YorkU Putnam Training Week 7: Sequences and Series
NOVEMBER 9, 2021 SKOUFRANIS

IMPORTANT CONCEPTS
Main tricks: Define new sequences/series!

1. Sequences

o A sequence (an)n>1 converges to a number L, denoted lim,,_, a,, = L, if for all € > 0 there
exists a N € N such that |a, — L| < € for alln > N.
e (Monotone Convergence Theorem) Every bounded sequence that is either non-decreasing or
non-increasing converges.
e (Bolzano-Weierstrass Theorem) Every bounded sequence has a convergent subsequence.
e lim, (1 + %)n =e.
2. Series

e A series Z _1 Gn converges to a number L, denoted Z 1 an = L, if the sequence (s)n>1
where s, = Y __, aj converges to L.

o A series Y 7 a, is said to converges absolutely if Y ., |an| converges. In this case, any
rearrangement of the series Z _, an converges to the same value as Z _, Gp; that is,
Yol G = Y07 Gg(n) for any leectlon o:N—N.

o A series > 7 | ay, is said to converge conditionally if it converges but not absolutely. In this
case, for all r € R there exists a bijection o : N — N such that > >, Ag(n) =T

exists or L =

e (Ratio and Root Tests) Given a series > - ap, if L = lim, o

lim,,— o0 W exists, then

(i) if L < 1, the series converges absolutely,
(ii) if L > 1, the series diverges, and
(iii) if L = 1, we have no idea.
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e Common series:
. n4l_
(i) ForreCandneN, Y, jrk =—=1.

(ii) For z € C, the sum Zk ° o ¥ converges if and only if [z| < 1 in which case > ;7 2% = 1.
(iii) Forallz e R, > °77 47 = €”
(iv) For z € (—1,1), > poy % =In(1 + z).
(v) For x € (=1,1), >_p2  ka* = e
(vi) Forz € R, >po % = sin(z).
(vii) For z € R, 72, % = cos(x).
(viii) For p € R > - converges if and only if p > 1.
() Toti e = -
(%) Xhor k= n(n;l)-
(xi) Zk k2= n(7t+1)6(2n+1).

n?(n+1)?
(xii) 35 k= (f“-

3. Inequalities

e (Holder’s Inequality) Given p,q € (1,00) with 1 5+ % = 1, for any sequences (a,)n>1 and

(bn)n>1 we have that

[e’e) e’} % [e’e) %
> Janbn| < (Z |an|p> (Z |bn|q>
n=1 n=1 n=1

The case p = ¢ = 2 is also known as the Cauchy Schwarz Inequality.
e (Arithmetic-Geometric Mean Inequality) For any non-negative numbers x1, xa, . .., Z,, we have

that
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