YorkU Putnam Training Week 8: Derivatives and Analysis
NOVEMBER 16, 2021 SKOUFRANIS

ExXAMPLE PROBLEM

Question 0. (2019; B4) Let F be the set of functions f(x,y) that are twice continuously differentiable for
2 > 1 and y > 1 and that satisfy the following two equations (where subscripts denote partial derivatives):

zfo +yfy = zyln(zy)
fozm + ZInyy =Ty.
For each f € F, let

m(f):Igg?f(5+1v5+l)7f(5+135)7f(555+1)+f(5a5)

Determine m(f), and show that it is independent of the choice of f.

PREVIOUS RELATED PUTNAM PROBLEMS

Question 1. (AB1) Let f be a three times differentiable function (defined on R and real-valued) such
that f has at least five distinct real zeros. Prove that f+6f'+12f"”+8 " has at least two distinct real zeros.

Question 2. (AB2) Find all differentiable functions f : R — R such that

fl(l') _ f(x"i_n’r)l_f(x)

for all real numbers x and positive integers n.

Question 3. (AB3) Suppose the function A : R> — R has continuous partial derivatives and satisfies the
equation

oh oh

for some constants a and b. Prove that if there is a constant M such that |h(x,y)| < M for all (z,y) € R?,
then h is identically zero.

Question 4. (AB3) Determine the greatest possible value of 2321 cos(3x;) for real numbers x1, 2o, ..., Z1p
satisfying 21121 cos(z;) = 0.

Question 5. (AB3) Let f and g be (real-valued) functions defined on an open interval containing 0,
with ¢g continuous and non-zero at 0. If fg and % are differentiable at 0, must f be differentiable at 07

Question 6. (AB3) Let f be a real function on the real line with continuous third derivative. Prove
that there exists a point a such that

fa)- f'(a) - f(a) - f""(a) > 0.

Question 7. (AB3) Suppose that the real numbers ag, ay,...,a, and x with 0 < x < 1 satisfy

ao a; an
B ON—
1—2 1—x2+ +1—x”+1

Prove that there exists a real number y with 0 < y < 1 such that ag + a1y + --- + a,y™ = 0.

Question 8. (AB5) Is there a strictly increasing function f : R — R such that f/(z) = f(f(x)) for all 7



