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Preface:

These are the first edition of these lecture notes for MATH 4012 (Real
Analysis ITIB: Lebesgue Measure Theory). Consequently, there may be
several typographical errors, missing exposition on necessary background,
and more advance topics for which there will not be time in class to cover.
Future iterations of these notes will hopefully be fairly self-contained
provided one has the necessary background. If you come across any typos,
errors, omissions, or unclear explanations, please feel free to contact me so
that I may continually improve these notes.
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Motivation for this Course

It was seen in MATH 2001 and MATH 3001 that the Riemann integral is an
important tool in analysis with many properties and applications. Since the
Riemann integral works incredible well for continuous functions and interacts
naturally with respect to differentiation, the Riemann integral is ideal for
calculus and science. However, the Riemann integral does have its flaws.
One such flaw comes when trying to determine which functions are
Riemann integrable. In MATH 2001 it was shown that continuous functions
on closed intervals are uniformly continuous and thus Riemann integrable.
However it can be very difficult to verify whether or not a given function is
Riemann integrable. For example, although the function xg : R — R defined

by
(2) = 1 ifze@Q
X =0 ite¢0

is easily seen to be not Riemann integrable on [0, 1] (see Example [A.2.1]), the
function d : R — R defined by

ifx ¢ Q
ifz=0
if:n;éOand:L‘:%Wherep,qEZ,q>O, and ged(p,q) =1

d(z) =

Q= = O

is Riemann integral on [0, 1] with fol d(x)dz = 0 (see Example .

Another flaw of the Riemann integral occurs with respect to limits; the
concept at the heart analysis. In MATH 3001 it was shown that if (fy,)n>1
was a sequence of Riemann integrable functions that converged to f uniformly
on [a,b], then f is Riemann integrable and

/ab f(z)dx = 71113(010 /ab fn(x) da.

However, the Riemann integral does not behave well with respect to pointwise
limits. For one example define f, : [0,1] — R by

2n’x if()g:cg%

_ 2, a1 1

fu(x) =< 2n — 2n°x if 5 <z <.
0 ifLl<z<i
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It is elementary to verify that (fy)n>1 converges to 0 pointwise yet fol fn(z)dx
% for all n thereby showing that

1 1 1
/0 f(x)de =0 # 5= nl;ngo/() fn(x) da.
Another example occurs by considering xg. Indeed, since Q is countable,
we can enumerate QN [0,1] as QN [0,1] = {r, | n € N}. Consequently, if
we define f, : [0,1] — R by

fa(z) =

I

1 ifx=r,, for somem <n
0 otherwise

then f, has a finite number of discontinuities and thus is Riemann integrable,
yet converges pointwise to xg which is not even Riemann integrable!

The main goal of this course is to understand the analysis concepts and
techniques that allow us to improve on the Riemann integral. After all, since
R\ Q is “much larger” than Q, we would expect that fol xo(x)dxr =0 as xq
is zero “almost everywhere”. Of course, we need to make mathematically
precise what we mean by “much larger”. For example, we could consider
cardinality where R \ Q is uncountable whereas Q is countable. However, if
we want an appropriate notion of size of a subset of R to develop a better
integral, we need to recall the motivating aspect of integration: the area
under the curve. Since xq is 1 at each rational and 0 at each irrational, the
integral of xg on [0, 1] should just be the “length” of Q N [0, 1]. Similarly, if
ACRand x4 : R — R is defined by

() 1 ifzeA
x) = ,
x4 0 ife¢A

then we would expect that the integral of x4 should be the “length” of A.

Thus, the question remains, how do we “measure” the “length” of a subset
of R?
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Chapter 1

The Lebesgue Measure

Our first goal is to develop a good notion of “length” or “measure” for subsets
of R. Such a notion should be a function ¢ : P(R) — [0, c0] that assigns a
length to each subset of R. To make this a well-defined notion of length, we
want £ to have specific properties we associate to length including:

(L1) ¢(0) =0 (i.e. the empty set has no length),

(L2) ¢([a,b]) = £((a,b]) = £([a,b)) = £((a,b)) = b—a for all a,b € R (i.e. the
length of intervals is correct),

(L3) if AC B CR, then ¢(A) < ¢(B) (i.e. larger sets have large length),

(L4) ifzeR, ACR,andx+ A={x+a | a € A}, then l(x + A) = ((A)
(i.e. the translation of a set along the number line preserves the length),

(L5) if a €e R, A CR, and A = {aa | a € A}, then {(aA) = |a|l(A) (i.e.
scaling a set scales the length of the set), and

(L6) if {A,}52; € P(R) are pairwise disjoint (i.e. A, N A, = 0 whenever
n #m), then £ (Un>; An) = Doy ¢(Ay) (i.e. the length of a union of
disjoint sets is the sum of their lengths).

One may question whether (L6) should only contain finite unions of disjoint
sets. However, to perform analysis, one requires the ability to take limits.

Therefore, since
N

o0
> U(Ay) = lim ((Ay),
n—1 N=oo )

if (L6) held for finite limits, we would expect

S (A,) = lim ¢ (6 An>
n=1 n=1

N—oo

and thus we would expect this limit to be £ (U5~ 4n).
Now that we have some properties we would expect of a length function,
the question is “How do we construct such a function?”

3



4 CHAPTER 1. THE LEBESGUE MEASURE

1.1 What Goes Wrong. ..

Perhaps unexpectedly, constructing such a function is impossible as the
following result demonstrates.

Theorem 1.1.1. There does not exists a function ¢ : P(R) — [0, 00] such
that (L1), (L2), (L4), and (L6) hold.

Proof. Suppose for the sake of a contradiction that there exists a function
¢:P(R) — [0, 00] such that (L1), (L2), (L4), and (L6) hold. Note by taking
A, =0 for all n > N in (L6), we obtain by (L1) that

N N
¢ (U An> = U(Ay)
n=1 n=1
whenever {A,})_; C P(R) are pairwise disjoint. We will now proceed in
constructing a very problematic subset of R.

Define a relation ~ on R by z ~ y if and only if x —y € Q. It is not
difficult to verify that ~ is an equivalence relation on R.

We claim that every element of R is ~-equivalent to some element in
[0,1). Indeed if x € R, then z is the sum of its integer part |x] and its
fractional part {z}. Since z — {z} = || € Q, we obtain that x ~ {z}.
Therefore, since {z} € [0, 1), = is ~-equivalent to some element in [0, 1).

Consequently every equivalence class under ~ has an element in [0, 1). Let
A C[0,1) be a set that contains precisely one element from each equivalence
class of ~. Note the existence of A follows from the Axiom of Choice [B.2.8§
(see Remark . Our goal is to use A to show that £ cannot possible
satisfy (L2), (L4), and (L6).

Since Q is countable, we may enumerate Q N [0,1) as

QnN[0,1)={ry, | n €N}
For each n € N, let
Ay ={x€[0,1) |zerm+Aorx+1ecr,+ A}

(that is, A,, is r, + A modulo 1).

We claim that {4y} are disjoint with union [0, 1). To see this, note if
x € [0,1) then there exists a unique y € A C [0, 1) such that x ~ y. Thus
r—yeQn(—=1,1). fx—y € QNI0,1) then x —y = r, for some n and thus
r=r,+y€ A, Otherwise if xt —y € QN (—1,0) then (z+1) —y € (0,1).
Thus (z + 1) —y = r,, for some n and thus  =r, +y — 1 € A,. Hence

0,1) = | ] 4.

fat
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1.1. WHAT GOES WRONG. .. 5

To see that {A,,}22, are pairwise disjoint, assume x € A,, N A,, for some
n,m € N. By definition, there exists y,z € A and k,l € {0,1} such that
x+k =rp+yand x+1 = r+2. Thereforey—z =rp—rn+k—1 € Qsoy ~ 2.
Hence y = z as A contains exactly on element from each equivalence class of
~. Thus 0 =ry, — 7, +k—1. Since k —1 € {-1,0,1} and r,, — 7y, € (—1,1),
0 =7y, — 1y + k —1 can only occur when r,, = r,,, in which case n = m. Thus
{A4,}>2, is a collection of pairwise disjoint sets whose union is [0, 1).

For each n € N, let

Bpi = (rn+A)NJ0,1)
Bpo=—-1+((rn,+A)N[1,2)).
Clearly A,, = By, 1 U By, 3 since r, + A C [0,2) for all n.

We claim that By, 1 N By = (0. To see this, suppose for the sake of a
contradiction that b € B, 1 N B, 2. By definition there exists z,y € A such
that r, +z € [0,1), r, +y €[1,2),and b=r, + x = -1+ r, +y. Clearly
r—y=-1€Qsox+#yand x ~ y. Therefore, since A contains exactly
one element from each equivalence class, we have obtained a contradiction.
Hence B, 1 N By 2 = 0.

To obtain our contradiction, note that

1=¢(0,1))

y (,Q An>

- by (L6) as
= Z U(An) {An}%:(lar?e disjoint

—

= Z E(Bn,l U Bn,g)

= by (L1) and (L6) as
=" UBuy) + £(Bn2) o)

= ié((rn—l—A)ﬂ[O,l))+€(((rn+A)ﬂ[1,2)) by (L4)
_ i U((rn + A) N 1[0,2)) by (L1) and (L6)
= i U(ry + A) since r, + A C [0, 2)

= i 0(A) by (LA4).

This yields our contradiction since ¢(A) € [0,00] yet no number in [0, o]
when summed an infinite number of times produces 1. Hence ¢ cannot
possibly exist. ]
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6 CHAPTER 1. THE LEBESGUE MEASURE

Remark 1.1.2. In the proof of Theorem the existence of the set A
containing exactly one element from each equivalence class may seem natural;
just pick one element from each equivalence class. However, the construction
of the set A does not follow from axioms of Zermelo—Fraenkel set theory
and requires the Axiom of Choice (Axiom [B.2.8]). To construct A, note if
{Ek}rer are the equivalence classes of ~, then the Axiom of Choice implies
there is a function f : I — s Ex such that f(k) € Ej, for all k € I. The
set A is the range of f.

Having established that there is no length function on all subsets of R
that has our desired properties, what can we do to define a notion of length
on subsets of R in order to generalized and improve on the Riemann integral?

1.2 o-Algebras

The reason there does not exist a length function on all subsets of R with our
required properties is that there are just too many subsets of R. Consequently,
our only hope is to reduce the collection of subsets of R that will form the
domain of our length function. This leads to the question of what types of
sets will we allow in our collection and what set operations will be permitted
on this collection?

Properties (L1)-(L6) give us some clue about what set operations we
want to be able to perform on our collection. However, it turns out that
we can simply focus on a few of these properties and the remaining will
automatically follow. The essential properties we will focus on are derived
by considering probability theory and modelling the collection of sets we can
measure the length of as events we can compute the probability of. This
leads us to the following notion.

Definition 1.2.1. Let X be a non-empty set. A o-algebra on X is a subset
A C P(X) such that

e )€ Aand X € A (that is, we can measure the empty event and the
full event),

o if A € Athen A° = X'\ A € A (that is, we can measure the complement
of an event), and

o if {A,}22, C A, then Up2; A, € A (that is, we can measure the union
of a countable collection of events).

The pair (X, .A) is called a measurable space and the elements of A are called
measurable subsets of X.

Remark 1.2.2. The ‘o’ in ‘o-algebra’ refers to the object being closed under
‘countable’ unions. Note that o-algebras are also closed under finite unions.

©For use through and only available at pskoufra.info.yorku.ca.



1.2. 0-ALGEBRAS 7

Indeed by taking A,, = () for all n > N, we see that if A1,..., Ay € A, then
N 1|00

Remark 1.2.3. The property that o-algebras are closed under complements
might seem odd to include when we think about lengths; after all, if a subset
of R has a finite length, its complement would be expected to have infinite
length. However, complements allow us to guarantee the intersection of any
countable collection of measurable sets to be measurable. Indeed if {4, }2°;
are elements of a o-algebra A, then

ﬂAn:<UA,‘;> €A
n=1 n=1

as complements and countable unions of measurable sets are measurable.
Furthermore,by taking A,, = X for all n > N, we see that if Ay,..., Ay € A,
then N2_; A, = 02, A, € A.

Remark 1.2.4. The property that o-algebras are closed under complements
and thus closed under intersections also means that o-algebras are closed
under set differences. Indeed if A and B are elements in a o-algebra A, then
B¢e Aso

A\B=ANB‘e A.

Of course, there are some obvious g-algebras that work for every set.
Example 1.2.5. Let X be a non-empty set. Then P(X) is a o-algebra.
Example 1.2.6. Let X be a non-empty set. Then {(), X} is a o-algebra.

We have seen with respect to measuring the length of subsets of R that
P(R) is too large of a o-algebra and clearly {0, R} is too small as we will
want every interval to be assigned a length. Thus we may need a way to
construct a g-algebra on R that contains the intervals. This is accomplished
via the following.

Lemma 1.2.7. Let X be a non-empty set and let A C P(X). There ezists a
smallest (with respect to inclusion) o-algebra o(A) of X such that A C o(A).
We call 0(A) is the o-algebra generated by A.

Proof. Let
I={A | Aisa o-algerba of X such that A C A}.

Note P(X) € I so I is non-empty.
Let
o(A) = ﬂ A.
Ael
It follows from the definition of a o-algebra that o(A) is a o-algebra. More-
over, by the definition of I, we obtain that A C o(A). Finally, since o(A)
is the intersection of all o-algebras of X that contain A, clearly o(A) is the
smallest (with respect to inclusion) o-algebra of X containing A. N

©For use through and only available at pskoufra.info.yorku.ca.



8 CHAPTER 1. THE LEBESGUE MEASURE

Definition 1.2.8. The o-algebra generated by the open subsets of R is
called the Borel o-algebra and is denoted B(R). Elements of B(R) are called
Borel sets.

Remark 1.2.9. Although we have defined B(R) to be the o-algebra gener-
ated by the open subsets of R, there are other collections of sets that generate
B(R). For example, we claim that the o-algebra generated by

Z={(a,b) | a,b e R,a < b}

is also B(R). Indeed, as each element of Z is open, Z C B(R). Therefore,
since B(R) is a o-algebra and since o(Z) is the smallest o-algebra that
contains Z, we obtain that o(Z) C B(R).

To see the other inclusion, recall from MATH 2001 that every open subset
of R is a countable union of open intervals. Clearly Z contains all the open
intervals except the open intervals of infinite length. Therefore, since B(R)
is the smallest o-algebra containing the open sets, since o(Z) is an o-algebra
containing Z, and since o-algebras are closed under countable unions, to
show that ®B(R) C Z, it suffices to show that (a,00) € Z and (—o0,b) € o(Z)
for all a,b € R.

Note for all a,b € R that

(a,00) = U (a,n) and (—00,b) = U (—n,b).
n=1

n=1

Therefore, (a,c0) and (—oo,b) are countable unions of elements of Z C o(Z).
Therefore, since o(Z) is closed under countable unions, we obtain that
(a,00) € T and (—o0,b) € o(Z) for all a,b € R. Hence B(R) is also the
o-algebra generated by Z.

By using similar arguments as above together with computations like

=y (ersd) w wn- (o)

and the fact that o-algebras are closed under countable unions, countable
intersections, and complements, it is possible to show that each of the

following sets generate B(R):
a) {FCR | Fis closed}

b) {(a,b] | a,b € R,a < b}
c) {[a,b) | a,b € R,a < b}
d) {[a,b] | a,b € R,a < b}
&) {(—00,b) | bR}

©For use through and only available at pskoufra.info.yorku.ca.



1.3. MEASURE SPACES 9

f) {(—o0,b] | be R}

g) {(a,00) | a € R}
h) {[a,0) | a € R}

In particular, all intervals are Borel sets and B(R) is the smallest o-algebra
containing the intervals. Hence, as we hope to measure the lengths of all sets
in a o-algebra containing the intervals, we are really hoping to measure the
length of all Borel sets.

Remark 1.2.10. It is possible to show that |®B(R)| = |R|. Unfortunately, the
simplest proof uses transfinite induction to construct B(R) via an uncountable
union of sets obtained by taking countable unions and complements of a
previous set, starting with the set of open subsets of R. Since Cantor’s
Theorem (Theorem implies that |R| < |P(R)|, there are by far many
more subsets of R than there are Borel subsets of R. Thus, it is far more
likely we can measure the length of all Borel sets. However, this might be
disappointing as there are far more subsets of R than Borel sets.

1.3 Measure Spaces

With the construction of the Borel sets complete, we turn our attention to
whether or not we can measure the length of every Borel set via a function
that satisfies (L1)-(L6) as listed at the start of this chapter. In mathematics,
it is always useful to see which properties can be derived from other properties.
As such, we will start with functions on o-algebras with a minimal number
of properties and see what can be derived from those properties. Since most
o-algebras need not be related to the real numbers, it is best to start with
just (L1) and (L6) as these make sense for any o-algebra. Of course we could
also add in (L3). However, we will see how (L3) actually immediately follows
from (L1) and (L6).

In the following definition and for the rest of the course, if a, € [0, ]
for all n € N and aj = oo for some k, then Y o> ay, is defined to be cc.

Definition 1.3.1. Let (X, .A) be a measurable space. A measure on (X, .A)
is a function p : A — [0, oo] such that

e u(0) =0, and

o (countable additivity on disjoint subsets) if {A,}5°; C A are pairwise
disjoint, then

2 (Ej An) = i ,U(An)
n=1 n=1

The triple (X, A, u) is called a measure space and, given an element A € A,
w(A) is called the p-measure of A.

©For use through and only available at pskoufra.info.yorku.ca.



10 CHAPTER 1. THE LEBESGUE MEASURE

Before we discuss a few examples of measures, we note some trivial
properties of our measures.

Remark 1.3.2. Notice if (X, A, ) is a measure space and Aq,..., A, are
pairwise disjoint subsets of A, then

p (Lnj Ak) = Xn:u(Ak)
k=1 k=1

by using countable additivity on disjoint subsets with A, = () for all k& > n.
Thus measures are finite additive on disjoint subsets.

Remark 1.3.3. Let (X, A, u) be a measure space and let E, F' € A. Assume
E C F. Since F'\ E € A and since F'\ F is disjoint from E, we obtain by
finite additivity on disjoint subsets that

w(F) = p(EU(F\E)) = wE)+p(F\E) > u(E) +0 = pu(E).

In particular, if A is ordered by inclusion, then p is monotone with respect to
this inclusion (i.e. (L3) holds). Consequently, if u(F') < oo then p(FE) < oo.
Moreover, notice if u(E) < oo the above computation implies that we may
subtract p(E) from both sides in order to obtain that u(F\ E) = pu(F)—u(E).

Remark 1.3.4. Let (X, A, ) be a measure space and let A, B € A. Assume
w(ANB) < oo. Since A € Aand B\ (BN A) € A are disjoint, we obtain
finite additivity on disjoint subsets and Remark [I.3.3] that

(AU B) = u(AU (B\ (BN A)) = u(A)+ B\ (BNA))
= pn(A) + p(B) — p(AN B)

The above formula is probably very familiar in the context of probability. In
fact, the basic objects in probability theory can be modelled as follows.

Definition 1.3.5. Let (X, A, 1) be a measure space. It is said that (X, A, u)
is a probability space and p is a probability measure if p(X) = 1. In this
case, elements of A are called events and given A € A, u(A) denotes the
probability that the event A occurs.

It is not difficult to see that a probability space is the correct notion
in order to study probability theory. Indeed the probability of the entire
space is one and whenever A and B are disjoint sets, which is the notion
of independent events, then the probability of A U B is the sum of the
probability of A and the probability of B. Furthermore, Remark [.3.3] is
precisely the formula for the probability of AU B when A and B are not
disjoint; that is, the formula for the probability of the union of two not
necessarily independent events.

Using some intuition from probability, we obtain some basic examples of
measures.

©For use through and only available at pskoufra.info.yorku.ca.



1.3. MEASURE SPACES 11

Example 1.3.6. Let X be a non-empty set and let x € X. The point-mass
measure at x is the measure 6, on (X,P(X)) defined by

5,(A) = 1 ifze A
Yo ifz¢ A

for all A € P(X). It is elementary to verify that ¢, is a measure.

Example 1.3.7. Let X = {1,2,3,4,5,6} and define p : P(X) — [0, 1] by

for all A € P(X). It is elementary to verify that p is a measure. One can
think of p as the probability measure associated to rolling a unweighted
6-sided die.

Example 1.3.8. Let X be a non-empty set. The counting measure on X is
the measure p on (X, P(X)) defined by

Al if A is finite
u(A) = { | .

oo  otherwise
It is elementary to verify that u is a measure.

Unfortunately the above do not help us construct a measure that will
measure the length of every Borel subset of R. To gain some intuition on
how we might construct such a measure, it is best to analyze the analytic
properties of arbitrary measures. We begin with the following that shows
all measures must behave well with respect to monotone sequences of sets.
And yes, this is as important to this course as the Monotone Convergence
Theorem for sequences is important to MATH 2001.

Theorem 1.3.9 (Monotone Convergence Theorem, Measures). Let
(X, A, i) be a measure space and let {Ap}o>, C A.

a) If Ay, C Apyq for alln € N, then p (Uneq An) = limy, o0 1(Ar).

b) If Apt1 C A, for all n € N and p(A1) < oo, then p(No2; An) =
limy, 00 p(An).-

Proof. To see a) is true, let Ag = () for notational simplicity. If for each
n € N we define

Bn - An \ Anfla

©For use through and only available at pskoufra.info.yorku.ca.



12 CHAPTER 1. THE LEBESGUE MEASURE

then {B,}>2; is a collection of pairwise disjoint elements of A such that
Ure; Br = Ur—; Ak and U;—; Br = Ay, for all n € N. Hence

n=1 n=1
= Z wu(Bg) {B}7=, pairwise disjoint

= nlggo Z w(Bg) definition of series

n
= lim pu U Bk> {B}7= pairwise disjoint

as desired.
To see b) is true, notice if B, = A1\ 4, for all n € N, then {B,,}>2, is a
collection of elements of A with B, C B,,41 for all n € N. Hence, as

n=1

T8

1

we obtain by part a) that

n—oo

H (Al \ (ﬁ An)) = lim ,U(Bn) - nh—golo :U(Al \An)

Since p(A;1) < oo, Remark implies that u(A; \ E) = p(A1) — u(E) for
all F € A with E C Ay. Hence

r-o{ ) oo 74)

= lim p(4;\ 4,)

n—oo
= lim (A1) — p(An)
= p(Ar) — limp(An).

Hence, by subtracting (A1) < oo from both sides, the result follows. ]

The strategy for the proof of the first part of the Monotone Convergence
Theorem was to take our increasing sequence of sets and make them pairwise
disjoint while preserving the union via set operations that preserve measurable
sets. This is a strategy we will often apply. In particular, by a more advanced
version of “make sets pairwise disjoint”, we can prove the following which
shows how measures behave on countable unions of sets that may not be
pairwise disjoint.

©For use through and only available at pskoufra.info.yorku.ca.



1.4. THE LEBESGUE OUTER MEASURE 13

Proposition 1.3.10 (Subadditivity of Measures). Let (X, A, u) be a
measure space and let {Ap}>>, C A. Then

n=1 n=1

Proof. Let E1 = Ay. For each n € N with n > 2 let

By = A\ (U Ak> |

k=1

Since {A4,,}22; C A, by the properties of o-algebra we have that E,, € A for
all n € N. Furthermore, it is clear that E, N E,, = 0 if n # m, E, C A,, for
all n € N, and

54 O 5
n=1 n=1

Hence by the definition and monotonicity of measures (Remark [1.3.3), we
obtain that

(G =G

> w(Ey)
n=1
Z: N(An)

{En}72, pairwise disjoint

IN

monotonicity of measures

as desired. (]

1.4 The Lebesgue Outer Measure

With our knowledge of the properties of measures, we turn our attention
to attempting to construct a measure that will measure the length of every
Borel subset of R and satisfy (L1)-(L6) from the start of this chapter. The
question is, how can we do this?

Our approach will be motivated by the notion of a compact sets. Recall
a subset of R is said to be compact if every open cover has a finite subcover.
Our goal is to use the collection of all open covers of a set to measure the
length of the set. Since every open set is a disjoint union of open intervals
and we know what we want the length of an open interval to be, we know
what we want the length of an open set to be. By adding up the lengths
of the open sets in an open covering of a set A, we obtain an upper bound
for what the length of A should be. To obtain a best approximation for the
length of A, we should take the least upper bound. We formalize this as
follows.

©For use through and only available at pskoufra.info.yorku.ca.



14 CHAPTER 1. THE LEBESGUE MEASURE

Definition 1.4.1. Given an interval I C R, let ¢(I) denote the length of I
(where the length of an infinite interval is assigned oo and the length of the

empty set is 0). The Lebesgue outer measure is the function A* : P(R) —
[0, 00] defined by

A*(A) = inf { i o(I,)
n=1

{I | n€N} are open intervals
such that AQU:’:l In

for all A C R (where inf{oo} = 00).

Of course A" cannot be the measure we are looking for since it is defined
on all of P(R) and thus cannot satisfy all of (L1)-(L6) by Theorem [I.1.1]
However, in order to see how close we are, let’s see which of (L1)-(L6) and
which properties of measures \* satisfies. In particular, A* has all of the
desired properties except that we only have countable subadditivity instead
of additivity on countable pairwise disjoint sets. Since measures must be
countable subadditivity, perhaps we are not too far off.

Theorem 1.4.2. The Lebesgue outer measure satisfies the following:
a) X*(0) =0,

b) X(I) = 4(I) for all intervals I,

c) if AC B CR, then \*(A) < \*(B) ,

d) if v € R and A CR, then \*(z + A) = \*(4),

e) if « € R and A CR, then \*(aA) = |a|A\*(A), and

P if {An}aZy € P(R), then A (UnZy An) < 32551 A (An).

n=1

Proof. Tt is clear from the definition of A\* that A*()) = 0. Moreover, if
A C B, then every collection of open intervals that covers B must also cover
A. Therefore, since A*(A) and A\*(B) are computed via infimums, we obtain
that A*(A) < A\*(B) if A C B. Hence a) and c¢) hold.

To see that b) holds, first assume I = [a,b]. To see that A*(I) < b — a,
let € > 0 be arbitrary. Then I’ = (a — €,b + €) is an open interval such that
I C I'. Hence, by the definition of \* (using the empty set for all other open
intervals in our countable collection which covers I'), we obtain that

M) < I =b—a+2e.

Therefore, since € > 0 was arbitrary, we obtain that A*(I) <b — a.

For the other inequality, let {I,, | n € N} be an arbitrary collection of
open intervals such that I C |52 I,,. Hence {I,, | n € N} is an open cover
of I. Therefore, since I is compact, there must exists a finite subcover of
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1.4. THE LEBESGUE OUTER MEASURE 15

{I, | n € N} for I. By reindexing the intervals if necessary, we may assume
that I C [y, I) for some m € N.

Since a € I, there exists a k € {1,...,m} such that a € I. By reindexing
the intervals if necessary, we may assume that a € I;. Write I} = (ay,b1).
Hence a1 < a < by. If b € I terminate this algorithm here. Otherwise b; < b
so by € I. Since I C |JjL; I, there exists a k € {1,...,m} such that b; € I.
By reindexing the intervals if necessary, we may assume that b; € I5. Write
I, = (ag,bz). Hence ag < by < by. If b < by, terminate this algorithm here.
Otherwise, as there are a finite number (specifically m) of intervals we need
to consider, we may continue this process a finite number of times to obtain
an m’ < m and intervals I, = (ag,bx) for k& < m/ such that a3 < a < by,
apy1 < bp < bgyy forall 1 <k <m'—1,and a, < b < b,. Hence

i O(I)

3\

=4
m/
= b — ay,
k=1
m/
> (b —a1) + Zbk — bg—1
k=2

> b,y —a1 >b—a.

Therefore, since {I,, | n € N} was arbitrary, we obtain that \*(I) > b — a.
Hence \*(I) = b — a as desired.

