢(1)]].

Proof. We shall follow the same idea as Proposition 2.20 and apply the results for linear functionals. Let
x € X be arbitrary. We define the function §, : C(X) — C by 0, (f) = f(z) for all f € C(X). Then the map
§z0¢ : S — C is a continuous linear functional. Hence ||(6z © ©) (|| = [|6z © ¢| for all n € N by Proposition
3.8. However, for all A = [4; ;] € M, (S),

(02 0 ) (m) (A) = [0z © p(Ai5)] = [p(Aij) ()] = @) (A) (@)

Hence for all z € X and A € My (S) ||¢m)(A)(@)]| < (|62 0 @]l [|A]l. Thus

[ (D] = sup{[|e) (A (@)]| | = € X}
< || Allsup{[|6z 0 || | = € X}
= [[Allsup{lle(B)(z)|| | x € X,B€S,|B| <1}
= [[Allsup{lle(B)|| | B€S,|B| <1}
= [|A]l |l

for all A € M,(S). Thus ||y || < || for all n € N and hence ¢ is completely bounded with [|¢]|, = [l¢]-

Suppose that ¢ is positive. We need to show that ¢, is positive. Thus let A = [4; ;] € M,,(S) be an
arbitrary positive element. Since ¢ is a positive map and d, is a positive linear functional for all x € X
(by Example 1.3), 6, o ¢ is a positive linear functional for all z € X. Hence (d; o ¢)(n) is a positive map
by Proposition 3.8. Since ¢,y (A)(x) = (02 © ¥)(m)(A) and A > 0, ©(,)(A)(z) > 0 for all z € X. Whence
©(n)(A) > 0 by Lemma 3.13. Hence ¢ is completely positive. O

So far the theory of completely bounded maps and completely positive maps have not been that different.
Since our current goal is to study completely positive maps, we will focus on results pertaining to completely
positive maps for the remainder of the section. Our first result is that positive maps from abelian C*-algebras
are automatically completely positive. To prove this we need a small lemma and to make use of ideas from
Proposition 2.23.

Lemma 3.15. Let (o ;] € M, (C) be a positive matriz, let B be a C*-algebra, and let B be a positive
element of *B. Then [o ;jB] is positive in M, (B).
Proof. By considering the unitization of B if B8 is not unital we may assume B is unital. First we note
that since [a; ;] is positive in M,,(C) there exists an [\; ;] € M,,(C) such that (o ;] = [A;;]*[Ni;]. Thus
[ ;1] = [Ni jIs]*[NijI] € My (B) is a positive matrix.

Since B is positive we may write B = N*N for some N € B. Hence, if diag(A) is the n x n matrix
diagonal matrix with A in each entry of the diagonal,

[;,; B] = [ jIss]diag(B) = [Ai jIs]"[\i ;1] diag(N*N)
= [N jIn)*[Ni jIs]diag(N*)diag(N
= diag(N)*[Xi jIs]"[Ni jIs]diag(N
= ([Ni,jIs]diag(N))* [N jIs]diag(N) > 0

~— ~—

as the diagonal matrices will commute with [A; ;1] as N commutes with scalar multiples of Ig3. O

Theorem 3.16. Let B be a C*-algebra, let X be a compact Hausdorff space, and let ¢ : C(X) — B be a
positive map. Then ¢ is completely positive.
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Proof. Fix n € N and let A € M, (C(X)) be an arbitrary positive element. It suffices to show that
©(m)(A) > 0. To show this we will follow the ideas used in the proof of Proposition 2.23 and approximate
A using a partition of unity. In this manner, let ¢ > 0 and suppose A = [f; ;] where f; ; € C(X). For
each y € X let U, := ,_, fijjl(Be(fiVj(y))) (where Be(z) := {2/ € X | |z — 2| < €}). Since each
fi,; is continuous and we are taking the intersection of a finite number of open sets, U, is an open set
containing y. Since X = Uyex U, and X is compact there exists a finite open cover {U,, }7*; of X such
that |fi j(x) — fi;j(zx)| < € for all z € U,, and for all 7,j. Hence Theorem 2.22 implies that there exists a
partition of unity {gi}, such that g : X — [0,1] are continuous, > ;" ; gr = Ic(x), and gx|US, = 0.

Let Ay := A(zg) = [fi,j(zx)] = [aijx]. Then Ay is a positive matrix by Lemma 3.13. Next notice if
x € U,, then, by an application of Lemma 1.23,

D=

n

JA(z) — Apll < | D [ fig(@) = fig(@e)l? | < nme

2,

Consider the element A" := ", grAr € M,,(C(X)). Then for all z € X

m

> (@) (A(z) — Ap)

k=1

|A(z) — A'(2)[| = <D (@) |A(z) — Al < Y gu(z)ne = ne
k=1 k=1

asifx ¢ U,, then g, = 0andif z € U,, then ||A(x) — Ai|| < ne. Since thisholds forallz € X ||A — A’|| < ne.
We can now use A’ to show that ¢(,)(A) must be positive. First we notice that ¢, (gr(z)Ar) =
o) ([gx()as jx]) = [aijre(gre(x))]. However, as the range of g was [0, 1], gx. is positive in C'(X) and hence
¢(gr) is positive as ¢ is positive. Moreover Ay = [a; ;] is a positive scalar matrix. Hence ¢, (gr(z)Ar) =
[ai jke(gr(x))] is positive by Lemma 3.15. Therefore ¢(,)(A’) is positive. Hence, as ¢, is continuous by
Proposition 3.10,
o) (A) = @ (A < [loem [ 14 = AN < [l || ne

Hence ¢(,,)(A) is within a constant scalar multiple of € of a positive element of B. Thus ¢(,)(A) is a limit
of positive elements of B and thus is positive by Lemma 1.6. O

To develop more properties about completely positive maps it would be nice to determine more informa-
tion about when elements of M, () are positive. The following lemma contains the most common results
and is essential to studying such positive elements.

Lemma 3.17. Let 2 be a unital C*-algebra, let A, B, P,Q € 2, and suppose A C B(H). Then

1. [ ifi g } is positive in Mo(2) if and only if A*A < B.

2. If [ /]; ﬁ } is positive in Mo() then A*A < ||P|| P and consequently | A|| < || P||.

3. [ j; é } is positive in Ma(B(H)) if and only if P >0, Q > 0, and |{An,&)|* < (P&, £)(Qn,n) for
all €, € .

Proof. All three parts are basically brute computations using Proposition 1.21. We proceed to prove part

(1). Let
M= { ifi g ]
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Suppose A*A < B (and thus B is positive). Then ((B — A*A)n,n) > 0 so that (Bn,n) > (An, An) = || An||®
for all n € H. Thus for all £ ®n € HP?

(ME@n),fon) = (&8 + {An,§) + (A, n) + (Bn,n)
> |lél® = 21| Anll €]l + (Bn,n)
> Jl€l® = 21| Anll [1€]) + || An]?
= (el = [1Anl)* >

(where the first inequality makes sense since M is self-adjoint so (M (&,n), (§,n)) is real and (£, &) and (Bn, n)
are positive as B is positive). Hence M is positive when B > A* A.

Next suppose that B ? A*A. If B is not positive then there exists an n € H such that (M (0,7), (0,n)) =
(Bn,n) # 0 and thus M would not be positive. Thus we may assume that B > 0 so that (Bn,n) > 0 for all
n € H. Since B # A*A there exists a vector 9 € H such that ((B — A*A)ng,no) # 0. Since A*A > 0 this
forces ((B — A*A)no,m0) to be real and strictly less than 0. Thus 0 < (Bng, no) < ||Anol|* for some 1o € H.
As ||Ano|| # 0, we can let n := HX#H € H. Thus 0 < (Bn,n) < |An|®> = 1. Thus, if we let £ := —An € H,
then [|£]] =1 and

(ME@n),Edn) = (§&) + (An, &) + (A"Em) + (Bn,n)
= [€]1* — 2| An|* + (Bn, n)
=1-2+(Bn,n)
<1-24+1=0

and thus the matrix is not positive when B % A*A
To prove (2), we will show that if A*A £ ||P|| P then the desired matrix cannot be positive using the
same technique as in part (1). Let

P A
el 5 2]

and suppose that || P|| P # A*A. If P is not positive, there exists an € H that (M (0,7), (0,1)) = (Pn,n) 20
and thus M would not be positive. Hence we may assume that P > 0 so that ( ,m) > 0 for all n € H.
Since || P|| P # A*A there exists a vector 9 € H such that ((||P|| P — A*A)no,no) z O Since A*A > 0 this
forces ((||P|| P — A*A)ng,no) to be real and strictly less than 0. Thus 0 < || P|| (Pno, o) < || An||? for some
No € H. As ||Angl| # 0, we can let ) := I\An 7 €H. Thus 0 < ||P| (Pn,n) < ||An||*> = 1. Notice that if P =0
and we let £ := —An € H then

(M(E@n), £ @n) = (PE,€) + (An, &) + (A*E,m) + (Pn,n) = —2 || An||* < 0.

Else, if P # 0 and we let & := fﬁAn € H, then

(M(§@n),EDm) = (PE,&) + (An, &) + <A*£,77> + (Pn,m)

= (PE,€) — 2| Ayl ||P|| + (Pn,m)
2 , 1
1P —|An||" —== =0
=17 H [ I T

and thus the matrix is not positive when | P|| P # A*A. Thus if M is positive then A*A < ||P|| P < | P|1? I,
and consequently ||A]* = ||A* Al < || P|.
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Lastly, part (3) follows is very similar to part (1). Let
P A

e[ 23]

Suppose that P and Q are positive and [(An, £)|> < (P&, €){Qn,n) for all £, € H. Then for all £ & n € HP?

(M@ n),Ean) = (P& + (An,§) + (A", n) +(Qn,m)
(P&, &) —2|(An, &) + (Qn,m)

(P€.€)

(

(AVARYS

<P€7£> - <Q77377>)2 >0

(where the first inequality holds since (M (&,n), (€,7)) is real as M is self-adjoint and (P&, €) and (Qn,n) are
positive as P and @ are real). Thus M is positive.

Next suppose one of the conditions of part (3) fail. If @ is not positive then there exists an n € H such
that (M(0,7),(0,7)) = (Qn,n) # 0 and thus M would not be positive. Similarly if P is not positive then
there exists a £ € H such that that (M(&,0),(£,0)) = (P&, €) # 0 and thus M would not be positive. Thus
we may assume that P > 0 and @ > 0 so that (P&, &) > 0 and (Qn,n) > 0 for all £,n € H. Lastly suppose
[(Ang, &)| > <P§,§>%<Q770,770>% for some &,m9 € H. Let 6 € [0,27) be such that

[(Ano, &)| = —e(Ang, €)

and let n := ¢y € H. Then
Suppose (P¢,€)2 = 0. Since (An,€) < 0, there exists an a € R so that 2a({An, £) + (Qn,n) < 0. Then

(M(a& & n),at ®n) = a®(PE, &) + a{An, &) + a(A*E, n) + (Qn,n)
= 2a(An, &) +(Qn,n) <0

and thus M can not be positive. Similarly, suppose <Qn,n>% = 0. Since (An, &) < 0, there exists an a € R
so that 2a(An,€) + (PE,€) < 0. Then

(M (¢ ®an),& @ an) = (P&,&) + a{An, &) + a{A*¢,n) + a*(Qn,n)
= (P, &) +2a(An,§) <0

and thus M cannot be positive. Lastly, suppose b = (P¢,€)2 > 0 and a = (Qn,n)2 > 0. Then

(M (a& ®bn),al ® bn) = a2<P§,§> + ab(An, &) + ab{A*E,n) + b2<Qn,n)
= a*(P¢, &) — 2ab(An, ) + b*(Qn, n)
< a?(P€,€) — 2ab(P€,€) (Qn,n) % + b2 (Qn, 1)

1 1 2
= (atPe.&)! —b(@n)?) =0
and thus M cannot be positive. O

It worthwhile to mention that the converse of Lemma 3.17 part (2) fails. Indeed if we let

0 0

P::[l 0}6./\/12(@) A::[1 0

0 0 } € My(C)
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then P > 0 and A*A = P = ||P|| P yet

1 0 0 0
P Al |0 0 -10
[A*P}_O—llo
0 0 0 0

is not positive by normal methods (i.e. it has a negative eigenvalue and fails (Bh, h) > 0 for h = (0, 1,1,0)).
Tt is also interesting to note that combining parts (1) and (3) give the interesting identity that A*A < B
if and only if [(Az,y)[2 < |z||* (By,y) for all z,y € H.
So far, every completely positive map we have seen has been completely bounded. Lemma 3.17 will allow
us to show that every completely positive map is completely bounded. We will deal with the unital case
separately as it is easier and more elegant than the non-unital case.

Theorem 3.18. Let S C A be an operator system, let B be a C*-algebra, and let ¢ : S — B be a completely
positive map. Then ¢ is completely bounded and ||o(Ix)| = [l¢ll = |||l p-

Proof. From definition of || - || and || - ||, it is clear that |[¢(Ia)| < |l¢|l < [|¢ll,- Thus it suffices to show
that ||¢( || < lle(Ia)]| for all n € N. Fix an arbitrary A € M, (S) with [|A| <1 and let I,, be the identity
matrix in M,,(S). Then the matrix
I, A
]

is positive in My(Mp(S)) >~ M3, (S) by Lemma 3.17 part (1) as ||A| < 1 so that A*A < I,,. Therefore,
since ¢ is completely positive,

(L2 7)) = L8020

is a positive matrix. Thus |¢(n)(A)| < || (In)| by Lemma 3.17 part (2). However ¢,)(I,) is the n x n
diagonal matrix with ¢(Iy) in each entry along the diagonal so that ng(n)(A)H = |lp(In)]]. Whence, as
A € M, () and n € N were arbitrary, ||¢(m)|| < [l¢(Ia)] and the result follows. O

We note that Theorem 3.16 and Theorem 3.18 together imply Proposition 2.23.

To deal with the case of completely positive maps with non-unital domains, we would like to have a
result similar to Proposition 1.11. However a close investigation of Proposition 1.11 reveals that we need a
Cauchy-Schwarz inequality. It was easy to develop such an inequality for positive linear functionals. Next
we will develop one such identity for completely positive maps (and another will be developed later).
Lemma 3.19. Let 2 and B be C*-algebras and let ¢ : A — B be a 2-positive map. Then ||p(A*B)|y5 <

le(A* A% lp(B*B)lg for all A, B € .

Proof. By the GNS construction we may assume that 8 C B(#H). Fix A, B € 2 and consider

Mo A*A A*B] [A Bl'[A B
T | B*A B*B| |0 0 0 0

B

Since ¢ is 2-positive

_ [ el o(AB) | _ [ ¢4 4)  o(A"B)
P2y (M) = [ i(B*A) :Z(B*B) ] - { cﬁA*B)* Z(B*B) ]

is positive in B. Hence |(p(A*B)n,€)| < |(p(A*A)E,€)|2|(o(B*B)n,n)|2 for all £,n € H by Lemma 3.17
part (3). Thus [|p(A"B)llg < [lo(A"A)[[5 [#(B*B)|lg as desired. N
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Theorem 3.20. Let 2 and B be C*-algebras and let ¢ : A — B be a completely positive map. For any
C*-bounded approzimate identity (Ex)a of A |||, = lima [|@(Ex)|lg = supy |e(Ex) |l = [lell-

Proof. Let (Ex)a be any C*-bounded approximate identity for 2. Since Fy\ < E, whenever A < a and ¢ is
a positive map, 0 < ¢(Ey) < ¢(Es) whenever A < a. Whence 0 < [|¢(E))| s < [l¢(Fa)llg < |l¢l| whenever
A < a. Thus (||@(Ey)||g)a is an increasing net of real numbers so limp [[¢(Ex) |l = supy [[@(Ex) [l < llell-
Thus to complete the proof it suffices to show that ||¢,)|| < supy [|@(Ex)||g for all n € N.

First we will show that [l¢| < sup, [[¢(E))|lg and extrapolate the proof for an arbitrary n € N. Let
A € A be arbitrary with ||A]| < 1. Since ¢ is 2-positive, the above lemma implies that [[¢(B*A)|y <
Hcp(A*A)H%B ||ga(B*B)Hi for all B € 2. Since 0 < E{E\ = E3 < E, for all A € A, (E))a is a C*-bounded
approximate identity, and ¢ is continuous being a positive map,

(Al

lim | (B2 A) o

sup io(4” A) 5 [0 (B3) 1

IN

IN

1 1 1
Sup lloll® A" Allg [l (Ex) |3

1 1
= lell* sup o (Ex) s -

1 1

Since the above holds for all A € 2 with ||A| < 1, |l¢] < ||<p||% supy [|@(Ex)|lg- Whence H<,0Hé <
1

supy [[o(Ex)|l5s so [loll < supy [lo(Ex)llos-

Fix n € N. Let Eg\n) € M, () be the n x n diagonal matrix with F) in each entry along the diagonal.
Since (E))a is a C*-bounded approximate identity for 2, it is easy to verify that (E/(\"))A is a C*-bounded
approximate identity for M,, (). Moreover ¢, (E;")> is the n x n diagonal matrix with ¢(F)) in each
entry along the diagonal so that Hgo(n) (Egn))‘

() = [|p(E\)|lgs- Since @y, is completely positive and

(Ef\”))A is a C*-bounded approximate identity for M,,(2l), the above proof implies that

ol = sup ee (B8) = sup [£(Ex) | -

.o

Since the above holds for all n € N, [|¢]|, = sup, [[¢(E))| 5 as desired. O
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4 Arveson’s Extension Theorem and Stinespring’s Theorem

So far our study of completely positive maps has been very similar to our study of positive linear functionals in
that Theorem 3.20 generalizes the essential direction of Proposition 1.11. As with positive linear functionals
we desire to see if we can extend completely positive maps to completely positive maps and if we can
generalize the GNS construction. In this section we shall accomplish both. We will proceed in a slightly
different order then we did with the theory of positive linear functionals and develop Stinespring’s Theorem
(the generalization of the GNS construction) before proving Arveson’s Extension Theorem (which states that
completely positive maps can be extended to completely positive maps of the same norm). This change has
been made to simplify the proof of Arveson’s Extension Theorem in the non-unital case.

