YorkU Putnam Training Week 6: Functions, Polynomials, and Algebra
NOVEMBER 2, 2021 SKOUFRANIS

ExAMPLE PuTNAM PROBLEMS

Question 1. (2004, B1) Let P(z) = ¢ 2™ + ¢p—12™ ! + -+ + c1z + ¢y be a polynomial with integer
coefficients. Suppose that r is a rational number with P(r) = 0. Show that the n numbers

2 3 2 —1
CnTy CnT + C 1T, CnT° + Co 1T + Cay ooy Cp T+ Cpe 1™ + -+ 1T

are integers.

Question 2. (2013, A2) Let S be the set of all positive integers that are not perfect squares. For n € S,
consider choices of integers a1, as,...,a, such that n < a; < as < - - < a, and n-aj-as---a, is a perfect
square, and let f(n) be the minimum of a, over all such choices. For example, 2 -3 -6 is a perfect square,
while 2-3,2-4,2-5,2-3-4,2-3-5,2-4-5 and 2-3-4-5 are not, and so f(2) = 6. Show that the
function f from S to the integers is one-to-one.

PREVIOUS RELATED PuTNAM PROBLEMS

Question 3. (AB1) Let f : R? — R be a function such that f(x,y) + f(y,2) + f(z,2) = 0 for all real
numbers z, y, and z. Prove that there exists a function g : R — R such that f(x,y) = g(x) — g(y) for all
real numbers = and y.

Question 4. (AB1) Let S be the class of functions from [0, 00) to [0, 00) that satisfy:

(i) The functions fi(z) = e” —1 and fa(x) =In(x + 1) are in S;

(ii) If f(z) and g(z) are in S, the functions f(z) + g(x) and f(g(z)) are in S;

(iii) If f(x) and g(z) are in S and f(x) > g(z) for all z > 0, then the function f(z) — g(x) is in S.
Prove that if f(x) and g(x) are in S, then the function f(z)g(z) is also in S.

Question 5. (AB2) Let * be a commutative and associative binary operation on a set S. Assume that
for every = and y in S, there exists z in S such that  * z = y (this z may depend on z and y). Show that
if a,b,c are in S and a x ¢ = b* ¢, then a = b.

Question 6. (AB2) Let Qo(z) =1, Q1(z) =z, and

(Qn—l(z))Q -1
Qn72($>

for all n > 2. Show that, whenever n is a positive integer, @, (z) is equal to a polynomial with integer
coeflicients.

Qn(x) =

Question 7. (Modified AB3) Given real numbers by, b, ..., baga1 With bogay # 0, let 21, 22, ..., 22021 be
the roots in the complex plan of the polynomial

2021

P(z) = Z bpz".
k=0

Let u = ‘ZlleQ‘Q&iHm“m‘ be the average of the distance from zi, 2, ..., 22020 to the origin. Determine
the largest constant M such that p > M for all choices of by, by, ..., bago1 that satisfy

1 <bg<by <by <--- < bggar < 2021.



Question 8. (AB4) Find all pairs of polynomials p(x) and ¢(z) with real coefficients for which

p()g(z +1) — plz + 1)g(z) = 1.

Question 9. (AB5) Let p be an odd prime number, and let F,, denote the field of integers modulo p.
Let F,[z] be the ring of polynomials over F,, and let ¢(x) € Fp[z] be given by

p—1
q(z) = Z apz®
k=1

where .
o
ar =k2 mod p.

Find the greatest non-negative integer n such that (x — 1)™ divides ¢(x) in Fp[z].

Question 10. (Modified AB5) Is there a finite abelian group G such that the product of the orders of
all its elements is 229217

Question 11. (AB5) Suppose G is a finite group generated by two elements g and h, where the order of
g is odd. Show that every element of G can be written in the form

gm1 hnlgmz hnz . gmrhnr

with 1 <r < |G| and mq,n1,ma,ng,...,my,n,. € {1,—1}. (Here |G| is the number of elements of G.)