To complete the proof of b), first assume I C R is an interval of finite
length. Thus I € {(a,b),[a,b), (a,b],[a,b]} for some a,b € R with a < b.
Hence £(I) = b —a. Let I = [a, b] sothatICIand M(I)=¢(I) =b—a by
the previous case. Next, for any € > 0 with € < %52, let J, = [a +5,b— f}
Thus J. C I and X\*(Je) = 4(J.) =b—a — € for all € > 0. Therefore by c) we
obtain for all € > 0 that

b—a—e=X\(J) < X)) <XN(I)=b-a.

Hence \*(I) = b — a as desired.

Otherwise, assume [ is an infinite interval. Since [ is an infinite interval,
for all M > 0 there exists a closed interval Jjs such that Jy; C I and
X (Jar) = 4(Jar) = M. Hence c) implies

A =2 X (Iu) = £(Tm) =

Therefore, since M > 0 was arbitrary, we obtain that A\*(I) = oo = ¢(I) as
desired. Hence b) holds.

To see that d) holds, note {I,, | n € N} is a collection of open intervals
such that A C U, I, if and only if {z 4+ I,, | n € N} is a collection of open
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16 CHAPTER 1. THE LEBESGUE MEASURE

intervals such that  + A C ;2 ; « + I,,. Therefore, since ¢(x + I) = ¢(I)
for all open intervals I, it follows that \*(z + A) = A*(A) for all A € P(R).
Hence d) holds.

To see that e) holds, first consider the case that o = 0. If A = () then
aA =) and thus \*(ad) =0 =0\*(A) = |a|]\*(A). Otherwise, if A # ) we
obtain that A = {0} so

A(ad) = A ({0}) = A*([0,0]) = 0 = [«|A"(4)

by b). Otherwise, if a # 0, we see that {I,, | n € N} is a collection of open
intervals such that A C ;2 I,, if and only if {al,, | n € N} is a collection
of open intervals such that aA C |J;2; al,,. Therefore, since ¢(al) = |a|¢(I)
for all open intervals I, it follows that A\*(aA) = |a|A*(A) for all A € P(R).
Hence e) holds.

Finally, to see that f) holds, let {A,}22, C P(R) and let A = ;= Ap.
Fix € > 0. By the definition of \*, for each n € N there exists a collection
{Ix | k € N} of open intervals such that A, C ;2 I, ; and

S UT) < N (A) +
k=1 2

Since countable unions of countable sets are countable (see Appendix |B.5.3)),
{Ink | n,k € N} is a countable collection of open intervals such that

AC | L
n,k=1
Hence the definition of A* implies that
N(A) < Y ULg) < 3N (A + 2% — e+ 3 N (4.
n,k:l n=1 n=1

Therefore, since € > 0 was arbitrary, we obtain that
o0
A*(A) < Z A (An)
n=1
as desired. m

1.5 The Carathéodory Method

Theorem [T.4.2| shows us that the Lebesgue outer measure is really close to the
object we want; we only have countable subadditivity oppose to countable
additivity on disjoint sets. Perhaps the Lebesgue outer measure is good
enough for us to do analysis? Well, no because we need countable additivity
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1.5. THE CARATHEODORY METHOD 17

on disjoint sets to prove the Monotone Convergence Theorem (Theorem
, which is definitely something we want to hold.

Thus our only hope to use the Lebesgue outer measure is to restrict the
domain from P(R) to a o-algebra containing the Borel sets. The question is,
how do we do this?

To answer is to invoke a technique known as the Carathéodory Method.
This technique only requires three specific properties of the Lebesgue outer
measure, which we encapsulate in the following definition to prove the most
general result possible.

Definition 1.5.1. Let X be a non-empty set. A function p* : P(X) — [0, oo]
is said to be an outer measure if

o w(0)=0,
o if AC BC X, then p*(A) < u*(B), and
o if {4p}52, € P(X), then p* (UnZy An) < 320251 17 (An).

Example 1.5.2. By Theorem the Lebesgue outer measure is an
example of an outer measure.

Our hope is to take an outer measure p* and form a o-algebra A such
that p*|4 is a measure. This requires us to describe which sets should be
‘measurable’.

Definition 1.5.3. Let X be a non-empty set and let p* : P(X) — [0, oo]
be an outer measure on X. A subset A C X is said to be pu*-measurable or
outer measurable if for all B € P(X) we have

W (B) = w*(BAA) + (BN A°),

Remark 1.5.4. The reason we are interested in outer measurable sets is
that if A C X has the property that

p'(B) # p (BN A) + p* (BN A

for some B € P(X), it is likely we don’t want to consider A to be measurable
as it causes u* to fail to be additive on specific disjoint sets if B was also
measurable.

Remark 1.5.5. Notice by the properties of an outer measure that if A, B €
P(X) then
p(B) < p' (BN A) + p* (BN AS).

Thus to show that A is outer measurable, it suffices to show that
W(B) > p*(BNA) + i (BN A°)

for all B € P(X). Furthermore, clearly it suffices to restrict our attention to
B such that p*(B) < oo.
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18 CHAPTER 1. THE LEBESGUE MEASURE

The Carathéodory Method of constructing a measure is as follows: con-
struct an outer measure p*, and apply the following to get a o-algebra A
such that p*|4 is a measure.

Theorem 1.5.6. Let X be a non-empty set and let p* : P(X) — [0, 00| be
an outer measure on X . The set A of all outer measurable sets is a o-algebra.
Furthermore p*| 4 is a measure on (X, A).

Proof. To see that A is a o-algebra, first notice for all B € P(X) that
W (B) = 1*(B) + 0 = p* (BN 0°) + (BN D).

Hence () € A. Furthermore, clearly if A € A then clearly A € A due to the
symmetry in the definition of an outer measurable set. Hence A is closed
under compliments and X € A.

In order to demonstrate that A is closed under countable unions, let’s
first verify that A is closed under finite unions. To verify that A is closed
under finite unions, it suffices to verify that if A;, Ay € A then A{ U Ay € A
as we can then apply recursion to take arbitrary finite unions of element of
A. Thus let A1, A5 € A be arbitrary. To see that A UAs € A, let BC X
be arbitrary. Since A; is outer measurable, we know that

pr(B) = p* (BN A1) + p* (BN AS).
Furthermore, since As is outer measurable, we know that
pH(BOVAS) = (B0 AS) N Az) + (B 0 AS) 1 A5).
Hence
W (B) = u*(B 1AL + (B 1AS 0 Ag) + ' (BN AS 0 AS).
However, since
BN(A1UAy)=(BNA)U(BN (AN AY)),
subadditivity implies that

p'(B)=p (BNA)+p (BNATN Ag) + p* (BN AT N AS)
> p (BN (A1UAz)) +p"(BNATNA)
= 1*(BN (A1 U Ap)) + i (BN (A1 U Ay)°)

Therefore, since B C X was arbitrary, we obtain that A7 U A> € A. Hence
A is closed under finite unions.

Since A is also closed under complements, we also obtain that A is closed
under finite intersections using a similar argument to that used in Remark
2.0l
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1.5. THE CARATHEODORY METHOD 19

To see that A is closed under countable unions, let {A4,}22, C A be
arbitrary. Let 1 = A; and for n > 1 let

E,=A, \ <nU1 Ak> =A,N (nul Al> .
k=1 k=1

Clearly {E,}>2, are pairwise disjoint such that Uy~ E, = Up—; 4p. Fur-
thermore, F,, € A for all n € N by the above argument.

To see that E = |72 ; E), is an element of A, let B C X be arbitrary. For
each n € N, let F,, = U;_; E), which is an element of A since A is closed
under finite unions. Therefore, since F), is outer measurable, since F,, C FE
so ¢ C FF¢, and since p* is monotone, we obtain that

W(B) = u*(BAF,) + 1" (BNFY) > (BN F,) + ' (B E°)

for all n € N.

Since (Fy,)n>1 are a increasing sequence of sets with union E, we would
like to take the limit of the right-hand side of the above inequality to obtain
that p*(B) > p*(B N E) + p*(B N E€) thereby obtaining that E is outer
measurable. However, since we do not know the Monotone Convergence
Theorem (Theorem works for outer measures (i.e. the proof required
countable additivity on disjoint sets, which we don’t have), we will need
another approach to taking the limit.

Notice that F,, = F,,_1UE, and F,,_1NE, = () by construction. Therefore,
since B, € A, we obtain that

W (B0 By = p (B O E) 1 Ey) + (B Fy) 1 ES)
= H*(B N En) + M*(B N Fn—l)

for all n € N. Therefore recursion implies that
n
“(BNF,) =Y u(BNE)
k=1
for all n € N. Hence
n
pH(B) > (BNE) + Y p* (BN Ey)
k=1

for all n € N. By taking the supremum of the right-hand-side of the above
expression, we obtain that

W(B) > p (BAE) + 32 p (BB,
k=1
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20 CHAPTER 1. THE LEBESGUE MEASURE

Therefore subadditivity implies that

p*(B) > p* (BN ES) +u* (D mEk>

n=1

(B
= (BN E°) + u* (Bm (U Ek>>
k=1
=p (BNE°)+u (BNE).

Therefore, as B C X was arbitrary, we obtain that £ € A as desired. Hence
A is a o-algebra.

To see that ©*| 4 is a measure, first notice that p*()) = 0 by design. To
check the other property of Definition let {E,}52, be an arbitrary
collection of pairwise disjoint elements of A and let £ = (J;2; E,. Using the
above computation with E in place of B, we see that

oo oo o0
WHE) 2t (EOES) + 3 (BN E) =04+ 3 i (B) = Y it (B
k=1 k=1 k=1
However, since subadditivity of outer measures implies
o0
<> uH(Er)
k=1
we obtain that
o
= (Ex).
k=1
Hence p*| 4 is a measure as desired. [

Before moving on to studying what Theorem [I.5.6] yields when applied
to the Lebesgue outer measure, it is useful to note all measures constructed
via the Carathéodory Method have one property in common.

Definition 1.5.7. A measure space (X,.A,u) is said to be complete if
whenever A € A and B € P(X) are such that B C A and p(A) = 0, then
B e A

Proposition 1.5.8. Let X be a non-empty set, let u* : P(X) — [0, 00] be an
outer measure on X, and let A be the o-algebra of all outer measurable sets.

If Ae P(X) and p*(A) =0, then A € A. Hence (X, A, u*|4) is complete.

Proof. Assume A € P(X) is such that pu*(A) = 0. To see that A € A, let
B € P(X) be arbitrary. Then

0< " (BNA) < i"(A) =0
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1.6. THE LEBESGUE MEASURE 21

by monotonicity. Hence, by monotonicity,
i(B) = p*(B N AY) = i (BN A%) + w* (B A).

Therefore, as B € P(X) was arbitrary, A € A.

To see that (X, A, u*|4) is complete, let A € A and B € P(X) be such
that B C A and p*(A) = 0. Hence monotonicity implies that pu*(B) = 0.
Thus the first part of this proof implies that B € A as desired. ]

1.6 The Lebesgue Measure

With Carathéodory’s Method and the Lebesgue outer measure, we can finally
construct the object we desire.

Definition 1.6.1. Let A* be the Lebesgue outer measure from Definition
1.4.1l By Theorem the collection M(R) of A\*-measurable sets is a
o-algebra and )‘*‘M(R) is a measure. We call A = )‘*|M(R) the Lebesgue
measure on R and elements of M(R) Lebesgue measurable sets.

For the Lebesgue measure to be the measure we seek, we still need to
verify that A satisfies (L1)-(L6) and we want to ensure that M(R) contains
the Borel sets. Of course, (L1), (L3), and (L6) automatically hold for A since
A is a measure. To verify (L2) (i.e. that every interval is Lebesgue measurable
and has measure equal to the length), we need only verify that every interval
is Lebesgue measurable as Theorem already implies A*(I) = ¢(I) for
every interval I. Thus we begin with the following.

Theorem 1.6.2. For each a € R, (a,0) is Lebesque measurable.

Proof. To see that (a,00) is Lebesgue measurable, let B C R be arbitrary.
Therefore By = BN (a,00) and By = BN (—00,a| are disjoint sets such that
B = By U Bs.

Let € > 0 be arbitrary. By the definition of the Lebesgue outer measure,
there exists a collection {I,, | n € N} of open intervals such that B C (J5; I,
and

f: U(I,) < M*(B) +e.
n=1

For each n € N, let I| = I,, N (a,00) and I}] = I, N (o0, a]. Clearly I,
an I/ are disjoint intervals such that I,, = I/, U I)) and ¢(I,,) = £(I},) + ¢(I))).
Furthermore, clearly {I/, | n € N} and {I}] | n € N} are countable collections
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22 CHAPTER 1. THE LEBESGUE MEASURE

of intervals such that By C |J;2; I}, and Bs C [J22 I//. Hence

n=1"n-
N (BN (a,00)) + A (BN (a,0)°)
= X\ (B1) + \*(B2)

< DN+ YN subadditivity
n=1 n=1

= D> L)+ > ) Theorem [42
n=1 n=1

(o]
=Y (1)
n=1
<A (B) +e.
Therefore, since € > 0 was arbitrary, we obtain that
A (BN (a,00)) + A (BN(a,00)°) <A (B).
Therefore, since B C R was arbitrary, (a,o0) is Lebesgue measurable. ]

Corollary 1.6.3. Every Borel subset of R is Lebesgue measurable.

Proof. Since M(R) is a o-algebra, since Theorem implies (a,00) €
M(R) for all a € R, and since {(a,00) | a € R} generated B(R) as a
o-algebra by Remark it follows that B(R) C M(R). |

Corollary 1.6.4. Every interval I C R is Lebesgue measurable with \(I) =
o(I).
Proof. Since every interval is a Borel subset, every interval is Lebesgue

measurable by Corollary [I.6.3] Moreover, if I is an interval, Theorem [1.4.2]
implies that A\(I) = X\*(I) = £(I). [

With the above, it remains only to verify that the Lebesgue measure
behaves well with respect to translation and scaling.

Proposition 1.6.5. If A € M(R) and x € R, then x + A € M(R) and
Az + A) = A(A).

Proof. Let A € M(R) and x € R. To see that =+ A is Lebesgue measurable,
let B C R be arbitrary. Since the Lebesgue outer measure is translation
invariant, we obtain that

A (B) = X*(—z + B) by Theorem [1.4.2
=XN((—z+B)NA)+ X ((—z+B)NA°) since A € M(R)
=X (BnN(x+A)+X(Bn(x+ A9)) by Theorem [1.4.2

= XN (BN(z+A)+ N(BN (z+ A)°).

Therefore, since B C R was arbitrary, x+A € M(R). Hence A(x+A) = \(A)
by the translation invariance of the Lebesgue outer measure. ]
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Proposition 1.6.6. If A €¢ M(R) and o € R, then aA € M(R) and
AMaA) = |a|A(4).

Proof. Let A € M(R) and a € R. To see that A € M(R), note that if
a = 0, then vA = 0 if A = 0 and oA = {0} otherwise. In either case
aA € M(R) when o = 0.

If a # 0, let B C R be arbitrary. Then Theorem implies

M (B) = |a|X\*(a™!'B) by Theorem
=l ((@'B)NA) + [a|\* (e 'B) N A°) A€ M(R)
= X (a((a™'B) N A)) + X(a((a”'B) N A%)) by Theorem [[.4.2
= \N(BN(ad))+ X (BN (aA9))
=\ (BN(ad)) + X (BN (aA)°).

Therefore, since B C R was arbitrary, a4 € M(R).
Finally, note A(aA) = |a|A(A4) by Theorem [1.4.2] ]

By combining the properties of measures together with Corollary [1.6.3]
Corollary Proposition [1.6.5] and Proposition [1.6.6] we see that the
Lebesgue measure satisfies all the properties and conditions we desired!
Moreover Proposition implies that \ is a complete measure.

With the above out of the way, we desire to better understand the
Lebesgue measure. In particular, we will examine some additional sets and
properties to gain intuition about this measure.

Proposition 1.6.7. Let A C R be countable. Then A € M(R) and A\(A) = 0.
Hence Q € M(R) and A\(Q) = 0.

Proof. Let A C R be countable. By Proposition m (i.e. the Lebesgue
outer measure is complete), it suffices to prove that \*(A) = 0.

To see that A*(A) = 0, let € > 0 be arbitrary. Since A is countable, we
can write A = {a,}52 ;. For each n € N, let

I . € €
n = {0n — 2n+1’an‘+'2n+1 :

Clearly for all n € N we have I,, is an open interval of length o with a,, € I,.
Hence we obtain that

AcC | I..

n>1

Therefore, by the definition of the Lebesgue outer measure, we obtain that

oo o0
0< A (A) < ZE(In):Z%:e.
n=1 n=1

Therefore, since € > 0 was arbitrary, we obtain that A*(A) = 0 as desired. n
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For another interesting example, we turn our attention to a very interest-
ing set.

Definition 1.6.8. Let Py = [0,1]. Construct P; from P, by removing the
open interval of length £ from the middle of Py (i.e. Py = [0,3] U [3,1]).
Then construct P from P1 by removing the open intervals of length 3 & from
the middle of each closed subinterval of P;. Subsequently, having constructed
P, construct P,41 by removing the open intervals of length 3,1% from the
middle of each of the 2™ closed subintervals of P,. Specifically, P, is the

union of the 2" closed intervals of the form

where ay,...,a, € {0,2}.
The set

is known as the Cantor set.

In fact, the Cantor set can be described via the ternary expansion of
elements of [0, 1].

Lemma 1.6.9. Let x € R. Then x € C if and only if there is a sequence
(an)n>1 with a, € {0,2} for alln € N such that x = limp 00 > j—1 5 (i-e-
x € [0,1] and = has a ternary expansion using only Os and 2s).

Proof. Let x € C. Hence x € P, for all n € N. By the recursive construction
of the P,, there exists a sequence (an)n>1 C {0, 2} such that

n n

for all n € N. To see that z = lim,, 00 > py a—k we notice that

1

3

HEE AT R

Therefore, since lim,, 3% = 0, we obtain that z = lim, 0 >y g—’,j as
desired.

Conversely, assume z € R is such that there exists a sequence (an)n>1
with a, € {0,2} for all n € N such that z = lim, 00 > 1 g—’,g For each
n €N, let s, = >;_; 5f. Hence, by the description of P,, we obtain that
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sp € P, for all n. In fact, upon closer examination, we see that s,, € P,
whenever m > n. Indeed if m > n then

nak mak nak m 9
Lypstgmslgt X o

%
k=1 k=n+1
m—n
ag 2 1- (%)
=> T+
]; 3k gn+1 _ %
m—n
v Lo (3)
B kz::l F T
< “ ag 1
< kz::l 3+

Since each P, is a closed set, since x = lim,, o0 Sm, and since s, € P,
whenever m > n, we obtain that x € P, for each n € N by the sequential
description of closed sets. Hence z € (>, P, = C. [

Remark 1.6.10. The Cantor set has many interesting properties. In par-
ticular, the Cantor set is an uncountable set (see Theorem that is
compact with empty interior. Since the Cantor set is a closed set and thus a
Borel set, the Cantor set is Lebesgue measurable.
We claim that the Cantor set has Lebesgue measure zero. To see this,
recall that
C=)Pn

n>1

where P, C [0,1] is the union of 2" closed intervals each of length 3,1%
Therefore, we obtain for each n € N that

2n
0<AO) SAP) < 5y

Hence, since lim,,_ 33% = 0, we obtain that A\(C') = 0 as desired.

Remark 1.6.11. Note Corollary [L.6.3|shows us that B(R) C M(R) C P(R).
However, we have seen (claimed really) that |B(R)| = |R| whereas Cantor’s
Theorem (Theorem implies that |R| < |P(R)|. Thus it is natural to
ask, what is the cardinality of M(R)? After all, if not that many subsets of
R are Lebesgue measurable, do we really have a suitably general measure?
Recall by Remark that the Cantor set C is Lebesgue measurable
with A(C) = 0. Hence every subset of the Cantor set must be Lebesgue
measurable as the Lebesgue measure is complete. Moreover, since |C| = |R|
by Theorem [B.5.10] we obtain that |P(C)| = |P(R)|. Therefore, since P(C) C
M(R) C P(R) and since, |P(C)| = |P(R)|, we obtain that |M(R)| = |P(R)].
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Thus, in terms of cardinality, the set of Lebesgue measurable subsets of R is
as large as possible.

Of course M(R) # P(R) since Theorem implies there exists (and
explicitly constructs) a set A C [0, 1) that is not Lebesgue measurable. Using
this set, we can show there exists |P(R)| subsets of R that are not Lebesgue
measurable. Indeed A" =2+ A C [2,3) is not Lebesgue measurable being
the translation of a set that is not Lebesgue measurable. If A’ UC was
Lebesgue measurable, then since A’NC = () we would have (A’UC)NCe = A’
being the intersection of Lebesgue measurable sets and thus being Lebesgue
measurable. Since this is a contradiction, we have that A’UC is not Lebesgue
measurable. Similarly, if S C C then A’ U S is not Lebesgue measurable.
Therefore, since A’ NC = () and as there are |P(C)| = |P(R)| subsets of C,
we obtain that there are |P(R)| subsets of R that are not measurable.

To conclude our initial discussion of the Lebesgue measure, we list several
approximation properties.

Proposition 1.6.12. Let A € M(R). Then
a) MA) =inf{\(U) | U C R is an open set such that A C U}. This prop-

erty of A is known as outer regularity.

b) M(A) = sup{\(K) | K C R is a compact set such that K C A}. This
property of A is known as inner regularity.

Proof. To see that a) is true, let A € M(R). Clearly if U C R is an open
subset such that A C U then A(A) < A(U) by the monotonicity of measures
and thus

AA) <inf{A\(U) | U C R is an open set such that A C U}.

To see the other inequality let € > 0. Since A € M(R), we know that
A(A) = A*(A). Hence there exists a countable collection {I,,}7°; of open
intervals such that A C (Jp2; I, and

i U(I,) < N (A) +e.
n=1

Therefore, if U = Jo2; I, then U is an open subset of R such that A C U
and

A(U) < i UI,) < M (A) +e.

n=1

Hence
inf{\(U) | U C R is an open set such that A C U} < A(A) +e.

Therefore, since € > 0 was arbitrary, we obtain the desire inequality.
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To see that b) is true, first note that the difficulty in using a) to directly
prove this result is that we have no control of measure of the complement
of a set with infinite measure. Thus fix A € M(R). Clearly if K C R is
a compact such that K C A then A(K) < A(A) by the monotonicity of
measures and thus

A(A) > sup{\(K) | K C R is a compact set such that K C A}.
For the other direction, for each n € N let
A, = AN[—n,n)].
Clearly A,, € M(R) and
AMAp) < A([—n,n]) < 2n < o0

by the monotonicity of measures. Furthermore, since A = |J;2; A, and
Ay C Ap4q for all n € N, we obtain by the Monotone Convergence Theorem

(Theorem [1.3.9) that
AA) = Jim AAy).
For each n € N, let B, = AS N [—n,n]. Clearly A(B,) < A([-n,n]) <
2n < oo by the monotonicity of measures. By part a) there exists an open
subset U,, C R such that B,, C U,, and

AUp) < AN(Bp) + 2%

Hence, since A(B,,) < 00 so A(Uy,) < oo, we obtain that U, N[—n,n] € M(R)
and

0 < AUn N [=1,1]) = A(Ba) £ A(Un) = A(Ba) < o7

For each n € N, let K,, = US N [—n,n|. Clearly K, is closed being the
intersection of two closed sets and is bounded by n. Hence K, is compact
and K, € M(R). Moreover, since B,, C U, we have K,, = US N [—n,n| C
Bt N [—n,n] = A,. Since

[—n,n] = K, U (U, N [—n,n]) and [-n,n] = A, UB,
are disjoint unions of measurable sets, we obtain that
AMEKy) + A(Up N [—n,n]) =2n = A(Ay) + AN(By)

AAn) < AUKR) + AU 0 [=n,m]) = A(Ba) < AKy) + 5

Therefore, since

. o 1 o
A(A) = lim A(4,) < hnnl)lcgf ANK,) + o = llnrr_1>£f)\(Kn),

n—o0
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we have that
A(A) <sup{A(K) | K CRis a compact set such that K C A}
as desired. ]
Proposition 1.6.13. Let A CR. The following are equivalent:
a) Ae M(R).

b) For all € > 0 there exists an open subset U C R such that A C U and
MU\ A) <e.

c) For all € > 0 there exists a closed subset F C R such that F C A and
M(A\F) <e.

d) There ezists a G5 set G CR (i.e. G is a countable intersection of open
sets) such that A C G and \*(G'\ A) = 0.

e) There exists an Fy set F CR (i.e. F is a countable union of closed sets)
such that F C A and \*(A\ F) = 0.

Proof. We will show that a), b), and d) are equivalent whereas the equivalence
of a), ¢), and e) will follow by taking complements (i.e. it is easy to see that
b) holds if and only if ¢) holds, and d) holds if and only if ) holds).

Fix A C R and assume that d) holds. Notice if G C R is a Gs-set such
that A C G and A*(G'\ A) = 0, we obtain that G\ A € M(R) since the
Lebesgue measure is complete. Furthermore, since G is Gg, we obtain that
G is Borel and thus G € M(R). Therefore, since

A=(G\ANG

and since M(R) is closed under complements and intersections, we obtain
that A € M(R). Thus d) implies a).
Next, assume that a) holds so that A € M(R). For each n € Z, let

A, =AN[n,n+1].

By Proposition [1.6.12| for each n € Z and k € N there exists an open set Uy, j,
such that A, C U, ; and

< MAp) + 1

0 < )‘(Un,k) = ij,w'

Hence, since 0 < A(Ay) < A([n,n+1]) < co by the monotonicity of measures,

we obtain that .

< -
)‘(Un,k \An) = o-Inl"
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For each k£ € N let

Up = |J Un-
nez

Clearly Uy, is an open set being the countable union of open sets. Further-
more, since Uy, A € M(R), we obtain by subadditivity and monotonicity of
measures that

neL

AU\ A) = A (U (Unic \ A))
< Z )\(Un,k \ A)

ne”L

ne”

1
<2 1o

Hence b) follows.
To see that b) implies d), note that b) implies for each k € N there exists
an open set Uy, such that A C Uy, and A\(Uy \ A) < 2. Let

oo
G=)U.
k=1
Then G is a G set being the countable intersection of open sets. Thus G is

Borel so G € M(R). Furthermore, notice for all £ € N that

0<AG\A) < AU\ 4) <

> W

by the monotonicity of measures. Hence, since limg_.oo % = 0, we obtain
A(G\A)=AXG\A) =0
as desired. ]

There is far more examples and topics to discuss related to arbitrary
measures. For example, we could generalize the Lebesgue measure to obtain
the Hausdorff measures on R. The Hausdorff measures can be used to define
a dimension function on Borel subsets of the real numbers that give fractional
dimensions. For example, it can be show that the Cantor set has dimension
}E% The construction of such objects can be found in Appendix . For
this course, we will be focusing on the theory of the Lebesgue measure and
improving the Riemann integral.
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Chapter 2

Measurable Functions

With the construction of the Lebesgue measure complete, we return our
attention to improving the Riemann integral. However, we immediately run
into an issue with the functions we will be able to integrate; just as not
every function is Riemann integrable, we cannot expect all functions to be
integrable with respect to our new integral. Recall if A C R, we can define
the function x4 : R — R by

1 ifzeA

R R

Thinking of an integral as the area under the graph of the function, we
would expect [p xa(x)dz to be the length of A. However, as we have seen,
not every subset of R is Lebesgue measurable. Thus, if A was a set that
was not Lebesgue measurable, we would have no way to define [p x () dx.
Consequently, we need to examine which functions are ‘suitably measurable’
and the properties of said functions before we can improve on the Riemann
integral.

2.1 Measurable Functions

To define what it means for a function f : R — R to be ‘suitably measur-
able’, let’s for a moment keep things abstract and take motivation from the
topological definition of a continuous function: a function is continuous if the
inverse image of an open set is open. By replacing ‘open’ with ‘measurable’,
we have a potential definition to make a function ‘suitably measurable’.

Definition 2.1.1. Let (X, Ax) and (Y, Ay) be measurable spaces. A func-
tion f : X — Y is said to be measurable if f~1(A) € Ax for all A € Ay;
that is, the inverse image of every measurable set in Y is measurable in X.