Stinespring’s Theorem will tell us that every completely positive map on a C*-algebra has a certain form.
Recall by the GNS construction that every C*-algebra can be viewed as a C*-subalgebra of some B(H) and
thus the range of every completely positive map may be viewed as a subset of B(#H) (as, from Example
3.4, *-isomorphisms are invertible completely positive maps). Moreover Example 3.4 showed us that all
*-homomorphisms are completely positive and Example 3.5 showed us that if H and K are Hilbert spaces
and V € B(H,K) then the map ¢ : B(H) — B(H) defined by ¢(T) = V*TV for all T € B(H) is completely
positive. Recall from Proposition 3.9 that the composition of completely positive maps is completely positive
so that if 2 is a C*-algebra, X and K are Hilbert spaces, 7 : 2 — B(H) is a *-homomorphism, and
V € B(H,K) then ¢ : A — B(H) defined by

w(A) =V*'r(A)V

for all A € 2 is a completely positive map. Stinespring’s Theorem tells us that every completely positive
map on a C*-algebra has this form.

Theorem 4.1 (Stinespring). Let 2 be a C*-algebra, let H be a Hilbert space, and let ¢ : A — B(H) be a
completely positive map. Then there exists a Hilbert space IC, a unital *-homomorphism 7 : A — B(K), and
a bounded linear operator V : H — K with |V|* = |l¢|| such that p(A) = V*m(A)V for all A € A. If A
is unital then m is unital. If o(Iy) = Iy then V can be taken to be an isometry so we may view H as a
Hilbert subspace of K and ¢p(A) = Pymw(A)|y where Py is the projection of K onto H. Finally, if A and H
are separable, then K can be taken to be separable.

Before proving Stinespring’s Theorem we note that this theorem is actually a generalization of the GNS
construction given in Theorem 1.17. To see this we recall that positive linear functionals are completely
positive by Proposition 3.8. Therefore, if we apply Stinespring’s Theorem to a positive linear functional
¢ : 2% = C = B(C), we obtain a *~homomorphism 7 : % — B(K) and a map V : C — K with [|[V]* = |¢]|
such that p(A) = V*m(A)V for all A € A. Let £ := V(1) € K. Thus V(A) = X¢ for all A € C so that
el = V1> = lI€). Moreover

(m(A)€, ) = (Vr(AV(1),1) = (p(A)L, 1) = p(A)

for all A € 2[. Whence Stinespring’s Theorem does indeed generalize the GNS construction. Moreover, it is
possible in the following proof to see the proof of the GNS construction given in Theorem 1.17.

Proof. To construct @ we will mimic the proof of Theorem 1.17 by changing the space upon which 2 will
act. We will omit some of the trivial details contained in Theorem 1.17. Those unfamiliar with algebraic
tensor products should familiarize themselves with the Universal Property of Algebraic Tensor Products.

Consider the algebraic tensor product A®H of 2 and H. We desire to define a positive sesquilinear form
[,-] : A®H — C such that

[A® &, B@n] = (p(B*A),n)y

for all A, B € 2 and &, € H. The question is, how can we do this?
To proceed in creating our sesquilinear form, fix B € %A and n € H. Define ¢, : A x H — C by
¢Bn(A,&) = (p(B*A)¢,m)4 for all (A,§) € A x H. Since  is linear, it is clear that ¢p , is a bilinear form.
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Therefore by the Universal Property of Algebraic Tensor Products there exists a linear map ¢p , : AOH — C
such that ¢p ,(A®E) = ¢py(A,§) = (p(B*A)E, n),,- Let G be the space of all conjugate linear functionals

on 2 ® H. Define 1 : A x H — G by (B,n) = (¢5,,)" where (¢p.,)"(u) = d¢p,,(u) for all u € A H (it
is clear that (¢p,)* is a conjugate linear map since ¢, was a linear map). We claim that 1) is a bilinear
form. To see this we notice for all A € C, By, By € A, and n € H that

(PrB1+B2n) (A®E) = By +Bo (A ®E)
(((AB1 + B2)*A)E, M)y

= M(BTA)E, n)yy + (p((BSA)E, 1)y

= Me(B{A)E, n)yy + (0(B3A)E,m) 5

= AM¢B,1,n) (A®E) + (6B,,9) (A E)
for all elementary tensors A ® £ € A ® H. Thus, since this holds for all elementary tensors, we obtain
by conjugate linearity that (¢, +B,n)" = MéB,,n)" + (#B,,n)*. Thus ¢ is linear in the first component.
Similarly ) is linear in the second component so that 1 is a bilinear form. Thus by the Universal Property
of Algebraic Tensor Products there exists a ¥ : A ® H — G such that ¥(B®n) = ¢(B,n) = (¢p,,)* for all
elementary tensors B@n € A O H.

Define [, -] : AOH — C by [u,v] = (¥(v)*)(u) for all u,v € AOH (where * represents the same operation
on linear/conjugate linear functionals that was used before). Then

A, Ben = W(Ben) ) (A®E) = ((¢5,)") (ARE) = ¢pn(ARE) = (p(B*A)E, n)y

as desired. To see that [+, -] is a sesquilinear form we notice that each ¥(v) € G is conjugate linear so ¥(v)* is
linear so [+, -] is linear in the first component. Since W is linear, ¥(-)* is conjugate linear so [+, ] is conjugate
linear in the second component. Thus [+, -] is a sesquilinear form.

To see that [-,] is a positive sesquilinear form we notice for all 337, A; ® §; € A © H that

ZAj®€jvai®§i ZZ §J’§l>
j=1 i=1

Jj=11i=1
= <[ (A: )](51 @ - @gn)agl @...@§W>H®n
= () ([N O - ®E), &1 @ B En)yon -

Thus to show that [Z?Zl A&, A fl > 0 it suffices, by Proposition 1.21, to show that [A}A;] > 0
as () is positive. However ’

*

. . A ... A, A ... A,
. At At 0 ... 0 0 ... 0
il N RO | I
Ay A 0 ... 0 0 ... 0
so [AfA;] > 0. Hence [-,-] is a sesquilinear form and thus satisfies the Cauchy-Schwartz inequality; namely

[ [u, 0] [ < [u, ] v, ]
for all u,v € A ® H. Therefore, if we define
Ni={ueAdoH | [u,ul=0} ={u e AOH | [u,v] =0 for all v e A H}

then N is a subspace of 2l ® H by the last term in the above expression. Consider the quotient space
(A ® H)/N and notice that
(u+N,v+N) = [u,]

35



defines inner product on this space. Thus, if K is the completion of (20 ® H)/A with respect to this inner
product, K is a Hilbert space. Moreover, it is clear that K is separable if 2l and H are separable.
Let A € 2 be arbitrary. Define the linear map moo(A4) : A O H — A O H by

mo(A) [ DA, 08 | =) A4 0¢;
j=1 j=1

(which is well-defined and exists by universality). We desire to show that mgo(A) defines a linear map on
(A®H)/N by showing A is invariant under moo(A). To see this let Z?Zl A; ®& € AOH be arbitrary. By
considering the unitization of 2 if necessary, the following computations are valid. Notice ||A*A| Iy — A*A
is a positive element of A so ||[A*A|| Iy — A*A = N*N for some N € 2. Moreover if

X = [[A7A| [Ia] = [A"A] = [[[A"A] — A™A]

is the matrix with the positive element ||A*A|| — A*A in each entry then X = [N*//n][N//n] is positive.
Thus
[ATA*AA;] diag(Az, ..., AL [A*Aldiag(As,. .., Ay)

< |AT Al diag(AT, .. ., AL Taldiag(Ay, - .. An) = [|AT A [A7A;].

Hence, with the above expression and the fact that ¢, is positive, we obtain for all 2?21 A;j@h; eAOH
that

Too(A) ZA]’ ®& | ,mo0(A) (Z A; ®§i>
=1 =1

D [A4;® ¢, AAi @&
i,j=1

D {p(ATATAA)E, &)y

Q=1

(P ([ATATAAN(E D D), 61D D En)yyen

< ([l A <p<n ([AFAN(E @ @), 1B D n)yan

= A7 A] Z A5)€55Ei)yy

1,7=1

=417 D 406, Aok
J=1 i=1

Therefore 7(A) leaves A invariant as if [u,u] = 0 then [r(A)u,7(A)u] = 0. Define mo(A4) : (A O H)/N —
(Ao H)/N by mo(A)(u + N) = meo(A)u which is a well-defined linear map from the above argument.
Moreover, the above inequality shows that ||mo(A)|| < ||A|| with respect to the inner product (-,-)x on
(A ©H)/N and thus we can extend m(A) to a bounded linear map on K which we shall denoted A.

We claim that the map 7 : A — B(K) defined by m(A) = A, for all A € 2 is a *-homomorphism. It is
clear that mgo was linear and multiplicative and thus since taking the quotient and extending by continuity
will preserve these properties, 7 is linear and multiplicative. Moreover we notice for all A € 24 and all
u = Z?:1Ai®§i7 v = Zj:lBJ ®n; € AOH that

n

(A" (u+N), (0 + N = Y (0B A" A3)éi mj)

3,7=1
=) [Ai®& AB;® 1]
3,7=1

= ((u+N),7(A) (v + N))k = (7(A)"(u+N), (v+N))k.
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Hence by continuity and the density of (A ® H)/N in K, 7 is self-adjoint. Hence 7 : 2 — B(K) is a
*-homomorphism.

Now that 7 has been constructed we divide into the unital and non-unital cases showing that there exists
amap V € B(H,K) with the desired properties.

Case 1: 2 is unital Since moo(ly) is the identity map, mo(ly) is identity map and thus 7(Iy) is the
identity map. Whence 7 is unital.

Define V: H = K by V(n) = Iy @ n+ N for all n € H. Tt is clear that V is linear. Moreover V is
bounded as

IVally = (Ta @0+ N, I @ n + N = (oI Ta)n, n)wn = (e(La)n, m)x < ol 3,

with equality if o(Iy) = Ig(3). Therefore [V]* < |lgll and V is an isometry when ¢ is unital (as ||¢| =
[le(Iq)|l = 1 when ¢ is unital by Theorem 3.18).
Next notice for all n,£ € H and A € 2 that

(Vr(A)Vn, & = (m(A)Ta @+ N), In @ E+ N = (A® 1, Iy @ ) = (p(A)n, E)n.

Thus ¢(A) = V*r(A)V as desired. When V is an isometry it is clear that we may view H ~ Ran(V) C K
and thus p(A) = Pynm(A)|y under this identification. Lastly we notice that

le(A) < V=V < V[ (A)HIVIE< VI Al

for all A € 2. Whence |j¢|| < ||V||*. Combining this inequality with inequality obtained earlier completes
the first case.

Case 2: 2 is not unital Let (E))a be a C*-bounded approximate identity of 2 and define Vi € B(H, K)
by Va(n) = Ex ® n+ N for all n € H. Then each V) is bounded since

VA = (BEx ©n+ N, Ex@n+N)x = (e(BD)nmyu = leE3)| 1, < el lInl,

for all n € H.
We claim that (V\(n))a is a Cauchy net in K for each n € H. To begin we notice if o, € A and n € H
then

IVa(n) = Va(m)Ix = ((P(E2) + ¢(E3) — ¢(EaEs) — o(EgEa))n, m)u.

Note that (o(E2)n,n)% and (@(E%)n, 1)y are positive as ¢ is positive and thus (p(EaEg)n+e(EsEq)n, n)n
must be real. Let € > 0 and define ¢, : A = C by ¢,(A4) = (p(A)n, ) for all A € A. Since ¢ is a positive
map, ¢, is a positive linear functional. By Proposition 1.11 and the fact that (¢, (Ex))a is an increasing
net of positive numbers, there exists an ag € A such that ||¢,| — € < ¢, (E)) for all A > ag. Since (Ex)a
is a C*-bounded approximate identity, there exists a fp such that if A > Sy then ||[E\E,, — Eq, ||y < € and
|EaoEx — Eqqlly < €. Thus for all > Sy

|290n(an) - @U(anEﬁ) - Spn(Eﬁan” <2 H@n” €

and thus —¢, (Ea, Es) —¢n(EsEa,) < 2||¢n|l €—2¢n(Eq,) as all terms under consideration are real numbers.
Therefore

||Vao (n) — Vﬁ(n)”;Qc = ‘Pn(Ego) + @n(Eg) - @n(anEﬁ) - ‘PH(EBE%)
< 2llenll + (2 lenll € = 204 (Eay))
< 2llenll + 2[leqll € = 2(ll eyl —€)
= 2([leqll + 1)e

whenever 8 > Bg. Thus if 5, A > 5y
IVa(m) = Vaml < [IVe(n) = Vao (Ml + [[Vay () = Va(m)ll < 24/2(lly[l + 1)e.
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As € > 0 was arbitrary, we obtain that (Vy(n))a is a Cauchy net in K.
Define V € B(H,K) by V(n) = limp Vi(n) for all n € H. It is trivial to verify that V is a well-defined
linear map as each Vy(n) is a linear map. Moreover

2 . 2 2
IVallic = lim [Va(tm)llic < llell [lnll5, -

Whence V is a bounded linear map with [|[V|* < [|¢|.
To complete the proof it suffices to show that V satisfies the claims in the theorem. For the first we
notice that

11/1\11<V;7T(A)VA§7 mH
m(ABN @+ N, Ex@n+ Nk
1i11\n<<p(E,\AEA)€, nu

= (p(A)&;m)
for all A€ 2Aand &,n € H. Thus p(A) = V*r(A)V for all A € 2 as desired. Lastly we notice that

(Vim(AVE n)n

le(A) | < IV AVIE < [V (A IV IVIF A

for all A € 2. Whence |j¢|| < ||V||*. Combining this inequality with inequality obtained earlier completes
the proof. O

Stinespring’s Theorem is very useful in developing theorems about completely positive maps. The follow-
ing is one example of this which give us another Cauchy-Schwarz inequality for completely positive maps.

Theorem 4.2. Let A be a C*-algebra and let ¢ : A — B be a completely positive map. Then o(A)*p(A) <
[l (A*A) for all A € A.

Proof. By using the GNS construction we may view 8B C B(?) and thus we can apply Stinespring’s Theorem
to obtain a Hilbert space K and a bounded operator V € B(H,K) such that [|[VV*|| = |[V]* = |l¢| and
w(A) =V*r(A)V for all A € 2. Whence for all A €2

(A)" p(A) = V(A VVir(AV < V(A ([VVT Ie)m(A)V = [lo|| VT (A" AV = [[o]| (A" A)
as desired. O]

Another use of Stinespring’s Theorem is the ability to determine that some completely positive maps
have multiplicative properties. We will present two proofs; the first which is intuitive but only works in the
unital case and the second which works in the non-unital case and is a little tricky.

Theorem 4.3. Let 2 and B be unital C*-algebra and let p : A — B be a unital, completely positive map.
Suppose Uy is a C*-subalgebra of A such that ¢|y, is multiplicative (that is ¢(A1A2) = ©(A1)p(Az) for all
A1, Ay € Ag). Then o(AXB) = o(A)p(X)(B) for all A,B € Ay and X € 2.

Proof. Without loss of generality we may assume B C B(?). As ¢ is unital, Stinespring’s Theorem implies
there exists a Hilbert space K containing H and a *-homomorphism 7 : 2 — B(K) such that ¢(A) =
Pym(A)|y for all A € . First we will show that for each A € 2y 7(A) decomposes as a diagonal operator
with respect to the decomposition HO&HL of K with ¢(A) in the first entry. With respect to the decomposition

H @ HL of K write
A)  ma(A)
A) = o( 1,2
ﬂ-( ) 7T2,1(A) 71'272(14)
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for all A € A where 75 : 2 — B(H*+,H), ma1 : %A — B(H,H'), and 72 : A — B(H') are linear maps. To
begin suppose A € 2 is self-adjoint. Since 7 is a *-homomorphism and A is self-adjoint, 71 2(A4) = 72,1 (A)*.

However
e(A?%)  m(A%) ] _ ey 2 [ p(A)? 4+ m2(A)mi(A) *
71.271(142) 71.272(142) :| = 7T<A ) = W(A) = |: % %

(where * represents expressions unimportant to us). Thus p(A4%) = p(A)? + 71 2(A)me1(A). Since ¢ is
multiplicative on g, p(A4%) = ¢(A)? and thus 0 = 71 2(A)ma1(A) = 71 2(A)m1 2(A)*. Thus 7 2(4) =0 =
7a,1(A). Since the self-adjoint elements of 2y span 2o, we obtain that

(A) = [ @%A) mf( ) }

for all A € y. Whence if A,B €2y and X € 2

m(AXB) = w(A)n(X)n(B)
_ [ 0 ] [ p(X)  ma(X) ] [ @(B) 0
0 7T272(A) 7T271(X) 7T272(X) 0 7T2)2(B)
[ eAe(X)e(B) =
so @(AXB) = Pyn(AXB)|y = o(A)p(X)e(B) as desired. O

Theorem 4.4. Let 2 and B be C*-algebra and let ¢ : A — B be a completely positive map with ||| = 1.
Suppose Uy is a C*-subalgebra of A such that ¢|y, is multiplicative (that is ¢(A1As) = ©(A1)p(As) for all
Ay, Az € g). Then o(AXB) = o(A)p(X)p(B) for all A,B € 2y and X € 2.

Proof. First we claim that p(AX) = ¢(A)p(X) for all A € Ay and X € A. To begin we notice that
P(AA*) = p(A)p(A)* for all A € g as ¢ is multiplicative on 2y and self-adjoint (being a completely positive
map). Since ¢ is completely positive with [¢|| = 1, ¢(2) is completely positive and ||| = [l¢|l = 1 by
Theorem 3.20. Thus, by Theorem 4.2,

o ([0 ])ea ([ 0]) <watin ([ 2 5] 2 o)

By expanding out both sides we obtain that

[ P(A)p(A) p(A)p(X) }<[ p(AA*)  p(AX) ]
O(X*)p(A) o(X)p(X) | ~
so that the matrix
M:{ P(AA™) = p(A)p(A)"  p(AX) — p(A)p(X) ]
PXTA*) — p(X*)p(A)* p(X*X) — p(X*)p(X)

is positive. However the (1, 1)-entry of M is zero. Thus, a simple application of Lemma 3.17 part (3) implies
that p(AX) — p(A)e(X) = 0. Whence ¢(AX) = ¢(A)p(X) for all A € Ay and X € A.
To see that p(XB) = o(X)p(B) for all B € 2y and X € 2 we notice that

P(XB) = (B*X")" = (¢(B")p(X"))" = ¢(X)p(B).
Whence for all A, B € 2y and X € B
P(AXDB) = p(A)p(XB) = p(A)p(X)p(B)

as desired. O
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Our next goal is to be able to extend completely positive maps to completely positive maps. If ¢ : A — B
is a completely positive map, we can apply the GNS construction and the fact that *-homomorphisms are
completely positive to view ¢ : A — B(H) for some Hilbert space H. Arveson’s Extension Theorem will
allow us to extend ¢ to a completely positive map ¢ with the one caveat that the range of ¢ may not sit
inside B C B(H). This is a technical issue that is necessary for the proof of Arveson’s Extension Theorem
and will be explored in Chapter 5.

First we note that complete positivity is essential as Remarks 2.24 showed that there exists positive maps
¢ : S — B that cannot be extended to a positive map on C(T).

To begin the proof of Arveson’s Extension Theorem we will first show that completely positive maps into
M,,(C) can be extended to completely positive maps for each n € N. The B(#)-case of Arveson’s Extension
Theorem will then follow by taking the completely positive map into B(#), creating a net of completely
positive maps into arbitrarily large matrix algebras, considering a certain topology, and taking a cluster
point.

To begin the proof, we first prove a simple lemma that will make it easier for us to check that a map is
positive.

Lemma 4.5. Let 2 be a C*-algebra. Then every positive element of M,, () is the sum of n positive elements
of the form [A}A;] for some {Aq,..., A} € 2L

Proof. First suppose we have chosen {A;}? ; € 2. Then

A Ap A Ay
AA, ... ArA, 01 0 01 0
AAy ... ArA, 0 0 0 0

Thus [A} A;] is a positive matrix.

Now suppose P € M,,(2) is a positive matrix. Hence there exists a B € M, () such that P = B*B.
Let Ry be an n x n matrix with its k' row being the k' row of B and 0’s elsewhere. Then R!R; = 0 if
i #j. Thus P = R{R1 + ...+ R}, R,. However each R} Ry, is of the form [A}A;] for some {Ay,...,A,} €2
as each Ry, is a matrix with only non-zero entries in the k' row (i.e. A; is the i'" entry of the k' row) thus
completing the proof. O

By the above lemma, to show that ¢ : 2 — 9B is n-positive it suffices to check that ¢, ([A}A;]) is
positive for all Aq,..., A, € 2.

To show that completely positive maps into M,,(C) can be extended to completely positive maps for
each n € N, we will make use of the fact that positive linear functionals can be extended and a certain
correspondence between linear maps from a space S into M,,(C) and linear maps from M, (S) into C.

Definition 4.6. Let S be an operator system and let {e; }?:1 be the canonical basis for C*. If ¢ : § —
M,,(C) is linear we define s, : M,,(S) — C by

1 n
se([Ai]) = n Z (p(Aij)ej, e)cn
ij=1
for all [4; ;] € M,,(S). We shall call s,, the linear functional associated with ¢. Note that s, takes a matrix
[Ai ;] € M,,(S) and sums up the (4, 7)*" entry of ¢ applied to the (i, )" entry of [A; ;] (up to an averaging
term).
If s : M,,(S) — C is linear then we define ¢ : S — M, (C) by

(ps(A)ej,ei) =ns(A® B ;)

for all A € A where E; ; is the matrix in M,,(C) with a 1 in the (i, )" entry and 0’s elsewhere (by A® E; ;,
we mean the matrix in M,,(S) with A in the (i, )" entry and 0’s elsewhere). We shall call ¢ the linear
map associated with s.
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Remarks 4.7. Consider s,. If z denotes the vector in (C")®" =C" @ ...®C" givenby z:=e; ®--- D e,
then
1 < 1
se([Aigl) = — D (p(Aij)es,eden = —{em ([Ais))z, 2)emen
i,j=1

It will be useful for later to note that |||, = v/n.

It is also useful to note that the maps T : L£(S, M, (C)) = L(M,(S),C) given by T(¢) = s, and
R: LM,(S),C) — L(S, M, (C)) given by R(s) = ¢, are linear maps (it is clear from the definitions that

¢s and s, are linear maps). Notice that for all ¢ € £(S, M,,(C)) that

RI()(A) = ¢, (4) = sy (A® Bp) = n | Lo(A)eg,eiden | = [0 elen] = 0(4)

for all A € S. Hence RT : L(S, M,,(C)) — L(S, M, (C)) is the identity map. Also, for all f € L(M,,(S),C)

TR(f)[Ai,j}ZSADf[AiJ] = J= 1<90f( z])ejvez>(c"
1nf( 1,5 ®Ew)

j] 1 J®Ew):f([Ai,j])

for all [4; ;] € M, (S). Hence TR : L{M,(S),C) = L(M,(S),C) is also the identity map. Therefore the
maps T and R are mutual inverses.

1y
iy
i

Example 4.8. Let S := C and define ¢ : S = M,,(C) by ¥(a) = [, the matrix with every entry equal
to . Notice then that o := sy : My (S) = M, (C) — C is such that sy ([ai]) = 5+ 27— @i which is a
scalar multiple of the sum of the entries of [a; ;].

Example 4.9. Let S := C and define try, : M,,(S)
is the normalized trace). Notice then that ¢y, : S =
al,,.

= M (C) = C by try,([as,]) = =37 ai (ie. try,
C — M, (C) is such that ¢y, (« ) [trm(a® E; ;)] =

Using matrix tricks it is possible to verify that ¢ and tr,, are positive linear functionals. Moreover notice
that 1, ([e,;]) = [ ;[1]] (where [1] € M,,(C) is the matrix with 1s in each entry) and (¢, )(n)([ci,5]) =
[@vi jI;m]. Using more matrix tricks it is possible to verify that v(,) and (@, )n) are positive maps for all
n € N and thus ¢ and ¢y, , are completely positive. Coincidence, I think not!

Theorem 4.10. Let 2 be a unital C*-algebra, let S C A be an operator system or C*-algebra, and let
©: S = M, (C) be a linear map. Then the following are equivalent:

1. ¢ is completely positive.
2. @ 1is n-positive.
3. s, 1s positive.

Proof. Tt is clear that if ¢ is completely positive then ¢ is n-positive. Hence (1) implies (2).
Suppose that ¢ is n-positive. Then for all [A4; ;] € M,,(S) we have from Remarks 4.7 that

50 (4s3]) = oy (A, @) cmper

where = e; @ -+ @ e,. Therefore if [A;;] > 0 then s,([A4;;]) > 0 as ¢, was positive (and thus
(o) ([Aij])x, 7)(cnyen > 0 by Theorem 1.21). Therefore (2) implies (3).

Lastly suppose s, is positive. By Theorem 1.15 or Proposition 2.27 (depending on whether S is an
operator system or C*-algebra) we may extend s, to a positive linear functional f : M, () — C. Since f
extends s, the linear map ¢ associated with f extends ¢ (this easily follows from Remarks 4.7). Thus it
suffices to show that v is completely positive.
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To show that v is m-positive it suffices to show that Yimy ([A7A;]) > 0 for all {Ay,..., Ay} € A by
Lemma 4.5. However, since ¢ : A — M, (C), Yy : M (A) = My (M (C)) =~ My, (C). Thus it suffices
to show that

<’l/)(m)([A:<AJ])(QS1 D---D xm),:cl DD Im>(([jn)®m > 0

for all z; € C". For each j write x; = Y ;_; Ajrex where {e1,...,e,} is the standard basis for C". Then

W) ([ATA D) (@1 @ O T), 71 B -+ © Ty) cryom = Z (W(AFAj)zj, zi)cn
ij=1

= Z Z Aj ki1 (U (AT Ajer, er)en
1,7=1k,l=1

=ny, Z Ajeiif (AT Aj ® Ey ).
i,j=1k,l=1

Let B; € M,,(C) be the matrix with (A;1,...,A; ) as its first row and 0’s elsewhere. Then

BB = Z AN B k.
k=1

For each C € A and T = [oy; ;] € M, (C) let C ® T denote the matrix [ ;C] € M,, (). Therefore

W) (AT A (21 @ - B T), 21 © -+ B i) cyem =1 Y f(A]A; ® Bf By)
ij=1

((gaee) (50er)

as f is positive. Therefore 9(,,) is positive for all m € N and hence ¢ is completely positive. O

Note that the above result can be extremely useful as it is much easier to verify that a linear functional
is positive than it is to verify that a map is completely positive using definitions. Moreover we know some
additional properties of positive linear functionals such as how to extend them. Thus we can use the theory
of positive linear functional to extend completely positive maps in this setting.

Theorem 4.11. Let A be a unital C*-algebra, let S C A be an operator system or C*-algebra, and let
v :S = M,(C) be a completely positive map. Then there exists a completely positive map ¢ : A — M, (C)
extending .

Proof. Since ¢ is completely positive, the linear functional associated with ¢, s, : M, (S) — C, is positive by
Theorem 4.10. Hence, by Theorem 1.15 or Proposition 2.27 (depending on whether S is an operator system
or C*-algebra), s, extends to a positive linear functional f : M, () — C. Let ¢ : 4 = M,,(C) be the linear
map associated with f. Hence 9 is completely positive by Theorem 4.10. However ¢ = ¢, = ¢yls = ¥|s
(where the restriction is clearly true by the definitions). Hence we have the desired result. O

Notice that if S and 2 share the same unit then Theorem 3.18 implies that ¢ and ¢ (as in the previous
theorem) have the same norm. However if S does not have the same unit as 2 it is possible that ¢ and
¢ do not have the same norm. One would hope that there is a norm relation between ¢ and s, and there
is. However this norm relation depends on n and will cause problems in the proof of Arveson’s Extension
Theorem in the non-unital case. Nevertheless we will find a way around this.

Now that we have developed a theory of completely positive maps into M,,(C) we wish to be able to
extend these results to completely positive maps into B(#H). To do this we will need to develop a certain
topology which will be essential. Below is probably not the quickest way to develop this topology but we
develop some nice and more general theory along the way.

42



Construction 4.12. Let X and 2 be Banach spaces, let * be the dual space of 2), and let B(X,2*)
be the bounded linear maps from X into 2)*. We desire to show that there exists a Banach space 3 such
that B(X,2)*) ~ 3*. This will then allow us to equip B(X,2*) with a weak*-topology. The idea behind
the construction is if 20 is a Banach space, then we desire to extract a certain closed subspace 3 of 20***;
namely the image of 20* under the canonical inclusion.

To construct 3 let z € X and y € 2 be arbitrary and define a linear functional z ® y : B(X,9*) — C
by © @ y(L) = L(x)(y) for all L € B(X,9*). It is clear that  ® y is linear as evaluation in B(X,9)*) and
evaluation in 9)* are linear. Moreover it is easy to see that ||z @ y(L)|| = | L(z)(W)|| < I|Z] |z ||y|| for all
L € B(X%,9*) so that |z @y| < ||| |lyl]]- To see that this inequality is actually an equality we can apply
the Hahn-Banach Theorem to obtain linear functionals f, € X* and g, € 9* such that ||f.|| =1 = ||gyll,
fz(x) = ||z||, and gy(y) = ||y||. Define L, , € B(X,9*) by Ly y(2') = fz(2')gy. Then it is clear that L, is
linear and

Loyl = sup{[[fo(z")gy|l | 2’ € X[la'|| < 1}
= llgyll sup{|fa(z")] | 2" € X l2"|| <1}
= llgyll I fz]l = 1.

Since @ @ y(Luy) = Loy(@)(y) = fa(@)gy(®) = llol Iyl and Loyl = 1, e @yll > alllly]l and thus we
obtain equality.

We claim that the algebraic tensor product X ® 2) is isomorphic (as a vector space) to span{r ®
Y}eex,yen € B(X,29*)*. To see this we note that it is easy to verify that

2
(@121 + azw2) ® (biyr + bayo) = Z aib;(zi @ yj)

ij=1

for all z1,29 € X, y1,y2 € 9), and aq, az, b1, by € C. Thus, by the Universal Property of the Algebraic Tensor
Product, there exists a linear map ¢ : X ® Y — B(X,9*)* such that ¢(z ® y) = © ® y (where ® means the
appropriate thing in each space). Clearly ¢ maps onto the span of {x ® y},cx yey in B(X,9*)*. To see that
¢ is injective, suppose 0 # ¢ = > | x; ® y; is in the kernel of ¢ with the z;s and y;s linearly independent.
Then for all L € B(X,9*) >i, L(z;)(y;) = 0. By the Hahn Banach Theorem there exists linear functions
[z, € X* and gy, € Y* such that ||fo, || = 1 = ||y, fo:(z;) = 6ij ||lzill, and gy, (y;) = 6 j ||lyil]. Define
LIi,yi € B(%@)*) by Lli,yi (‘T/) = fwl (xl)gyi' Hence

n

0= Ly (@) (05) = D fuu(25)gu: (05) = leall il

Jj=1 Jj=1

Hence z; = 0 or y; = 0 which contradicts the fact that the x;s and the y;s are linearly independent. Hence
© is injective and thus we can identify X © ) with this set.

Let 3 be the closed linear span of the elementary tensors {z ® y}rex yey in B(X,2*)*. Therefore, since
3 is a closed vector subspace of a Banach space, 3 is a Banach space. Moreover the following lemma shows
us that 3 satisfies our hopes of performing this construction.

Lemma 4.13. B(X,9)*) is isometrically isomorphic to 3* by the map ¢ : B(X,9*) — 3* induced by

o(L) <Z T ® y) = Z 2; @ yi(L).

Proof. For each fixed L € B(X,2*) the map ¢, : X x ) — C defined by ¥ (x,y) = x ® y(L) is bilinear.
Therefore by the Universality Property of the Algebraic Tensor Product v; extends to a linear functional
or : X099 € 3 — Csuch that or (37 2 ®@y;) = Y1 @ @ yi(L). Moreover we notice that ¢y, is
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continuous on X © 2) as

leLll = sup 4 oL <Z$i®yi> | Y w0y ex0, Y noy| <1
i=1 i=1 i=1 3
=sup{ (D zi@u(D)| | Y ziou X0, | nioy| <1
i=1 i=1 i=1 3
< |ILII-

Hence ¢, extends by continuity to a linear functional, which we will also call ¢, on 3. Thus if we define
v B(X,9*) — 3" by o(L) = ¢, for all L € B(X,2*) then ¢ is a linear map (linear since a simple
computation show that oir,+r, = oL, + ¢r, on X © 2 and then extend by continuity to obtain this
result). Therefore the map ¢ is well-defined and linear.

To see that ¢ is isometric we notice that the above computation shows us that ||¢(L)|| < ||L|]. Moreover
the above computation show us that

n

ZL(%)(%)

=1

<1

3

l(L)|| = sup

n
Zl“i ® Yi

i=1

n
| Zﬂfi@inx@@,
=1

However for all € > 0 there exists an € X such that [|z|| = 1 and ||L(z)|| > ||L|]| — §. Moreover there
also exists a y € 9 such that ||y|| = 1 and ||L(z)(y)|| > ||L(x)|| — § > [[L|]| — €. Thus we then have that
o @yl = all Iyl = 1 and |Z(z)()]| > |Z]| — . Thus [o(L)]| > L] — € for all € > 0. Thus [lo(L)] = |L|
as desired. Therefore ¢ is a linear isometry and thus is injective.

Now all that remains is to show that ¢ is surjective. In this regard, let f € 3* be arbitrary. Then for all
x € X define the linear functional f, : Q) — C by f.(v) = f(z®y) for all y € 9. Since |f(y)| < | f1l ll=] l¥ll,
fo € D*. Define L € B(X,9*) by L(z) = f,. Since it is clear that faz, 1w, = Afz, + fz,, L is linear, and
since || fo |l < £l l=ll, IL| < ||f]] so that L is indeed bounded. Therefore all that remains is to show that
©(L) = f but this is trivial since

e(L)(z @y) = L(x)(y) = f2(y) = f(z®y).

Hence by linearity (L) = f on X ® Q) and therefore, by continuity, (L) = f on 3 as desired. Therefore ¢
is an isometric isomorphism and the result follows. O

From now on we shall drop the ¢ and write L(z ® y) = L(z)(y) interchangeably. Now that we have
B(%,9)*) ~ 3* we may place a weak*-topology on B(%X,2)*) induced by 3 which we will call the Bounded
Weak topology (or just BW topology). It is useful to note that a net {L)}a converges to L in the BW
topology if and only if L(z) — L(z) for all z € 3 (where we now drop the ¢ in the preceding lemma). This
enables us the slightly stronger result in the case of a bounded net.

Lemma 4.14. Let (Ly)a be a norm bounded net in B(X,2)*). Then Ly converges to L in the BW topology
if and only if Ly(x) converges to L(x) in the weak*-topology on * generated by ) for all x € X.