Of course, we have a collection of trivial examples.
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Example 2.1.2. Let (X, Ax) and (Y, Ay) be measurable spaces and let
f: X — Y. If fis constant, then f is measurable as either f~(A4) = X or
fHA) =0 for all A€ Ay.

Example 2.1.3. Let (X, Ax) and (Y, Ay) be measurable spaces and let
f:X =Y. If Ax = P(X), then f is automatically measurable as f~'(A) €
P(X) for all A € Ay.

Example 2.1.4. Let (X, Ax) and (Y, Ay) be measurable spaces and let
f:X =Y. If Ay = {0,Y}, then f is automatically measurable as
f_l((b) =0 e Ax and f_l(Y) =XeAy.

Based on the above examples, there are many options for the notion of
measurable functions on R. The question is, “What notion of measurable
functions is the correct one to generalize the Riemann integral?”

First, by Example we see the o-algebra we place on the co-domain
shouldn’t be too small for otherwise all functions are forced to be measurable
thereby hindering our efforts to construct an integral for measurable functions.
Furthermore, provided the g-algebra on the domain is not too small, we can
see by considering the functions x4 from the beginning of our chapter that
the o-algebra on the domain cannot be too big. As the function x4 will be
of use to us throughout this course, it is about time we give them a name.

Definition 2.1.5. Let X be a non-empty set and let A C X. The char-
acteristic function of A (or indicator function) is the function x4 : X — R
defined by
_J1 ifzxeA
X“@)_{o ifogA
for all x € X.

Remark 2.1.6. Let (X, .A) be a measurable space and let A C X. Notice
for a subset B C R that

0 if0,1¢B
A if0¢BandleB
A¢ if1¢ Band0€ B
X if0,1€B

Therefore, if B is a o-algebra on R such that there is a set B € B with 0 ¢ B
and 1 € B (so B¢ € B,0 € B¢ and 1 ¢ B°), we see that x4 is a measurable
function from (X,.A) to (R, B) exactly when A € A.

Based on our goal of integrating measurable functions, the above implies
that M(R) is the largest o-algebra we should consider for the domain in our
definition of measurable functions. The question remains, “What o-algebra
should we take for the co-domain?”
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Perhaps we can take M(R) for the o-algebra on the co-domain so that
our definition is symmetric? Unfortunately, this is not the case. To see this,
we require the following peculiar function.

Definition 2.1.7 (The Cantor Ternary Function). Given a sequence
@ = (an)n>1 of elements of {0,1,2}, define

oo otherwise

K _{N if ay =1and ay # 1 forall k < N

and define a sequence by = (by)n>1 of elements of {0,1} by

%“” ifnSKd
bn=11 ifn=K;.

0 otherwise

The Cantor ternary function is the function f : [0,1] — [0, 1] defined as
follow: if z = 372, g& € [0,1] for a sequence @ = (a,)n>1 of elements of
{0,1,2} and bz = (by)n>1 is the sequence of elements of {0,1} as defined
above, then

(o.9] bn
flz) = Z 27;
n=1
(That is, write a ternary expansion of . If N is the first index where a 1
occurs, replace each 3% with n < N with 2%, replace each 3% with n < N
with 2%, replace 3%\, with 2%\,, and change all terms of index greater than N
to zero).

Lemma 2.1.8. The Cantor ternary function is well-defined.

Proof. Let f denote the Cantor ternary function. Fix z € [0, 1]. To show that
f(z) is well-defined, we must demonstrate the value of f(x) does not depend
on the ternary representation of z. Thus to see that f(x) is well-defined we
need only analyze following two cases:

(1) There exists an m € N and ay,...,am—1 € {0,1,2} such that

m—lak 0 oo 2 m—lak 1 00 0
T=) Ztgmt X mo X Tt X om
k=1 k=m-+1 k=1 k=m+1

Note we do not need to include m = 0 since as Y p-; 3% is the only
ternary expansion of 1 we need to consider in the definition of f.

(2) There exists an m € N and ay,...,a;,—1 € {0,1,2} such that

mla, 1 i 2 Mg 2 i 0
r=Y —4— 4 = = LA —
k k

k=1 3 3m k=m+1 3 k=1 3 3m k=m-+1 3
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We begin with case (1). Let @; be the sequence corresponding to the
first ternary expansion of x and let dy be the sequence corresponding to the
second ternary expansion of x; that is,

1= (al,ag,...,am_1,0,2,2,2,...)

QU

92 = (al,a2,. . .,am_l,l,0,0,0,...).

If gal = (bg)r>1 and 552 = (cx)k>1 are as defined as above, then it suffices to

show that
= by, i Ck
doE =D oF
k=1 2 k=1 2

Notice if there exists a n € {1,...,m — 1} such that a,, = 1, then by = ¢
for all k € N by definition (as the sequence becomes 0 after n and thus does
not depend on the differences in d@; and ds) thereby completing the case.
Otherwise assume that a,, # 1 for all n € {1,...,m — 1}. Hence

r ap az Gm—1

bg. = —,—,...,—,0,1,1,1,...
1 (272> ) 9 s Uy Ly Ly Ly >

- ar ap -1

bz = | —,—,...,—,1,0,0,0,...
2 (2727 ) 2 s 9 YUy Uy My )

by definition. Hence we easily see that

bk =
Z2222
k=1 k=1

2|
2|

thereby completing case (1).

For case (2), let @; be the sequence corresponding to the first ternary
expansion of z and let @, be the sequence corresponding to the second ternary
expansion of z; that is,

1= (al,ag,...,am_1,1,2,2,2,...)

Q

2 = (al,ag,. . .,am_1,2,0,0,0,...).

If gdl = (bg)r>1 and 552 = (cx)k>1 are as defined as above, then it suffices to

show that
— b i Ck
D= oF
k=1 2 k=1 2

Notice if there exists a n € {1,...,m — 1} such that a,, = 1, then by, = ¢, for
all k£ € N by definition (as the sequence becomes 0 after n and thus does not
depend on the differences in @; and ds). Otherwise assume that a, # 1 for
allm € {1,...,m —1}. Hence

ap az am—1
iw=\—-=,...,——,1,0,0,0,...
1 <2>2> 19 >

ap a2 Qm—1
o = | —5—, ... 1,0,0,0,...
2 (2727 b ) ) ) ) ) )

S

S

2
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by definition. Hence we easily see that
oo o0
by Ch
D =25
i
thereby completing case (2) and the proof. ]

Lemma 2.1.9. Let C denote the Cantor set and let f denote the Cantor
ternary function. Then f is a non-decreasing continuous function which is
constant on each interval of C¢. Furthermore f(C) = [0, 1].

Proof. By Lemma [2.1.8 we know that f is well-defined. Hence for each point
in [0, 1] with two ternary expansions we can select one to use throughout the
proof.

To see that f is constant on C¢ notice by the definition of C (Definition

that
CC == U U In;a1,...,an

n>0 aly--'7an€{072}

where

akE{O,l,Q} an+1—1, and
aj=ay, for all ke{1,..,n} [

[e%s) CL/

§ : k
I’”’;alv"'van = T = —k

k=1 3

Therefore, by the definition of f we see that
n 1
- Z L
AL 2n+1

for all x € I,.q4,....a,- Hence f is constant on each interval in C°.

To see that f is non-decreasing, let x,y € [0, 1] be such that x < y and
write the ternary expansions of x and y as

Since = # y, due to our assumed uniqueness of the ternary expansions
there exists a ¢ € N such that a4(z) # a4(y) and ax(z) = ax(y) for all
k < q. We claim that a,(z) < a4(y). Indeed if a4(x) > a4(y) then, since

©For use through and only available at pskoufra.info.yorku.ca.



36 CHAPTER 2. MEASURABLE FUNCTIONS

ax(x),ar(y) € {0,1,2} for all k € N, we see that
[e.e] oo
ax(y) ag(x)
yoo= 3l 55 st
k=1 k=1

_ aq(y) — aq(x) T i ar(y) — ar(x)

IA
‘I
—_
S
ol
—~
<
S~—

w |
ol
S
el
—~
&
N~—

-1 > 2
EIRIP I

k=q+1

<

=0,

which is a contradiction. Hence a4(z) < aq(y).
Using the index ¢ we can show that f(z) < f(y). To do this we divide
the proof into three cases:

(1) There exists an k < g such that ax(z) = ax(y) = 1.
(2) Case (1) does not occur and aq(x) = 0 (and thus a4(y) € {1,2}).
(3) Case (1) does not occur and a4(z) =1 (and thus a4(y) = 2).
To begin, in all cases write
> bk T > bk Yy
o) =3 M0 g gy =y Y
k=1

k=1 2

where the sequences (by(z))r>1 and (bg(y))k>1 are determined from the
sequences (ag(z))r>1 and (ar(y))k>1 via the construction of the Cantor
ternary function.

In case (1), note that (bg(x))r>1 = (bx(y))k>1 by definition. Hence
f(x) = f(y) as desired.

In case (2), note that by(x) = bg(y) for all k < ¢, that by(z) = 0, and
that by(y) = 1. Therefore, since by(x),br(y) € {0,1} for all k£ € N, we see
that
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Hence f(z) < f(y) in case (2).

Finally, in case (3), note that by(z) = b(y) for all k < ¢, that by(x) =
1, that by(z) = 0 for all & > ¢, and that by(y) = 1. Therefore, since
b(z), bi(y) € {0,1} for all k € N, we see that

— b ()

)_Z ok
(

k=1

F) - @) =3
k

br(y
k
—  bp(y) — b (x)
Z 2k
k=q+1

B Z bk(y)

- k
k=q+1 2

> 0.

Hence f(z) < f(y) in case (3). Therefore, by combining all of the cases, we
obtain that f is non-decreasing and thus monotone.

To see that f is continuous, first notice that f is continuous at each point
in C¢ since f is constant on each open interval of C¢. Thus it remains to
demonstrate that f is continuous at each point in C. To see this, fix x € C
and let € > 0. Choose n € N such that 2% < €. By Definition there
exists ai,...,a, € {0,2} such that

n n
ar 1 ar
TEY Sra T2 5|
k:13 3" k:13

Consider the open interval I = (y, z) where
1 " ag, 2 " ay,
y:—3—n+23—k and z:an—FZ?
k=1 k=1

Clearly x € I. We divide the discussion into two cases based on the value of
anp-

Assume a, = 0. Let m be the greatest natural number such that ax =0
for all &k > m yet ap—1 # 0 (S0 -1 = 2). Then

"2 g 1 "f 2 1 i 2 w2 % 1
fly)=1 T et T D am Tan T —=> 2+
k=1 3 3m k=m amo3n k=n+1 3" k=1 2 2m
whereas
n—1 ag 1 m—1 ap 1 1
f(z) = %Jrjnz 227+27:f(?/)+27
k=1 k=1

(since ar, = 0 for all & > m). Therefore, since f is non-decreasing, we see for

all ¢ € I that
1

fly) < flg) < f(2) = fly) + TR

©For use through and only available at pskoufra.info.yorku.ca.



38 CHAPTER 2. MEASURABLE FUNCTIONS

Hence |f(z) — f(q)| < 5= < e for all ¢ € I so f is continuous at z.
Otherwise a, = 2. Let m be the greatest natural number such that
ap = 2 for all k > m yet apym—1 # 2 (so apym—1 = 0). Then

m—2ak 1 n—1 0 1 m—2a7k 1
f(z):f<23k+3m—1+23m+3n>: ok T gmo1
= =m

k=1 k= k=1
whereas
n  ag m—2 ap n 1 1 n 1 1
FW=>Z=> Z+> =10 —guxt D m=10) -5
B 2 2 2 2 2 2
=1 k=1 k=m k=m

Therefore, since f is non-decreasing, we see for all ¢ € I that

F) < F@) < F(2) = Fy) + —

n
Hence |f(z) — f(q)| < 3= < € for all ¢ € I so f is continuous at . Hence f
is continuous on [0, 1].
Finally, clearly f(0) = 0 and f(1) = 1. Therefore, since f is non-
decreasing, the Intermediate Value Theorem immediately implies that f(C) =
[0, 1]. n

With the above properties of the Cantor ternary function, we can now
demonstrate why we do not want to use the set of Lebesgue measurable
functions for the o-algebra of the co-domain of measurable functions.

Example 2.1.10. Let f be the Cantor ternary function and define ¢ :
[0,1] — [0,2] by ¥(x) = =+ f(x). Thus 1 is a strictly increasing continuous
function.

We claim that ¢(C) is Lebesgue measurable. Indeed since v is a continuous
function and since C is compact that ¢(C) is a compact set. Therefore, since
compact sets are Lebesgue measurable, ¥(C) is Lebesgue measurable.

Moreover, we claim that A(¢(C)) > 0. To see this, first notice since
¥ is a strictly increasing continuous function that if [a,b] C [0,1] then
¥([a,b]) = [¥(a),(b)]. Therefore, if (a,b) C C¢, then since f(a) = f(b) as f
is continuous and constant on each interval of C¢ by construction, we obtain
that

A (¥ ((a,0))) < A" (¥([a, 0])) = M[¥(a), ¥(b)]) = ¥(b) — ¥(a) = b —a.
Since 1) is strictly increasing (and thus injective), we know that [0,2] =
P(C) U(C®) and ¥(C) N(C) = B. Therefore, C¢ is a disjoint union of
intervals whose sum of lengths is one, the above computation shows that

A ((C%)) <1
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so A(¥(C)) > 1> 0.

By similar arguments to Theorem there exists a subset A C C such
that B = 1(A) is not Lebesgue measurable.

Since 9 is a strictly increasing continuous function, MATH 2001 implies
that o = =1 :]0,2] — [0,1] is continuous. However, note A is Lebesgue
measurable since A C C, A(C) = 0, and ) is complete, yet p~1(A) = 1(A)
is not Lebesgue measurable. Hence there is a continuous function on R
such that the inverse image of a Lebesgue measurable set is not Lebesgue
measurable.

As continuous functions are the nicest functions we have in analysis and
are Riemann integrable, we definitely want the continuous functions to be
measurable. Therefore, by Example 2.1.10, we see that using the Lebesgue
measurable sets for the co-domain is not the correct notion of a measurable
function since it would exclude certain continuous functions from being
measurable and thus integrable.

The problem is that the Lebesgue measurable sets is just too large of a
o-algebra to consider for the domain. Thus, to make continuous functions
measurable we need to consider a smaller g-algebra for the co-domain. Since
we want to do analysis, it turns out the best thing to do is to take the
smallest o-algebra that contains the open sets; namely the Borel sets.

Definition 2.1.11. Let A € M(R). A function f : A — R is said to be
Lebesgue measurable if f~1(B) is Lebesgue measurable for every Borel set B.

Example 2.1.12. Let A CR. Then x4 : R — R is Lebesgue measurable if
and only if A € M(R) by Remark

Example 2.1.13. Let ¢ € R. For an interval A € M(R), let f: A — R be
defined by f(z) = c for all x € A. Then f is Lebesgue measurable since

—1 o @ 1fC¢B
f(m_{AiMeB

and since () and A are Lebesgue measurable sets.

Example[2.1.13|shows why we want the domain of definition for a Lebesgue
measurable function to be a Lebesgue measurable set for otherwise constant
functions will not be Lebesgue measurable.

Of course, we still need to verify that continuous functions are Lebesgue
measurable. Since open sets are Borel and thus Lebesgue measurable, we
know that the inverse image of an open set under a continuous function is
open and thus Lebesgue measurable. However, the definition of a continuous
function does not provide us with any information about the inverse image
of Borel sets. Luckily, the Borel sets are generated as a o-algebra by the
open sets so we can use the following.
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Proposition 2.1.14. Let E € M(R), let f: E — R, and let A C B(R) be
such that $B(R) = o(A). Then f is Lebesgue measurable if and only if

{f7(B) | Be A} C M(R).

Proof. If f is measurable, then clearly {f~'(B) | B € A} € M(R) b
definition.

Conversely, suppose {f~}(B) | B € A} C M(R). To see that f is
measurable, consider the set

A={BCR| f\(B) e M(R)} C P(R).

Thus A C A by assumption.

We claim that A is a og-algebra on R. To see this, we notice that
f710) =0 e M(R) and f~}(R) = E € M(R) so clearly §),R € A. Next, if
B C Ris such that B € A, then f~}(B) € M(R), so f~1(B¢) = (f~1(B))*N
E € M(R) and thus B¢ € A. Finally, let {B,}5°; C A be arbitrary. Hence
[ (Ba)ke, € M(R). Since

-1 (G Bn> = fj f~Y(B,) € M(R)

we see that (72 B,, € A. Hence, as {B,,}72 ; was arbitrary, A is a o-algebra.
Since A C A by assumption and since B(R) = o(A), we obtain that
B(R) C A. Hence f is Lebesgue measurable by definition. n

Corollary 2.1.15. Let E € M(R) and let f : E — R. The following are
equivalent:

a) f is Lebesgue measurable.
b) f~
c) [~

LU) € M(R) for all open subsets U C R.
t

d) f~Y(a,00) = {z € X | f(z) > a} € M(R) for all a € R.
N (
N

(a,00)) ={z e X | f(z) >a} e M(R) for all a € R.

e) [~
D
g) fH(a,b)={r € X | a< f(x) <b} € M(R) for all a,b € R.

(—00,a)) ={z € X | f(z) <a} € M(R) forall a € R.
(—o0,a)) ={z e X | f(z) <a} € M(R) for alla € R.

Proof. The result follows from Proposition since Remark implies
each of the sets used in the inverse images generate B(R). [

Corollary 2.1.16. Let E € M(R). Every continuous function on E is
Lebesgue measurable.
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Proof. Let f: E — R be continuous. Since f~!((a,0)) is the intersection
of an open set with F and thus Lebesgue measurable for all a € R, Corollary

2.1.15| implies f is Lebesgue measurable. |

To conclude the basics of Lebesgue measurable functions, we can actually
assume the domain of definition of Lebesgue measurable functions is R.

Proposition 2.1.17. Let E € M(R) and let f : E — R. Define g : R — R
by

| f(x) difzek
g(w)—{o ifr¢E

Then f is Lebesgue measurable if and only if g is Lebesgue measurable.

Proof. Note for any Borel set B that

_ [ fUB) if0¢ B
g 1(B)_{fl(B)ch ifoeB’

Since E¢ € M(R) and since f~1(B) C E for any Borel set B, we see that
f~YB) € M(R) implies f~}(B) U E¢ € M(R) and g~(B) € M(R) implies
fYB)=(fYB)UE)NE € M(R). Hence f~}(B) € M(R) if and only
if g~1(B) € M(R) for all Borel sets B. Hence the result follows. ]

By Proposition [2.1.17, we will assume all of our Lebesgue measurable
functions are defined on R unless otherwise specified.

2.2 Operations on Measurable Functions

Before attempt to construct our generalization of the Riemann integrable, it
is useful and important to obtain as much information about the Lebesgue
measurable functions as possible. After all, Lebesgue measurable functions
will be as important to this course as continuous functions were important
in MATH 2001 and MATH 3001. Thus we begin by seeing which algebraic
and analytic operations preserve the set of Lebesgue measurable functions.
This will allow us to extend our known collection of Lebesgue measurable
functions.

We begin by showing that the Lebesgue measurable functions form
a vector subspace of the real-valued functions that is also closed under
multiplication.

Theorem 2.2.1. Let f,g: R — R be Lebesgue measurable functions. Then
a) cf is Lebesque measurable for all ¢ € R,

b) f+ g is Lebesgue measurable, and
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c) fg is Lebesgue measurable.

Proof. To see that a) holds, first note that if ¢ = 0 then c¢f = 0 which is
Lebesgue measurable. Otherwise, if ¢ # 0, then for all a € R we see that

{zeR| f(z) >4} ifc>0

{$€R’Cf(x>>a}:{{xeﬂ£\f(:v)<ﬁ} ifc<0’

Therefore, since {x € R | f(z) > %} and {x € R | f(x) < ¢} are Lebesgue
measurable for all a,c € R since f is Lebesgue measurable, it follows that cf
is Lebesgue measurable.

To see that b) holds, let @ € R be arbitrary. Notice for x € R that
(f+9)(z) > aif and only if f(z) > a — g(x). Since the rational numbers are
dense in R, we obtain that (f + ¢g)(z) > a if and only if there exists an r € Q
such that f(x) >r > a—g(x). Since r > a — g(z) if and only if g(z) > a—r,
we see that

{reR | (f+9)(x) > a}

= U HzeR | f(z)>r}n{zeR | gx) >a—1}).
reQ

Since f and g are Lebesgue measurable, we know that {x € R | f(z) > r}
and {x € R | g(x) > a — r} are Lebesgue measurable sets for all r € Q.
Therefore since M(R) is closed under countable unions and intersections,
and since Q is countable, we obtain that {z € R | (f + ¢)(x) > a} € M(R).
Hence, since a € R was arbitrary, f + g is Lebesgue measurable.

To see that ¢) holds, first we claim that if h : R — R is Lebesgue
measurable, then h? is Lebesgue measurable. Indeed for a € R we see that

{r R | (h(z))? > a)
_JR ifa<0
S {zeR | hz)>ValU{zeR | h(z) < —va} ifa>0"
Since h is Lebesgue measurable, we see that {x € R | (h(z))? > a} € M(R)
for all @ € R. Hence h? is Lebesgue measurable.
To see that fg is Lebesgue measurable, note since f and g are Lebesgue
measurable that f 4 g is Lebesgue measurable by part b). Hence f2, g2, and

(f +9)% = f> +2fg + ¢g* are Lebesgue measurable. Therefore, by parts a)
and b), we obtain that

1
fg9=5(F+9? -1 -9
is Lebesgue measurable as desired. |

Like with continuous functions, we can obtain some information about the
composition of Lebesgue measurable functions being Lebesgue measurable.

©For use through and only available at pskoufra.info.yorku.ca.



2.2. OPERATIONS ON MEASURABLE FUNCTIONS 43

Proposition 2.2.2. If f : R — R is Lebesgue measurable, if V is an open set
containing the range of f, and if g : V — R is continuous, then go f : R — R
is Lebesgue measurable.

Proof. To see that g o f is Lebesgue measurable, it suffices by Corollary
2.1.15] to show that

(9o /)7HU) = fHg™H(U)) e M(R)

for all open sets U. Thus let U C R be an arbitrary open set. Since g is
continuous, we obtain that g=!(U) is the intersection of an open set with V/
and thus is open. Therefore, since f is Lebesgue measurable, f~1(g=1(U)) €
M(R). Therefore, since U was an arbitrary open set, g o f is Lebesgue
measurable. |

Remark 2.2.3. Clearly the proof of Proposition breaks down when g is
only Lebesgue measurable since the inverse image of a Lebesgue measurable
set under a Lebesgue measurable function need not be Lebesgue measurable
by Example 2.1.10] To exhibit an example where Proposition fails
when g is only Lebesgue measurable, let ¢ and A be as in Example [2.1.10]
and let f = ¢ and g = xa. Since A is Lebesgue measurable, g is Lebesgue
measurable by Example[2.1.12] Moreover, since ¢ is continuous, f is Lebesgue
measurable by Corollary However, note that {1} is a Borel set, yet

(go HHH{IY = Mg ({1}) = FH(A) = v~ (4)
is not Lebesgue measurable. Hence g o f is not Lebesgue measurable.

Using Proposition [2.2.2] we easily obtain the following operation preserve
the set of Lebesgue measurable functions.

Corollary 2.2.4. Let f: R — R be a Lebesgue measurable function. Then
a) |f| is Lebesque measurable, and

b) % is Lebesgue measurable provided f(x) # 0 for all x € R.

Proof. Since the functions a: R — R and ¢ : R\ {0} — K\ {0} defined by

a(z) = |z] and q(z) = l are continuous on an open set containing the range
of f, Proposition [2.2.2| implies that |f| = ao f and % = qo f are Lebesgue
measurable. ‘ n

Remark 2.2.5. Using Theorem and Corollary the theory of
Lebesgue measurable functions can often be reduced to analyzing non-
negative Lebesgue measurable functions. Indeed if f : R — R, define
fe, f- : R—1]0,00) by

flz) if f(z) =0

0 otherwise

Fi(e) = @)+ 1) = {
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and

otherwise

f4x*:§<fuﬂ—aﬂx»::{of@> if f(z) <0

for all x € R. Hence |f|(z) = f+(z)+ f-(x) and f(z) = f+(z) — f-(x) for all
x € R. Moreover fi(z)f—(z) =0 for all z € R (i.e. for any x € R, only one
of f4(z) and f_(x) can be non-zero). Finally f is Lebesgue measurable if and
only if f; and f_ are Lebesgue measurable by Theorem [2.2.1] and Corollary
Thus every Lebesgue measurable function is a linear combination of
non-negative Lebesgue measurable functions.

Definition 2.2.6. Given a function f: R — R, the functions f; and f_ in
Remark are call the positive and negative parts of f respectively.

Our next goal is to examine how the set of Lebesgue measurable func-
tions behave with respect to limits. Of course, when dealing with limits of
functions, often the sequence of functions diverge to oo at specific points.
Consequently, it is useful to extend the notion of measurable functions to
allow for infinite values.

Definition 2.2.7. An extended real-valued function f: R — R U {£oo} is
said to be Lebesgue measurable if

“H({=00}), fH({oo}) € M(R)
and f~1(A) € M(R) for all A € B(R).

Remark 2.2.8. It is not difficult to see that characterizations c)-g) of
Lebesgue measurable real-valued functions from Corollary [2.1.15] extends
to extended real-valued functions. Indeed characterization c¢) of Corollary

[2.1.15] extends since
oo = () ) w7 -ooh = (U5 )

Another reason to use extended real-valued functions is it enables us to
take supremums and infimums of functions without worrying about pointwise
boundedness. Using limit infimums and supremums, we obtain information
on how Lebesgue measurable functions are preserved under limits.

Proposition 2.2.9. For each n € N, let f, : R — [—o0, 00| be a Lebesgue
measurable function. Then the functions

sup fn, inf f,, limsup f,, and liminf f,

n>1 n>1 n—00 n—r00
are Lebesgue measurable (where by sup, inf, limsup, and liminf of functions,
we mean the functions that are defined pointwise by taking the respective
operation applied to the sequence of functions pointwise). Consequently, if
f:R = [—o00,00] is such that f(x) = lim, oo fn(x) (that is, f, converge to
f pointwise), then f is Lebesgue measurable.
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Proof. For each n € N, let f,, : R — [—00,00] be a Lebesgue measurable
function. To see that sup,,»; fn is Lebesgue measurable, notice for all a € R
that

(supfn> (a,0]) :[j ) € M(R).

n>1

Hence sup,,> f» is Lebesgue measurable by Corollary [2.1.15, Similarly, to
see that inf,>; f, is Lebesgue measurable, notice for all a € R that

(;bgflfn)_1 (la, o)) ﬂf ) € M(R).

Hence inf,,>1 f,, is Lebesgue measurable by Corollary [2.1.15
To obtain the result for lim Sup,,>1 frn and liminf, > f,, for each k € N
let

gr. = sup frn and hi = inf f,.
n>k n>k

Note g and hj are Lebesgue measurable for all k£ by the above. Since

hzn_) Solép fn= mf gk and hnrr_l> lolgf fn= ilgl) hi,

we obtain that limsup,,_,. fn and liminf,_, f,, are Lebesgue measurable.
Finally, if f : R — [—o00,00] is such that f(x) = limy,_o0 fn(z) for all
x € R, then f =limsup,,_,., frn s0 f is Lebesgue measurable. [ |

Remark 2.2.10. Recall from MATH 2001/3001 that the set of continuous
functions was preserved under uniform limits, but not under pointwise limits.
Thus, Proposition shows that, in some sense, the Lebesgue measurable
functions all more well-behaved with respect to limits than continuous
functions. This will play a role in our generalization of the Riemann integral.

It still may be that pointwise convergence at every point is a lot to ask.
However, we are dealing with the Lebesgue measure which determine the
length of a set. As sets with zero Lebesgue measure have ‘no length’, we
can imagine these sets would not deter us. Thus it is natural to ask, “Does
a sequence of functions that pointwise convergence except on a set of zero
Lebesgue measure still yields a Lebesgue measurable function?" This leads
us to the following notion.