Proof. Suppose that Ly converges to L in the BW topology. Then for each x € X and for all y € 9)
La(z)(y) = La(z ® y) = L(z @ y) = L(x)(y)-

As this holds for all y € 9, Ly(x) — L(z) in the weak*-topology on 2* for each x € X.
Now suppose that (L)) is a norm bounded net such that Ly (z) converges to L(x) in the weak*-topology
on * for all x € X. Then, by linearity and finiteness,

n n
L (Zl’z ®yi> — L (Zl’z ®Z/z‘>
i=1 i=1
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forall > |2, ®y; € ¥©®9. Fix 2z € 3 and let € > 0. Then, due to the density of ¥ ® Q) in 3, there exists
at=) 1,7 ®y €XOY such that ||z —t|| < {7 where

M := max{sup{||Lx|| | A € A} ||L],1} <

as {Lx}aea was norm bounded. Since we have shown that Ly(t) — L(t), there exists A’ € A such that if
A > X then || La(t) — L(t)|| < e. Thus for all A > X,

1A (2) = L < [EalHlz = 2l + 1Ea(8) = LN+ LI = 2] < 3¢
Therefore Ly(z) — L(z) for all z € 3 and thus Ly — L in the BW topology. O

The above actually shows something special. Let H be a Hilbert space. Then, since H* ~ H, B(H) =
B(H,H) is a dual space by Lemma 4.13. The question is, “Can we identify this Banach space in another
manner?” To do this we shall need to recall some of spectral theory for compact normal operators.

Definition 4.15. A compact operator K € B(H) is said to be of trace class if the eigenvalues (including
multiplicity) of |T'| are summable. Let ||T||; denote sum of the eigenvalues (including multiplicity) of |T|
and let C; denote the set of trace class operators.

Facts 4.16. The set of trace class operators C; is a vector subspace of B(H), |-||; is a norm on Cy, C;
is complete with respect to || - ||;, and the finite rank operators are dense in C; with respect to this norm.
Moreover TK € C; and KT € C; whenever T € B(H) and K € C;.

If {ex}a is an orthonormal basis for H, define Tr : C; — C by Tr(K) = Y, (Kex,ey) for all K € C;.
Then T'r is a well-defined continuous linear functional that does not depend on the choice of orthonormal
basis {ex}a. Moreover Tr(TK) =Tr(KT) for all T € B(H) and K € C;.

For each T € B(H) define o7 : C; — C by ¢ (K) = Tr(KT) for all K € C;. Then ¢r is continuous with
ler|l = IT)]. The map ® : B(H) — C; defined by ®(T") = ¢r is a bijective isometry.

By the above facts and Construction 4.12, B(X,C;) = B(X,B(#H)) has a BW topology for every Banach
space X. This topology is also called the point-ultraweak topology (as the weak*-topology on B(#) induced
by the trace class operators is called the ultraweak topology and Lemma 4.14 implies that convergence in
the BW topology is pointwise convergence in the ultraweak topology). We will abuse the notation and write
B(X,B(H)) for B(X,Cy) (it turns out that C; is the only predual of B(H)). On bounded nets, Lemma 4.14
tells us this is the same as the point-WOT.

Proposition 4.17. Let X be a Banach space and H a Hilbert space. Then a norm bounded net (Lx)x C
B(X,B(H)) converges in the BW topology to L if and only if ((Lx(x))E,n) converges to ((L(x))&,n) for all
EneH and x € X.

Proof. Recall from Lemma 4.14 that Ly converges to L in the BW topology if and only if Ly(x) converges
to L(z) in the weak*-topology on B(H) (generated by Cy) for all € X. However Ly(x) converges weak™ to
L(z) in B(H) = (C1)* if and only if (Lx(x))(K) — (L(z))(K) for all K € C; if and only if Tr((Lx(z))K) —
Tr((L(z))K) for all K € Cy. The idea behind this proof is that the weak*-topology on B(#H) induced by the
trace class operators agrees with the WOT on bounded sets as the finite rank operators are dense in the set
of trace class operators.

Suppose that Ly converges to L in the BW topology. For each &,n € H, define &n* € B(H) by (En*)(¢) =
(¢, m)¢ so that £n* is a finite rank operator (and thus a trace class operator). Since {n* € Cy for all {,n € H
it is easy to verify that Tr(T({n*)) = (T&, n) for all T € B(H) and thus we obtain that

(La(2))g;m) = Tr((La(x))(€n7)) = Tr((L(x))(&n%)) = ((L(2))E,m)-

Thus one direction holds.
For the other direction, suppose ((Lx(x)){,n) converges to ((L(z))¢,n) for all £, € H and =z € X.
Therefore Tr((Lx(x))(&n*)) — Tr((L(x))(&n*)) for all £,n € H and x € X. Therefore, by linearity and
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finiteness, we obtain for all finite rank operators F' that Tr((Lx(x))F) — Tr((L(z))F) for all x € X. Fix
x € X, K € Cq, and € > 0. By the fact that the finite rank operators are dense in C; there exists a finite
rank operator F' such that [|[K — F|; < T Where M= 1+ sup{{||Lxrll | A € A} U/ L||} which
is finite as (Ly)a is a bounded net. Since F' is a finite rank operator there exists a A\g € A such that
|Tr((L(x))F) — Tr((Lx(x))F)| < § for all A > Xg. Hence for all A > Ao,

Tr((L()K) = Tr((La(z)) K)
< [Tr((L(e) K = (L(2))F)| + [Tr((L(2)) F = (La(2)) F)| + [Tr((Ia(2)) F = (La(2)) K)|
< L@) [ = Flly + ; HILA@)F = Ky
<ztsts-e
Therefore Tr((Lx(z))K) — Tr((L(z))K). However, since K € C; and x € X was arbitrary, we have that Ly
converges to L in the BW topology as desired. O

Now that we are in the final stretch of our proof of Arveson’s Extension Theorem, we need to define a
few sets and prove some simple properties of these sets.

Notation 4.18. Let S C 2 be operator system or C*-algebra and let H a Hilbert space. Then for each
r € [0,00) we define

B.(M,H):={L e BWM,B(H)) | |[L]] <r} and
CP.(S,H):={L € B(S,B(H)) | L is completely positive, ||L| <r}.

With these sets in hand, we shall now begin our first major step in proving the Arveson’s Extension
Theorem.

Theorem 4.19. Let S C A be a closed operator system or C*-algebra. Then each set listed in 4.18 is
compact in the BW topology.

Proof. First note that we require S to be closed in order to be able to consider the BW topology. Since the
BW topology is a weak*-topology, the Banach-Alaoglu Theorem implies that every norm closed ball around
0 is compact in the BW topology. Thus B,.(M,H) is BW-compact for all 7.

To see that CP,.(S, H) is BW-compact, we notice that CP,.(S,H) C B,(S,H) and thus it suffices to show
that CP,.(S,H) is BW-closed. Thus let (Lx)a € CP,(S,H) be a convergent net in the BW topology. Let L
be the limit of Ly. Since Ly € B,.(S,H) for all A € A and B,.(S,H) is a compact set in the BW topology
(which is Hausdorff), B,.(S,H) is closed. Therefore L € B,.(S,H) and thus ||L|| < r. Therefore to show that
L € CP,(S,H) it suffices to show that L is completely positive. Fix n € N and consider L(,). Then for all
A e S ((La(A))E, My — ((L(A))E, n)y for all §,m € H as (Ly)a is a bounded net and thus Proposition 4.17
applies. Therefore, by finiteness, we have for all positive [4; ;] € M, (S) and £ =& @ ... DE, € HO™ that

((LA) () ([Ai g, ) mom = (Lny([Ai 5])E, E)pen

Hence, as this holds for all positive [4; ;] € M,(S) and £ = & @ ... ® &,, € HO™, we obtain that
(L(n)([As5])€, &) non > 0 since each Ly is n-positive. Therefore L, is positive for all n € N so that L
is completely positive. Therefore CP,.(S,H) is a BW-closed set in a BW-compact set and thus is BW-
compact. O]

Now we just need one more little lemma that may seem a little out of place (in that we could have proven
this much earlier).

Lemma 4.20. Let 2 and B be a unital C*-algebra, let S be an operator system of A, and let ¢ : S — B be
a completely positive map. Then ¢ extends by continuity to a completely positive map 1 : & — B.
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Proof. From Proposition 2.28 we know that every positive map extends by continuity to a positive map on

the norm closure of its domain. Therefore if ¢» : & — B is the extension of ¢ then ¢ is positive. Now
fix n € N and suppose 1’ is the positive extension of ¢,y on M, (S). Notice that M,(S) = M,(S) by
applying Lemma 1.23. We claim that ¢ = (¢))(,) so that 1 is n-positive. However for all A € M, (S)
Y'(A) = ©n)(A) = Pn)(A). Thus, by continuity, 9" = 9, so that 9 is n-positive. As this holds for all

n € N, ¢ is completely positive and extends ¢. O

With this in hand we are now able to prove the Arveson’s Extension Theorem. Unfortunately the
following proof only works in the unital case as this guarantees (by Theorem 3.18) that the norms of the
completely positive maps under consideration are bounded. In the non-unital case we were not able to show
that the norms of the completely positive maps under consideration are bounded so the proof does not work.
We will deal with the non-unital case afterwards in a fashion similar to that of Chapter 1 for positive linear
functionals.

Theorem 4.21 (Arveson’s Extension Theorem; Unital Version). Let S C 2L be an operator system and let
©: S8 — B(H) be a complete positive map. Then there exists a completely positive map ¢ : A — B(H) such

that ¢|ss = @ and [P = ||

Proof. Note that as completely positive maps obtain their norm at the identity, any completely positive
extension ¢ of a completely positive map ¢ on an operator system must have the property that ||| = ||¢]|-
Thus it suffices to find a completely positive extension. By Lemma 4.20 we may extend ¢ to a completely
positive map on the norm closure of S. Thus, without loss of generality, we may assume that S is a closed
operator system. The idea of the remainder of the proof is to use what we have developed; construct a net
of completely positive maps into matrix algebras so that they can be extended by Theorem 4.11 and then
take a cluster point using the BW topology.

Let F be any finite dimensional subspace of H and let Pr be the orthogonal projection onto F. Notice
that PrB(H)Pr is *-isomorphic to B(F) and we will make this identification. Define pr : S — B(F)
by ¢r(A) = Prp(A)Pr for all A € S. Note that ¢ is completely positive as it is the composition of the
conjugation by Pr and a *-isomorphism identifying PrB(H)Pr with B(F) and the composition of completely
positive maps is completely positive by Proposition 3.9.

Since B(F) is isomorphic to M,,(C) for some n € N, Theorem 4.11 implies that there exists a completely
positive map r : A — B(F) that extends pr. Define ¢’z : 2 — B(H) by for each A € A letting ¥’-(A) be
the operator that equals ¢7(A) on F and is 0 on F*. Therefore, since Y’z is the composition of ¢ and the
*-homomorphism 7z : B(F) — B(H) where m#(T) is the operator that equals 7 on F and is 0 on F* and
since the composition of completely positive maps is completely positive, ¢’z is completely positive.

Note that for every finite dimensional subspace F that ¢z € CP, (2, H) as each 1)’z is completely
positive and thus

[WEI = 1WE )l = ller ()l < o)l = [l#ll

by Theorem 3.18. Moreover the set of finite-dimensional subspace of H form a directed net under inclu-
sion. Hence (Y’5) 24, finite 15 @ net in CP), (A, H). Since CP, (A, H) is BW-compact by Theorem 4.19
(V%) 7c 3 finite has a convergent subnet. Let ¢) € CP) (2, H) be the limit of this convergent subnet. Hence
1) is completely positive.

All that remains is to show that this ¢ extends . To see this let A € S be arbitrary. Fix xz,y € H
and let F be the finite dimensional subspace spanned by x and y. Then for any finite dimensional subspace
F1 D F in our convergent subnet (which exists by the definition of a subnet)

However ¢’z — 1 in the BW topology and (¥'%) »4, finite
the above equality implies for every A € S and every x,y € H that (p(A)z,y) = ((A)z,y). Therefore
P(A) = p(A) for all A € S. Hence v is a completely positive map on 2 that extends ¢. O

is a bounded net. Hence, by Proposition 4.17,

To prove the non-unital Arveson Extension Theorem, we will prove three results very similar to Lemma
1.12, Lemma 1.13, and Theorem 1.15.
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Lemma 4.22. Let B be a non-unital C*-algebra, let B denote the unitization_of B, and let p : B — B(H)
be a completely positive map. Then there exists a completely positive map @ : B — B(H) such that ¢|s = ¢

and [|g[| = [[]l-

Proof. By Stinespring’s Theorem (the non-unital case) there exists a Hilbert space K, a *-homomorphism
7 : B — B(K), and a V € B(H,K) such that IV]I* = |l¢ll and ¢(B) = V*x(B)V for all B € B. Define
7B — B(K) by #(Mg + B) = Mg +n(B) for all A € C and B € B. It is easy to verify that 7 is a
*~homomorphism.

Define ¢ : B — B(#) by
P(\g + B) = \V'V + o(B) = V*#(\ + B)V

for all Mg + B € 8. By the remarks preceding Stinespring’s Theorem the later expression shows that ¢ is
a completely positive map. It is clear that ¢ extends . Lastly, by Theorem 3.18,

- - ¥ 2
I8l = [|e(Ig)]| = IVVI = IVII* = lloll
as desired. O

Lemma 4.23. Let B be a C*-algebra and let v : B — B(H) be a completely positive map. Then there exists
a completely positive map @ : B & C — B(H) such that ¢|le = ¢ and ||@]] = ||l¢]l-

Proof. Define ¢(B® \) = ¢(B) for all A € C and B € B. It is trivial to verify that ¢ is completely positive,
Plw =, and ||| = [l¢].- O

Theorem 4.24 (Arveson’s Extension Theorem; Non-Unital Version). Let B C 2 be C*-algebras and ¢ :
B — B(H) be a complete positive map. Then there exists a completely positive map v : A — B(H) such that

Yl = ¢ and |[¢]| = el

Proof. We shall break the proof into a two cases that will follow easily from the above lemmas.
Case 1: B is not unital Let 2A be the unitization of 2 if A is not unital and let 2 be 2 if 2 is unital.
Consider the *-algebra

Clg+%B:={\g+B|Be®B,\eC}Cl

Then, as in the proof of Theorem 1.15, Cl5 + 5 is a C*-algebra that is *-isomorphic to B.
By Lemma 4.22 ¢ extends to a completely positive map ¢ : CIg + B — B(H) such that ||@]| = |||

Since Clg +B C 2l are C*-algebras with the same unit, Theorem 4.21 implies that ¢ extends to a completely
positive map ¢ : 2 — B(#) such that HJ)H = ||@|l. Let ¢ : A — B(H) be defined by ¢ = |y. Since the
restriction of a positive linear functional is clearly positive, ¥ is a completely positive map. Moreover, by
construction, ¥ extends ¢ and |[¢| < HJJH = |||l < |||l (where the last inequality comes from the fact that
¥ extends ¢).

Case 2: B is unital Let 2 be the unitization of 2 if 2 is not unital and let 2 be 2 if A is unital. If B
and 2 have the same unit, the result follows from Theorem 4.21. Else when I # 15, the proof of Theorem
1.15 shows that 8 & C can be viewed as a C*-algebra of 2 with the same unit.

By Lemma 4.23 ¢ extends to a completely positive map ¢ : B @ C — B(H) such that ||¢]] = ||¢||. Since
BHC C Aare C*-algebras with the same unit, Theorem 4.21 implies that ¢ extends to a completely positive
map v : A — B(#H) such that HQZH = ||@|l. Let ¢ : A — B(H) be defined by ) = t|y. Since the restriction

of a completely positive map is clearly completely positive, ¥ is a completely positive map. Moreover, by

construction, ¥ extends ¢ and |[¢| < HzﬁH = |||l < |||l (where the last inequality comes from the fact that
¥ extends ¢). O
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5 Applications of Completely Positive Maps

In this chapter we will examine some applications of completely positive maps. Unfortunately we will not
go into much detail as there is a large amount of additional material that would be required.

Our first application comes from the fact that Arveson’s Extension Theorem allows us to extend com-
pletely positive maps as long as the range is allowed to be contained in B(H). We desire to determine
when a C*-algebra 9B has the property that every completely positive map into % has a completely positive
extension.

Definition 5.1. A C*-algebra B is said to be injective if for every C*-algebra 2, every operator system or
C*-subalgebra & C 2, and every completely positive map ¢ : S — B there exists a completely positive map
@ : A — B such that @|s = ¢ and ||@]| = ||¢]|-

Example 5.2. Let H be any Hilbert space. The C*-algebra B(#) is injective by Theorem 4.21 and Theorem
4.24.

For our next example it makes sense to consider the example in full generality.

Lemma 5.3. Let {2, },>1 be a (possibly finite) collection of C*-algebras. Define

[T 2% = {(An)nz1 | A € an,sgp [ Anllg, < oo}
n>1

n>1

Then [[,,, ™An is a C*-algebra with pointwise addition, multiplication, and involution and the C*-norm
[(An)n>1[l = sup, > [|Anlly, . Moreover if S € 2 is an operator system or C*-algebra and ¢y, : S — 2A,
are completely positive maps with sup,,~; ||¢n|| < 0o then there exists a well-defined completely positive map
©:S = [, A such that 9(A) = (pn(A))nz1 and ||@] = sup,>, [lenll-

Proof. 1t is trivial to verify that [] -, %, is a C*-algebra,

Mo | T] 20 | = [ M (20)

n>1 n>1

for all m € N via the map [(Ai jn)n>1] = ([Aijn])n>1, and that an element (Ay,)n>1 €[], An is positive
if and only if A,, > 0 for all n.