Definition 2.2.11. Let P be a property that at each point in R is either
true or false. It is said that P holds almost everywhere (abbreviated a.e.)
if there exists a set A € M(R) such that P(z) is true for all x € A and
A(A9) =0
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Remark 2.2.12. For example, two functions f,g : R — R are said to be
equal almost everywhere if there exists a set A € M(R) such that f(z) = g(z)
for all x € A and A(A°) = 0. Note this is not necessarily the same as saying

AM{z eR | f(x) #g(2)}) =0

since we do not know whether this set is Lebesgue measurable. However, if
we know f and g are Lebesgue measurable, then f— g is Lebesgue measurable
so the set

{reR | flx) #9(@)} ={reR | (f-9g)(z)# 0}

is indeed Lebesgue measurable. Thus f = g almost everywhere is equivalent
to \{z € R | f(z) # g(z)}) = 0 when f and g are Lebesgue measurable.

Example 2.2.13. It is elementary to see that xg = 0 almost everywhere
with respect to the Lebesgue measure. Similarly, if A is any measurable set
with zero Lebesgue measure, then x4 = 0 almost everywhere.

As we hoped for, Lebesgue measurable functions behave well if properties
only hold almost everywhere.

Proposition 2.2.14. Let f,g : R — [—00,00] be such that f = g almost
everywhere. If f is Lebesgue measurable, then g is Lebesque measurable.

Proof. Let f,g: R — [—00,00] be such that f is Lebesgue measurable and
f = g almost everywhere. Hence there exists a set A € M(R) such that
f(x) =g(z) for all x € A and A\(A°) = 0. Let B € B(R) U {{o0},{—00}} be
arbitrary. Notice

g7'(B) = (Ang'(B))u(A°ng ' (B)) = (AN (B))u(A°ng\(B))

since f(z) = g(z) for all z € A. Since A°Ng~(B) C A¢, since A° € M(R),
and since A\(A¢) = 0, we obtain that A°Ng~!(B) € M(R) since \ is complete.
Furthermore, since f is Lebesgue measurable, f~1(B) € M(R). Hence, we
obtain that AN f~1(B) € M(R). Hence g~'(B) € M(R). Therefore, since
B € M(R) was arbitrary, g is measurable. N

Corollary 2.2.15. For each n € N let f, : R — [—00,00] be a Lebesgue
measurable function. If f : R — [—00,00] is such that f(z) = limy, 00 fn(T)
a.e. (that is, f, converge to f pointwise except on a set of measure zero),
then f is Lebesgue measurable.

Proof. Since f(z) = lim, o fn(x) for a.e. = € R, there exists a set
A € M(R) such that f(z) = lim, o fn(z) for all z € A and A(A°) = 0.
Consider the sequence of functions (f,xa)n>1. Clearly f,xa is Lebesgue
measurable for all n € N by Theorem since f, is Lebesgue mea-
surable and x4 is Lebesgue measurable as A € M(R). Therefore, since
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f(@)xa(z) =lim, oo fn(x)xa(z) for all x € R, fxa is Lebesgue measurable
by Proposition 2.2.9] Therefore, since A € M(R), f(z)xa(z) = f(z) for
all z € A, and A\(A€) = 0, we see that f = fya almost everywhere. Hence
Proposition [2.2.14] implies that f is Lebesgue measurable. n

2.3 Simple Functions

We desire to study Lebesgue measurable functions beyond the properties
developed above. We will focus on the non-negative Lebesgue measurable
functions since Remark [2.2.5] shows that every Lebesgue measurable func-
tion is a linear combination of non-negative Lebesgue measurable functions.
However, since Lebesgue measurable functions may appear on the surface to
be difficult to describe, it is useful to have a ‘simple’ collection of Lebesgue
measurable functions that are easy to construct and understand. We find
such a collection in the following definition.

Definition 2.3.1. A function ¢ : R — [0, 00) is said to be simple if there
exists an n € N, non-empty pairwise disjoint sets {Ax}}_; € M(R) such
that R = UJy_; A, and distinct {ay}}_; € [0,00) (i.e. a; # a; whenever
i # j) such that

n
0= arXa,-
k=1

Remark 2.3.2. Note all simple functions are Lebesgue measurable by
Example [2.1.12| and Theorem [2.2.1

Simple functions are the correct Lebesgue measure theoretic analogues
of certain functions students may have used in other courses to approximate
continuous functions:

Example 2.3.3. Recall that ¢ : [a,b] — [0, 00) is said to be a step function
if o =371 arxa, where {A;}7°, are disjoint intervals whose union is [a, b].
Clearly every step function is a simple function.

Similar to how every continuous function can be approximated with
step functions, our goal is to show that non-negative Lebesgue measurable
functions can be approximated by simple functions. Before we get to that,
we can discuss another definition for simple functions

Remark 2.3.4. Let ¢ : R — [0,00) be a Lebesgue measurable with fi-
nite range. We claim that ¢ is a simple function. Indeed write p(R) =
{b1,...,bm}. Since ¢ is Lebesgue measurable, Ay = ¢ !({bi}) € M(R)
for all & € {1,...,m}. It is then easy to see that ¢ = YL byxa, and
{Ar}i_; € M(R) pairwise disjoint non-empty with R = (J;i_; Aj.

Since every simple function has finite range, we see that the set of simple
functions is precisely the set of Lebesgue measurable functions with finite

©For use through and only available at pskoufra.info.yorku.ca.



48 CHAPTER 2. MEASURABLE FUNCTIONS

non-negative range. In particular, the simple functions are closed under
addition and non-negative scalar multiplication.

Consequently, if g : R — [0,00) is such that ¢ = > }_; axxa, where
{4}, € M(R) and {a}};_; C [0,00), then g has finite range and thus is
a simple function. Note the description of g differs from that in Definition
since conditions are lacking on {Ay}7_; and on {ax}}_,. The represen-
tation of a simple function given in Definition [2.3.1]is called the canonical
representation of a simple function.

The following demonstrates how simple functions can be used to approx-
imate non-negative Lebesgue measurable functions. Moreover, given two
functions f,g: R — R, we will use f < g to denote that f(z) < g(z) for all
z eR.

Theorem 2.3.5. Let f : R — [0,00]. Then f is Lebesgue measurable if
and only if there exists a sequence (¢n)n>1 of simple functions such that
©n < @pt1 for alln € N and (pn)n>1 converges to f pointwise.

Proof. Assume there exists a sequence (¢p)n>1 of simple functions such
that ¢, < ¢p41 for all n € N and (g, )n>1 converges to f pointwise. Since
each simple function is Lebesgue measurable, we obtain that f is Lebesgue
measurable by Proposition [2.2.9

Conversely assume f is Lebesgue measurable. We will proceed by recur-
sively approximating f by dividing up the range of f into interval regions of
length 2% and approximating f from below. This is accomplished as follows.

For each n € N and for each k € {1,...,n2"}, consider the sets

k-1 k 2 ‘
— -1 —
A= 1f <{ o 2n>> and B, = (k:1 An,k) .

Clearly B,, and each A, j is Lebesgue measurable since f is a Lebesgue
measurable function. Moreover, clearly {Ank}gi’i are pairwise disjoint. Fur-
thermore, notice that € B, ifand only if v ¢ A,, ;, forall k € {1,...,n2"} if

and only if f(z) ¢ {%, 2%) for all k € {1,...,n2"} if and only if f(x) > n.

For each n € N let ¢,, : R — [0, 00) be defined by

n2" E—1
Pn = NXB, T Z g XAnk:
k=1

Clearly ¢, is a simple function. Moreover ¢, < ¢,4+1 for all n € N due to
the refining nature of the construction (i.e. A, j is refined into two A, 41 i

each of which has the property that 12“;1} > % and part of B,, becomes

2n+l Apt1 each of which has the property that g;ﬂ >n).
To see that (¢p)n>1 converges to f pointwise, fix x € R. If f(z) < o0

then for all n € N such that f(z) < n we see that |f(z) — ¢n(2)] < 5
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since f(x) < n implies z € A, for some k. Hence lim, o on(z) = f(2)
when f(x) < co. Otherwise, if f(x) = oo then ¢, (z) = n for all n € N so
limy, 00 () = 00 = f(x). Hence the result follows. N

Theorem [2.3.5] will be essential to us since having every non-negative
Lebesgue measurable function as a pointwise increasing limit of simple
functions is quite powerful. However, as pointwise convergence can be weak,
it is often useful to have a strong convergence.

2.4 Egoroff’s Theorem

In this and the subsequent two sections, we will look at the three Little-
wood principles which give us more control over the behaviour of Lebesgue
measurable sets and functions. The following Littlewood principle (which
is actually the third of Littlewood’s principles) enables us to deduce that
outside of a set of small Lebesgue measure, pointwise convergence implies
uniform convergence.

Theorem 2.4.1 (Egoroff’s Theorem). Let a,b € R be such that a < b.
For each n € N let f,, : [a,b] — R be a Lebesgue measurable function. If
f:a,b] = R is such that f(x) = limy, o0 fn(x) for all x € [a,b], then for all
0 > 0 there exists a Lebesque measurable set B C [a,b] such that A\(B) < 0
and (fn)n>1 converges uniformly to f on [a,b] \ B.

Proof. Note f is Lebesgue measurable by Proposition [2.2.9
Fix § > 0. For each m,k € N let

[e.e]

B = U {7 €0l |lf@) - 1@)| = 1 }

n=m

(i.e. By, are the ‘bad’ sets that might prevent uniform convergence). Since f
and (fn)n>1 are Lebesgue measurable functions, we see that B,  is Lebesgue
measurable for all m,k € N. Notice that By, 11 C B, for all m, k € N.
Moreover, since f(z) = lim, o fn(z) for all x € [a, b], we see that

00
m Bm,k = @
m=1

for all k£ € N. Therefore, since A(#) = 0 and A([a,b]) < oo, the Monotone
Convergence Theorem (Theorem |1.3.9)) implies that

lim A(Bp) =0

m—00
for all £k € N. Hence for each k € N, there exists an n; € N such that
6
)\(Bnk,k,‘) < ka.
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Let B = Uy By, k- Clearly B is Lebesgue measurable being the count-
able union of Lebesgue measurable sets. Furthermore
o
oF =

<> A(Bny k) Z
k=1 k=1

We claim that (f,)n>1 converges uniformly to f on [a,b] \ B thereby
completing the proof. To see that (f,),>1 converges uniformly to f on
[a,b] \ B, let € > 0 be arbitrary. Choose k € N such that < e. Notice that
if € [a,b] \ B then = ¢ B so « ¢ By, ;. Hence for all x 6 [a,b] \ B and for
all n > ny we have that

fal@) = f(@)] < <.

Therefore, since € > 0 was arbitrary, we obtain that (fy,)n,>1 converges
uniformly to f on [a,b] \ B as desired. N

Remark 2.4.2. If in the statement of Egoroff’s Theorem (Theorem
one only knew that f(x) = limy, o fn(z) almost everywhere, then the
conclusions still hold. Indeed, assume 6 > 0 and f(z) = limy o0 frn(2)
almost everywhere. Then there exists a Lebesgue measurable set A such
that A(A°) =0 and f(z) = limy, e fn(x) for all x € A. Hence the sequence
(xafn)n>1 is a sequence of measurable functions that converges pointwise
to the measurable function x4 f. By Egoroff’s Theorem (Theorem as
stated, there exists a Lebesgue measurable set B such that A(B) < ¢ and
(xAfn)n>1 converges uniformly to xaf on [a,b] \ B. Hence, if C = BU A,
then C' is Lebesgue measurable, A(C') < ¢, and f,, convergences uniformly to
f on [a,b] \ C as desired.

Example 2.4.3. The conclusions of Egoroff’s Theorem (Theorem
fail if we do not restrict to a finite interval. Indeed consider the functions
fn = Xn,o0)- Clearly (fn)n>1 converges pointwise to the constant function
0. However there does not exists a Lebesgue measurable set B C R such
that (fn)n>1 converges uniformly to 0 on B¢ and A(B) is finite. To see
this, suppose (fn)n>1 converged uniformly to 0 on B¢ for some Lebesgue
measurable set B. Thus if € = 1 there exists an N € N such that

|fn(x)’ = |fn($) - 0| <e=1
for all n > N and for all x € B¢. Due to the description of f,, the above
implies B¢ C (—o0, N) as fy(x) =1 when > N. Therefore [N, 00) C B so
A(B) = oc.
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2.5 Littlewood’s First Principle

Our next goal in this course is to proof Lusin’s Theorem (Theorem ,
which is also know as Littlewood’s second principle. One proof of Lusin’s
Theorem can be constructed using Littlewood’s first principle. However, we
will present a different proof of Lusin’s Theorem that is shorter and bypasses
the need for Littlewood’s first principle. Thus, for completeness and to
introduce concepts required for the proof of Lusin’s Theorem, we will prove
Littlewood’s first principle first.

Theorem 2.5.1 (Littlewood’s First Principle). Let A C R be a Lebesgue
measurable set such that \(A) < oco. Then for all € > 0 there exists a finite
number of disjoint open intervals I, ..., I, such that if U = J}_; I then

A(A\U) U (U\ 4)) < .

Proof. Let € > 0. By Proposition [1.6.12] there exists an open set V' such that
ACV and

A(V) < A(A) + g
Since A(A) < oo, the above implies A\(V') < oo and, by Remark

AVNA) =AV)—-AA4) <

N

Since every open subset of R is a countable disjoint union of open intervals,
we can write V' = 2, Iy where each Ij is an open interval and I N I; = ()
if k # j. By the Monotone Convergence Theorem for measures (Theorem

1.3.9)), we know that
n
A(V) = lim A (U Ik> .
k=1
Hence there exists an N € N such that

N
AV) < A (U Ik> +

k=1

DN

Therefore, if U = JY_; I, we see that U C V so A(U) < oo, and thus the
above equation implies A\(V'\ U) < §. Hence

ANA\U) < A(V\U) <§
and
AUNA) SAV\A) < 3,
so M(A\U)U(U\ A)) < € as desired. ]
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2.6 Lusin’s Theorem

With the proof of Littlewood’s first principle complete, we turn to the last
of the remaining Littlewood’s principles in the hopes to further understand
Lebesgue measurable functions. This principle roughly states that ‘every
Lebesgue measurable function is continuous except on a set of small measure’
which is remarkable considering the behaviours and examples of Lebesgue
measurable functions we have studied! Formally, we have the following.

Theorem 2.6.1 (Lusin’s Theorem). Let a,b € R with a < b, and let
f :[a,b] = R be Lebesque measurable. For all € > 0 there exists a closed
subset F' C [a,b] such that A(Ja,b] \ F) < € and f|F is continuous.

Consequently, for all e > 0 there exists a exists a continuous function
g :[a,b] = R such that

sup({lg(z)| | 2 € [a,b]}) < sup({[f(2)] | = € [a,b]})

and

A{z € la,b] | f(z) # g9(x)}) <e

To see why the first part of Lusin’s Theorem implies the second, we note
the following that will also be of use in the proof of the first part of Lusin’s
Theorem.

Theorem 2.6.2 (Tietze’s Extension Theorem on R). Let ' C R be
closed and let h : F' — R be continuous. There exists a continuous function
g : R — R such that g(x) = h(x) for all x € F and

sup({lg(z)| | = € R}) <sup({[h(2)] | = € F}).

Proof. Since F€ is open, F¢ is a countable union of disjoint non-empty open
intervals. Thus F° = ;2 (ayp, by,) for some ay, b, € R with a,, < b,. Define
g:R— R by

h(z) ifeeF
(z) h(an) if x € (an,by) and b, = 0o
€Tr) =
g h(by) if z € (ap,by) and a,, = —o0
W(z —an) + h(ay) if x € (ap,by),an # —o0, and b, # o0

for all x € R. Thus g agrees with h on F' and is linear on each (a,,by,). Thus
it is not difficult to see that g is continuous and

sup({lg(z)| | = € R}) < sup({|h(z)| | = € F}). u

To prove Lusin’s Theorem (Theorem [2.6.1)), we will build up the collection
of Lebesgue measurable functions for which the conclusions hold starting
with the simplest case.
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Lemma 2.6.3. Lusin’s Theorem (Theorem holds under the additional

assumption that the function f is simple.

Proof. Let
N
f=>"arxa,
k=1

be the canonical representations of the simple function f. Thus {4}, are
pairwise disjoint measurable sets with union [a, b] and a; > 0 for all k.

Fix € > 0. By Proposition for every k there exists a compact
subset I}, C A such that

€

AMAg) < M(EFy) + N

Clearly {Fj}Y_, are pairwise disjoint subsets of [a,b] since {4}, are
pairwise disjoint subsets of [a, ] .

Let F =N | F; C [a,b]. Then F is compact (and thus closed) being the

finite union of compact (and thus closed) sets. Moreover, since A([a, b]) < oo,

{AR Y, are pairwise disjoint, and {F}}2_, are pairwise disjoint, we obtain

that
N

Ma, B\ F) = Mla, b]) = ME) = D AM(Ap) = AM(Fp) <.
k=1

It remains to show that f|z is continuous. To see this, assume (z,,),>1 is
a sequence of elements in F' that converge to a point x € F'. Since F is the
union of the pairwise disjoint closed sets {Fj}&_,, it must be the case that
there exists an ko such that « € Fy, and z,, € Fj, for alln > M (for otherwise
there would exist a sequence in some Fj where k # kg that converges to
x, which would imply = € F} as F} is closed thereby contradicting the
disjointness of Fj and Fj,). Therefore, since x, € Fy, for all n > M,
f(zn) = ax, = f(x) for all n > M. Hence f|r is continuous as desired.

The Tietz Extension Theorem (Theorem then implies the second
conclusion of Lusin’s Theorem holds for simple functions. [

Using our knowledge of simple functions, we are in a position to prove
Lusin’s Theorem (Theorem [2.6.1]).

Proof of Lusin’s Theorem (Theorem[2.6.1). Let f : [a,b] — R be an arbi-
trary Lebesgue measurable function and fix € > 0. Write f = f. — f_ where
f+ and f_ are the positive and negative parts of f. Recall that f, and f_
are Lebesgue measurable.

By Theorem there exist sequences of simple functions (¢4 ,)n>1 and
(¢—n)n>1 that converge pointwise to f} and f_ respectively. For each n € N
let fr, = 040 — @—n. Thus (fn)n>1 is a sequence of Lebesgue measurable
functions that converge to f pointwise.
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Since (fn)n>1 converges pointwise to f, Egoroff’s Theorem (Theorem
implies there exists a Lebesgue measurable set B C [a,b] such that
A(B) < § and (fn)n>1 converges uniformly to f on [a,b] \ B. By Proposition
[1.6.12] there exists an open set U such that B C U and
€

AU) < MB) + € < %

o

Hence, if Fy = [a,b] \ U C [a,b] \ B, then Fj is a closed subset such that
(fn)n>1 converges uniformly to f on Fy and

€

Aa, )\ Fo) < AU N[a.b]) < AU) < 3.

For each n € N, Lemma implies there exists closed sets Fy ,,, F_ , C
[a, b] such that

€

M@ b\ Frn) < 5oy and - A(a ]\ Fop) < 5o

and continuous functions g, g2.n : [a,b] = R such that g1 »(z) = ¢4 ()
forallz € Fy ,, and g2 (z) = ¢— p(x) forallz € F_,,. Let F), = F}, ,NF_,,
and let g, : [a,b] = R be defined by g, = g1.n — g2.n. Then F, is a closed
set such that

AM[a,b] \ Fr) = (b—a) = A(Fy n N F_ )
=(b—a) = (AFrpn) + AF-n) = A(Frn UF_ )
=b—a)+NFynUF_ ) — XNFypn) —AF-p)
<(b—a)+ (b—a) = A(Fy ) — A(F_)
= ([0 b\ Fi )+ A((a,8] \ F_)
< _F n € _ ¢

2n+2 2n+2 2n+1

and g, is a continuous function such that g,(x) = f,(x) for all z € F,,.
Let F' = (y~o Fn. Then F is a closed subset of [a,b] such that

Ma ]\ F) = A (U (fa,b \Fn>> <M \E) <Y oy =
n=0 n=0 n=0

Since F' C Fy, we see that (f,)n>1 converge uniformly to f on F. Therefore,
since F' C F,, for all n and thus f,,(z) = g,(z) for all x € F),, we see that the
continuous functions (g, )n>1 converge uniformly to f on F. Hence f|p is
continuous as desired. n

Although Lusin’s Theorem (Theorem appears to rely on the finite-
ness of the measure used, especially with the use of Egoroff’s Theorem
(Theorem in the proof, this is not required as the following result
demonstrates.
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Theorem 2.6.4 (Lusin’s Theorem, Lebesgue measure on R). Let
f R — R be Lebesgue measurable. For all € > 0 there exists a closed subset
F C R such that \(F€) < € and f|r is continuous.

Consequently, for all e > 0 there exists a exists a continuous function
g : R — C such that

sup({lg(z)| [ = € R}) <sup({[f(2)| | = € R})

and
A{z eR | f(z) #g(2)}) <e

Proof. For each n € Z, let A, = [n,n+ 1]. Then U,z An = R. We will
apply Lusin’s Theorem (Theorem to each A, and stitch together the
results.

Let € > 0. Since Lusin’s Theorem (Theorem holds finite closed
intervals, for each n € Z there exists a closed subset F;, C [n,n + 1] such
that f|g, is continuous and

€

A4\ ) < S5

It would be nice to say that f is continuous on |, ¢z F,. However, for
each n € Z, f|r, and fr,_, might have different limits at x. To solve this,
we introduce some distance between F), and F,,_.

For each n € Z, let

I, = n—{—;n—f—l

€ ;o
24+|n|, — W and FTL == Fn ﬂ]n

Then F, is a closed subset of F;, such that f|p is continuous and

€ €

A(An \ FT/L) = A(An \ Fn) U (An\ In)) < 93+n] = 92+n”

+

93+|n|

Let F' = U,z F},- Although a countable union of closed sets need not be
closed, F'is a closed set. To see this, let (z5,)n>1 be a sequence in F' that
converges to some z € R. Choose M € N such that z € (M —1,M +1).
Thus, since (z,)n>1 converges to z, there exists an N € N such that z,, €
FN(M—-1,M+1) C Fy;_{UF}, for all n > N. Therefore, since F};_; UF},
is closed, we must have that x € F}, | U F}, C F. Moreover, since the
pairwise disjoint closed intervals subsets {I,,} ez have positive separation
from one another, since F;, C I, and since f|p; is continuous for all n, it
follows that f|r is continuous (i.e. any sequence that is in F' must eventually

completely lie in I,,, for some ng and thus has distance at least m from
any other I,,). Finally, since
€
A(F) =\ (U An\Fg> <SS AANE) =D S <6
neZ nel neZ
the result follows. n

©For use through and only available at pskoufra.info.yorku.ca.



56

CHAPTER 2. MEASURABLE FUNCTIONS

©For use through and only available at pskoufra.info.yorku.ca.



Chapter 3

The Lebesgue Integral

With the above study of Lebesgue measurable functions complete, we turn
our attention to generalizing the Riemann integral. Naturally, we will call
the integral, the Lebesque integral. However, the question remains, “How do
we construct the Lebesgue integrals?”

Of course, our approach to the Lebesgue integral must be different than
that of the Riemann integral in order to obtain a new integral. Going back
to our motivation for studying the length of subsets of the real numbers,
we know what we want the Lebesgue integral of x4 to be for a Lebesgue
measurable set A; we want A(A). Consequently, since we want the Lebesgue
integral to be linear, we know what we want the Lebesgue integral of a simple
function to be. Hopefully this let’s us define the Lebesgue integral of a non-
negative Lebesgue measurable function via simple functions and Theorem
Thus, since every Lebesgue measurable function is the different of two
non-negative Lebesgue measurable functions, and since we want the Lebesgue
integral to be linear, we arrive at a definition of the Lebesgue integral. This
is the approach we should take.

However, the above approach may be riddled with issues. In particular,
if we define the Lebesgue integral this way, we are going to need to be very
careful in checking that the Lebesgue integral has the desired properties.
It is the complexity of the definition and verification of properties of the
Lebesgue integral that causes the Riemann integral to be taught in first-year
calculus over the Lebesgue integral.

3.1 The Integral of Simple Functions

Since we want the Lebesgue integral of x4 to be A(A) and the Lebesgue
integral to be linear, we know what we want the Lebesgue integral of a simple
function to be.

Definition 3.1.1. Let ¢ : R — [0, 00) be a simple function with canonical
representation ¢ = Y p_;arxa,. For every A € M(R), we define the

o7
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Lebesgue integral of ¢ over A to be

/ edA = apA(ApNA) € [0, 0]
A k=1

where

{0 ifa=0
a X oo =

oo otherwise

Example 3.1.2. Consider xg. Then xg = 1xg + Oxr\@ is the canonical
representation of xg so

/[0 , Xa A =1A@N0. 1) +0X(R\ @) N [0,1]) = 1(0) +0(1) = 0.

Note that Definition [3.1.1]is a bit cumbersome to use in Example [3.1.2
since we need to know the canonical representation of a simple function. This
causes some immediate issues when we attempt to verify that the Lebesgue
integral of simple functions has properties we would expect of an integral.
For example, if ¢ and v are simple functions, we know that ¢ + ¢ will be a
simple function by Remark but the canonical form of ¢ + v need not be
the sum of the canonical forms. Thus our goal is to show that the formula in
Definition does not depend on the representation of the simple function
and Lebesgue integral of simple functions has the desired properties. We
begin as follows.

Remark 3.1.3. Let g : R — [0,00) be such that g = >} axxa, where
{Ar}i_y € M(R) are pairwise disjoint possibly empty sets with union
R, and {ax}}_; C [0,00). By Remark we know that ¢ is a simple
function. In particular, Remark shows that if g(R) = {b1,...,by} and
Bj = g7 '({b;}) then g = 371, bjxp, is the canonical representation of g.
Thus, if for each j € {1,...,m} we define

Kj:{k'E{l,...,n} ‘ ak:bj}

then UjL; Kj = {k € {1,...,n} | Ax # 0} and

Bi=J A
k‘EKj
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Hence if A € M(R), then

D apA(ApNA) = > apA(A N A)
k=1 {ke{1,..,n| A #0}

m

= Z Z agA(Ap N A)

Hence in Definition it is not necessary for the {ay}7_; C [0,00) to be
distinct nor for the Ay to be non-empty.

With Remark[3.1.3] we can verify the Lebesgue integral of simple functions
has the desired properties of an integral.

Theorem 3.1.4. Let A € M(R) and let p,¢p : R — [0,00) be simple
functions. Then:

a) if ¢ >0 then cp is a simple function with [, cpd\ =c [, @ d.
b) ¢+ is a simple function with [, ¢+ d\ = [, od\+ [, dA.
c) If Be M(R) and B C A, then [ged\ < [, pdA.

d) pxa is a simple function with [p xapd\ = [, pdA.

e) If pxa < ¥xa, then [ pdA < [y dA.
Proof. Let

n m
p= Z arxa, and = Z beX By,
k=1 k=1

be the canonical representations of ¢ and 1 respectively. Thus {A;}}_, are
pairwise disjoint Lebesgue measurable sets with union R and {Bj}}, are
pairwise disjoint Lebesgue measurable sets with union R.