Suppose § C 2 is an operator system or C*-algebra and ¢, : & — 2, are completely positive maps
with sup, > [|onll < co. Define ¢ : & — [[,5; &% by v(4) = (pn(A))n>1. Since sup,>; [@nl < o0
(en(A))n>1 € I1,>1 An for all A € S so that ¢ is well-defined. Clearly ¢ is linear. We claim that ¢ is
completely positive. To see this, let A = [(A4; jn)n>1] € My () be an arbitrary positive element. Then,

using the isomorphism M, (Hn21 an) =~ [ M (),

Om)(A) = [0((Aijn)n>1)] = [(Pn(Aijn))nz1] = ([Pn(Aijn))n>1 = (0n) m)([Aijn]))n>1 >0

since each ¢, is completely positive and by the description of the positive elements of [, - %,. Whence ¢
is completely positive. Lastly

el = sup{[|(¢n(A))nx1ll | A€ S, [A <1}
= sup{[[en(A)lly, | A€S,[[A <1,n €N}
= sup ||¢n||
n>1
as desired. O

Proposition 5.4. Let {A,},>1 be a (possibly finite) collection of injective C*-algebras. Then ], ~, 2y, is
injective. B
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Proof. To begin suppose S C 2 is an operator system or C*-algebra and ¢ : & — [],,~; Uy is completely
positive. For each k € N define 74, : ]~ 2n — g by 7((An)n>1) = A for all (A,)n>1 € [],,51 An. Clearly
7 is a *-homomorphism. For each k € N define ¢y, : S — 2 by ¢ = 7 0 ¢. Thus ¢, is the composition
of completely positive maps and thus is completely positive by Proposition 3.9. Clearly ||pk| < ||| and pg
is the k' component of (.

Since each 2y, is injective, there exist completely positive maps @ : A — Ay, with [|@r]l = [lekll < |-
Define @ : 2 — [],,~; 2 by ¢(A4) = (¢n(A))n>1 for all A € A. Then, by Lemma 5.3, ¢ is a well-defined
completely positive map such that

|21l = sup [Pkl = sup [l¢ell < ol -
E>1 k>1

It is easy to verify that ¢|s = ¢ as ¢n|s = ¢, for all n € N. Whence [], -~ %, is injective. O
Example 5.5. The C*-algebra £ (N) := ][, -, C is injective by Proposition 5.4.
Example 5.6. Finite C*-algebras are injective being direct sums of matrix algebras M., (C).

Example 5.7. The C*-algebra ¢(N) of all convergent sequences is not injective. To see this let ¢ : ¢(N) —
¢(N) be the identity map and notice that ¢(N) C ¢o(N). Thus if ¢(N) were injective there would exists a
completely positive map v : £oo(N) — ¢(N) extending ¢. Notice that I := (1),>1 € ¢(N) is a unit for both
¢(N) and ¢ (N). Since 1 is multiplicative on ¢(N), Theorem 4.4 implies that (AXB) = (A)y(X)y(B)
for all A, B € ¢(N) and X € Lo (N).

To obtain a contradiction, fix X = (zp)n>1 € loo(N) \ ¢(N) and let ¥(A) = (an)n>1 € ¢(N). For each
m € N let E,, be the sequence in ¢(N) with a one in the m!" spot and zeros elsewhere. Then X E,, € ¢(N)
so that

Em(aTL)TLZl = ’(/}(Em)w(X) = w(EmX) =F,X = Em(xn)nZI

for each m € N Whence a,, = x,, for each m € N so that X = (ay)n>1 € ¢(N) which is a contradiction.
Thus ¢(N) is not injective.

The following observation based on the above example is essential in order to obtain more examples of
injective and non-injective C*-algebras and for theoretical reasons.

Theorem 5.8. A C*-algebra B C B(H) is injective if and only if there exists a completely positive map
O : B(H) = B such that ®|p = Idy and ||®| = 1.

Proof. Suppose that 9B is injective. Then Idg : B — B is completely positive. Since B C B(H) is a C*-
subalgebra and B is injective, there exists a completely positive map ® : B(H) — B such that |y = Idy
and || @] = |[Ids | = 1.

Next suppose there exists a completely positive map ® : B(H) — B such that ®|s = Idy and [|®] = 1.
Let S C 2 be an operator system and let ¢ : S — B C B(H) be a completely positive map. By the Arveson
Extension Theorem there exists a completely positive map 1 : 2 — B(H) so that ¢¥|s = ¢ and ||¢| = ||¥]|.
Let ¢ : 2 — B be defined by ¢ = ® o). Then ¢ is completely positive and

P(A) = 2(h(A)) = (Pls(A)) = 2(p(A)) = p(A4)
for all A € S. Whence ¢ is a completely positive extension of ¢ with ||@|| = ||® oo < || @] ||¥] = llell. O

In the case that Iy € B the condition ||®|| = 1 can be removed from the above theorem by Theorem
3.18. The above theorem promotes us to make the following definition.

Definition 5.9. Let % C 2 be C*-algebras. A conditional expectation of 2 onto B is a completely positive
map ® : A — B such that ®|s = Idy and ||P|| = 1.

Thus Theorem 5.8 says that a C*-subalgebra B of B(H) is injective if and only if there exists a conditional
expectation of B(H) onto B.
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Remarks 5.10. Notice, by Theorem 4.4, that if & : 2 — B is a conditional expectation onto 6 then
®(B1XBs) = B1®(X)Bs for all By, By € B and X € B(H). Moreover, if 20 and B are unital C*-algebras,
then ®(Iy) = Is. Indeed as ® is completely positive of norm one, Iy < Iy, and ®|y = Ids, we must have

Iy = ®(Ip) < ®(Ia) < [[®(L2)|| [ = [
and thus ®(Iy) = Is.

One rather fortunate or unfortunate result of the above theorem depending on your point of view is the
following.

Corollary 5.11. Let B be an injective C*-algebra. Then B is unital.

Proof. Suppose B is an injective C*-algebra. By the GNS construction we may view 96 as a C*-subalgebra of
B(H). Since B is injective, there exists a completely positive map @ : B(H) — B such that ®|g = Idy and
[|®]] = 1. By Theorem 4.4 ®(B1 X By) = B1®(X)B; for all By, By € B and X € B(H). Let P := ®(Iy) € B.
We claim that P is a unit of 8. Indeed for all B € B

BP =9®(B)®(Iy) = ®(BIy) = ®(B) = B=®(IyB) = ®(Iy)®(B) = PB.
Whence B is unital. O

Our next example verifies that an important von Neumann algebra is not injective. The arguments used
are essential arguments for group von Neumann algebras and are a topic of discussion by themselves. Those
unfamiliar with group C*-algebras may skip the following example without loss.

Example 5.12. Let Fs be the free group on two generators. The von Neumann algebra L(F2) is not injective.
To see this we will show that there does not exist a completely positive map ® : B(¢3(Fs)) — L(F2) such
that ®[cs(r,) = Ido;(r,) Where C5(F2) C L(F3) is the reduced group C*-algebra. It suffices to prove the
non-existence of such a ® since if L(Fs) were injective then there would exists a conditional expectation
® : B(l3(F2)) — L(FF3) by Theorem 5.8.

Suppose exist a completely positive map ® : B(¢2(Fz2)) — L(F2) such that ®|cyw,) = Idc;(,). For
each A € (o (F2) define my € B(¢2(F2)) by mad, = A(g)d, for all g € Fy (where A(g) is the g™ entry of
A € U (F2) and ¢, € l5(F2) is the function that is one at g and zero elsewhere) and by extending by linearity.
Clearly m 4 is indeed a well-defined bounded operator. Define 7 : £oo (F2) — B(¢2(F2)) by m(A) = my4 for all
A € Loo(F3). Tt is trivial to verify that 7 is a unital *-homomorphism.

Let 7 : L(F2) — C be defined by 7(T') = (T6., d.) for all T' € Ly(F2) where e € Fo is the identity. It is
trivial to verify that 7(7°S) = 7(ST) for all S,T € L(FF3) (first verify this for T'= A(g) and S = A(h) where
g,h € Fy (where A(9)0x = 641, is the left-regular representation) and then use linearity and WOT-density
twice) and 7 is a positive linear functional.

Define p : oo (F2) — C by p(A) = 7(®(n(A))) for all A € £o(F2). Since p is the composition of positive
maps, i is a positive linear functional. Moreover

1o, my)) = T(R(7 (Lo (r,)))) = T(R(Ley(ry))) = T (m,)) =1

so p is a state on £ (F2). For each A € ¢ (F3) and g € Fy define g+ A € £ (F2) by (g- A)(h) = A(g~th).
We claim that p(g - A) = u(A) for all A € £(F3) and g € Fo. To see this we first notice that

Mg)m(A)A(9) ™ 0n = Ag)m(A)bg-11, = AMg)(A(g~ h)dg—11) = A(g~h)dn = (g - A)dn

for all h € Fo. Whence A(g)m(A)A(g)~! = n(g- A) for all A € £ (F3) and g € Fa. Since ®
and & is a completely positive map, Theorem 4.4 implies

D(A(9)TA(9)™") = M) ®(T)A(g)~"

o F) = Tdeg(g,)
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for all g € Fy and T' € B(¢»5(F2)) (as A(g) € C5(F2)). Using this and the fact that 7(7'S) = 7(ST) for all
S, T € L(Fs) we obtain that

g - A) = 7(@(n(g - A)) = T(2(A9)m(A)A(9) ™) = T(A9)R(m(A)A(9) ") = T(B(7(A))) = p(A)

as claimed.
We claim that such a p cannot possibly exists. To see this let @ and b be generators of Fy and consider
the sets

X, := {w € Fy | when written as a reduced word w starts with a* where k =i mod 2}
for + = 0,1 and
Y; := {w € Fy | when written as a reduced word w starts with b* where k = j mod 3}

for j = 0,1,2. Clearly Xy and X; are disjoint, Yy, Y7, and Y5 are pairwise disjoint, Xg = aX;, and
Yy = b2Y] = bYs. For a subset Z C Fy let xz € oo (F2) be the characteristic function of Z (that is xz(g) = 1
if g € Z and zero otherwise). Notice

L= p(le(ry)) = 1(Xx0) + plxx,) = pla- xx,) + plxx,) = 2p(xx,)

so pu(xx,) = . Similarly

1= pxve) + 100n) + 1(xva) = wlxve) + (b xvo) + (b - Xv,) = 3u(xv,)

so p(xy,) = % However X; C Yy (as reduced word in X; starts with a non-zero power of a) and thus
Xvs = Xx,. However p is positive and p(xy,) < u(xx,) which is impossible. Hence we have found our
contradiction so L(Fs) cannot possibly be injective.

Our next examples fall in the realm of von Neumann algebras. Again this section may be skipped without
loss to the reader that is not familiar with material in the following paragraph.

Remarks 5.13. Let 9t C B(#H) be a finite von Neumann algebra with H separable. Then there exists
a faithful normal trace 7 on M. Recall that we can give 9 an inner product by (x,y) = 7(y*x) (this is
an actual inner product as 7 is faithful). Let Lo(9%,7) be the completion of 9t with respect to this inner
product. Thus Lo (9, 7) is a Hilbert space. Notice that for all x € 99t the map M, : 9 — 9 defined by
M, (y) = zy is continuous with respect to the inner product norm as

2 ko 2 * 2 2
lzylly = r(y" 2 zy™) < [lz["7(y"y) = =" [yl
and thus extends to an element of B(Ly(9M), 7). Since
(M2)"y, 2) = (y,x2) = 7(z"2"y) = (27y, 2) = (Myry, 2)

and M, M, = M,,, for all z,y, z € M, the map 7 : M — B(L2(IM), 7) given by w(x) = M, is a *-isomorphism
so we can view 9 C B(L2 (9, 7)). Moreover 7(9M) is closed in the WOT and 7 is normal (ultraweakly
continuous).

Using Lo(9M) it is possible to show the following.

Theorem 5.14. Let H be a separable Hilbert space, let M C B(H) be a finite von Neumann algebra, let
7 be a faithful normal trace on M, and let M C M be a von Neumann subalgebra of IM with Isy € N.
Then there exists a unique trace-preserving conditional expectation Eg : U — M of M onto N (that is a
conditional expectation such that 7(z) = 7(En(z)) for all x € M). Specifically Ex(T) = PnT Py where Py
is the projection onto the subspace Lo(WM,T) of Lo(9, T) generated by M (which we can view as a subset of
Lo, 7) by above). Moreover Ey is normal.
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Thus we obtain the following.

Theorem 5.15. Let H be a separable Hilbert space, let MM C B(H) be an injective finite von Neumann
algebra, and let N be a von Neumann subalgebra of M such that Iyy € M. Then N is injective.

Proof. Let 9 C 9 be as above. Since M is injective, there exists a conditional expectation ® : B(H) — M
by Theorem 5.8. Therefore Ey o ® : B(H) — D is a conditional expectation so 91 is injective by Theorem
5.8. O

The following theorem is slightly technical. However this theorem is important.

Theorem 5.16. Let H be a separable Hilbert space, let 9 C B(H) be a finite von Neumann algebra, and
let T be a faithful normal trace on M. Suppose (N,)n>1 be an increasing family of injective von Neumann
subalgebras of M such that Iy € Ny, for all n > 1 and J,~; N is ultraweakly dense in M. Then M is
injective. B

Proof. Let (M,)n>1 be an increasing family of injective von Neumann subalgebras of 91 such that Ioy € 0N,
for all n > 1 and | J,,~; M, is ultraweakly dense in 9. By Theorem 5.14 there exists conditional expectations
E, : M — N, onto N, for all n € N. Since |J,,~; N, is ultraweakly dense in M, E,(T) — T ultraweakly
for all T € M (to see this recall that the conditional expectations F,, are defined by E,(z) = P,zP,
where P, is the orthogonal projection of Lo(9,7) onto La(M,, 7). Since (J,,~, N, is ultraweakly dense in
M, En(T) — T in the WOT on B(L2(9,7)) for all T € M (i.e. it is easy to show for all T,,, S, € N,
that (TT,,S,) = (PnTPnTy,Sy) for all m > n and T € M. Then, since |J,,~; N, is ultraweak dense
in M, U,;>1 N € La(M, 7) is dense and thus we obtain the result by taking limits). Since the WOT on
B(La(9, 7)) and ultraweak topology agree on bounded sets, we obtain the desired result).

Since M, is injective for all n € N, E,, extend to unital completely positive maps ¢, : B(H) — ,.
Therefore (1,)n>1 is a sequence in CP1(B(H), H). Since this set is compact in the BW topology by Theorem
4.19, there exists a completely positive map ¥ : B(H) — 9 such that ||¥] < 1 and ¢, (T) — ¥(T) in
the ultraweak topology for all T € B(H) (where ny represents a subnet). Since 9 is ultraweakly closed
and since ¥, (T) € M for all A and T € B(H), U(T) € M for all T € B(H). Lastly if T € 9 then
Y, (T) = En, (T) — T in the ultraweak topology. Whence U(T) = T for all T € 9t so ¥ is a conditional
expectation of B(#H) onto 9. Whence 9 is injective by Theorem 5.8. O

There is one last von Neumann algebra we desire to consider; the hyperfinite II; factor (denoted JR) which
is the WOT-closure of a particular faithful representation of a particular approximately finite dimensional
C*-algebra. It turns out R is a very important von Neumann algebra.

Corollary 5.17. The hyperfinite I, factor R is injective.

Proof. Recall R is the increasing limit of finite dimensional C*-algebras (and thus von Neumann algebras)
{4, }n>1 such that Iy € A, and |J,,~, A, is ultraweakly dense in JR. Since finite dimensional C*-algebras
are injective by Example 5.6, 2R is injective by Theorem 5.16. O

Next we leave injective C*-algebras and consider a completely different application of completely positive
maps. We begin with a definition.

Definition 5.18. A C*-algebra 2 is said to be nuclear if there exists a net of natural numbers (ny)a
and nets of contractive, completely positive maps ¢y : A — My, (C) and ¢y : M,, (C) — 2A such that
limy ||A — ¥a(oa(A))]] = 0 for every A € 2.

For those familiar with tensor products of C*-algebras and the definition of a nuclear C*-algebra with
respect to tensors, the two notions agree although this will not be shown here. We begin with a few examples
after proving an equivalent definition.
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Proposition 5.19. Suppose 2 is a C*-algebra such that there exists a net of finite dimensional C*-algebras
Ay and nets of contractive, completely positive maps @y : A — Ay and ¥y : Ay — A such that

lim |4 — i (pa(4))] = 0

for every A € A. Then A is nuclear.

Proof. Since 2y is a finite dimensional C*-algebra for every A there exists ny € N such that %) C M, (C).
Therefore ¢y can be viewed as a map with codomain M,,, (C).

Since 2 is a finite dimensional C*-algebra, Example 5.6 implies that 2( is injective. Thus the identity
map Idy, : An — Ay extends to a completely positive map Ey : M, (C) — 2, such that F\(A) = A for
all A € Ay and || Ey|| = 1. Define ¢} : M,,, (C) — 2 by ¥} = ¢ o E\. Thus ¢}, is a contractive, completely
positive map.

We claim that limy ||A — ¢} (px(A))|| = 0 for every A € A (which then implies 2 is nuclear). However,
since F\(A) = A for all A € 2y and ¢x(A) € Ax, Y\ (pr(A)) = ¥a(or(A)). Whence the result follows as
limy ||A — ¥a(ea(A))]| = 0 for every A € 2. O

Example 5.20. Finite dimensional C*-algebras are clearly nuclear by the above result.

Example 5.21. Recall that a C*-algebra 2 is said to be approximately finite dimensional if there exists an
increasing sequence of finite dimensional C*-subalgebras 2, of 2 such that 2 = {J,,~; ™,. For example the
compact operators on a separable Hilbert space are approximately finite dimensional.

Every approximately finite dimensional C*-algebra is nuclear. To see this let 2 be approximately finite
dimensional. Then there exists an increasing sequence of finite dimensional C*-subalgebras 2l,, of 2l such
that A = (J,,», ™A. Since each 2, is a finite dimensional C*-algebra, Example 5.6 implies that each 2, is
injective. Thus the identity map I ds,, A, = A, extends to a completely positive map ¢, : A — 2, such
that ¢, (A) = A for all A € A, and ||¢,|| = 1. Define ¢, : A, — A to be the inclusion map. Clearly v is
completely positive and contractive.

We claim that lim,, o [|A — ¥ (pn(A))]| =0 for all A € A. If A € AN, for some m € N then A € 2,
for all n > m so that ¢,(A) = A for all n > m. Whence ¢, (¢n(A4)) = ¥ (A) = A for all n > m. Thus
the claim is true for all A € |J,,~; An. Now suppose A € 2 is arbitrary and € > 0. Then there exists a
B e, >, 2, such that [|[A — B|| < e. Whence

timsup | A = 1, (pu ()| < limsup |4 = B + 1B = via(pu(B)I + [inon(B — )]
< tmsupe + 1B = b (B + [all [l 18 - A|

n—oo

< limsup 2e + || B — ¥y, (¢n(B))|| = 2e.
n—oo

Thus, as this holds for all € > 0, lim,,_,o0 [|A — ¥n(©n(A4))]] = 0 as desired. Whence 2 is nuclear.

Example 5.22. If X is a compact Hausdorff space then C(X) is nuclear. Indeed for every finite subset
F C C(X) and € > 0 we will construct unital, completely positive maps ¢z : C(X) — C"*#9 and
Y(F,e  C"Fo — C(X) such that Hf YF.o e, 6) H < e for all f € F. The result will follow by
taking the ordering (F,e) < (F',¢) if F C F and € <e.

The idea behind constructing these maps is the partition of unity argument along with the approximation
argument used in Proposition 2.23. Fix F C C'(X) finite and € > 0. For each z € X there is an open subset
U, of X such that if y € U, then |f(z) — f(y)| < e for all f € F. Since X = J,cx U, and X is compact,
there exists a finite subset {z1,..., 2, } C X so that X = Uiy U,,. Define ©F,e  C(X) = C'&o by
oF.of) = (f(z1),..., f(xn(F_ﬂ)) for all f € C(X). Since point evaluatlons are positive linear functionals
and thus completely positive maps, Lemma 5.3 implies that ¢(r ) is a completely positive map. Clearly
©(F,e) is unital and therefore contractive.

Since X = ;"7 U,,, Theorem 2.22 implies that there exists {g;}. ;" C C(X, [0,1]) such that g; > 0,

gi(x;) =1, Zn(f g = 1 and g;ly; = 0. Since the map z € C— zg € C(X) is positive when g is positive,
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the map ¢, ., : C"F9 — C(X) defined by ¥n ., ((a1,. .. 0, ) = ST aig; is the sum of positive
maps and thus is positive. By Corollary 3.14, ¢y, . , is automatically completely positive as its range is
abelian. Clearly ¢, , is unital and thus contractive.

Lastly we notice that ¢, . (on-., (f)) = ST f(ai)g; for all f € C(X). Whence if f € Fand 2 € X

(F,e)

|F(@) = i o (P (D) (@)] = Zjﬁhﬁfﬂmnm@)
T(F,e)

Z f(2) = f(x)]gi(x)

T(F,e)

Z €gi(x) =€

i=1

IN

where line 2 to 3 comes from the fact that if g;(x) # 0 then « € Uy, so |f(z) — f(x;)| < € (see Proposition
2.23 if more detail are needed). Thus

1f = Ynge © ‘Pw,e)(f)Hm <€
for all f € F as desired.

In Examples 5.21 and 5.22, it is easy to see that the contractive, completely positive maps implementing
the nuclearity of 2 can be chosen to be unital when 2 is unital. It is useful for technical purposes to
demonstrate this fact for all unital, nuclear C*-algebras. The proof of this fact will be demonstrated in
Proposition 5.24 after the following technical lemma.

Lemma 5.23. Let 2 be a unital C*-algebra and let ¢ : A — M, (C) be a completely positive map. Then
there exists a unital, completely positive map ¢ : A — M, (C) such that

B(A) = P(La) 2 p(A) (L)

=

for all A € 2.

Proof. Since @ is a completely positive map, @(Iy) > 0 so G(Iy)? makes sense. In the case that G(Iy) is an
invertible element in M,,(C), it is clear that if we define ¢ : A — M,,(C) by

0(A) = G(1a) "2 G(A)P(In)

for all A € A, then ¢ is a completely positive map being the conjugate of a completely positive map by
a self-adjoint operator. Moreover, it is clear that ¢(Iy) = I,, and that the conclusion of the lemma holds.
Hence the result is complete in the case that ¢(Igy) is an invertible element in M,,(C).

Suppose @(Iy) is not an invertible element in M,,(C) and let P be the projection onto the orthogonal
complement of the kernel of ¢(Iy). Since $(A) < G(Iy) for all A € A such that 0 < A < Iy, it is easy to see
that

¢(A) = Pe(A) = p(A)P

for all A € 2 such that 0 < A < Iy. By taking linear combinations, we obtain that the above equation holds
for all A € 2. Thus the range of ¢ commutes with P and @(A)(I,, — P) = 0= (I,, — P)@(A) for all A € 2.

Define ¢g : A — PM,(C)P by ¢o(A) = PH(A)P for all A € A. Therefore @g(Iy) is invertible in
PM,,(C)P. Since PM,,(C)P ~ M;,(C) where k is the dimension of the range of P, by the first part of the
proof there exists a unital, completely positive map ¢q : A — PM,,(C)P such that

N|=

Go(A) = Go(Ia) po(A)@o(In)

for all A € .
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Let ¢ : 2 — C be any state on 2l and define ¢ : A — M,,(C) by

p(A) = vo(A) + (In — P)¢(A)

for all A € . Since the range of ¢q is orthogonal to I, — P, it is easy to view ¢ as the direct sum of
completely positive maps and thus is a completely positive map. Moreover we notice that

e(In) = eo(Ia) + (In = P)o(Ia) = P + (I, — P) = I,

S0 ¢ is a unital, completely positive map. Moreover, since @(A)(I,, — P) = 0= (I, — P)@¢(A) for all A € 2,
we obtain that

for all A € A as desired. O

Proposition 5.24. Let 2 be a unital, nuclear C*-algebra. Then there exists a net of natural numbers
(nx)a and nets of unital, completely positive maps px : A — My, (C) and ¥y : M, (C) — A such that
limy [|A — ¥a(ex(A))]| =0 for every A € 2.

Proof. Since 2 is nuclear, there exists a net of natural numbers (n))a and nets of contractive, completely
positive maps @y : 2 — M, (C) and ¥ : M, (C) — 2 such that limy HA - JJA(QBA(A))H = 0 for every

A € 2. By Lemma 5.23 for each A € A there exists a unital, completely positive map ¢y : A — M, (C)
such that

[N

PA(A) = &aLa) 2o (A) o (L)
for all A € 2. Thus it remains to correct the maps ty.
Since limy ng[ - 77/;,\(<,5,\(Ig[))H = 0, we obtain for sufficiently large A that (@ (Iy)) is an invertible

element of 2. Moreover, by a simple application of the Continuous Functional Calculus for Normal Operators,
we obtain that R .
11/1;11 HIQ[ — ’(/J)\(ga)\(_[m))_é =0.

For each A € A sufficiently large, define ¥y : M,,, (C) — 2 by

UA(T) = Ox(@rT2) "2 Px (G2 L) 2 TGx (1) 2 ) (22 (L)) "2

for all T' € M, (C). Then ) is a completely positive map being the composition of a conjugation map
(which is completely positive) by a self-adjoint operator followed by the composition of a completely positive
map followed by the composition of another conjugation map (which is completely positive). Moreover we
notice that

(L) = Ox(Gx(I2) 20 (Bx (Ta) 2@ (Ta) T )a (@2 (I0)) "% = Iy

so each 1) is a unital, completely positive map. Finally we notice for all A € 2 that

Yalpa(4))

@ @r
iy
"Gz
/\
v
\—/
N\H w\»—A

e or(4)2x (I
“Hy ot

However, since

lilr\n Hfm — Pa(@a(In)) 2| = 0.

and since limp HA — z/;,\(@)\(A))H =0 for every A € 2, we easily obtain that

lim |4 — ga(oa(4))]] = 0

as desired. O
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In general C*-subalgebras of nuclear C*-algebras need not be nuclear. However the following result says
we are not too far off.

Proposition 5.25. Let 2 be a nuclear C*-algebra and let B be a C*-subalgebra of /A such that there exists
a conditional expectation @ : A — B. Then B is nuclear.

Proof. Let ¢y : A — M, (C) and ¢y : M, (C) — 2 by contractive, completely positive maps such that
lima [|[A — ¥a(pa(A))|| = 0 for every A € A. Let ¢\ : B — M, (C) and ¢} : M, (C) — B be defined by
o\ = pals and Y§ = @ oy, Clearly ¢, and ¢ are contractive, completely positive maps. Moreover for all
Be®

lim 4 (¢4(B)) = lim @(x (9 (B))) = B(B) = B.
Thus B is nuclear. O

The following is our easiest example of a C*-algebra that is not nuclear. It will make use of reduced group
C*-algebras and the proof given in Example 5.12. Those unfamiliar with group C*-algebras may again skip
this example without loss.

Example 5.26. Let Fy be the free group on two generators. The reduced group C*-algebra C(F2) is not
nuclear. To begin we recall that Example 5.12 showed that there does not exist a completely positive map
@ : B(€2(F2)) — L(F2) such that ®[c;(r,) = Idcs(r,). We will show that if C}(F2) were nuclear then such a
® must exists and thus obtain a contradiction.

Suppose C} () is nuclear. Then there exists nets of contractive, completely positive maps ¢, : C5(F2) —
M, (C) and 9o : My, (C) — C5(F2) such that lim, [|A — ¥ (pa(A))|| = 0 for every A € C5(F2). Since each
M., (C) is injective, there exists contractive, completely positive maps ¢/, : B(¢2(F2)) — M, (C) extending
©a- Then (1ha0¢)) A is anet of contractive, completely positive maps from B(¢2(Fs)) to B(¢2(F3)). Therefore,
by Theorem 4.19, (¢4 o ¢! )a has a contractive, completely positive map @ : B({3(F2)) — B(¢2(F3)) as a
cluster point in the BW topology.

We claim that ® maps into L(Fs2). To see this we notice (14 © ¢, )a is a bounded net and thus for all
T € B(¢2(F2)) ®(T') is the WOT-limit of a subnet of ¢, (¢, (T)) by Proposition 4.17. However 1, (¢, (T)) €
C%(F2) for all « so that ®(T) € C;(Fg)WOT = L(F3) as desired.

Lastly, if T € C5(F) then ®(T) is the WOT-limit of a subnet of ¥ (¢, (T)). However ¢, (¢, (T)) =
Ya(pa(T)) converges to T in norm and thus ®(T") = T as desired. Whence we have constructed an impossible
map ®. Thus C5(F2) cannot be nuclear.

Note that the above proof can also be used to show that L(F2) is not a nuclear C*-algebra. However
there is another notion of nuclearity for von Neumann algebras that is better.

Definition 5.27. A von Neumann algebra 91 is said to be semidiscrete if there exists a net of natural numbers
(nx)a and nets of contractive, completely positive maps ¢y : M — M, (C) and ¥y : M,, (C) — 9 such
that ¥ (pA(T)) converges to T in the ultraweak topology for every T € 9.

Since the elements ¥y (¢ (7)) in the above definition are bounded over all A, concluding that ¥y (oA (T))
converges to T in the ultraweak topology is the same as saying ¥x(ox(T)) converges to T in the WOT
whenever 9 is a von Neumann subalgebra of some B(H).

Our first result is the the following which is very similar to the proof given in Example 5.26.

Proposition 5.28. Fvery semidiscrete von Neumann algebra is injective.

Proof. Let M C B(H) be a semidiscrete von Neumann algebra. Then there exists nets of contractive,
completely positive maps ¢, : M — M,,_(C) and 9, : M, (C) — M such that ¢4 (pa(T)) converges to
T ultraweakly for every T' € 9. Since each M, is injective, there exists contractive, completely positive
maps ¢, : B(H) = M, extending ¢,. Then (¢, o ¢!, ) is a net of contractive, completely positive maps
from B(H) to B(H). Therefore, by Theorem 4.19, (1, o ¢}, )a has a contractive, completely positive map
® : B(H) — B(H) as a cluster point in the BW topology.
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We claim that ® maps into 9. To see this, we notice (1, o ©),)a is a bounded net and thus for all

T € B(H) ®(T) is the WOT-limit of a subnet of ¥, (¢, (T)) by Proposition 4.17. However ¢, (. (T)) € M

for all a so that ®(T) € 2" = 9 as desired.

Lastly, if T' € 99t then ®(T") is the WOT-limit of a subnet of ¥, (¢, (T)). However ¥, (%, (T)) = ¥a(pa(T))
converges to T in norm and thus ®(T") = T as desired. Thus ® is a conditional expectation of B(#) onto 9
and thus 901 is injective by Theorem 5.8. O

It turns out that the converse of the above theorem is true although this is extremely difficult to prove.
Using Example 5.12 we obtain the following.

Corollary 5.29. Let Fo be the free group on two generators. Then L(F3) is not semidiscrete.

To obtain an example of a semidiscrete von Neumann algebra (without using the fact that every injective
von Neumann algebra is semidiscrete) we consider the proof of Theorem 5.16. Again, those unfamiliar with
the hyperfinite II; factor may skip the following without loss.

Theorem 5.30. The hyperfinite II; factor R is semidiscrete.

Proof. Let (,,)n>1 be an increasing family of finite dimensional C*-algebras such that Ix € 9, for all
n>1,M, ~ My (C), and {J,~; My is ultraweakly dense in M. Since R has a faithful trace, there exists
conditional expectations ¢, : R — N,, onto N, for all n € N. Since U,s1 My is ultraweakly dense in fR,
on(T) — T ultraweakly for all T" € 91 (to see this recall that the conditional expectations E,, are defined
by E,(z) = P,xP, where P, is the orthogonal projection of Lo(R,7) onto La(M,, 7). Since |J,,~; Ny is
ultraweakly dense in R, E,,(T) — T in the WOT on B(Ly(R, 7)) for all T € R (i.e. it is easy to show for all
Ty, Sn € M, that (TT,,,S,) = (P TP,Ty, Sy,) for all m > n and T € R. Then, since | J,,~; Ny, is ultraweak
dense in R, J,,~; Mn C La(R, 7) is dense and thus we obtain the result by taking limits). Since the WOT
on B(L2(R, 7)) and ultraweak topology agree on bounded sets, we obtain the desired result).

Define v, : 91,, — R to be the inclusion map. Since M, ~ Mon (C) for all n and ¥, (0n(T)) = ©n(T) = T

ultraweakly for all T € R, R is semidiscrete as desired. O
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6 Liftings of Completely Positive Maps

In this chapter we will briefly examine the problem of when a completely positive map into a quotient
C*-algebra may be lifted to a completely positive map. In particular, Theorem 6.4 will demonstrate that
every unital, completely positive map from a unital, nuclear C*-algebra (as described in Chapter 5) into a
unital quotient C*-algebra can be lifted to a completely positive map. To prove this fact, we need only two
technical results that are interesting by themselves.

To begin the first technical result, we make the following definition.

Definition 6.1. Let £(X,%)) be the set of all linear maps from a separable Banach space X to a Banach
space 2). The point-norm topology on £(X,%)) is the topology such that a sequence (¥,),>1 in £(%X,9)
converges to ¥ € L(X,9)) if and only if lim,, o, [|¥(z) — ¥, (z)]| = 0 for all z € X.

In the above definition, we insist that X is separable so that we can consider sequences. Thus we can
prove the following result.

Lemma 6.2. Let J be an ideal in a unital C*-algebra B and let S be a separable operator system. The set
of contractive, completely positive maps from S into B/J with a contractive, completely positive lifting to B
is closed in the point-norm topology on all bounded linear maps from S into B/J. Thus the set of unital,
completely positive maps from S into B/J with a unital, completely positive lifting to B is closed in the
point-norm topology on all bounded linear maps from S into B/J.

Proof. Let q : B — B/J be the canonical quotient map. Let ¢ : & — B/J be a bounded linear map
such that there exists contractive (unital), completely positive maps ¢/, : S — 9B such that (g o ¢} )n>1
converges to ¢ in the point-norm topology. Clearly this implies ¢ is completely positive and contractive
(unital). Let {Ag}r>1 be a dense subset of S. Therefore, by passing to a subsequence, we may assume that
a4, (40)) — (AWl < 2 for all k < n.

We claim that it suffices to construct a sequence 1, : S — B of contractive (unital), completely positive
maps such that [¢(vn(Ar)) — @(Ak)|| < 3= for all k < n and ||¢n41(Ak) — Yn(Ap)|| < g7 forall k <n—1.
If such a sequence exists, then it is clear that (¢,(Ax))n>1 is a Cauchy sequence for all k € N and thus, as
{Ai}r>1 is a dense subset of S, ¥(A) := limg_,00 ¥ (A) exists for all A € S. Clearly ¢ will be a contractive
(unital), completely positive map (being the point-norm limit of contractive (unital), completely positive
maps) and, since [|q(v, (Ax)) — @(Ar)|| < 5= for all k > 1, q(1(Ax)) = @(Ay) for all k € N. Therefore, by
density, g o ¢ = ¢ as desired.