To see that a) holds, notice the result is trivial if ¢ = 0. Otherwise, if
¢ > 0 then

n
cp =) carxa,
k=1
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is the canonical representation of cp. Hence, by definitions,
n n
/ cpd\ = Z capA(ANAg) =c (Z agAN(AN Ak)> = c/ @ dA.
A k=1 k=1 A
To see that b) holds, for each i € {1,...,n} and j € {1,...,m}, let
CZ’J =A; N Bj. Clearly

{Ci,j | iE{l,...,n},jE{l,...,m}}

is a collection of pairwise disjoint Lebesgue measurable sets with union
R such that U?:l CiJ' = Bj for all j € {1, .. ,m}, U;nzl Ci,j = A; for all
ie{l,...,n}, and

o+ = Z Z(al + bj)XCi,j'
i=1j=1

Hence by Remark [3.1.3]

/A p+Pdr= Z i(al + bj))\(CiJ' N A)

To see that c) holds, note if B C A then A(Ax N B) < A(Ax N A) for all
k€ {1,...,n} by the monotonicity of measures. Hence

/god)\:Zak/\(BﬂAk)SZak)\(AﬂAk):/Lpd/\
B k=1 k=1 A

as desired.
To see that d) holds, we notice that

n n
XAP = D GkXAXA = Y, GkXANA
k=1 k=1
since x4, (z)xa(z) = 1 if and only if 2 € A, and = € A if and only if
XA,na(z) = 1. Hence d) follows.
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To see that e) holds, note that ©)xa4 — ¢pxa has finite range and is non-
negative and thus a simple function by Remark Hence by b)

/Rz/JXA d\ = /RwXA + (Yxa — pxa)dX = /RSDXA dX + /RwXA — pxadA.

Therefore, since [y x4 — @xadA > 0, the result follows by d). ]

Using Theorem [3.1.4] we can conclude the representation of a simple
function does not effect the Lebesgue integral.

Corollary 3.1.5. Let ¢ : R — [0, 00] be such that ¢ = >")_; apxa, where
{Ar}i_y € M(R) and {ar}}_, € [0,00). Then for all A € M(R),

/ pdh =3 arA(A N A).
A k=1

Hence the representation of a simple function does not affect the value of the

integral.

Proof. f E € M(R) and E ¢ {R, ()}, then xg = 1xg + 0xge is the canonical
representation of xyg. Therefore

/ X5 dA = 1IA(E N A) + ON(ES N A) = A(E N A).
A

Since similar equations hold with E € {R, ()}, the result then follows from the
fact that the Lebesgue integral for simple functions is additive and respects
non-negative scalar multiplication (i.e. parts a) and b) of Theorem [3.1.4]). n

3.2 The Integral of Non-Negative Functions

Our next goal is to extend the Lebesgue integral of simple functions to non-
negative Lebesgue measurable functions. To do so, we must use some form of
approximation. Although Riemann integral was obtained by approximating
the area under the curve from above and below, we will just use Theorem
and approximate from below.

Definition 3.2.1. Let A € M(R) and let f : R — [0,00] be Lebesgue
measurable. The Lebesgue integral of f over A is defined to be

/ fd)\zsup{/ cpd/\‘ ¢ : R — [0,00) simple, p < f}

A A

Remark 3.2.2. One incredibly subtlety that we need to be careful of is that
every simple function is a non-negative Lebesgue measurable function and

thus we have two definitions for the Lebesgue integral of a simple function:
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Definition B.1.1] and Definition [3.2.1 We better make sure these definitions
agree.

Let A € M(R) and let » : R — [0,00) be a simple function. Let
a = [, dX when we evaluate the integral viewing v as a simple function
and let 5 = [, 9 d\ when we evaluate the integral viewing v as a non-
negative Lebesgue measurable function. By Definition [3.2.I] we see using
¢ = 1 that o < 8. However, if ¢ : R — [0, 00) is a simple function such that

¢ < 1, we obtain by part [¢) of Theorem that

/gpd)\ga.
A

Hence taking the supremum in Definition yields 5 < a so a = 3. Thus
the two definitions for the integral of a simple function are equal.

Using Theorem [3.1.4] several properties of integrating simple functions
transfer to integrating non-negative measurable functions.

Theorem 3.2.3. Let A € M(R) and let f,g : R — [0,00] be Lebesgue
measurable functions. Then:

a) if >0 then [,cf d\=c [y f dA.

b) If B € M(R) and B C A, then [5 fdX\ < [, f dA.

¢) Jaxafdh= [y fd\.

d) If fxa < gxa, then [, fdX < [, gdA.

e) [, fd\=0if and only if \({z € R | f(z) >0} NA) =0.
) If AMA) =0, then [, fd\ = 0.

Proof. Note a) clearly holds when ¢ = 0. Otherwise if ¢ > 0, it is clear that
if o : R — [0, 00) is a simple function and ¢ < f then cyp is a simple function
and cp < cf. Hence, since Theorem implies

c/ cpd)\:/ccpd)\g/cfd)\,
A A A

we obtain that ¢ [, fdX < [, cf dX. Similarly, if ¢ : R — [0, 00) is a simple
function and ¢ < ¢f then %gp is a simple function and %cp < f. Hence, since

Theorem implies

1 1
—/cpdA:/—gpdAg/fd)\ S0 /gpd)\gc/fd)\
cJJa AC A A A

we obtain that [, cf d\ =c [, f d\ as desired.
Note b) clearly follows from Theorem and d) follows by Definition
3.2.1| once c) is complete. Moreover f) follows from e).
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To see c) holds, notice by Theorem
/ fd)\:sup{/ wd\| p: R —[0,00) simple, p < f}
A A
= sup{/ XAgod)\‘ ¢ : R —[0,00) simple, ¢ < f}
R

:sup{/Rwd)\ v : R —[0,00) simple,wﬁfo}

= [ Fxadr

as desired. [Note the third equality holds since if ¢ is a simple function and
p < f, then ¥ = x4 is a simple function and ¥ < x4 f, and if ¢ is a simple
function and ¢ < x4 f, then ¢(z) =0 for all x ¢ A so 1) = ¥x 4 is a simple
function and ¢ < f.]
To see that e) is true, let B = {x € R | f(z) > 0} N A. Notice B is
Lebesgue measurable as A is measurable and f is Lebesgue measurable.
Assume [, fd\ = 0. For each n € N let

An—{xeR’f(a;)>1}.

n

Since f is Lebesgue measurable, A,, is Lebesgue measurable for all n € N.
Hence %XAn is a simple function for each n € N. Since %XAH < f, the
definition of the Lebesgue integral implies that

A(AnﬂA):/ATllXAnd)\g/Afd)\:O.

Hence A(A, N'A) =0 for all n € N. Since f is non-negative, we know that

1
n

B= GAnﬂA.

n=1

Hence, by the subadditivity of measures (Proposition , we obtain that
A(B) =0.

Conversely, assume A(B) = 0. Suppose ¢ : R — [0,00) is a simple
function such that ¢ < f. Write ¢ = >°)_; axxa, where a; > 0 for all
ke{l,...,n}. Since p < f, we see that

A, C{z eR | f(z) > 0}.
Thus the monotonicity of measures implies that

A(Ag N A) < \(B) = 0.

Hence .
[ edr=Y aranna) =0,
A k=1
Therefore, by the definition of the Lebesgue integral, [, f d\ = 0. ]

©For use through and only available at pskoufra.info.yorku.ca.



64 CHAPTER 3. THE LEBESGUE INTEGRAL

Remark 3.2.4. Since Theorem implies that [ xafd\ = [, fdA, it
suffices to consider only integrals over all of R when developing the theory
of the Lebesgue integral as the results for integrating over an arbitrary
Lebesgue measurable set A will then follow from multiplying the functions
under consideration by x 4. Note multiplying by x4 is linear and preserves
pointwise limits.

One omission in Theorem is the additivity of integrals:

/Rf+gdA=/RfdA+/RgdA.

Clearly if ¢ and v are simple functions with ¢ < f and ¢ < g, then p 4+ is
a simple function with ¢ + v < f + ¢g. Thus Theorem clearly implies

/de)\Jr/ng)\g/Xergd)\.

However, difficulty occurs with the reverse inequality since if ¢ were a simple
function with ¢ < f 4 g, how can we find simple functions ¢; and ¢ such
that o1 < f, g2 < g, and 1 + 2 = @7

3.3 The Monotone Convergence Theorem

In order to try and demonstrate the additivity of the Lebesgue integral of
non-negative functions, we turn our attention to Theorem We know
every non-negative Lebesgue measurable function is the pointwise limit of
an increasing sequence of simple functions. If we knew that the Lebesgue
integral preserved these limits, then we would obtain

/Rde/RgdA:/RHgdA

for all Lebesgue measurable functions f,g: R — [0, o0] since the Lebesgue
integral is additive for simple functions, and since the limit of a sum is the
sum of the limit. Thus our first goal is to show that the Lebesgue integral
for non-negative Lebesgue measurable functions preserves monotone limits;
that is, we want a Monotone Convergence Theorem for the Lebesgue integral
of non-negative Lebesgue measurable functions.

To prove our Monotone Convergence Theorem, we will make use of the
Monotone Convergence Theorem for measures (Theorem since, as it
turns out, integration against a simple function is a measure!

Lemma 3.3.1. Let ¢ : R — [0,00) be a simple function. If pn: M(R) —
[0, 00] is defined by

p) = [ par
for all A € M(R), then p is a measure on (R, M(R)).
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Proof. Note part f) of Theorem implies that u(0) = 0.

To see that w1 is countably additive on pairwise disjoint subsets, let
{Bm}>_; € M(R) be pairwise disjoint. Since ¢ is a simple function, there
exists {Ak}k C M(R) and let {ax}}_; € [0,00) such that

n
= arxa,-
k=1

Therefore

(G-

)
ml

M:c\

apA (Ak N < ))
k=1
= i apA ( Ak NnB ))
k=1
= Z Z agpA (Ak ﬂBm)
k=1m=1

n
Z apA (Ax N B,,) as all terms are non-negative

m=1k=
00

= Z N’(Bm)
m=1

Hence p is a measure as desired. |

I
NE

[y

It is time to use the Monotone Convergence Theorem to prove the
Monotone Convergence Theorem! Moreover, this is likely the first non-
contrived result students will have seen where a limit is shown to exist and
we compute its value by making use of the limit infimum and limit supremum.

Theorem 3.3.2 (The Monotone Convergence Theorem). For each
n € N let f, : R — [0,00] be a Lebesgue measurable function such that
fn < fasa foralln e N If f: R — [0, 00] is the pointwise limit of (fn)n>1,
then f is Lebesgue measurable and for all A € M(R)

/AfdA_ hm/fndA

Proof. First note since f is the pointwise limit of Lebesgue measurable
functions that f is Lebesgue measurable by Proposition Next note
Remark implies we may assume that A = R since multiplying by a
characteristic function will preserve measurability, pointwise limits, and the
value of the Lebesgue integral by Theorem [3.2.3
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Since f,, < f for all n € N, Theorem [3.2.3| implies that

/and)\g/Rfd)\

for all n € N. Hence

limsup/fnd)\g/fd)\.
R R

n—oo

Thus, to complete the proof, it suffices to show that

/fdAgliminf/ £ d.
R n—oo R

In order to facilitate some ‘wiggle room’, we will show that

a/ fdAghminf/ fdX
R n—oo R

for all @ € (0,1) from which the desired inequality will follow by take the
limit @ — 1.

To obtain the desired inequality, fix a € (0,1). Let ¢ : R — [0,00) be an
arbitrary simple function such that ¢ < f. Thus, if we can prove that

a/«pd/\gliminf/ FodA,
R n—oo R

the proof will be complete by the definition of the Lebesgue integral of f

(Definition [3.2.1)).

Notice ayp is a simple function such that ap < f. For each n € N; let
Ay =1{z €R | ful2) - ap(@) > 0},

Since each f, — ap is a Lebesgue measurable function, A, is Lebesgue
measurable for all n € N. Moreover, by Theorem [3.2.3] we have for all n € N
that

oz/A pd\ = /A ap d\ by Theorem part a)
< /A JndA since apxa, < fuxa,
< /an d\ since 4,, C R
< liminf [ f;dA since fi<fir so (fy fidA),o,
k—oo JR is an increasing sequence.

Thus, to complete the proof, it suffices to replace A,, with R in the above
inequality.
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Since fp, < fpy1 for all n € N| clearly A, C A, 41 for all n € N. We claim

that
R= ] 4.
n>1

To see this, let x € R be arbitrary. If f(z) = 0 then f, < fand ¢ < f
implies that f,(z) = 0 = ap(x) and thus x € A, for all n € N. Otherwise,
if f(z) > 0, then we notice ¢ < f implies that f(z) > ap(x) since a < 1
(this is why we needed the wiggle room). Hence, since lim,,_oo fn(z) = f(2),
there exists an N € N such that f(x) > fy(z) > ap(z) and thus x € Ay.
Hence R = J,,;>1 An-

Let o : R — [0, 00] be defined by

p4) = [ pax

for all A € M(R). Since ¢ is a simple function, Lemma implies that
p is a measure on (R, M(R)). Therefore, since {A,}°2; is an increasing
sequence of Lebesgue measurable sets with R = J,,~; 4, the Monotone
Convergence Theorem for measures (Theorem implies that

a/Rgod)\ = au(R)

= o g #l4)
=« nh_)nolo /A ) wdA
<liminf | fidA.
k—oo JR
Hence the proof is complete. |

Using the Monotone Convergence Theorem (Theorem (3.3.2)), we easily
obtain the following final properties of the Lebesgue integrals of non-negative
functions that we desired.

Theorem 3.3.3. Let f,g: R — [0,00] be Lebesgue measurable functions.
Then:

a) g f+gdh= [g fdA+ [ggdA.

b) If f =g a.e., then [p fd\= [z gd\.

Proof. To see that a) holds, note by Theorem there exists increasing
sequences of simple functions (¢, )n>1 and (¢p)n>1 that converge pointwise
to f and g respectively such that ¢,, < f and ¢, < g for all n € N. Therefore
(¢n + ¥n)n>1 is an increasing sequence of simple functions that converges
to f + g pointwise such that ¢, + ¢, < f + g. Therefore, by applying
the Monotone Convergence Theorem (Theorem twice along with the
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additivity of integrals of simple functions from Theorem [3.1.4] we obtain
that

/f—i—gd)\: lim/gan+1/1nd)\
R n—oo R

~ lim /%dwr/wndx
n—oo R R

:/Rfd/\+/Rgd)\.

To see that b) holds, let B € M(R) be such that f(xz) = g(z) for all
x € B and A\(B¢) = 0. Thus fxp = gxp. Since A\(B¢) = 0, Theorem

implies that
/ fdix= / gdi =10
C BC
Hence we see that

| rax= [ 50 +xae) dx
=/Rf><BdA+/foBch

:/fXBd)\+/ FdA

R Be

:/gXBd)\+/ gd)
R Be

:/gXBd)\+/gXBcd)\:/gd)\
R R R

as desired. m

Remark 3.3.4. By using part b) of Theorem and the fact that the
integral of any non-negative Lebesgue measurable function against a set
of Lebesgue measure zero is zero by part f) of Theorem it follows
that the Monotone Convergence Theorem (Theorem also holds if the
condition “f : R — [0, 00] is the pointwise limit of (fy)n>1" is replaced with
the condition “f(x) = lim, e frn(x) almost everywhere”.

The Monotone Convergence Theorem (Theorem can also be used
demonstrate the Lebesgue integral behaves well with respect to series of
non-negative Lebesgue measurable functions.

Corollary 3.3.5. For each n € N let f, : R — [0,00]| be a Lebesgue
measurable function. If f: R — [0,00] is such that

F@) =3 fule)
n=1

for almost every x € R, then f is Lebesque measurable and
dA = / n dA.
L L

©For use through and only available at pskoufra.info.yorku.ca.



3.4. THE LEBESGUE INTEGRAL 69

Proof. Note f is Lebesgue measurable by Corollary being the almost
everywhere pointwise limit of Lebesgue measurable functions.

For each m € N, let g, : R — [0, 00| be defined by ¢, = >0t fn. Clearly
(g9m)m>1 is an increasing sequence of non-negative Lebesgue measurable
functions that converges to f pointwise almost everywhere. Hence the
Monotone Convergence Theorem (Theorem implies

d)\ = lim/ m d\ = lim / nd\ = / n dA
[ran=fim [omir=tim S [ faar=3" [ 1

as desired. m

Corollary 3.3.6. If f : R — [0,00] is Lebesgue measurable and {A,}52; C
M(R) are pairwise disjoint, then

ngl/nfdA: . fdn

n=1 n

In particular, since [y f d\ =0, the function p : M(R) — [0, 00] defined by

p(4) = [ 1ax

for all A € M(R) is a measure on (R, M(R)).

Proof. Since {A,}22; C M(R) are pairwise disjoint, we see that

(o]
XUz, ad = > xanf
N n=1

Hence Corollary implies that

g//lnfd)\:g/RXAnfd/\:/quflAnfd)\:/Uw } Fdr.  m

n=1""

3.4 The Lebesgue Integral

As the above notion of the Lebesgue integral for non-negative Lebesgue
measurable functions has all of our desired properties, we now turn to
extended this notion to all Lebesgue measurable functions. We have see that
if f is a Lebesgue measurable function, then we can write f = fi — f_ where
f+ and f_ are non-negative Lebesgue measurable function. If we want the
Lebesgue integral to be linear, we need to define the Lebesgue integral of f
to be the difference of the Lebesgue integrals of fi and f_. However, we run
into an immediate issue: “what should co — co be defined to be?” After all,
we have allowed non-negative Lebesgue measurable functions to have infinite
integrals.
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To solve this problem, we will avoid this problem. Of course, it is never a
good idea to ignore ones problems, but sometimes this is the best we can do
in mathematics. We can solve/avoid this problem by restricting to a specific
collection of the Lebesgue measurable functions so that we never end up in
the “oo — 00” setting.

Definition 3.4.1. A Lebesgue measurable function f : R — [—o00, o00] is said
to be Lebesgue integrable if

/R|f|d)\<oo.

Before defining the Lebesgue integral of a Lebesgue integrable function,
we note some important properties and simplifications of Lebesgue integrable
functions.

Remark 3.4.2. Let f: R — [—00, 0] be Lebesgue measurable. Thus |f]| is
Lebesgue measurable by Corollary so Definition is well-defined.
Moreover, since |f| = f+ + f—, and since

[irtar= [ fear+ [ s-ax,
R R R
we see that f is Lebesgue integrable if and only if

/f+d)\<oo and /f,d)\<oo.
R R

Since |f+| = f4+ and |f_| = f—, we obtain f is Lebesgue integrable if and
only if fy and f_ are Lebesgue integrable.

Remark 3.4.3. Notice if f : R — [—00,00] is integrable, then for all
A € M(R) we have

[isian=[ipalar< [ irax <.

Hence the integral of |f| with respect to A against any Lebesgue measurable
set is finite. Thus, by repeating the argument in Remark [3.4.2] we obtain
that

/f+d)\<oo and /f,d)\<oo
A A

Using the positive and negative parts of f, we can now define the Lebesgue
integral. Note this definition is well-defined by Remark

Definition 3.4.4. Let f : R — [—00,00] be Lebesgue integrable. For
A € M(R), the Lebesgue integral of f over A against X is defined to be

AfdA:Af+dA—[4f,dA.
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Remark 3.4.5. Note that if f : R — [0, 0] is Lebesgue integrable, then
f+ = f and f- = 0 so Definition [3.4.4] agrees with the definition of the
Lebesgue integral of non-negative measurable functions from Definition [3.2.1

Remark 3.4.6. If f: R — [—00, 00| is Lebesgue integrable and A € M(R),
then it is elementary to verify that

(fxa)+ =fixa and  (fxa)- = f-xa.
Moreover, by Remark [3.4.3] we know that fx. is Lebesgue integrable. Hence

/AfdA:/AfMA—/Af_dA

— [ focadr— [ fxadx
::jg(fXA)+dA“]g(fXA)—dA

= [ raax

Therefore, when working with the Lebesgue integral and Lebesgue integrable
functions, it suffices to just consider the Lebesgue integral over R.

Moreover, it is possible to reduce the discussion of Lebesgue integrable
functions down to those with values in R. To see this, we first need the
following.

Proposition 3.4.7. Let f : R — [—00, 00| be Lebesgue integrable and let
g:R — [—00,00] be Lebesque measurable. If f = g a.e., then g is integrable

and [p gd\ = [p fdA.

Proof. Since f = g a.e., it is easy to see that

f+=9+ and  fo=g-

almost everywhere. Therefore, by Theorem [3.3.3] we obtain that

/g+d)\:/f+d/\<oo and /g_d)\:/f_d)\<oo.
R R R R

Thus we trivially obtain that ¢ is Lebesgue integrable since f is, and

/Rfd)\:/Rerd/\—/Rf_d)\:/Rngd/\—/Rg_d)\:/Rgd)\. n

Remark 3.4.8. Let f : R — [—o00, 00| be Lebesgue integrable. Since f
is Lebesgue measurable, the set B = {z € R | |f(x)| = oo} is Lebesgue
measurable. However, if A\(B) > 0, it is elementary to see by the definition
of the integral that [ |f|d\ = oo, which would contradict the fact that

/R|f]d>\<oo.
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Hence A(B) =0 so f = xpef almost everywhere. Since xpef : R — R, and
since

/R\XBcf!d/\:/R\f\d)\<oo

it suffices to only consider real-valued Lebesgue measurable functions when
discussing Lebesgue integrable functions.

Of course, we still need to verify that this integral is linear, which happens
to be a rather technical task.

Theorem 3.4.9. The set of Lebesgue integrable functions from R to R is
a vector space over R. Moreover, the Lebesgue integral is linear; that is, if
f,9: R — R are Lebesgue integrable and o, B € R, then

/Raf+ﬁgd)\:a/Rfd)\+ﬂ/Rgd)\.

Proof. Let f,g: R — R be Lebesgue integrable and let «, § € R. Then

[ 1ot +Bglax < [ lallfi +18llgldA = la] [ 1£1dx+18] [ lgldr < oc

since [g |f]dA, Jg |g|dX\ < co. Hence af + Bg is Lebesgue integrable. There-
fore the set of integrable functions from R to R is a vector space over R.

In order to show the linearity of the Lebesgue integral, we claim that if
hi,he : R — [0, 00) are Lebesgue integrable functions, then

/hl—hgd)\:/hld)\—/th)\.
R R R

To see this, let h = hy — ho. Hence
hi —hy=h=hy —h_.

Thus
hi+h_=hy+ho

Since hi, ho, hy, and h_ are non-negative Lebesgue measurable functions,
we see that

/hld)\Jr/h,d)\:/hlJrh,d)\
R R R

:/h++h2d)\
R

:/h+d)\—|—/h2d)\.
R R

Therefore, since hy, ho, hy, and h_ are Lebesgue integrable functions so each
integral is finite, we obtain that

/hld)\—/hgd)\:/h+d)\—/h,d)\:/hd)\
R R R R R
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as claimed.
To see the additivity of the integral, note since fi + g4+ and f_ 4 g_ will
be Lebesgue integrable that

(/f+gdA:/fﬁ~:ﬂ)+@+—ngA
R R
:/R(f++g+)—(f—+9—>d)\
= [ +gnar= [ +g)ar by the claim
R R

:/f+d)\+/g+d)\—/f,d)\—/g,d)\ by Theorem [3.3.3]
R R R R

:Ahw—4ﬁ+é%ww—4%w
:/fw+/gw.
R R

Hence the integral is additive. Thus it remains only to prove that the
Lebesgue integral preserves scalar multiplication.

To see the Lebesgue integral preserves scalar multiplication, let a € R
be arbitrary. If a > 0, then (af);+ = afy and (af)- = af—. Thus we obtain
that

/Rafd)\:/R(af)er)\—/R(af),d)\

:/@ﬁw—/qﬁw

R R

:a/f+d)\—a/f_ d\ by Theorem [3.2.3)
R R

:aéfﬁ.

Otherwise, if a < 0 then (af)y = (—a)f- and (af)- = (—a)fs. Thus, since
—a > 0, we obtain that

/Rafd)\:/R(af)de)\—/R(af)_d)\
— [Cara- [afedn

:(_ﬂ)/Lf_dA——0%0/£f+dA by Theorem B23

:a/Rerd)\—a/Rf_d/\
:a/Rfd)\.

Hence the result follows. ]
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Not only is the Lebesgue integral linear, the Lebesgue integral has many
properties similar to the Riemann integral. In particular, the Lebesgue inte-
gral behaves well with respect to absolute values, translation, and inversion
of functions.

Theorem 3.4.10. If f : R — R is Lebesgue integrable, then |f| is Lebesgue

integrable and
[ o)< [ o
R R

Proof. Since f is Lebesgue integrable, clearly |f| is Lebesgue integrable.

Moreover
ol o
Aol Lo
:iéﬁdA+AfJM
= [ fe+sodn
= [ir1ax
as desired. ]

Proposition 3.4.11 (Translation Invariance). Let f : R — R be Lebesgue
integrable. For each y € R let fy : R — R be defined by fy(x) = f(z —y).
Then f, is Lebesgue integrable and

AhM:AMX

Proof. To see that f, is Lebesgue measurable, note f,- Ya,00) = y +
f ([, 0)) for all a € R. Therefore, since f is Lebesgue measurable and
since the translation of a Lebesgue measurable set is Lebesgue measurable
by Proposition we obtain that f, is measurable.

To see that f, is Lebesgue integrable and

A@M:Amx

we will prove our result in the same way we built up our integral: first for
characteristic functions, then for simple functions, then for non-negative
functions, and finally for general functions. This is a common technique for
proving facts about the Lebesgue integral.

First consider A,B C R and y € R such that B = y + A. Hence
Proposition [1.6.5] implies B is measurable if and only if A is measurable and

A(B) = A(A).
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Hence, for all A € M(R), we obtain that that

/R(XA)yd)‘:/RXerAd)\:)\(yﬁLA) = A\(4) :/RXAd)\.

Therefore, since

(i akXAk) = i ar(Xay)y
k=1 k=1

Y

/gpyd)\:/god)\
R R

for all simple functions ¢ by the additivity of the Lebesgue integral.

Given a Lebesgue integrable function f : R — [0,00), we note that ¢
is a simple function such that ¢ < f if and only if ¢, is a simple function
such that ¢, < f,. Therefore, by the definition of the Lebesgue integral of a
non-negative measurable function and the above result for simple functions,

we obtain that
/ fydh= / £dA
R R

for all Lebesgue integrable functions f : R — [0, 00).
Finally, assume f : R — R is Lebesgue integrable. Since we know that
(fy)+ = (f4)y and (fy)— = (f-)y, we see that f, is Lebesgue integrable since

we obtain that

£ is and
| tvin= [ty ar= [ )
= [ yar— [ (), dx
:/Rf+d)\—/Rf_d)\
- /]R £dA
as desired. .

By replacing Proposition with Proposition and repeating the
above proof, we easily obtain the following.

Proposition 3.4.12 (Inversion Invarlance) Let f : R — R be Lebesgue
integrable. Let f: R — R be defined by f( )= f(—x). Then f is Lebesque

integrable and
/fwz/fw.
R R

Proposition 3.4.13 (Scaling Invariance). Let f : R — R be Lebesgue
integrable and let o > 0. Let g : R — R be defined by g(x) = f(ax). Then g

is Lebesgue integrable and
1
/gd)\ = /fd)\.
R a JR
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Note Propositions [3.4.11] [3.4.12]and [3.4.13] are essential if one wanted to
develop a notion of Fourier series for Lebesgue integrable functions.

3.5 Revisiting the Riemann Integral

Recall our goal was to generalize the Riemann integral in the hope of
correcting many of the deficiencies of the Riemann integral. We still have
yet to answer the questions: does the Lebesgue integral truly generalize the
Riemann integral?

To answer this question, we must first understand the set of Riemann
integrable functions. After all, if the Lebesgue integral is truly going to be a
generalization of the Riemann integral, we need every Riemann integrable
function to be Lebesgue integrable and thus Lebesgue measurable. To begin,
we must understand the set of discontinuities of a function.

Lemma 3.5.1. Let a,b € R be such that a < b, let f : [a,b] = R, and let
D(f) ={x € [a,b] | f is discontinuous at x}.
For each n € N let

for every 6 > 0 there exists y, z € [a,b] such that
D, =Jqx €la,b
) { | ]| 5=yl < 6 |o — 2| < 6, and |f(y) — f(z)] = L

Then D, (f) is closed for each n € N and D(f) = Us> Dn(f). Hence the
discontinuities of f is a countable union of closed sets.