To construct such a sequence, we proceed by induction. Let 11 := 1]. Suppose we have constructed
Un + S — B such that [|g(vn(Ar)) — o(Ar)| < 5= for all k < n and [|vy, (Ar) — Yp—1(Ar)| < 37— for all
k <n—1. Let (E\)a be a quasicentral C*-bounded approximate identity for J in 8. Then

lim || (7 = Bx) 0 (A) (T — En)¥ + B 9u(A)E} — n(4)| =0
for all A € S, and, if By := 1], 1(Ax) — ¥n(Ag), then

. 1 1 2
11/{11 H(Isg —E)\)2Br(Is — Ey)2|| = HQ(BIC)H < on

if k¥ < n. Hence there exists an F := E), € J so that

H(I‘B - E)%i/}n(Ak)(I‘B - E)% + E%wn(Ak)E% - ¢n(Ak)" < 27,%

for all k <n+ 1 and H(I% — E)}By(Is — E)# || < 2+ for all k < n. Define th,41: S — B by

N|=

Yni1(A) = (Is — E)2), 1 (A) (I — E)* + B3, (A)E
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for all A € §. Clearly 9,41 is a completely positive map. In the contractive case, to see that 1,41 is
contractive we note that 1], and 1), are contractive maps and (Is — E) 4+ E = Is 50 ||[{n41(Is)|| < 1. In
the unital case, to see that 1,41 is unital we note that 1}, ; and ¢, are unital maps and (Iy — E)+E = Iy
s0 Ynt1(ls) = I. To see that 1,41 has the desired properties, we notice that g o ¢y 41 = g o1, so
llq(¥n(Ar)) — p(Ar)|| < 5% for all k < n + 1. Moreover

on

[¥n41(Ar) = ¥n(Ar)|l

IN

g + || (7 = €)1l (A)(In — B)E = (T — E) ¥ (An) (I — B)}
gt + 1Bill < 5=z
for all £ < n as desired. O

To complete the proof of Theorem 6.4, we will use Lemma 6.2 and the following lemma that shows that
algebraic liftings of unital, completely positive maps from matrix algebras can be taken to be positive.

Lemma 6.3. Let B be a unital C*-algebra, let ¢ : M,,(C) — B be a linear map, and let {E; ;}7';_; denote
the standard matriz units for M, (C). Then the following are equivalent:

1. ¢ is completely positive.

2. @ 1is n-positive.

3. [p(E; ;)] is positive in M, (B).

Proof. 1t is clear that (1) implies (2). To see that (2) implies (3), we notice that [E; ;] € M,(M,(C)) is
self-adjoint (as [E; ;|* = [E]*Z} = [E;;]) and [E; ;> = > i_, EixExj] = n[Ei;]. Hence 22 —nz = 0 on
o([F;;]) and thus o([E; ;]) € {0,n}. Hence [E; ;] is positive. Therefore, since ¢ is n-positive, ¢([FE; ;]) is
positive in M, (B).

Suppose (3) holds. Let k € N be arbitrary. Without loss of generality we may assume %6 C B(H) for some
Hilbert space H. To show that ¢ is k-positive, let A,..., A € M,,(C) be arbitrary. Since A, € M,,(C),
there exists a; ;s € C (s € {1,...k}, 4,5 € {1,...n}) such that Ay = 37", a;;sE; ;. Thus, a simple
computation shows that

n n n
* - -
Ai Aj = E al,m,iEm,l § as,t,jEs,t = § al,m,ial,t,jEm,t‘

l,m=1 s,t=1 l,m,t=1

Fix h = (h1,ha, ..., hg) € HOF and let z;,, := Z?Zl apmih; € H for I,m ={1,...n}. Then

k k n
> e Ai ANk by = > > (@it Bm.e)hj, hi)
ij—=1 ij=11,m,t=1

k n

= Z Z (p(Em,t)are, i, arm,ihi)

i,5=11,m,t=1

k n
= Z Z (O(Em,t)T1t, arm,ihi)
i=1 Lm,t=1
= Z <90(E7n,t)xl,t; xl,m>
l,m,t=1
= Z (P(Erm, )T, T1m)-
=1 m,t=1

However, [p(E; ;)] is positive in M,,(B) and hence 3 7\ (@(Em )16, Tim) = (d(n)([Em,t])w, ) > 0 where

x = (211,...,%1n) € H". Hence, since the sum of positive numbers is positive, ijd(go(A;‘Aj)hj, hi) > 0.

Hence ¢ is k-positive and, as k € N was arbitrary, ¢ is completely positive as desired. O
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Theorem 6.4. Let A be a unital, separable, nuclear C*-algebra, let B be a unital C*-algebra, let J be an
ideal of B, and let q : B — B/J be the canonical quotient map. Then for every unital, completely positive
map ¢ : A — B/J there exists a unital, completely positive map @ : A — B such that go D = .

Proof. Let ¢ : 2 — B/J be a unital, completely positive map. Since 2 is separable, Lemma 6.2 implies that
the set of unital, completely positive maps from 2 into B/J that have liftings is closed in the point-norm
topology. Thus it suffices to show that ¢ is a point-norm limit of unital, completely positive maps into
$B/J with unital, completely positive liftings. Since 2l is unital and nuclear, Proposition 5.24 implies that
¢ is a point-norm limit of unital completely positive maps of the form v o ¢ where ¢ : A — M,,(C) and
P : Mp(C) — B/J are unital, completely positive maps. If we can show that ¢ has a lifting to a unital,
completely positive map, then 1 o ¢ has a lifting to a unital, completely positive map and thus we are done
by Lemma 6.2.

To see that 1 has a completely positive lifting, let {Ei,j}%:l denote the standard matrix units for
M,,(C). Note that [¢(E; ;)] € My(B/J) ~ My(B)/M,(J) is positive. Therefore, standard functional
calculus results imply that there exists a positive matrix [B; ;] € M,,(B) such that ¢,([B;;]) = [¢(E:;)]-
Define ¥ : M,,(C) — B by ¥([a;;]) = szzl a; jB; ; for all [a; ;] € M,(C). Clearly ¥ is a linear map.
Notice that ¥, ([E; ;]) = [Bi,;] > 0 so ¥ is a completely positive map by Lemma 6.3. Moreover

g(O(ai)) =q | D aiBiy | = Y aije(Eij) = ¢(lai])

4,J=1 4,j=1

so U is a lifting of 1.

However, ¥ need not be unital. To fix this, we notice that ¢(¥(I,)) = ¥(I,) = Ip;3. Since ¥(I,) is
self-adjoint, ¥(I,) = I + A where A € Jg,. Using the Continuous Functional Calculus, write A = Ay — A_
where A;,A_ € J4 are such that AL A_ = 0. Let f: M,(C) — C be any state on M,,(C) and define
T M, (C)) — B by

W(T) = (Ip + Ay) "2 (U(T) + f(T)A_)(Is + A1) "2

for all T € M,,(C)). Clearly
V(L) = (I + A) 2 (U(I) + A ) (I + Ay) 72 = (Is + Ay) 2 (I + Ay ) (I + Ay) 7% = Iy

so U’ is a unital, completely positive map (completely positive being the sum of completely positive maps
1

as the sum of positive operators is positive). Since ¢ ((LB +AL) 5) = I3 /3 and

q(¥(T) + f(T)A-) = q(¥(T)) = ¢(T)

for all T € M,,(C), ¥ is the desired unital, completely positive lifting of ). O
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7 Wittstock’s Theorem

So far we have mainly studied completely positive maps and have ignored completely bounded maps except
in the basic theory where the two notions went hand-in-hand. The purpose of this chapter is to develop some
important results pertaining to completely bounded maps. Recall that every continuous linear functional on
a C*-algebra is completely bounded. Moreover it is possible to show that if ¢ : % — C is a continuous linear
functional then there exists a Hilbert space H, *-homomorphism 7 : 2 — B(#), and vectors &,n € H with
€N Im]l = |l such that p(A) = (w(A)E, n). We will develop a similar theorem for completely bounded maps
which will be very similar to Stinespring’s Theorem. In particular, to prove this theorem we will show that
if ¢ : Ay — B is a completely bounded map, then there exists a completely positive map ® : Ay — Mo (B)
such that ¢ is the (1, 2)-entry of this map. This will enable us to show that every completely bounded map
(and thus every continuous linear functional) is the linear combination of four completely positive maps and
that every completely bounded map can be extended to a completely bounded map with the same completely
bounded norm.
To begin it helps to develop the ‘canonical shuffle’ and ‘scalar matrices’.

Remarks 7.1. Let 2 be a C*-algebra and consider [[A; ;k.clijlke € Mn(My () where [[Aijk.elijlk.e
means the element of M, (M,,(2)) whose (k,£)""-matrix entry is the n x n matrix whose (i, j)*"-entry is
A; j k. Notice that M, (M, (A)) ~ My, () so we can view [[A; j k.¢lijlk.e as an element of M., (A). By
conjugating [[A; j k¢lij]k,e by a permutation matrix in My, () (which is a unitary matrix) we can obtain
the matrix [[A; j kelk.eli,; € Mm(M,(2)). This operation is called the canonical shuffle.

Since conjugating by a unitary preserves positivity and norms, we see that [[A; ; k.¢]i,j]k ¢ is positive if and
only if [[Ai j k.elk.eli,; is positive and ||[[As jk.e)i,jlk.ell = |[[Ai.jk.e]k.e)i,j]]- Whence we can use the canonical
shuffle to aid us when dealing with matrix algebras of matrix algebras.

For an example of the use of the canonical shuffle, we first present the following result that provides
information about the completely bounded norm of an operator into a matrix algebra.

Proposition 7.2. Let M be an operator space and let ¢ : M — M,,(C) be bounded. Then ||¢||., < n |-

Proof. Let {E; ;}7;_; be the canonical matrix units of M,,(C) and for each A € M write

4,J=1

where ¢; j : M — C are continuous linear functionals. This is possible since ¢ is linear and continuous in
each component by Lemma 1.23. Using the matrix units F; ;, we notice that E; y¢(A)E,, is the matrix
with ¢ ¢(A) in the first entry and zeros elsewhere. Thus

[6r,e(A)| = [E1xd(A) Eeall < [[Ev il [|o(A 1 Eeall = [[o(A)]l

for all A € 2. Thus ||¢; ;| < ||¢[. Moreover, since each ¢; ; is a continuous linear functional, ||¢; ;| =
llos.51l < ||¢]l by Proposition 3.8.
Fix m € N and suppose X = [4; ;] € M,(M). By performing the canonical shuffle on ¢(,,) (X), ¢(m) (X)

becomes 27y (645)om) (X) @ By . Hence [l (X)]| = || 231 (91,5) ) (X) @ Ei||- Hence, by Lemma 1.23,

(| émy(X)]| < (Z H(@',j)(m)(X)Hz
ij=1
< (Z 11(.5) o || 1 X112
ij=1
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< | X el 1x1®

4,j=1

= n ol Xl

However, this holds for all X = [A4; ;] € M,(M) so |¢],, < n|¢|. Hence, as this holds for all m € N,
lo]lp < 1@ as desired. O

Now that we have developed the canonical shuffle, we may continue our study of completely bounded
maps. We begin with the following observation.

Remarks 7.3. Suppose 2 is a unital C*-algebra. Then we may define a *-homomorphism 7 : M,,(C) —
M, () by 7([evs,5]) = [ov,5Ia]. Clearly 7 is a *-homomorphism so the range of 7 is a C*-subalgebra of M,, ().
The C*-subalgebra m(M,,(C)) is known as the scalar matrices of M,,(2). As 7 is a *-homomorphism, the
scalar matrices of M,,(2() behave in an identical way to matrices in M,,(C) with regards to norms, positivity,
invertibility, and functional calculus.

Our first result will give us the ability to take a contractive, completely bounded map and obtain a
completely positive map. The following theorem is essential to the remainder of the chapter.

Theorem 7.4. Let 2 and B be unital C*-algebras, let M be a subspace of A, and let p : M — B be a linear
map. Define an operator system Spy C Ma(21) by

_ My A
SM_H B ufm] |>\,ueC,A7BeM}

(5 A D[ 521

If [¢ll o < 1 then ® is completely positive.

and @ : Spp — Mo(B) by

Proof. The idea of this proof is to use Lemma 3.19 and the canonical shuffle to show that & is completely
positive. Fix an arbitrary n € N, let [S; ;| € M, (Sp), and write

g . — [ Nigla Aij }
ij Bij i Ty

Since Mo (Saq) is a subspace of M, (M2(2l)), we may perform the canonical shuffle to view [S; ;] as an
element of Ma(M,,(2()). In this form, we can write

sal=| 5 2] ®

where H := [\; jIn], K = [p; jIu], A :=[A;;], and B := [B, ;] are elements of M,,(2l). If we apply a similar
process to ®(,,)([S;,;]), we obtain that

vl = |, my PRV ] e

where H' := [\; jIn] and K’ := [u; jIs] are elements of M,,(B). Therefore to show that ® is completely
positive it suffices to show that if (%) is positive then (xx) is positive.

Suppose that (x) is positive. We notice that if (x) is positive then A = B in order for (x) to be self-
adjoint. Whence (xx) is self-adjoint. Moreover H and K must be positive elements by Lemma 3.17 part
(3). Therefore H' and K’ are also positive as H and K are scalar matrices (see Remarks 7.3). To show that
) ([Ss,5]) is positive we need to apply a small trick so we may assume that A and K are invertible.
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Let € > 0 and consider He = elpg, () + H, Ke = elpq, ) + K, H, := elpq, 3y + H', and K] :=
€lpm, 3y +K'. Since H, K, H', and K’ are positive scalar matrices, H., K., H/, and K are invertible scalar

_1 _1
matrices. Thus we can consider the scalar matrices H, 2, K. %, (H!)"2, and (K!)~2 to obtain that

1 1 1 1
IMn(Ql) H, 2AK, *? | He? 0 [ H A :| H, ? 0
_1 _1 - _1 * _1
KCZA'HZ® Iy, 0 K. |LA K 0 K.®
is a positive matrix since the matrix on the right is a conjugation the positive matrix ely,, 2y + (*). Thus

1 1 11
Lemma 3.19 part (2) implies that ||H. > AK. *|| < 1. Moreover, since ¢, is linear and He *, K¢ 2, (Hé)—%7

and (K, é)*% are scalar matrices, a simple computation shows that

_1 _1
Gy (He PAKS?) = (HL) ™% gy (A)(KL) 77
Therefore

‘I)(n)([si,j]) + €Ly, ()
T
_ [ (H): 0 ]

IMn(%) @(7L)(H;§AK;§)
0 (D! gk

{ (H): 0
On)(He > AK: %) I, ()

0 (K)):

Since ||¢||., < 1,

H;%AK;%H < 1 implies that Hga(n)(H;%AK;%) ‘ < 1. Therefore, by Lemma 3.19 part
(1), the middle matrix on the right hand side is positive. Consequently the matrix on the left hand side
is positive. Whence o (®,([Si,;])) N (=00, —€) = 0 for all € > 0 so that ®(,)([S;;]) is positive. Thus ® is
completely positive. O

With the above theorem and the Arveson Extension Theorem it is not difficult to show that completely
bounded maps may be extended to completely bounded maps.

Theorem 7.5 (Wittstock’s Extension Theorem). Let 2 be a unital C*-algebra, let M be a subspace of A, and
let ¢ : M — B(H) be a completely bounded map. Then there exists a completely bounded map ¢ : A — B(H)
such that ¥y = and [[¢[| ¢, = [lllcp-

Proof. To prove this result we will take the completely positive map obtained in Theorem 7.4 and extend it
to a completely positive map by Arveson’s Extension Theorem. Then, using an application of Lemma 1.23
and the canonical shuffle, we will show that the (1,2)-entry of this completely positive map is the desired
completely bounded extension of .

If ¢ = 0 then the result is trivial. Otherwise we may scale ¢ so that ||¢||, = 1 as it is easy to check that
llapll,, = lalll¢ll, for all @ € C. Let Spq and @ be as in Theorem 7.4. Since [|¢l|, = 1, ® is completely
positive and unital so |®|| = 1. By the Arveson Extension Theorem there exists a completely positive map
U Mo(A) = Mo (B(H)) ~ B(H @ H) such that ¥|s,, = ® and [|¥|, = ||V = ||®] = 1.

Define v : 2 — B(#) by
o[58 )=

(where * represents something we do not care about) or, to be more specific,

vy =ru ([0 o) 0 e
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where P is the projection of H @ H onto H @ {0} ~ H. It is clear by construction that ¢ is well-defined and
linear. Moreover, since ¥ extends ®, ¢ extends ¢. Moreover, since ||¥||_, = 1, we obtain that

et <iet|oe ([ o o )] <ven|[ o o] <renmar<pa

(by applying Lemma 1.23 for the matrix norm inequality). Hence v is contractive.

It remains only to to show that % is completely contractive (which implies since it extends ¢ that
1Y), =1 =l as desired). The proof that ||¢|| , < 1 will follow easily by applying the canonical shuffle.
Let A =[A4; ;] € M, () be arbitrary. Then

wo (Lo )= {1 )]

By performing the canonical shuffle on the matrix of matrices on the right we obtain the matrix

{ * i (4) ] .

* *

Therefore, by applying Lemma 1.23, we obtain that

= || 22 | <l 5 47 ]

However, by another application of the canonical shuffle,

2 %]
i

I 5 I=[Le 6 <o

by applying the fact that the canonical shuffle preserves the norm and by applying Lemma 1.23 to obtain
the inequality. Hence Hw(n)(A)H < ||A|l. Whence ||¢||,, < 1 for all n € N and thus, as ¢ extends ¢,

[Pl = llpllep = 1. O

Our next goal is to yet again apply the completely positive map obtained in Theorem 7.4 to show that
every completely bounded map can be written in a certain way. To begin we show that the desired maps
are completely bounded.

-1 5

becomes

and thus

Example 7.6. Let 2 be a C*-algebra and let H and K be Hilbert spaces. Let 7 : 2 — B(K) be a *-
homomorphism, let V,W € B(H,K) be arbitrary, and define ¢ : B(K) — B(H) by ¢(T) = W*TV for all
T € B(K). Since 7 is completely positive, 7 is completely bounded. Moreover ¢ is completely bounded by
Example 3.5. Therefore, by Proposition 3.9, the map ¢ := ¢ o7 : A — B(H) defined by ¢¥(4) = W*n(A)V
for all A € 2 is completely bounded.