Proof. Fix m € N. To see that Dy, (f) is closed, let (z,,),>1 be an arbitrary
sequence of elements of D,,(f) that converges to some x € [a,b]. To see that
x € Di(f), let 6 > 0 be arbitrary. Since x = lim,,_,o @p, there exists an
N € Nsuch that |z —2n| < 36. Furthermore, since x € Dy, (f), there exists
y,z € [a,b] such that |xny —y| < 16, |[an — 2| < 16, and |f(y) — f(2)| > L.
Since |xr — y| < § and |z — z| < J§ by the triangle inequality, and since
|f(y) — f(2)| = L, we obtain that @ € Dy,(f) as § > 0 was arbitrary. Hence,
since (zn)n>1 was arbitrary, Dy, (f) is closed.

To see that D(f) = Use; Dn(f), first assume z € Uy~ D, (f). Hence
x € Dy, (f) for some m € N. To see that f is discontinuous at z, suppose for
the sake of a contradiction that f is continuous at x. Notice by the definition
of Dy, (f) that for each n € N there exists points yy, z, € [a,b] such that
|2 —yn| <L, |2 — 25| < L, and |f(yn) — f(2n)| = L. Since

r= lim y, = lim z,,
n—oo n—oo

the continuity of f implies
f(x) = lim_ f(yn) = lim f(zn),
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which contradicts the fact that |f(y,) — f(2n)| > L for all n. Hence we have
obtained a contradiction so = € D(f). Hence Uy~ Dn(f) C D(f).

For the other inclusion, notice if x € D(f) then f is discontinuous at z.
Therefore there exists an € > 0 such that for all > 0 there exists a y € [a, D]
such that |z —y| < & yet |f(z) — f(y)| = €. Choose m € N such that L <.
By taking z = x in the definition of D,,(f), we see that = € D,,(f). Hence,
since x was arbitrary, D(f) C ;2 Dy(f) thereby completing the proof. m

Using the characterization of the discontinuities of a function, we can
provide an alternate description of the Riemann integrable functions beyond
the descriptions given in MATH 2001.

Proposition 3.5.2. A function f : [a,b] — R is Riemann integrable if and
only if f is bounded and continuous almost everywhere.

Proof. To begin, assume f is Riemann integrable. Clearly this implies f is
bounded by definition. To see that f is continuous almost everywhere (i.e.
the set of discontinuities of f has Lebesgue measure zero), for each n € N let

B for every § > 0 there exists y, z € [a, b] such that
Dul1) = {”’E a.0) ‘ 2=yl < 6 Jw — 2| < 6, and |£(y) — ()| > L

By Lemma the discontinuities of f are ;> Dy (f). Therefore, to show
that f is continuous almost everywhere, it suffices to show that each D, (f)
has Lebesgue measure zero by the subadditivity of the Lebesgue measure.

Suppose for the sake of a contradiction that there exists an ¢ € N such
that A(Dy(f)) > 0. Since f is Riemann integrable, there exists a partition
P = {ti}}_, of [a,b] such that if for all k € {1,...,n} we define

my = inf{f(z) | = € [ty—1,tk]} and My =sup{f(z) | © € [tr-1,tk|}

then
U(f,P Z My —my)(tr — th—1) < ;A(Dq(f))-

For each k € {1,...,n} let I, = [ty_1,t;]. Notice if Dy(f) NI} # 0, then
My, — my, > % by the definition of Dy(f). Hence as

Dy(f) < U I,
ke{l,...n}
IxNDq(f)#0
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we obtain that

1 n
“XDg(f) > > (Mg —mp)(ty —te1) > Y (My —my) (tk — te—1)
q k=1 ke{l,..n}

1,nD, (/)20

1
> Y =t —te-1)
ke{l,...,n}
TxNDq(f)#0

v

1

-2 U &
q ke{l,...,n}
1N Dq(f)#0

1
> 6)\(Dq(f))>

which is a contradiction. Thus it must be the case that f is continuous
almost everywhere.

Conversely, assume f is bounded and continuous almost everywhere.
Thus M(D(f)) = 0 so A(D,(f)) =0 for all n € N. To see that f is Riemann
integrable, we will demonstrate that for all € > 0 there exists a partition P
of [a,b] such that

U(f,P)— L(f,P) <e.

To begin, fix e > 0 and choose n € N such that 2(b —a) < 3e. Since f
is bounded, there exists an M € R such that |f(z)] < M for all z € [a, b].
Since Dy (f) has Lebesgue measure zero, there exists a collection {Ij}7° of
open intervals such that D, (f) C Uz, Ix and

A Ll<__¢<
(B ) < s

However, since D, (f) is closed and thus a compact subset of [a,b], there
exists an m € N such that D, (f) C U}~ I and thus

m (0.9] €
A(Ulk> §A<U1k> <<
1 1 2(M+1)

Consider F' = [a,b]N(Uj; Ix)¢. Then F is a finite union of closed intervals
in [a,b] such that FF C D, (f)¢. Hence if x € FF C D,(f)¢ there exists an
open neighbourhood U, of x such that if y,z € U, then |f(y) — f(z)| < L.
Since Fis a closed subset of a compact set and thus compact, we can cover F'
with a finite number of these open intervals. Hence one can form a partition
P of F such that the difference between the upper and lower Riemann sums
of f with respect to P on each interval is at most the length of the interval

times 1.
n
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Notice P can then also be viewed as a partition on [a,b] (by adding in a
and/or b if necessary). Then the intervals described by the partition that
intersect F' contribute at most %(b — a) to the difference of the upper and
lower Riemann sums. Furthermore, the intervals described by the partition
that do not intersect F' contribute at most 2M X (UjL; ;) to the difference
of the upper and lower Riemann sums. Hence

U(f,P) — L(f,P) < —(b—a) + 2M X\ (O Ik> <e

1
n k=1

and the result follows. [ |

Corollary 3.5.3. If f : [a,b] — R is Riemann integrable, then f is Lebesque
measurable.

Proof. By Proposition f is continuous almost everywhere. Hence there
exists a Lebesgue measurable subset A of [a, b] such that A(A°) =0 and f is
continuous at each point in A.

To show that f is Lebesgue measurable, we will apply Corollary [2.1.15
To begin, let a € R be arbitrary. Then

F ((@00)) = (£ ((@y00) N A%)) U (£ (2, 00)) N A).

Since

(F (@, 00)) N 49)) € 4°

and since A(A¢) = 0, we obtain from the completeness of A that f~1((c, 00))N
A€ is Lebesgue measurable. Hence it suffices to show that f~1((a, 00)) N A
is Lebesgue measurable.

Since f is continuous at each point in A and since («, c0) is an open set,
for each z € f~1((a, 00))NA there exists an r, > 0 such that (z—7,, z+7,) C
(e, 00)). Let

U= U (x —71p,x+15).
z€f~1((a,00))NA

Clearly U is an open subset of R such that
UNA=f(a,00)) N A.

Therefore, since U is open and thus Lebesgue measurable, and since A is
Lebesgue measurable, we obtain that f~!((a, c0))N A is Lebesgue measurable.
Hence f is Lebesgue measurable. |

We can now proceed to show that the Lebesgue integral generalizes the
Riemann integral starting with the non-negative functions.
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Proposition 3.5.4. If f : [a,b] — [0,00) is Riemann integrable, then

/bf(:c)dx: fdA.

[a,b]

Proof. By Corollary we know that f is Lebesgue measurable. To see
that the integrals agree, let P = {t;}}!_, be a arbitrary partition of [a, b].
Clearly if for each k € {1,...,n} we define

my = inf{f(z) | © € [ty_1,tx]} and My =sup{f(z) | = € [tg-1,tk]}

and we let
n n
P = Z MEX (1 1) and hp = Z MiX(ty,_y 1)
k=1 k=1

then ¢ and v are simple functions such that pp < f < ¥p. Furthermore,
we clearly see by Theorem [3.2.3] that

L(f.P) = /M opdA < /[a,b] fdr < /[a’b] vpdh=U(f,P)

since pp < f < ¥p almost everywhere and a set of Lebesgue measure zero
does not contribute to the Lebesgue integral. Therefore, since the Riemann
integral of f is supremum of L(f,P) over all partitions and the infimum of
U(f,P) over all partitions, we obtain that

/abf(x)dxS/[a’b}fd)\g/abf(x)dm. [

Theorem 3.5.5. If f : [a,b] — R is Riemann integrable, then f is Lebesque
integrable and

/bf(x)da:: fdA.
a [a,b]

Proof. By Corollary we know that f is Lebesgue measurable. Since f
is Riemann integrable, | f| is Riemann integrable by Proposition Thus

1

fo=g(Flf) e fo= (7~ )

O |

are Riemann integrable.
By Proposition we have that

b
Jy = [ lr@)dr < oo
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so |f| is Lebesgue integrable. Therefore

b b
[ t@yda= [ fi@)  f-(a) do
a ab b
= / fy(x)de — / f-(x)dz Riemann integral is linear

= dX\ — / f—dA by Proposition
b [a,b]

[a7

as desired. m

Hence the Riemann and Lebesgue integrals agree whenever the Riemann
integral exists! Hence the Lebesgue integral is truly a generalization of the
Riemann integral!

Remark 3.5.6. Of course, one may ask why in Definition we didn’t
define the Lebesgue integral via

/fd/\:inf{/ god)\’ v: X —[0,00) simple,fﬁgp}?
A A

That is, in the Riemann integral we can use infimums so can we use infimums
to define the Lebesgue integral? Well, if f is bounded and A(A4) < oo, then
these two notions are equal!

To see this, assume f : A — [0,00) is such that there exists an M > 0
with f(z) < M for all z € A. We first desire to reduce the number of simple
functions we need to consider in the infimum.

Assume ¢ : A — [0,00) is a simple function such that f < ¢. If
B = ¢ }((M, )), then B is a Lebesgue measurable set since ¢ is Lebesgue
measurable. Thus if we define

©o = @xBe + MxpB,

then o : A — [0, M] is a simple function such that f < g < ¢ so

/gpod)\g/gpd)\.
A A

inf{/ gpd,)\' v:A—[0,00) simple, f < gp}
A

Hence

:inf{/ <pd)\’ p:A—[0,M] simple,fgcp}.
A

To compare the above with the definition of the Lebesgue integral of a
non-negative measurable function via the supremum, note ¢ : A — [0, M]
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is a simple function such that f < ¢ if and only if M —¢p: A — [0, M] is a
simple function such that M — ¢ < M — f. Furthermore

MA(A):/AMdA:/AgoJF(M—ga)dA:/A@dA+/AM—<pdA.

Therefore, since MA(A) < oo, we obtain that

AwﬁzMMm—AM;¢w.
Hence
M{A@MMMA%mMﬂwwhf§4
_M{MMM—AM>¢wwwAamJﬂmmbfﬁ%
:Amp@—$m{/gw—¢¢w¢:A—wmwﬂ$mMaf§¢}
:JWMAy—wp{Awdw#uA—»NAﬂﬁmm@¢gﬂl—f}
:AMUD—LﬂJ—ﬂM.

Moreover, since f and M — f are non-negative Lebesgue measurable functions,
we see from Theorem [3.3.3] that

MM@:AMM:AfHM—ﬁM:AfM+LM—MX

Therefore, since MA(A) < 0o, we obtain that

MMm—/szwz/fw
A A
thereby completing the claim.

Remark 3.5.7. In general, if A(4) = oo or if f is not bounded, then it need
not be true that

/fd)\—inf{/god/\‘go:A%[O,oo) simple,fggo}.
A A

For an example where A\(4) = oo, let A = [1,00) and let f(z) = J; for
all z € A. Note if f,, = fx[1,, for all n € N, then (f,)n>1 is an increasing
sequence of non-negative Lebesgue measurable functions that converges to f
pointwise. Therefore, using Proposition together with the Monotone
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Convergence Theorem (Theorem [3.3.2)), we obtain that

d\ = lim d\
/[1700) f RN . X1
= lim d\
n—oo [1:”] f
= lim i? dx
n—oo J1 X
. 1
= lim 1— —
n—00 n
=1.

However, we claim that if ¢ : [1,00) — [0, 00) is a simple function such that
f < ¢, then f[lm) pd\ = oo thereby leading to the above infimum being
infinity. To see this, note if @ = min ¢ ~1(0, 00), then a > 0 by the definition
of a simple function. Moreover, if f < ¢, then

(Pil([avoo)) = 9071((0700)) = fﬁl((ovoo)) - [1700)

and thus
/ @d\ > aX(p ([a,0)) = occ.
[1,00)

For example where f is not bounded, let A = (0, 1] and let f(z) = ﬁ for
all z € A. Note if f, = fx[#l] for all n € N, then (fy,),>1 is an increasing
sequence of non-negative Lebesgue measurable functions that converges to f
pointwise. Therefore, using Proposition together with the Monotone

Convergence Theorem (Theorem [3.3.2)), we obtain that
d\ = lim dA
o7 P 7 o8B fio TXIR

= lim fdx

i)

11
—=d

TV

= lim 2 — 2\/T
n—00 n

=2.

= lim
n—oo

However, if ¢ : (0,1] — [0, 00) is a simple function, then it is not possible for
f < ¢ as ¢ has finite range whereas the range of f is [1, 00).

Remark 3.5.8. Note the computations in Remark show why improper
integrals are defined as they are in elementary calculus. Moreover, we see that
all computations with improper integrals of non-negative Riemann integrable
functions are valid by the Monotone Convergence Theorem.
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3.6 Fatou’s Lemma

Due to the use of the Monotone Convergence Theorem (Theorem
in the theory of the Lebesgue integral, we desire two more limit theorems
to demonstrate how well-behaved the Lebesgue integral is with respect
to limits. The first is another limit theorem for non-negative Lebesgue
measurable functions. Note it is possible to prove this theorem before
the Monotone Convergence Theorem and use it to prove the Monotone
Convergence Theorem. However, we believe the approach we provided is the
correct one.

Theorem 3.6.1 (Fatou’s Lemma). For eachn € N let f, : R — [0, 00] be
a Lebesgue measurable function. Then

/ liminf f, d\ < lim inf/ frndA.
R n—oo n—oo R

Proof. Recall liminf,_,~ f, is Lebesgue measurable by Proposition [2.2.9]
For each k € N, let g, : R — [0, 00] be defined by

gk(x) = inf{fn(z) | n >k}

for all x € R. By Proposition each g is a Lebesgue measurable function.
Furthermore, for all k € N and for all n > k we see that g; < f,,. Therefore

[avars [ gaax
R R
for all n > k by Theorem Hence

/ grdX < liminf/ fndA
R n—oo R

for all £ € N.

However, it is elementary to see that (gx)r>1 is an increasing sequence of
Lebesgue measurable functions that converges to liminf,,_,. f, pointwise.
Therefore the Monotone Convergence Theorem (Theorem implies that

/liminf fndA = lim /gk di < liminf/ fndA
R n—o Jr n—0o0 R

n—oo

as desired. m

Remark 3.6.2. It is not difficult to see that the inequality in Fatou’s Lemma
(Theorem may be strict. Indeed if f, = %X[O,n] for all n € N it is
easy to see that [p fn, dXA =1 for all n € N whereas (fy)n>1 converges to zero
pointwise almost everywhere so [p liminf, o fn dX = 0.
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3.7 The Dominated Convergence Theorem

Finally, we arrive at the most powerful limit theorem for the Lebesgue
integral.

Theorem 3.7.1 (Dominated Convergence Theorem). Let g : R —
[0,00) be a Lebesgque integrable function. For each n € N let f, : R — R
be a Lebesgue measurable function such that |f,| < g almost everywhere. If
f R — R is such that (fn)n>1 converges to f pointwise almost everywhere,
then f is Lebesgue integrable with

d\ = lim/ n dA.
Af n—oo Rf

Proof. First note that f is Lebesgue measurable by Corollary being
the almost everywhere pointwise limit of Lebesgue measurable functions.
Moreover, since |f,| < g almost everywhere for all n € N and since (fp)n>1
converges to f pointwise almost everywhere, we obtain that |f| < g almost
everywhere. Therefore, since g is Lebesgue integrable, the inequalities |f| < g
and |f,,| < g almost everywhere imply that f and f,, are Lebesgue integrable
for all n € N. Furthermore, since |f — f,| is Lebesgue measurable and since

’f_fn’ < |f’+|fn‘ 5297

we also obtain that |f — f,| is Lebesgue integrable for all n € N.

Note that 2g — |f — fn| > 0 for all n € N and that (29 — |f — fu|)n>1 1S
a sequence of Lebesgue integrable functions that converges to 2¢g pointwise
almost everywhere. Therefore Fatou’s Lemma (Theorem implies that

/2gd)\:/liminf2g—]f—fn|d)\
R R n—oo
Sliminf/Qg—]f—fn]d)\
n—oo R
:liminf/2gd)\—/ f = fal dA
n—oo R R

:/2gd/\—limsup/ |f — fnl d\.
R n—o0 R

Hence, since 0 < [ 29 d\ < oo, we have that

limsup/ |f — fuldXA=0.
R

n—o0

Therefore, by Theorem [3.4.10] we see that

lim sup / fd)\—/ fnd)\‘ = lim sup /f—fnd)\‘
n—o00 A A n—00 R
<t 11~
n—oo R
=0
so the result follows. ]
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Remark 3.7.2. Notice that the proof of the Dominated Convergence Theo-
rem (Theorem [3.7.1)) actually showed us that

lim /R]f—fn]d)\:o.

n—oo
This is actually a much stronger claim.

Remark 3.7.3. Note the necessity of the Lebesgue integrable function
g : R —[0,00) such that |f,| < g in the Dominated Convergence Theorem
(Theorem [3.7.1]) can be seen via the same example as used in Remark
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Chapter 4

Differentiation and
Integration

Now that we have resolved many of the issues of the Riemann integral by
using the Lebesgue integral, it is natural to ask, “what else do we get with
the Lebesgue integral?” Since the relationship between integration and
differentiation is the centrepiece of any undergraduate calculus course, it
makes sense we analyze whether we have similar results when we use the
Lebesgue integral. Of course, in MATH 2001 we saw that if a function f
is differentiable, then f is continuous and thus the Riemann integral will
suffice. However, perhaps the Lebesgue integral can handle functions that
are differentiable almost everywhere and we can develop a deeper theory.

4.1 Vitali Coverings

To begin our study of differentiation using Lebesgue measure theory, we
first need one if not the most technical results in this course. Clearly given
a subset X of R there are many ways to cover X with intervals. These
coverings have many important properties, especially if we are dealing with
open intervals covering a compact subsets for which a finite subcover can be
chosen. However, as we are dealing with Lebesgue measurable sets instead
of compact subsets, it is useful to to study various collections of intervals
and how they behave with respect to the Lebesgue measure. The technical
lemma that we need revolves around the following types of coverings where
each point is covered by a set of arbitrarily small length.

Definition 4.1.1. A collection Z of intervals of R containing no singleton
points is said to be a Vitali covering of a set X C R if for all § > 0 and
x € X there exists an I € 7 such that x € [ and A\({) < J.

Example 4.1.2. Clearly the set of all open intervals of R is a Vitali covering
of R whereas the set of all intervals with length at least 1 is not a Vitali
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covering of R.

Similar to how every open cover of a compact set has a finite subcover,
the following, which is our technical lemma, shows that if we use a Vitali
covering, we can almost choose a finite subcover. In fact, the finite almost
subcover we obtain has some additional nice properties.

Theorem 4.1.3 (Vitali Covering Lemma). Let X C R be such that
MN(X) < 0. If T is a Vitali covering of X, then for all e > 0 there ezists a
finite, pairwise disjoint collection {I}}}_; C I such that

n
A" (X\ U Ik> <e
k=1
Proof. We begin by demonstrating that we can assume Z has some additional
properties. First note since \*(X) < oo that there exists an open subset
U C R such that X C U and A\(U) < oo by the definition of the Lebesgue

outer measure.
We claim that
j:{T | Iez,TgU}

is a Vitali covering of X. To see this, first notice that 7 consists of intervals
of R that are not singletons. To see the other property of a Vitali covering,
let 9 > 0 and = € X be arbitrary. Since x € X C U, there exists an ¢, > 0
such that (z — €z, 2 4+ €¢;) € U. However, since x € X and 7 is a Vitali
covering of X, there exists an I € 7 such that « € I and

(1.1
M) < mm{25, 261}.

Since x € I and \(I) < %ex, one easily sees that

IC <a: — %ew,x—k ;ex) cU.
Therefore I C (z — €z, 2 +¢;) CUsol € J. Hence I € J, z € I, and
A(I) < 6. Therefore, since § > 0 and z € X were arbitrary, J is a Vitali
covering of X.
We claim it suffices to prove the result for 7 in place of Z. Indeed suppose
given an € > 0 there exists a finite, pairwise disjoint collection {J;}}_; C J

such that
n
)\*<X\UJk> < E.
k=1
By the definition of J there exists a collection {I}}?_; C Z such that I = Jj
for all k € {1,...,n}. Therefore, as {Jy}?_; is pairwise disjoint and I = Jj
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for all k € {1,...,n}, clearly {I}}}_, are pairwise disjoint and there exists a
finite subset Y C X such that

X\ Ulk:YU<X\ UJk>.
k=1 k=1
Hence

A (X\ OIk> <\ <X\ LnJJk>+)\(Y)<e—|—Oze

k=1 k=1

as desired. Therefore, it suffices to prove the result for J in place of Z. Note
using J is more desirable due to the additional property that each interval
in J is a closed interval contained in U.

Let € > 0 be arbitrary. Consider the following recursive process to create
a pairwise disjoint collection {J;}?2, € J with certain properties. Let
J1 € J be any interval (which must exist unless X is empty; a case which is
trivial).

To proceed with the recursive step, assume for some n € N that {J;}}_; C
J have been defined with certain properties. Notice if we ended up in the
situation that X \ Up—; Jr = 0, then the result would be complete. Hence
we assume that X \ Up_; Jx # 0. To construct Jy, 41, let

M, =sup{\(J) | J € T, JNJ,=0forall ke {1,...,n}}.

Notice since J C U for all J € J that A(J) < A(U) for all J € J so
M, <\U) < .

To see that M, > 0, recall that there exists an z € X \ Uj_; Ji. Since
each element of J is closed, Jp_; Jk is a closed set. Therefore, since x €

)(\lJZ:IJka

dist ({x}, LnJ Jk> = inf {‘37 — Yy
k=1

(TS LJJk}Z>0

k=1

(i.e. there is no sequence in (J;_; Ji that converges to z). Since J is
a Vitali covering of X, there exists a J € J such that x € J and A(J) <
dist ({z},Uf—q Jk). Hence JNJ =0 forallk € {1,...,n}so M,, > \(J) >0
as every element of J has positive length. Therefore there exists a J,11 € J
such that J,11 N J, =0 for all k € {1,...,n} and

1
)\(Jn+1) > §Mn

If we use the above process, either the process ends after a finite number of
steps thereby completing the proof, or we obtain a pairwise disjoint collection
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{Jr}32, € J such that each Jj, is a closed interval contained in U such that
M Jpt1) > %Mn for all n € N. Notice

i A(Jk) = A (G Jk> < AU < oo
k=1 k=1

Hence limg_ o, A(Jx) = 0 so there exists an N € N such that

i /\(Jk) <

k=N+1

ol

For each k € N, let I, denote the unique interval with the same midpoint
as Ji and A(Ix) = 5A(J). We claim that

N 0
x\UYUusc U I

k=1 k=N+1

To see this, let 2 € X \ UN_, Ji be arbitrary. Since J is a Vitali covering of
X and since (5, Ji is a closed set disjoint from {2}, the above demonstrates
there exists a J, € J such that x € J, and J,NJy =0 forallk € {1,...,N}.
If J,NJy=10for all k € {1,...,n} for some n > N, then the definition of
M, implies that

0 < A(Jz) < My, < 2X(Jp41).
However, since lim, o A(J,) = 0, it must be the case that there exists an
n > N such that J, N J, # 0. Let n, be the least natural number such that
Jp NIy, # 0. Hence n, > N. Since J, N J, =0 for all k € {1,...,n, — 1},
the above computation shows that

0 < ANJz) < My,—1 <2X(Jn,)-
Furthermore, since x € J, and J,NJ,, # (), we see that the distance between
2 and the midpoint of J,, is at most
5
Hence x € I,,, € UiZn,1Ix by the definition of I,,,. Therefore, since

NEAR %A(an) <)+ %)\(an) _

z e X\ UN_, J, was arbitrary, the claim follows.
Combining the above, we see that

A*(X\@Jk)g( ¥ )
k=1 k=N+1

< i (k)

k=N+1

<5 > AJp) <e
k=N+1

as desired. n
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4.2 The Lebesgue Differentiation Theorem

With the technical proof of the Vitali Covering Lemma (Theorem
out of the way, we can turn our attention differentiation of Lebesgue mea-
surable functions. The goal of this section is to demonstrate the Lebesgue
Differentiation Theorem which tells us everything we want to know about
differentiation monotone Lebesgue measurable functions. First we set some

notation that is useful when discussing derivatives (that luckily could be
avoided in MATH 2001).

Definition 4.2.1. Let f : R — R. For each x € R define

DY f(x) = limsup flath) - f(a:)’
h—0t+ h

D 1) = gt L2111

D™ f(z) = limsup fle+h) = f(z)
h—0~ h

1) = limpue 12 £ =1

)

, and

)

and note that Dy f(z) < DT f(x) and D_f(x) < D™ f(z). It is said that f
is differentiable at x if

D*f(z) = Dy f(x) = D~ f(a) = D_f(x) € R.

If f is differentiable at z, then the derivative of f at x, denoted f'(z), is
f'(x) = D¥ f(x) = Dy f(z) = D™ f(x) = D_f().

Theorem 4.2.2 (Lebesgue Differentiation Theorem). If f : [a,b] - R
is a non-decreasing function, then f is differentiable almost everywhere, f’
is Lebesgue measurable, f' > 0 almost everywhere, and

[ rans f) - fa).
[a,b]

Proof. For notational simplicity, if + < a we define f(x) = f(a) and if
x > b we define f(x) = f(b). Clearly this extended definition of f is still
non-decreasing. Thus for all ¢ € R we see that f~!([c,00)) is of the form
(y,00) or [y,00) for some y € RU {£oo}. Hence f is Lebesgue measurable.

To see that f is differentiable almost everywhere, we desire to show that
for all s,t € {4+, —} that

{z €la,b] | D*f(z) # D'f(2)}
{z €la,b] | D°f(x) # Dif(x)}
{z €la,b] | Dsf(z) # Dif(x)}
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are Lebesgue measurable with Lebesgue measure zero. In this write-up of
the proof, we will only show that

X={ze€lab] | D" f(x) > Dsf(x)}

is Lebesgue measurable with Lebesgue measure zero as the proofs of the
remaining facts are nearly identical.
For each p,q € R let

Bpy ={z € la.b] | D*f(2) > p>q > Dsf(2)}.

U Epe
p,q€Q

Therefore, we can demonstrate that \*(E,,) = 0 for all p,¢ € Q, then
A*(X) = 0 since Q is countable and thus X is measurable as the Lebesgue
measure is complete.

Fix p,q € Q with p > ¢q. Let r = XM (Ep4) < A*([a,b]) < oo and let € > 0
be arbitrary. By the definition of the Lebesgue measure, there exists an open
subset U C R such that £, , C U and

AU) < N(Epg) +e=r+e.
Notice if € E, , then D, f(z) < ¢ so

sup inf flath) = J@) lim inf flet+h) - fz)
§5>0 0<h<d h hos0+ h

Clearly

<q.

Hence for each z € E,, and § > 0 there exists an interval of the form
[,z 4+ h) such that [z, +h) C U, h < 6, and f(x + h) — f(x) < g¢h.
Since the collection of such intervals forms a Vitali covering of E), ,, the
Vitali Covering Lemma (Theorem implies there exists an n € N,
Z1,..., &y € Ep g, and hy, ..., hy > 0 such that if I = (zg, xx + hy) for all
ke {1,...,n}, then {I;}}_, are pairwise disjoint subsets of U such that
flxg + hi) — f(zr) < ghg for all k € {1,...,n}, and

¥ (Ep,q\ U Ik> < €.
k=1

fok‘i‘hk Z
k=1 k=1
12 M

Notice this implies

1
< gA\U) < q(r+e).
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Let
A=E,,N <U Ik> CEpq.
k=1
Thus

Epg=AU (Ep,q \ U Ik‘)
k=1

sor = A(Epg) <A (A) + e Hence \*(4) >r —e.
Notice if z € A C E, , then DT f(z) > p so

, fle+h) - fl=) _ . flxz+h) - f(z)
e S

> p.