We will show that every completely bounded map ¢ : 2 — B(H) is contained in the above example. To
begin we need to show that the proof of Theorem 7.5 can be improved to obtain more information about
the extension of the map ®. To simplify technical reasons, we will only deal with unital C*-algebras and
our final result will apply to non-unital C*-algebras as we can extend every completely bounded map on a
non-unital C*-algebra into B(#) to a completely bounded map on the unitization.
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Lemma 7.7. Let A be a unital C*-algebra, and let v : A — B(H) be completely bounded. Then there exists
completely positive maps @; : A — B(H) with ||¢i|l, = ¢l for ¢ = 1,2 such that the map ¥ : My(A) —

B(H @ H) given by
v(lea])=120 o]

is completely positive (p*(c) = p(c*)*). Moreover if |||, =1 then we may take p1(Ix) = p2(Ia) = In.

Proof. By scaling ¢ if necessary, we may assume that [|¢[|_, = 1 (after making this assumption, we can scale
U back and the ¢; will still have the correct properties). Since ||¢||, = 1 we may apply Theorem 7.4 to
obtain a completely positive map ® : Sy — B(H & H) where Sy C M2 (). By the Arveson’s Extension
Theorem ® extends to a completely positive map ¥ : Mo (2) — B(H & H).

Firstly we notice that for all B,C' € 2l that

0 B
|: c 0 :| € Sy
and consequently

v(le )=+ (le 2))-[aer V-1l 7]

Thus to show that ¥ has the desired form we need only create ¢; and @9 and use the linearity of W.

To create ¢ we desired to show that if we restrict ¥ to elements whose only non-zero entry is in the
(1,1)-entry then we get matrices in Mo(B(#H)) where only the (1,1)-entry is non-zero. Let P € 2 be an
arbitrary positive element with P < Iy. Then it is clear that

Lool=[v o)

o 2]se (5 2D =w (% 2])-[5 3] o
as U is positive. However if . P 0 [P P
({0 0]>_[P3 P4}

then, by Lemma 3.19 part (3), the first inequality in (x) implies that P4 > 0 and the second inequality in
(*) implies that —P; > 0. Hence Py = 0. Thus P, = P; = 0 by applying Lemma 3.19 part (3). Whence

(Lo o])=[% o)
for some Py € B(H). Hence, since 2 is the span of its positive elements, for each A € 2
(s o) =143
for some A1 1 € B(H). Thus we may define the linear map ¢; : A — B(H) such that
(1o o])=[7" 3]
0 0 0 0

(1 is linear as ¥ is linear) for all A € 2. However we need to show that ¢; is completely positive. To see
this notice if [4; ;] € M, (2) is positive then

Thus

H Aé,j 8 H € My (Ma(20))
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is positive by the canonical shuffle and Lemma 3.19 part (3). Then, since ¥, is completely positive,

ol 31)-14 ¢

is positive. Hence, by another canonical shuffle,

[ (901)(")0([‘42’]]) 8 :| S MQ(MH(Q[))

is positive. Whence (¢1)n)([4s,5]) is positive by Lemma 3.19 part (3). Hence ¢; is completely positive.

By similar arguments, we can construct a completely positive map s : 2 — B(H) such that we get
our final decomposition. Moreover, since ¢1(Iy) = w2(Iy) = I3 as U is unital and since p; are completely
bounded, we obtain that ||¢;||, =1 = [|¢||., as desired. O

Notice the beauty of the above lemma which can be interpreted as saying that every completely bounded
map into B(H) can be viewed as the (1,2)-entry of a completely positive map into Ma(B(H)).

Now that we know the extension ¥ of ® has this nice matrix form we can use this to prove a decomposition
theorem for completely bounded maps. First we prove a simple yet technical lemma.

Lemma 7.8. Let A be a unital C*-algebra and let m; : Mo() — B(K1) a unital *-homomorphism. Then
there exists a Hilbert space K, a unital *-homomorphism 7 : %A — B(K), and a unitary W : K1 - K® K

such that A A (A) 4
1,1 1,2 * T(A11 s
s ) =W ,
m <|: Ag,l Ag’g :|> |: 7T(A2 1) 7T(A

Proof. We desire to construct 7 from 7;. To do this we notice that

plzzm([fg‘ 8]) and P4:=7T1([8 IZD

are orthogonal projections that sum to the identity (as m; is unital *-homomorphism). Moreover

cen (L 5 )

is a self-adjoint unitary and P; = UP,U so P; and P, are unitarily equivalent. Let & := P; (K1) which is a
Hilbert space as P; is an orthogonal projection. Since PiU = U Py, for all n € P,(Ky),

for all A; ; € 2.

U’I]ZUP47’]:P1U’I7€IC

Similarly if £ € K,
UtE=UPE =PUE € P4(K:1)

Hence, as U is a unitary, Ul is a unitary that takes K = P; (K1) onto P4(K1). Therefore the map W : Ky =
Pi(K1) @ Py(K1) = KB K defined by W(€+n) =@ Un for all £ € P1(K;) and n € P,(K1) is a well-defined
unitary with W* : K@K — Pi(K1) @ Pa(Ky) ~ K by W*(@n) =&+ Un.

Since m({’g SDP””(H 8})131

the map 7 : 2 — B(K) defined by
se=m ([ 5 o))
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for all £ € K is well-defined as the right hand side may be viewed as an element of K. It is easy to verify
that 7 is a *~homomorphism and

sg=m ([ o o )aesn-n([ 5 0])e+n

for all £ € K and n € P4(K1). Moreover 7 is unital as m(Iy) = I.
It remains only to show the equation relating 7, w1, and W described in the theorem. To see this notice
forall £ € K, n € Py(K;), and A € A that

S
(

and

P (Un+U¢g) asUE € Py(Ky)

(n+¢)

o))
8-)UW+8
)

and

P (Un+U¢) as UE € Py(Ky)

I
iy
A~

and

v Lty o= (e [o T ) == ([0 0]) o ([55])

Whence, using linearity and combining the above expressions, we obtain the desired equation relating =, 7y,
and W. O

Theorem 7.9 (Wittstock). Let 2 be a C*-algebra and let ¢ : A — B(H) be a completely bounded map.
Then there exists a Hilbert space K, a *-homomorphism m : A — B(K), and bounded operators V; : H — K
(for i =1,2) such that |||, = |Vl |Val| and ¢(A) = Vi*r(A)Va for all A € A. Moreover if ||¢||, =1 then
Vi and Vo may be taken to be isometries. In A is unital, m can be taken to be unital.
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Proof. If ¢ = 0 the result is trivial. As we have done several times in this chapter, by scaling (and unscaling
at the end) we may assume that |¢|, = 1. First suppose 2 is a unital C*-algebra. Let o1, @2, and ¥
be as in Lemma 7.7 where the ;s are unital as ||¢]|, = 1. Since ¥ is completely positive and unital, by
Stinespring’s Theorem there exists a Hilbert space K1, a unital *-homomorphism m : My (1) — B(K1), and
an isometry Vo : H & H — K; such that U([4, ;]) = Vi'mi([4; ;)W for all [A; ;] € Ma(2).

By Lemma 7.8 there exists a Hilbert space K, a unital *~homomorphism 7 : 2 — B(K), and a unitary
W :Ki — K&K such that

A A o | T(Arn) w(Are)
m({Am A2,2DW {W(Az,l m(Az2,2) W

~—

Thus

<P1(A1,1) <,0(A1,2) _ 1 TRk 7T(A1,1) 71'(141,2) oy 7T(A1,1) 7T(A1,2)
[ ©*(A21) p2(A22) ] = VAl =W [ m(A21) w(Az2) ]WVO =V { m(Az21) m(A22) } v

where V :=WVy: HOH — K@K is the composition of an isometry and a unitary and thus is an isometry.
All that remains is to extract V7 and V5 from V.
Notice for any & € H

RN Rk R e EA R R I b R kR It

HenceifV[g]:{n1 } € K& K then
0 2

A R R b A (I S P

Since V is an isometry, the above equation implies that 7, = 0 so that

/[51-[5]

Therefore, as this holds for all £ € H, there exists a linear map V; : H — I such that

4115

Also, since V is an isometry, V4 is an isometry. Similarly there exists an isometry V5 : H — K such that

0 0
=V .
v |- 4]
As V is linear, we obtain that V' = V; ® V, and thus V* = V{* @ V5. Hence

e1(4)  @(B) }:V*[wm) w(B)}V:[VfﬂAm Vin(B)Va
¢*(C) pa(D) x(C) =(D) Vin(OVi Vim(D)Va

which completes the proof (in the unital case) as then p(B) = Vi*n(B)V; for all B € 2.

If 2 is not unital let 2 be the unitization of 2. By Theorem 7.5 there exists a completely bounded map
@ : 2 — B(H) such that @y = ¢ and ||@||, = ||l¢ll,- By the above proof there exists a Hilbert space K, a *-
homomorphism 7 : 21 — B(K), and bounded operators V; : H — K (for i = 1,2) such that |||, = [|Vi|l ||Vall
and B(A) = V7 (A)V, for all A € 2 (where V; and Vs are isometries if |||, = ||@]l, = 1). If 7 = 7|a, we
obtain that ¢(A) = ¢(A) = V*m(A)V; for all A € 2 and thus the result follows. O
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As a corollary to the above theorem we obtain a standard result about continuous linear functionals on
a C*-algebra.

Corollary 7.10. Let A be a C*-algebra and let ¢ : A — C be a continuous linear functional. Then there
exists a Hilbert space K, a *-homomorphism 7 : A — B(K), and vectors &,n € K such that ||¢|| = ||£]] ||7]|
and p(A) = (m(A)E, ) for all A € 2.

Proof. Since p is a continuous linear functional, Proposition 3.8 implies that ¢ : 2 — C = B(C) is completely
bounded with |||, = ||¢l. By Theorem 7.9 there exists a Hilbert space K, a *-homomorphism 7 : 2 —
B(K), and bounded operators V; : H — K (for i = 1,2) such that ||¢||,, = [|[Vi| ||V and ¢(A) = Vi*7(A)V
(as bounded operators on C) for all A € 2.

Let & := V(1) and let n := V1(1). Since V1(A) = An and V2(A) = X for all A € C, it is trivial to verify
that [lnll = IVi]| and [l€]| = V]l so that [lg] = @l = €] I7]l- Moreover

¢(A) = (p(A)1, 1)c = (7(A)Va(1), Vi(1))x = (r(A)& Mk
for all A € A as desired. O

Remarks 7.11. Notice that if 2 is a C*-algebra, ¢; : 2 — B(H) are completely positive maps, and \; € C
are scalars, the map v : 2 — B(H) given by

A) = Z Aipi(A
i=1

is completely bounded. Indeed 9], < >°i [Nl ll@ill,, = Yoiey [Ail ls]| for all n € N. We desire to show
that every completely bounded map on a C*-algebra is a linear combination of completely positive maps.
This will follow easily from Theorem 7.9. This will also allow us to show that every continuous linear
functional is a linear combination of positive linear functionals whose norms satisfy a certain condition.

Theorem 7.12. Let 2 be a C*-algebra and let ¢ : A — B(H) be a completely bounded map. Then there
exists completely positive maps @; : A — B(H) such that ||p;|| < 2||¢l|,, for all j and ¢(A) = Zj:l il p;(A)
for all A e A. If o(A*) = p(A)* for all A € A we may take 1 = @3 = 0.

Proof. Let ¢ : 24 — B(H) be a completely bounded map. By Theorem 7.9 there exists Hilbert space IC,

a *-homomorphism 7 : A — B(K), and bounded operators V; : H — K (for ¢ = 1,2) such that ||¢||_, =

(IVA]l IV2]] and o(A) = Vi*m(A)V; for all A € A. By scaling V5 and V, appropriately, we may assume that
1

Vil = |Va| = |l¢l|2,- For each j € {1,2,3,4} define ¢, : A — B(H) b

() = (Vg +2z'jvl)*7r(A) <V2 +2ijV1>

for all A € 2 which is a well-defined, completely positive map by the remarks preceding Theorem 4.1.
Moreover

1
losll < 7 (V2 + | < HV2||+HV1||) llep -

Moreover we notice (by the same equation as the polarlzatlon identity) that

o) = Vin(
:Z< WQ) ) ()
ZZ:
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for all A € 2 as desired.
Lastly suppose that ¢(A*) = p(A)* for all A € A. If A € A is self-adjoint then

ip1(A) — p2(A) —ips(A) + pa(A) = p(A) = p(A)" = —ip1(A4) — p2(A) +ip3(A) + pa(A)

as each ¢, is a positive map so p;(A)* = ¢;(A) as A is self-adjoint. By rearranging the equation we obtain
that ¢1(A) = p3(A) for all A € A self-adjoint and thus (as the self-adjoint elements span a C*-algebra)
©1 = 3. Whence for all A € 2

P(A) = ip1(A) — p2(A) —ip3(A) + @a(A) = pa(A) — p2(A)
so we may take @1 = p3 = 0. O

Theorem 7.13. Let A be a C*-algebra and let p : A — C be a continuous linear functional. Then there
exists positive linear functionals p; : A — C such that 2?21 loill < 2]l and p(A) = Z?:l i (A) for all
A € A. Moreover if p(A*) = @(A)* for all A € 2 then we may take v1 = p3 =0 and ||p2|| + |les]| = |lell-

Proof. The proof of this theorem is basically the same as Theorem 7.12 except for the norm condition that
will follow from the parallelogram law. Suppose that ¢ : 2 — C is a continuous linear functional. By
Corollary 7.10 there exists a Hilbert space K, a *~homomorphism 7 : A — B(K), and vectors &, € K such

that [l]l = €] [n]] and ¢(A) = (m(A)¢, ) for all A € 2. By scaling we may assume that ¢ = ]| = []|*.
For each j € {1,2,3,4} define ¢, : A — C by

5(A) = <7T(A) <§ +2ijn) 7 §+2¢j77>

for all A € 20 which is a well-defined, positive linear functional by Example 1.4. Moreover

E+iln
2

2 1 N2
ool < |57 =g e+ it

so that (by the parallelogram law)
1 1o 2 1
g 2 2 2 2
S leil < 32 lle+anl” = 7 (@Il +21m0) + @Il +2 liml®) = 2l
j=1 j=1

Moreover we notice (by the same equation as the polarization identity) that

p(A) = (r(A)E,m)

i <7T(A) <§+2¢j77> | g+22'j,7>

for all A € 2 as desired.
Lastly suppose that p(A*) = @(A)* for all A € . If A € A is self-adjoint then

ip1(A) — p2(A) —ip3(A) + pa(A) = p(A) = (A)" = —ip1(A) — p2(A) +ip3(A) + pa(A)
as each ¢; is a positive map so p;(A)* = ¢;(A) as A is self-adjoint. By rearranging the equation, we obtain
that ¢1(A4) = 3(A) for all A € A self-adjoint and thus (as the self-adjoint elements span a C*-algebra)
1 = 3. Whence for all A €

P(A) = ip1(A) — p2(A) —ipz(A) + pa(A) = pa(A) — p2(A)
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so we may take ¢; = p3 = 0. Moreover

1 1
ozl + lleal < 5 (e =nl® +lig +nll”) = 7 (2161* +21nll*) = el

Since clearly
el = ez = @all < llpall + lleall,

the norm condition follows. O

Notice that the above (along with the Riesz Representation Theorem for positive linear functionals of
the continuous functions on a compact Hausdorff space) shows that every finite signed measure p on a
compact Hausdorff space X can be written as y© = pu; — po where py and po are positive measures with

[l = 12 (X) + pa(X).
To complete this chapter, we will present a result that shows certain completely bounded maps are close
to completely positive maps thus further intertwining the theory of these types of maps.

Theorem 7.14. Let 2l be a unital C*-algebra, let S C 2 be an operator system, let H be a Hilbert space, and
let ®: S — B(H) be a unital, self-adjoint, completely bounded map. Then there exists a unital, completely
positive map ¥ : A — B(H) such that |¥]|s — @| ., < 2(||®||, — 1). In particular, if | @], =1 then ® is
completely positive.

Proof. Since ® is unital, ||®||_, > 1. By Theorem 7.5 there exists a completely bounded map ¥q : A — B(H)
such that ¥yls = ® and [|[¥¢| ., = ||®[|,- By Theorem 7.9 there exists a Hilbert space K, a unital *-
homomorphism 7 : % — B(K), and isometries V; : H — K (for i € {1,2}) such that ¥o(A) = ||®||, Vi*"7(A) V2
for all A € 2.

Since ® is self-adjoint, we obtain that

D(A) = Wo(A) = [[ @], Vi'm(A)V2 = |||, Vo m (AW
for all A € S. Define ¥ : 2A — B(H) by
1
U(4) = 5 (Vim(AV + Vom(A)Ve)

for all A € 2. Clearly ¥ is a completely positive map (being the sum of completely positive maps) with
WU(Iy) = 3(Vi'Vi + V5'Va) = Ip. Moreover we notice for all A € S that

% [l (Vi = Vo) m(A) (V1 = Va) = % [@llep (VT (A)V1 + Vom(A)Vo = Vi (A)Va — Vom(A) V1)
= [l T(A) = 2(A).

Therefore
1 2
Wls = @llep < 1€ = [l Ulley + 1Pl Uds = Pl < (1Rl — 1)+ 5 @Ml [V = V2™
However, since ®(Iy) = Iy, Iy = ||®|| ., Vi*Va s0
1 , 1
3 12l Ve = VoIl = 5 @My 3¢ — 200 + @]l Ll = @]l — 1

and thus
[¥|s — @[, < 2([ 2], — 1)

as desired. O
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