Hence, since A C U, I, and {I}}_, are pairwise disjoint open intervals,
for each z € A and ¢ > 0 there exists an interval of the form [z, z + h) such
that h < 0, [x,x 4+ h) C I} for some k, and f(z + h) — f(x) > ph. Since the
collection of such intervals forms a Vitali covering of A, the Vitali Covering
Lemma (Theorem implies there exists an m € N, yq,...,ym € A, and
S1y-.+,8m > 0 such that if Ji = (yk,yr + sx) for all k € {1,...,m}, then
{Ji}iL, are pairwise disjoint subsets such that each Jj is contained in a
single I, f(yr + sk) — f(yx) > ps for all k € {1,...,m}, and

A" (A\ 6 Jk> <e
k=1

Let

m

BzAﬂ(U Jk>§ UJk-
k=1 k=1

Thus
A=BU (A\ U Jk>
k=1
so A*(B) > A*(A) — € > r — 2e. Furthermore

m m

Flyr +s6) = fyn) > 0D 5w

k=1 k=1

> pA'(B)
> p(r — 2¢).
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However, since each Jj, is contained in a single I;; and since f is non-decreasing,
we obtain for each j € {1,...,n} that

> Qe + sk) — f(ye) < f(zj + hy) — f(x)).

k such that J,CI;

Therefore
p(r—2€) <> flyr +si) — <Y flag+ hy) = flag) < qr+e).
k=1 Jj=1

However, since € > 0 was arbitrary, the above implies pr < gr. Therefore,
since p > q and r > 0, we obtain that r = 0 as desired.

By the above
fl@+h) - f(z)
h

lim

h—0
exists almost everywhere provided we allow 4oco as limits. Note as f is
non-decreasing, the limit is always non-negative and thus never —oo.

For each n € N, let g, : [a,b] — [0, 00) be defined by

() =n (f (o4 ) = 7))

for all « € [a,b] (where f(y) = f(b) for all y > b). Note each g, maps into
[0,00) as f is non-decreasing. By the above and Proposition (gn)n>1
is a sequence of Lebesgue measurable functions that converge pointwise
almost everywhere to a Lebesgue measurable function g : [a,b] — [0, o0]
(which will be f" provided g(z) < oo for almost every z). Furthermore,
since gy, : [a,b] — [0,00) and since f is bounded (being non-decreasing) and
thus Lebesgue integrable, we obtain by Fatou’s Lemma (Theorem and
Proposition [3.4.11] that

/ gd\ = / lim inf g, dA
[a,b] [a,b] 7

< lim inf Gn dX

n—oo [a,b]

= lim infn/[ayb] f (a: + i) — f(z) d\(x)

n—oo

n—oo

zliminfn/ d)\fn/ d\
nee b+ g [a.a+7] g

= lim inf f(b) — /[aa+1] fdA

n—oo

:liminfn/ fdx—n fdX
[aJr b+t =1 [a,b]

= f(b) —limsupn/[ o1 fdx

n—oo

< f(b) = f(a)
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since, for all n € N,

n/[a’cwi] fdx> n/[a,aJr}l] fla)dX = f(a).

Therefore, since f(b) — f(a) < oo, it must be the case that g(z) < oo for
almost every x. Hence f’ exists almost everywhere and f’ = ¢ almost
everywhere. Therefore, since A is complete and g is Lebesgue measurable, f’
is Lebesgue measurable thereby completing the proof. ]

Remark 4.2.3. Note if f : [a,b] — R is non-increasing, then —f is non-
decreasing and thus differentiable almost everywhere with (—f)’ > 0 almost
everywhere. Hence f is differentiable almost everywhere with f' < 0 almost
everywhere.

Corollary 4.2.4. If f : R — R is Lebesgue measurable and differentiable
almost everywhere, then f': [a,b] — R is Lebesgue measurable.

Proof. For each n € N, let g, : R — R be defined by

an() = (f (o4 - 7))

for all x € R. By Proposition [3.4.11] (g, ),>1 is a sequence of measurable
functions that converge pointwise almost everywhere to f’. Hence f’ is
Lebesgue measurable. n

To conclude this section, we answer the question “Is the inequality in the
Lebesgue Differentiation Theorem (Theorem |4.2.2) always an equality?” It
turns out, the answer is no.

Remark 4.2.5. Let f:[0,1] — [0, 1] be the Cantor ternary function. Thus
f is non-decreasing on [0, 1] and constant on C¢. Since C¢ is a finite union of
open sets, we easily see by Definition that f is differentiable at each
element of C¢ with f/(x) = 0 for all © € C°. Therefore f is differentiable
almost everywhere with f’ = 0 almost everywhere since A\(C) = 0. However

/ Fdr=0<1=f(1) - f(0).
0.1

Therefore the inequality in the Lebesgue Differentiation Theorem (Theorem

4.2.2)) may be strict.

4.3 Bounded Variation

One nice result from MATH 2001 was the Fundamental Theorem of Calculus
which showed the connection between integration and differentiation and
that a differentiable function can be recovered from its derivative; that is

f@) = s+ [ ) dy.
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However, as we have seen above, the Cantor ternary function is a function
that cannot be recovered from its derivative via integration since its derivative
is zero almost everywhere. Therefore, if we desire to better understand the
relationship between the Lebesgue integral and differentiation, we need to
restrict the set of functions we consider. Since functions that ‘wiggle’ too
much are notorious for having derivatives that are not well-behaved (and
probably not Lebesgue integrable), we begin by analyzing the following type
of functions.

Definition 4.3.1. A function f : [a,b] — R is said to be of bounded variation
if there exists an M € R such that whenever {z}}_, is a partition of [a, b],
then

z”: |f(xr) — flar-1)| < M.
k=1

Example 4.3.2. Let f : [a,b] — R be differentiable on [a,b] for which
there exist an M € N such that |f'(x)| < M for all € (a,b). Then f is
of bounded variation. Indeed assume {x}}_, is a partition of [a,b]. Then
|f(zr) — f(zr—1)| < M|z — xK—1] by the Mean Value Theorem. Hence

Do) = flar1)| <D Mlay — x| = M|b—a] < o0
k=1 k=1
as desired.

Going back to our motivation for functions of bounded variation, if a
function ‘wiggles’ too much, then the function is not of bounded variation.

Example 4.3.3. The continuous function f : [0,1] — [—1,1] defined by

f(x) =z cos (27;)

(with f(0) = 0) is not of bounded variation. Indeed for each n € N consider
the partition {xx}:"t! of [0,1] where 29 = 0 and

1
o2k
Notice that
0 if k is odd
|f (k)| = { . o
sno—p il ks even
and thus
2n—+1 n 1 n )
Solfar) — fla-) =2 e = > -
k=0 = 2n+2-—2j ot J
Thereforea as hmn—)oo Z;L:I% = 0Q, it fOHOWS that f is not Of bounded
variation.
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Unfortunately, these are not the functions we are looking for since the
Cantor ternary function is of bounded variation by the following.

Remark 4.3.4. It is elementary to see that if f is monotone then f is of
bounded variation since

Do @r) = flzr-1) = [f(0) = f(a)]
k=1

for any partition {xy}7_ of [a,b]. Similarly if f and g are both of bounded
variation, it is elementary that any linear combination of f and ¢ is of bounded
variation by the triangle inequality. Furthermore, clearly the restriction of a
function f of bounded variation to a closed interval contained in the domain
of f is also of bounded variation.

Even through functions of bounded variation are not the functions we
are looking for, they do contain some nice functions we wish to study and
the ideas and properties we develop will lead us to the correct collection of
functions. To begin our study, we consider the smallest constant that works
in Definition 4.3.1]

Definition 4.3.5. Let f : [a,b] — R be of bounded variation. The total
variation of f, denoted Vy(a,b), is

n
€N,
Vf(au b) = Sup { Z ’f(‘rk) - f(xkfl)’ {zp}_, a 7p’)baurtition of [a,b]} :
k=1

If f:[a,b] = R is of bounded variation, then for all z,y € (a,b) such
that < y the restriction of f to [x,y] is of bounded variation so Vy(x,y)
makes sense. Using this, we are able to prove the following.

Theorem 4.3.6 (Jordan Decomposition Theorem). Let f : [a,b] — R
be of bounded variation. Define V, D : [a,b] = R by V(z) = Vi(a,x) (with
V(a) =0) and D(z) = V(x) — f(z) for all x € [a,b]. Then V and D are
non-decreasing functions such that f =V — D.

In particular, by Remark[{.53.), a function is of bounded variation if and
only if it is the difference of two non-decreasing functions.

Proof. To see that V is non-decreasing, let z,y € [a,b] with z < y be
arbitrary. To see that V(z) < V(y), we claim that

Vi(a,y) = Vi(a,x) + Vi(z,y).

To see this, first notice that if {x}}_, is a partition of [a,z] and {y;}i-,
is a partition of [z,y], then {x;}7_, U {yx}}L, is a partition of [a,y] (with
Tn = Yo). Since this implies

Mo @r) = f@r—0) + D 1 (k) = fyr—1)| < Vi(a,y)
k=0

k=0
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and since {xy}}_, and {yx}}", were arbitrary partitions of [a, z] and [z, y]
respectively, we obtain that

Vi(a,z) + Vi(x,y) < Vi(a,y)

by the definition of the total variation.

For the other inequality, let {z;}}_, be an arbitrary partition of [a, y].
Then P = {z}}_, U {z} is a potentially larger partition such that P N [a, z]
is a partition of [a,z] and P N [z,y] is a partition of [x,y|. Therefore, if
P = {wi}ir, is the standard way to write P, then, by at most one application
of the triangle inequality,

S 1f(zr) = flzre1)] < D0 1f(wr) = f(wg—1)]
k=1

k=1

= > | f(wr) — f(wg—1)]

k such that wg€[a,z]

+ > | f(wr) — f(wg—1)]

k such that wy_1 €[x,y]
< Vi(a,x) + Vi(z,y).

Therefore, since {zj }}_, was an arbitrary partition of [a,y], the claim follows.
Hence
V(y) = V(z) =Vi(a,y) — Vy(a,x) = Vi(z,y) 2 0.

Thus V is non-decreasing as desired.
Clearly f = V — D by construction. To see that D is non-decreasing,
notice for all x,y € [a,b] with z < y that

D(y) — D(z) =V(y) = V(z) = (f(y) — f(z)) = Vi(z,y) — (f(y) — f(x)) >0

since clearly |f(y) — f(x)| < Vy(x,y) by using the trivial partition {z,y} in
the definition of the total variation. Hence the proof is complete. ]

By combining the Lebesgue Differentiation Theorem (Theorem [4.2.2))
with the Jordan Decomposition Theorem (Theorem , we immediately
obtain information about derivatives and integrals of functions of bounded
variation.

Corollary 4.3.7. If f : [a,b] — R is of bounded variation, then f is
differentiable almost everywhere and f’ is Lebesque integrable.

Proof. Since f is of bounded variation, by the Jordan Decomposition Theo-
rem (Theorem there exists non-decreasing functions V, D : [a,b] — R
such that f =V — D. Since every non-decreasing function is differentiable
with Lebesgue measurable derivatives by the Lebesgue Differentiation Theo-
rem (Theorem [4.2.2), we clearly see that f is differentiable with f/ =V’ — D’
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being Lebesgue measurable. Moreover, since V and D are non-decreasing,
we see that V', D' > 0 almost everywhere and thus |f/| < V' +4 D’. Therefore

/ Fldr< [ V4 D'd\<V(b)+ D(b) - V(a) - D(a) < oo
[a,b] [a,b]

by the Lebesgue Differentiation Theorem (Theorem [4.2.2]). Hence f’ is
Lebesgue integrable. |

4.4 Absolutely Continuous Functions

Although the functions of bounded variation are not the functions we are
looking for, the functions we desire are easy to describe and contain all
differentiable functions with bounded derivatives.

Definition 4.4.1. A function f : [a,b] — R issaid to be absolutely continuous
if for all € > 0 there exists a § > 0 such that whenever {a;}}_;, {bx}r_, C
[a, b] are such that

n
a<ar <bi<ay<by<---<a,<b,<db and Z\bk—akl<6
k=1

then

D1 (bk) — flax)| < e.
k=1

Example 4.4.2. Let f : [a,b] — R be a differentiable on [a, b] for which
there exist an M € N such that |f'(z)] < M for all € (a,b). We claim
that f is absolutely continuous. To see this, let € > 0 be arbitrary and let
6 = 3177 I {ar}ioy, {bk}i=; C [a,b] are such that

n
a<ar<bh<aa<bh<---<a,<b, <b and Z|bk—ak’<5
k=1

then |f(bx) — f(ar)| < M|by — ai| for all k£ by the Mean Value Theorem.
Hence . .

D 1f(br) = flaw)| <Y Mlb —ax| < M6 <e.

k=1 k=1

Hence f is absolutely continuous.

Example 4.4.3. The Cantor ternary function is not absolutely continuous.
To see this, let f : [0,1] — [0, 1] be the Cantor ternary function and let
{P,}5%, be the sets from Definition so that C =2, P, and P, is a

n=0
disjoint union of 2™ closed intervals such that A\(P,) = (%)n
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To see that f is not absolutely continuous, let € = % and let § > 0 be
arbitrary. Choose N € N such that

MPy) = (g)N <4

Since Py is a disjoint union of 2V closed intervals, we can write Py =
Uzil[ak, by] where by < agyq for all k. Thus

0:a1<b1§a2<b1§-~§a21\1<b2N:1

and
2N
Z ’bk — ak| = )\(PN) < 6.
k=1

However, since f is constant on each open interval in C¢ and since (b, ag11) C
C¢ for all k, we obtain that f(by) = f(ary1) for all k and thus

N

N oN
D)= flar)| =D flbe)—flar) = F(O° )—f(a1) = F(1)—f(0) =1 > e
k=1 k=1

Therefore, since § > 0 was arbitrary, we see the definition of absolute
continuity fails for f when e = % Hence f is not absolutely continuous.

Unsurprisingly, absolutely continuous functions have some nice properties.

Proposition 4.4.4. Every real-valued absolutely continuous function is
continuous and of bounded variation.

Proof. Let f : [a,b] — R be absolutely continuous. It easily follows from
definition that f is continuous (i.e. take n = 1 in Definition [4.4.1)).

To see that f is of bounded variation, recall since f is absolutely
continuous that if € = 1 > 0 then there exists a § > 0 such that if
{ar}i_1,{bk}}_; C [a,b] are such that

n
a<ar<b<ar<b < <a,<b,<b and Z\bk—ak|<5
k=1

then .
SO1F(br) = flaw)| <e.
k=1

Let ¢ = {@J. We claim f is of bounded variation with total variation
at most (¢ 4 1)e. To see this, let {x}}_, be an arbitrary partition of [a, b]
and consider the partition

14

1
P = {ap}_o U {a + k:é}
2 k=

©For use through and only available at pskoufra.info.yorku.ca.



4.4. ABSOLUTELY CONTINUOUS FUNCTIONS 101

Clearly P is a partition of [a,b]. Write {z}]", as the standard form of P
and for each j € {0,1,...,£+ 1} let p; € {0,...,m} be such that

1
Zp; = min {a + 2j5,b} .
Notice if we let

Zp;

]=a1<ij+1=b1=a2<ij+2:b2:a3<"'§zpj+l’

then, since
Pj+1—Pj

Z |2p 4k = Zprh—1] = |20 = 2 <0,
k=1

we obtain by our choice of § via absolutely continuity that

Pj+1

Z |f(2k) — fzr—1)| < e

k‘:pj +1

Hence

Therefore, since {x}}}_, was an arbitrary partition of [a,b], f is of bounded
variation. ]

Corollary 4.4.5. If f : [a,b] — R is absolutely continuous, then f is
differentiable almost everywhere and f' is Lebesque integrable.

Proof. Since every absolutely continuous function is of bounded variation by
Proposition [£.4.4] the result follows from Corollary [£.3.7] n

Of course, it is natural to ask whether the converse of Proposition [£.4.4]
holds. To construct an example to show this is not the case, we require the
following.

Proposition 4.4.6. If f : [a,b] — R is absolutely continuous and f' =0
almost everywhere, then f is constant.

Proof. To see that f is constant on [a,b], let ¢ € (a, b] be arbitrary. We claim

that f(c) = f(a).
To see this, let € > 0 and recall that since f’ = 0 almost everywhere,
there exists a Lebesgue measurable set X C [a, ¢] such that f'(z) = 0 for all
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z € X and A([a,c] \ X) = 0. Since f is absolutely continuous, there exists a
0 > 0 such that if {ar}}_1, {br}}—; C [a, ] are such that

a<ar<bh <aa<bh <---<a,<b,<c and Z]bk—ak|<5

then

Z flag)| < e.

Note we can even allow a; = by in the above as the interval [ag, bg] then
contributes zero to both sums.
Let x € X Na,c) be arbitrary. Then

0= f(z) = lim fla+h) - fz)

h—0 h

Therefore, for any dp > 0 there exists an h > 0 such that A([z,z + h)) < do,
[,z + h) C [a,c), and |f(z + h) — f(x)| < eh. Since the collection of such
intervals forms a Vitali covering of X N [a,c), the Vitali Covering Lemma
(Theorem implies there exists an n € N, z1,...,z, € X N [a,c) with
x1 <y < -+ < Xy, and hi,..., hy > 0 such that if Iy = (vg,zx + hy) for
all k € {1,...,n}, then {I;}}_, are pairwise disjoint subsets of [a, c) such
that |f(xr + hi) — f(zx)| < €hy for all k € {1,...,n} and

X (M\ U @) < Ao\ X) + X ((X\{cm U @) <04+6=6
k=1 k=1
Let yo = a, xn4+1 = ¢, and yi, = x, + hy, for all k € {1,...,n}. Then
A<y <1 <Yy1 <w2<Y2 < STy < Yp < Tpyl = C
Therefore, since
> Trer =kl = A <U [yk,$k+1)> =\ ([a,c] \U Ik:) <4,
k=0 k=0 k=1

we obtain by our choice of § via absolute continuity that

Z |f(zrs1) — fyp)| <e

However, note in addition by our construction that

n

Z flzr)| < ZEhk < (c—a)e.

k=1
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Therefore, by the triangle inequality,

70 = F@] < 3 1) — £+ 3 1F) — Few)] < (e —at De.
k=0

k=1

Hence, since € > 0 was arbitrary, we obtain that f(c¢) = f(a). Therefore,
since ¢ € (a,b] was arbitrary, the result follows. n

Example 4.4.7. If f:[0,1] — [0,1] is the Cantor ternary function, then f
is uniformly continuous on [0, 1] and of bounded variation, but not absolutely
continuous. Indeed f is non-decreasing and continuous by Lemma and
thus uniformly continuous [0, 1] and of bounded variation. The fact that f is
not absolutely continuous follows from Proposition along with the fact
that f is non-constant yet f’ = 0 almost everywhere.

To conclude this section, we desire to construct some additional examples
of absolutely continuous functions. To do so requires the following lemma.

Lemma 4.4.8. Let f : R — R be Lebesgue integrable. Then for all e > 0
there exists a 0 > 0 such that if A € M(R) and A\(A) <, then

/A\f\dk<e.

Proof. Let € > 0 be arbitrary. Due to the definition of the Lebesgue integral
of | f| and the fact that [ |f|d\ < oo, there exists a simple function ¢ : R —
[0,00) such that ¢ < |f| and

/\f|d)\§/<pd)\+f.
R R 2

Since 0 < ¢ < |f| and |f] is Lebesgue integrable, we obtain that ¢ is Lebesgue
integrable with f — ¢ > 0. Hence for all A € M(R) we obtain that

/A!f\dA—/AwdA:/A(!f\—so)dAg/R(m—go)dAgg.
Hence

/|f|d)\§/god)\+f.
A A 2

for all A € M(R).

Since ¢ is a simple function, we can write ¢ = > }'_; arxa, where n € N,
{ar}i—; € 10,00), and {A;}}_, are pairwise disjoint Lebesgue measurable
sets. Let

M = max({ag}j_y) < o0
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and let 0 = 5377. Then 6 > 0 and if A € M(R) is such that A\(4) < d, then

/|fydAgf+/gadA
A 2 A

€
=5 +k§::1akA(AmAk)

+ MY AANA)
k=1

€
2

< % + M) (U AN Ak> {AN Ag}r_, are pairwise disjoint
k=1

€

< —+ M

<5+
€ €

= — M ~— .
s T Moy <

Hence, since € > 0 was arbitrary, the result follows. ]

Proposition 4.4.9. Let f : [a,b] — R be Lebesgue integrable. If F : [a,b] —
R is defined by

F(z)= fdA

[a,x]
for all x € [a,b], then F is absolutely continuous.
Proof. First notice that F'is clearly well-defined since f is Lebesgue integrable.

To see that F is absolutely continuous, let ¢ > 0. Since f is Lebesgue
integrable, by Lemma there exists a 0 > 0 such that if A € M(R) and

A(A) < 6 then
/ f]dX < e.
A
To see that this § satisfies the requirements of Definition let
{ak}ZZIa {bk}ZZI - [a’ b]

be such that

n
a<ap <bi<aa<b <---<a,<b, <D and Z\bk—ak|<5.
k=1

Therefore, since

A (O [ak,bk]> = zn: ’bk — ak| < (5,
k=1

k=1
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we obtain that

|
M=

S IF(b) ~ Flawl =Y. | [ faa- fdA|
1 [a,b] la,ak]

[ #xia = Ixiaa dA\

£
Il
—

I
NE

£
Il
—

I
NE

o1 dA
/RfX[ i) ‘

/ f d)\‘
[ak’bk)]

B
Il
—

|
\E

k=1
n
<> [ dA
k=1 [akvbk]
= [fld\ < e.
UZ:I[akzbk}
Hence F' is absolutely continuous as desired. ]

4.5 The Fundamental Theorems of Calculus

Due to the examples of absolutely continuous functions in Proposition [4.4.9
resembling the functions analyzed in MATH 2001 in relation to the Fun-
damental Theorems of Calculus, it is natural to ask what the derivatives
of the functions defined in Proposition [£.4.9] are and whether all absolutely
continuous functions are of the above form. Both of these questions will be
answered in this section thereby generalizing the Fundamental Theorems of
Calculus!
To begin, we note the following technical lemma.

Lemma 4.5.1. Let f : [a,b] — R be Lebesgue integrable and define F :
[a,b] = R by

F(x) = / fdA
[a,2]
for all x € [a,b]. If F is non-decreasing, then f(x) > 0 for almost every x.

Proof. Let
X ={zelab] | fz) <0},

which is a Lebesgue measurable set since f is Lebesgue measurable. It suffices
to prove that A(X) = 0. To see that A(X) = 0, suppose for the sake of a
contradiction that A(X) > 0. Due to the regularity of the Lebesgue measure
from Proposition [I.6.12] there exists a compact subset K C X such that

©For use through and only available at pskoufra.info.yorku.ca.



106 CHAPTER 4. DIFFERENTIATION AND INTEGRATION

A(K) > 0. Therefore, since f(z) < 0 for all z € K C X and as A\(K) > 0,
we obtain that
/ fdx <.
K
Notice if V' = (a,b) \ K, then
F(b) — F(a) = F(b) :/ FdA :/ fd)\+/ fdx < / fdn.
[a,b] K 1% 1%

However, since V' is an open and a subset of (a,b), and since every open
subset of R is a countable union of disjoint open intervals, we may write

V= (ak, br)
k=1

where (ag, b;) C (a,b) for all k € N and {(ax, bi) }?2; are pairwise disjoint.
Therefore, if fr, = fX(q,.p,) for each k € N, then

/Vfd/\:/Rvad/\:/R]ifkd)\.

Notice if S, = > j_; fr for each n € N, then |S,| < |f|. Hence, since f is
Lebesgue integrable, we obtain by the Dominated Convergence Theorem

(Theorem [3.7.1]) that
F(b) — F(a) < / fdA
\%4

S

k=1

= lim > F(b) — F(ax)
k=1

< F(b) — F(a)

since F' is non-decreasing. As this clearly is a contradiction, we obtain that
A(X) = 0 as desired. n

Corollary 4.5.2. Let f : [a,b] — R be Lebesgue integrable and define
F:la,b) = R by

Fz)= [ fdx

[a,z]
for all x € [a,b]. If F(x) =0 for all x € [a,b], then f =0 almost everywhere.
Proof. Since F is constant, F' is non-decreasing. Hence Lemma implies

that f > 0 almost everywhere. Similarly, since —f is Lebesgue integrable
and since

0= (~F)(x) = /[ o
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4.5. THE FUNDAMENTAL THEOREMS OF CALCULUS 107

for all = € [a,b], —F is non-decreasing so Lemma implies that —f > 0
almost everywhere. Hence f = 0 almost everywhere. ]

Using all of the above, we arrive at the first version of our new Fun-
damental Theorems of Calculus which completely characterize absolutely
continuous functions.

Theorem 4.5.3 (Fundamental Theorem of Calculus, I). Let f : [a,b] —
R be Lebesgue integrable. If F : [a,b] — R is defined by

F(z) = fdA

[a,z]

for all x € [a,b], then F' exists almost everywhere and F' = f almost
everywhere.

Proof. To begin, note F' is absolutely continuous (and thus Lebesgue mea-
surable) by Proposition m Hence F’ exists almost everywhere and is
Lebesgue integrable by Corollary To demonstrate that F/ = f almost
everywhere we divide the proof into three cases.

Case 1: f is bounded. In this case there exists an M > 0 such that
|f(z)] < M for all = € [a,b]. For notational simplicity, for all ¢ > b define
F(t) = F(b). Furthermore, for each n € N, let F), : [a,b] — R be defined by

F,(x)=n (F <m + :L) - F(a:)) = n/[:r,erTlL] fdx

for all € [a,b]. Clearly each F, is a Lebesgue measurable function by
Proposition [I.6.5 since F is Lebesgue measurable. Furthermore, notice for
each n € N and z € [a, b] that

Fo(2)] < n/[%HH FldA < n (iM) ~ M.

Since My, is Lebesgue integrable, since lim,, oo Frn(z) = F'(z) for almost
every = € [a,b], and since |F,| < M|y, we obtain by the Dominated
Convergence Theorem (Theorem [3.7.1)) that

F'd\ = lim E, dX

[a,c] 700 Ja]

for all ¢ € [a, b]. Hence

1
Fdv=Tlmn[ F (x + n) ~ F(z)d\()

n—00 [(170]

= lim n /
n—o00 [c,c—i—l]

n

[a,c]

Fdl— F d)\>
a,a—i—%
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108 CHAPTER 4. DIFFERENTIATION AND INTEGRATION

for all ¢ € [a, b].
We claim that

hmn/1 Fd\ = F(c)
[e.c+3]

n—o0

for all ¢ € [a,b]. To see this, recall that F' is continuous since F' is absolutely
continuous. Therefore, since ¢ € [a, b], for every € > 0 there exists an N, € N
such that |F(z) — F(c)| < e for all z € [c, c+ N%} Hence for all n > N, we
obtain that

’F(c) - n/[c,c+}l] F(z)d\(x) /[c,c+}z] F(c) — F(x)dX\(z)

<n F(c) — F(x)|d\(z
<nf PO -F@lae)
< n/c,c+,lz ed\(z) =e.

Hence the claim follows.
Therefore, by applying the above limit twice (once with ¢ = a), we obtain
for all ¢ € [a, b] that

Fﬁ—F@—F@—F@—%ﬁfﬁ.

[a,c]

Therefore, since I’ and f are Lebesgue integrable, we obtain that

F' —fd\=0
[a,x]
for all z € [a, b]. However, since F’ — f is Lebesgue integrable, Corollary
implies that F’ — f = 0 almost everywhere. Hence F’ = f almost everywhere
as desired.

Case 2: f > 0. For each n € N, define f, : [a,b] — [0,n] by fn(x) =
min{f(z),n} for all € [a,b]. Note each f, is a Lebesgue measurable
function being the infimum of two Lebesgue measurable functions. Moreover
|fnl < m so f, is Lebesgue integrable, and lim,, o fn(z) = f(z) for all
x € [a,b].

We claim for all n € N that F’ > f,, almost everywhere. To see this, for
each n € N define F,,, G, : [a,b] — R by

F.(z) = fndA and Gn(x) = = fndA
[a,z] la,z]

for all « € [a,b]. Since f, and f — f,, are Lebesgue integrable, we see that Fj,

and G, are well-defined and absolutely continuous, F' = F,, +G,,, and F;,, and

G, are differentiable almost everywhere. Furthermore, since f,, is bounded,

the first case of this proof implies that F| = f,, almost everywhere. Moreover,
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4.5. THE FUNDAMENTAL THEOREMS OF CALCULUS 109

since f — f, > 0 by construction, G,, is non-decreasing so G/, (z) > 0 for
almost every z. Hence for almost every z € [a, b],

F'(z) = Fy(z) + G (x) = Fi(x) = fo(@)

as claimed.

Since F'(x) > fu(z) for almost every x and lim, o fn(z) = f(z) for
all x € [a,b], we obtain that F'(x) > f(z) for almost every = € [a,b].
Furthermore, since f(z) > 0 for almost every = € [a, b], we obtain that F’ > 0
and F' is non-decreasing on [a,b]. Therefore the Lebesgue Differentiation
Theorem (Theorem implies

Fb) - F(o)> | }F’dA > [ T =F O - Fo).
a,b a,b

Hence F’ is Lebesgue integrable and

F' — fdx=0.
[a.b)

Therefore, since F' — f > 0, the above integral implies that F’ = f almost
everywhere by Theorem [3.2.3
Case 3: f arbitrary. Recall that we may write

f=rf-f

where fi and f_ are non-negative Lebesgue integrable functions. Therefore,
if Fy : [a,b] — R are defined by

Fi(;v) = /[ }fi d)\,

then Case 2 implies that Fy are well-defined functions such that F/, = fi
almost everywhere. Since clearly F' = F; — F5 by linearity, we obtain that

F=F-F=fi-f=f
almost everywhere as desired. ]

Using a proof of the second Fundamental Theorem of Calculus as a model,
we obtain a Lebesgue measure theoretic version of the second Fundamental
Theorem of Calculus.

Theorem 4.5.4 (Fundamental Theorem of Calculus, II). If F : [a,b] —
R is absolutely continuous, then F' is Lebesgue integrable and

F(z) = F(a) + F'd\

[a,2]

for all x € [a,b].
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Proof. To begin, recall that if F' : [a,b] — R is absolutely continuous, then F’
is differentiable almost everywhere with F’ Lebesgue integrable by Corollary

Define G : [a,b] — R by

G(z)= | Fdx

[a,x]

for all z € [a,b]. Then G is absolutely continuous by Proposition m
and G’ = F’ almost everywhere by the Fundamental Theorem of Calculus
(Theorem |4.5.3]). Thus F' — G is absolutely continuous and

(F-G)Y=F -G =0

almost everywhere. Hence Proposition [4.4.6] implies that F' — GG is constant.
Therefore, as (F' — G)(a) = F(a), we obtain that F(z) — G(z) = F(a) for all
x € [a,b] so

F(z)=F(a)+ | F'dx

[a,z]

for all z € [a, b] as desired. ]

4.6 Leibniz Integral Rule

To finish our discussion of the connection between differentiation and the
Lebesgue integral, we can prove the following very useful result from calculus
with ease:

Theorem 4.6.1 (Leibniz Integral Rule). Let E € M(R) and let f :
E x [¢,d] — R be such that

(I) for each t € [c,d], the function g, : E — R defined by g(x) = f(x,t) is

Lebesgue integrable,

(II) for almost every x € E, the function h, : (c¢,d) — R defined by
hx(t) = f(x,t) is differentiable on (c,d), and

(II1) there exists a Lebesque integrable function 0 : E — R such that
|hL(t)| < 60(x) for allt € (¢,d) and almost every x € E.

Then J of
G [ renae = [ Sen )
for allt € (¢,d).

Proof. To begin, let I : (¢,d) — R be defined by
1) = [ S d\@)
E
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for all ¢ € (¢, d). Therefore I is differentiable on (¢, d) with

I(to+h) = I(to) _ . /f33t0+h) f(z,to)

I'(ty) = 1
(to) = lim Y

dt
h—0 h h—0

for all tg € (¢, d) provided the limit exists.
Fix tp € (¢,d). Suppose for the sake of a contradiction that the above
limit does not exist or does not equal

of

[ 5 (@ to) dA(a).

Hence, there exists a sequence (hy,)p>1 of non-zero real numbers such that
lim,, oo by, = 0 and

lim f(z,to+ hy) — f(l",to)

n—oo Jp hn

dt

either does not exist or does not equal [} %(z, to) d\(z). For each n € N,
let g, : E — R be defined by

[z, to + hn) — f(2,t0)
ho,

gn(x) =

for all x € E. Note that g, is a Lebesgue integrable function by (I).
By (IT) and the Mean Value Theorem, for almost every x € E for every
n € N there exists a t, , € (¢, d) such that

gn(a)| = f(x’tﬁh,;‘j_f(x’t()) = | (tom)| -

Therefore (III) implies that

|gn ()] < 0(x)

for almost every x € F for all n € N. Therefore, since

lim g,(x) = of

n—00 ot

(33‘ to)

for almost every x € E and since 6 is Lebesgue integrable, we obtain by the
Dominated Convergence Theorem (Theorem [3.7.1)) that

) f(z,to + hy) — f(x,to
lim = lim gn
n—oo g hn n—00
- /E nISEO gn(2
= (,% (l’ t()) dt.
Hence we have a contradiction so the result follows. ]
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Remark 4.6.2. Note one can prove Theorem without using a proof by
contradiction by upgrading the Dominated Convergence Theorem (Theorem
from sequences of functions to a continuum of functions. The proof of
such an upgrade is identical to the argument used in the proof of Theorem

461l
Corollary 4.6.3. Let f : [a,b] X [¢,d] — R be such that
o f is continuous on [a,b] X [c,d], and
. % exists and is continuous on [a,b] X [c,d].
Then, for all c < y < d,

b b
CZJ/a f(x,y)dx:/a gg(:c,y)dx.

Proof. This result follows immediately from the Leibniz’s Integral Rule
(Theorem [4.6.1)) since every continuous function on a compact set is bounded
and thus Riemann and Lebesgue integrable. |
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Chapter 5

Higher Dimensional Lebesgue
Integrals

Note that although Leibniz’s Integral Rule (Theorem does involve
functions of two-variables, we only need to integrate against a single vari-
able. Thus it is natural to ponder whether there is a Lebesgue integral for
multivariate functions. The goal of this chapter is to show this is indeed the
case and that the theory reduces to the theory developed previously in this
course. To simplify the discussion, we will only consider the 2-dimensional
Lebesgue integral and note a careful reading of the proofs along with the
“obvious” modifications improves these results to higher dimensions.

5.1 The Two-Dimensional Lebesgue Measure

In order to define the Lebesgue integral for two-variable functions, we will
first need an analogue of the Lebesgue measure that works on R?. Luckily,
the process for constructing such a measure will follow easily from the results
of Chapter [I] once we replace intervals with “rectangles”.

Definition 5.1.1. The Lebesgue measurable rectangles, denoted R, is the
set

R={IxJ|I,JCR,Iand J are intervals}.

The area function on R is the function f3 : R — [0, 00] defined by
Oo(I x J)=L1)e(J) = XI)A(J)
forall I x J€R.

By replacing intervals and their lengths with rectangles and their areas,
we obtain a version of the Lebesgue outer measure for R2.

113
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Definition 5.1.2. The 2-dimensional Lebesgue outer measure is the function
A5 2 P(R?) — [0, 00] defined by

Aj(A) = inf { i Oo (I, % J)

n=1

{In,Jn | nEN} are open intervals of R
such that AQUZOZI I, xJp

Of course, to apply the Carathéodory Method to obtain a measure from
A5, we need only verify that A3 is indeed an outer measure.

Theorem 5.1.3. The 2-dimensional Lebesgue outer measure is an outer
measure.

Proof. Tt is clear from the definition of A5 that \5() = 0. Moreover, if
A C B C R?, then every collection of open rectangles that covers B must
also cover A. Therefore, since A35(A) and \5(B) are computed via infimums,
we obtain that A\5(A) < \5(B) if AC B CR.

Let {A,}22, C P(R?) and let A = U2, A,. Fix € > 0. By the definition
of X3, for each n € N there exists a collection {I,, s, Jnx | k € N} of open
intervals such that A, C g2y Ink X Jn i and

S lo(Tnp X Juk) < No(An) + —.
k=1 2"

Since countable unions of countable sets are countable (see Appendix [B.5.3),
{Inks Jnk | n,k € N} is a countable collection of open intervals such that
o0
AC U In,k X Jmk-
n,k=1

Hence the definition of A3 implies that

AG(A) < f: (T X i) < i A5(An) + 2% —e+ i A (Ap).
nk=1 n=1 n=1
Therefore, since € > 0 was arbitrary, we obtain that
) < 3 X (4
as desired. m

Definition 5.1.4. Let A3 be the 2-dimensional Lebesgue outer measure from
Definition By Theorem the collection M(R?) of \j-measurable
sets is a o-algebra and Aj|yqre2) is a measure. We call Ay = 3| (g2 the
2-dimensional Lebesgue measure on R? and elements of M (R?) 2-dimensional
Lebesgue measurable sets.
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5.1. THE TWO-DIMENSIONAL LEBESGUE MEASURE 115

In order to use make use of the 2-dimensional Lebesgue measure and to
show that it is actually a ‘measure of area’, we desire to show that Lebesgue
measurable rectangles are 2-dimensional Lebesgue measurable sets and that
their 2-dimensional Lebesgue measure is their area. Thus we proceed as we
did in Chapter

Proposition 5.1.5. If I, J C R are intervals, then X5(I x J) = NI)A\(J).

Proof. First suppose I = [a,b] and J = [c,d]. To see that

A(I) < (b —a)(d - ¢),

let € > 0 be arbitrary. Then I’ = (a —€,b+¢) and J' = (¢ —¢€,d +€) are open
intervals such that I x J C I’ x J'. Hence, by the definition of A} (using
the empty set for all other open rectangles in our countable collection which
covers I x J), we obtain that

No(I % J) < bo(I' x J') = (b—a)(d — ¢) + 2e.

Therefore, as € > 0 was arbitrary, we obtain that A\3(I) < (b —a)(d — ¢).

For the other inequality, let {I,,J, | n € N} be an arbitrary collection
of open intervals such that I x J C U2 I, X Jy,. Hence {I,, x J,, | n € N}
is an open cover of I x J. Therefore, since I x J is compact, there must
exists a finite subcover of {I,, | n € N} for I. By reindexing the intervals if
necessary, we may assume that I C (Jyv I x Ji for some m € N.

Note lo(Ty, x Ji.) = lo(I}, x Ji) and I x J C U, I X Ji where J denotes
the closure of an interval J (i.e. add the endpoints). Since {I;}", is a finite
set, we can write the set of all endpoints of all I, between a and b as

a=ay<a<ay<---<ap,=>

Similarly, since {J;}7*, is a finite set, we can write the set of all endpoints
of all J;, between ¢ and d as

c=cp<cp<cp< - <cqg=d.

Clearly
p q m

U Ulae-1,00] x [ey-1,¢)) =T x J C U

z=1y=1 k=1

Moreover, since each I x J N ([a,b] X [c,d]) is a finite union of products of
intervals of the form [a;—1,as] X [cy—1, ¢y such that the area of I}, x Jj is
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the sum of the areas of the intervals in the product, we obtain that

S (I x Ji) = > la(I x Jy)
k=1 k=1
=Y oI X J)
k=1

la(laz—1,az] X [cy—1,¢y])

VvV
M=
1[M)=

ly=1
2(IxJ)=(b—a)(d—c).

Il
~ 8

Therefore, since {1, J, | n € N} was arbitrary, we obtain that
A(IxJ)>(b—a)(d—c).

Hence A5(I x J) = (b—a)(d — ¢) as desired.

To complete the proof, first assume I,J C R are intervals of finite
length. Thus I € {(a,b),]a,b), (a,b],]a,b]} for some a,b € R with a < b
and J € {(¢,d),[c,d), (¢, d],[c,d]} for some ¢,d € R with ¢ < d. Hence
(I x J)=(b—a)(d—c). Let I =a,b] and J = [c,d] so that I C I, J C J,
and

NI x J)=tlo(IxJ)=(b—a)(d—rc)

by the previous case. For any € > 0 with

<min{b_a d—c}
¢ 2 "2 [°

let I, = [a+§,b—§} and J, = [c—f—%d—%]. Thus I. x J. C I x J and
ANo(Ie x Jo) =la(Ic x J)=(b—a—e€)(d—c—e¢)

for all € > 0. Therefore, since A3 is an outer measure, we obtain for all € > 0
that

(b—a—e€)(d—c—€)=Ny(Ie x J) < NI xJ) < N3(IxJ) = (b—a)(d—c).

Hence A\35(I x J) = (b—a)(d — ¢) as desired.

Otherwise, if I is an infinite interval or J is an infinite interval, then
there exists arbitrary large products of finite intervals contained in I x J.
Therefore, since A} is an outer measure and thus monotone, the result for
products of intervals of finite length implies that

o0 =/{y(I x J) if I and J are not singletons

AN(I x J) =
2 ) {0 =/{y(I x J) if I or J is a singleton

Thus the proof is complete. ]
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Lemma 5.1.6. For all a € R, (a,0) X R, [a,0) X R, R x (a,00) and
R X [a,00) are 2-dimensional Lebesgue measurable.

Proof. To see that (a,00) x R is 2-dimensional Lebesgue measurable, let
B C R? be arbitrary. Therefore B; = BN ((a,00) x R) and

By = BN ((a,00) x R)* = BN ((—o00,a] xR)

are disjoint sets such that B = By U Bo.
Let € > 0 be arbitrary. By the definition of the 2-dimensional Lebesgue

outer measure, there exists a collection {I,,J, | n € N} of open intervals
such that B C ;2 I, x J,, and

o0
> la(In x Jy) < X5(B) +e.
n=1
For each n € N, let I/ = I, N (a,00) and I = I, N (00, a]. Clearly I
an I/ are disjoint intervals such that I,, = I/, U I}) and ¢(I,,) = £(1},) + £(I))).
Furthermore, clearly {I/, | n € N} and {I)] | n € N} are countable collections
of intervals such that By C ;> I}, x J,, and By C ;2 I)) x J,,. Hence

A5(BN((a,00) x R)) + A (BN ((a,0) x R))
= A3(B1) + A3(B2)

<D ONIL X Jn) + > AT X Ty) subadditivity
n=1 n=1

= Z I Ty) + Z oI Jn) by Proposition [5.1.5]
n=1 n=1

= Z K(In)e(Jn)
n=1

<A5(B) +e€

Therefore, since € > 0 was arbitrary, we obtain that
A5(B N ((a,00) x R)) + A" (BN ((a,) x R)°) < A\5(B).

Therefore, since B C R? was arbitrary, (a,00) x R is 2-dimensional Lebesgue
measurable.

The proof that the remaining sets are 2-dimensional Lebesgue measurable
is similar. [ |

Theorem 5.1.7. Every Lebesque measurable rectangle I x J € R? is 2-
dimensional Lebesgue measurable with

Xo(I x J) = MD)A(J).
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Proof. Since Lemma [5.1.6] implies (a,00) x R, [a,00) X R, R x (¢,00) and
R x [¢, 00) are 2-dimensional Lebesgue measurable for all a,c € R, and since
the set of 2-dimensional Lebesgue measurable is a o-algebra and thus closed
under complements, we obtain that (—oo,b] x R, (—oo,b) x R, R x (—00, d]
and R x (—o0,d) are 2-dimensional Lebesgue measurable for all b,d € R.
Therefore, since every Lebesgue measurable rectangle is the intersection of
at most four of the above sets, and since set of 2-dimensional Lebesgue
measurable is a o-algebra and thus closed under intersections, we obtain
that Lebesgue measurable rectangle is 2-dimensional Lebesgue measurable.
Moreover, Proposition immediately implies that Ao(1 x J) = A(I)A(J)
for every Lebesgue measurable rectangle I x J € R2. ]

Remark 5.1.8. By following the proofs from Chapter [T, Chapter [2, and
Chapter [3] we obtain that

e The 2-dimensional Lebesgue measure is translation and inversion in-
variant in each variable,

« a function f : R?> — R is 2-dimensional Lebesgue measurable if and
only if f~1((a,00)) € M(R?) for all a € R,

e 2-dimensional Lebesgue measurable functions behave identically to
Lebesgue measurable functions,

o Egoroff’s Theorem (Theorem , Littlewood’s First Principle (Theo-
rem [2.5.1)) where open intervals are replaced with open rectangles, and
Lusin’s Theorem (Theorem [2.6.1]) all hold for 2-dimensional Lebesgue

measurable functions (with the only gap in the proof is proving Tietz
Extension Theorem (Theorem [2.6.2) for R?), and

o the 2-dimensional Lebesgue integral is defined in an analogous way and
satisfies the Monotone Convergence Theorem (Theorem [3.3.2), Fatou’s
Lemma (Theorem [3.6.1]), and the Dominated Convergence Theorem

(Theorem |3.7.1)).

Thus we can proceed with 2-dimensional Lebesgue measure theory identically
to how we proceeded with Lebesgue measure theory.

Remark 5.1.9. It is also possible to define the 2-dimensional Lebesgue
outer measure using open circles instead of open rectangles. We will not
demonstrate the equivalence. One can see why we proceed with rectangles
instead of circles in the next section.

5.2 Tonelli’s and Fubini’s Theorem

In this section, demonstrate two theorems that show that the integration
theory for higher dimensional Lebesgue integrals reduces to the theory of
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the one-dimensional Lebesgue integral. We begin with the statements of the
two theorems.

Theorem 5.2.1 (Fubini’s Theorem). If f : R? — R is 2-dimensional
Lebesgue integrable, then:

1. for almost every x € R the function f, : R — R defined by fy(y) =
f(z,y) for all y € R is a well-defined Lebesgue integrable function
and for almost every y € R the function f, : R — R defined by
fy(x) = f(z,y) for all x € R is a well-defined Lebesgue integrable
function,

2. the function ® : R — R defined by ®(z) = [, fzdX is a well-defined
Lebesgue integrable function and the function ¥ : R — R defined by
U(y) = [x fydX is a well-defined Lebesgue integrable function, and

3. Jro Fdho = [ ®dN = [ Wd); that is

L= [ ([ fenirw) ae
_/R</Rf(x,y) d/\(ac)> dA(y).

Theorem 5.2.2 (Tonelli’s Theorem). If f : R? — [0, c0] is 2-dimensional
Lebesgue measurable, then:

1. for almost every x € R the function f, : R — [0,00] defined by
fo(y) = f(x,y) for all y € R is a well-defined Lebesque measurable
function and for almost every y € R the function f, : R — [0, o0]
defined by fy(x) = f(z,y) for all x € R is a well-defined Lebesgue
measurable function,

2. the function ® : R — [0, 00] defined by ®(z) = [ fz dX is a well-defined
Lebesgue measurable function and the function ¥ : R — [0, 00| defined
by U(y) = [ fy dX is a well-defined Lebesque measurable function, and

3. Jpo fdXa = [ ®dN = [o Ud\; that is

AzfdA2:A<Af(x,y) d)\(y)> dA\(z)
= [ ([ r@n o) o)

Remark 5.2.3. It is clear that Fubini’s Theorem (Theorem [5.2.1)) is more
general that Tonelli’s Theorem (Theorem [5.2.2]) except for positive functions
that integrate to infinity. So what is the point of Tonelli’s Theorem? The
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main use of Tonelli’s Theorem is to show that the assumptions of Fubini’s
Theorem holds; that is, to check that f 2-dimensional Lebesgue integrable,
one generally verifies that

/ f|dNa < 0
RQ

using Tonelli’s Theorem!

Thus it remains to prove Fubini’s Theorem (Theorem and Tonelli’s
Theorem (Theorem . As the proofs are long and complicated, we will
divided the proofs into several lemmata. The idea of the proof is similar
to how we prove any complicated result for the Lebesgue integrals: we first
prove the results for the characteristic functions, which by linearity gives the
result for all simple function, which then gives the result for non-negative
functions, which then gives the result for all integrable functions. Bizarrely
enough, we first will prove Fubini’s Theorem (i.e. the result for integrable
functions) and use Fubini’s Theorem to prove Tonelli’s Theorem.

To verify that Fubini’s Theorem holds for characteristic functions, we will
need to make use of specific collections of 2-dimensional Lebesgue measurable
sets.

Notation 5.2.4. Given Z C R? and z,y € R representing the z- and y-terms
of a pair, denote

Zy={weR | (z,w) € Z} and Zy={z€eR | (z,y) € Z}.

Similarly, given a function f: R — R, let f; : R — R and f, : R — R denote
the functions defined by

fo(w) = f(z,w)  and  fy(w) = f(w,y)
for all w € R. Finally, let
Ry = {Z C R? | Z is a countable union of elements of R}
Ros = {Z C R? | Z is a countable intersection of elements of RU}
Note since R C M(R?) and since M(R?) is a o-algebra that
R C Ry C Rys € M(R?).

Before we begin the proof of Fubini’s Theorem for characteristic functions,
we first need the following that shows that R, is well-behaved.

Lemma 5.2.5. If Z € R, then there exists a pairwise disjoint collection
{Ri}?2; € R such that Z = ;= Rk.
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Proof. Let Z € R, be arbitrary. Hence we may write Z = Jpo Ix X Ji
where {I},}7°, and {J;}72, are collections of intervals of R. We will proceed
by recursion on m to show that [JjL; I} X Ji can be written as a disjoint
union of elements of R. Clearly the case m = 1 is trivial.

Assume it has been demonstrated for some m > 1 that Jyo, I x J =
UL, I, x JI, where {I}, x J.}M | are pairwise disjoint elements of R. To
see that Uznjll I, x J can be written as a disjoint union of elements of R,
consider

X1 = (It X Jingr) \ (11 % Jy).

Since the set difference of one interval by another is the union of at most
two disjoint intervals and since X; can be written as the disjoint union of

Ri = (Ims1 \ I}) X (Jmy1 N J7),
RQ = (Im+1 N Ii) X (Jm+1 \ J{),and
R3 = (Imy1 \ I7) X (Jimy1 \ J7),

we obtain that X7 can be written as the disjoint union of at most 8 Lebesgue
measurable rectangles. By repeating this process, we see that

Xo = X1\ (I x J3) = (Im41 X Jmy1) \ ((I1 < J7) U (I3 % J3))

can be written as the disjoint union of at most 64 Lebesgue measurable
rectangles. Therefore, by repeating this process ad nauseum, we obtain that
Z‘:ﬁl I X Ji can be written as a disjoint union of elements of R. ]
With Lemma [5.2.5]in hand, we can proceed with our proof that Fubini’s
Theorem holds for all characteristic functions. Our first goal is to show that
Fubini’s Theorem holds for all characteristic functions of elements of Rs.
Thus we begin with the following.

Lemma 5.2.6. If Z € R,s, then Z, € M(R) for every x € R.

Proof. The proof is divided into three cases of increasing generality.
Case 1: Z € R. In this case, we may write Z = I x J for some intervals
A and B. Note for each x € R that

J0 ifagl
T iteel
Hence Z, € {0, B} C M(R) in this case.

Case 2: Z € R,. In this case Z = ;2 ; Ry, for some collection {R,,}>2; C
R. Since
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for each z € R, and since (R,), € M(R) for all n € N and x € R by Case 1,
we see that Z, € M(R) for all x € R in this case.

Case 3: Z € Rys. In this case Z = (02| Z,, for some collection {Z,,}52 C
Ro. Since

(o)

n=1
for each x € R, and since (Z,), € M(R) for all n € N and « € R by Case 2,
we see that Z, € M(R) for all z € R. Thus the proof is complete. [

Lemma 5.2.7. Let Z € Ry be such that \2(Z) < oo and define g : R —
[0,00] by g(x) = AN(Zy) for all x € R. Then g is Lebesque measurable and

/gd)\:)\g(Z):/ Yz ).
R R2

In particular N(Z;) < oo for almost every x € R.
Proof. First note that g is well-defined since Z, € M(R) for all x € R by
Lemma Furthermore, the equality

)\Q(Z) = /R2 Xz d)\g

follows trivially by the definition of the 2-dimensional Lebesgue integral.
The remainder of the proof is divided into three cases of increasing
generality.
Case 1: Z € R. In this case Z = I x J for some intervals I and J. Since

sz{@ ifz gl

J ifxel
for all x € R, we see that
9(@) = MZz) = A(J)x1(2)

for all x € R. Hence g is clearly Lebesgue measurable since I € M(R) and

/ gd\ = )\(J)/ xrd\ = MDAJ) = 2 (2)
R R

by Theorem [5.1.7| as desired.

Case 2: Z € R,. In this case Z = |J;2; R), for some collection { R, }52; C
R. By Lemma we can assume that the collection {R,}52; C R is
pairwise disjoint. Hence {(R,)z}22; € M(R) is pairwise disjoint for all
x € R. Therefore

9(2) = A(Z2) = A (f_] <Rn>m> _ i A(Bo)a)
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for all x € R. Therefore, by Case 1, g is a countable sum of non-negative
Lebesgue measurable functions and hence is Lebesgue measurable by Propo-

sition Moreover, by Corollary
[odr= [ AR dr(a)
R R
=3 [ MR dA@)
n=1 R

= Z Xo(Ry) by Case 1
n=1

()
n=1
= \2(2)

as desired.

Case 3: Z € Rys. In this case Z = (2, Zy, for some collection {Z,,}52, C
Rs. Since A\2(Z) < oo, by the definition of Ay there exists a {C,}22, € R
such that Z C ;2 Cy, and

)\Q(Z) < ifg(cn) < Q.
n=1

Let Zy = Up2q Cy. Then Z) € R, and A2(Zy) < oo. Moreover, since the
intersection of any two elements of R is an element of R (i.e. (I x J;) N
(Ia x J2) = (I1 N I3) x (J1 N Ja)), since each element of R, is a countable
union of elements of R, and since the countable union of countable sets is
countable, we note that if

Z =7, N2,

for all n € N, then {Z/}2° C Ry, Z = (oro 2y, X2(Zy) < oo, and
zl CZ _, forallneN.

For each n € NU {0}, let g,, : R — [0, 00| be defined by g, (z) = A((Z},)z)
for all z € R. Clearly each g, is Lebesgue measurable by Case 2. Moreover,

Case 2 implies that
0< / M(Z8).) dA\(z) = / god\ = Na(Z) < 0
R R

and thus A((Z))z) < oo for almost every z.
Notice that Z, = ,21(Z]). for all z € R and, since Z], C Z! _, for all

n €N, that (Z]), C (Z],_,)s for all n € N and = € R. Therefore, we obtain
by the Monotone Convergence Theorem for Measures (Theorem [1.3.9)) that

nh_{gj gn(x) = nh_{gO )‘((quv,)x) = )‘(ZJ:) = g(l‘)
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for almost every x. Therefore Corollary implies that g is Lebesgue
measurable.

Since (Z]). C (Z],_1)s for all n € N and = € R, we see that g,(z) < go(x)
for all z € R. However, since go is non-negative and Lebesgue measurable,
we see by Case 2 that

/ god\ = )\Q(Z(l)) < 00
R

and thus gg is Lebesgue integrable. Therefore, by the Dominated Convergence
Theorem (Theorem [3.7.1) and Case 2, we obtain that

dA = lim n dA

= lm_ [ M(Z)s) d\(@)

n—o0

n—o0

However, since \o(Z)) < o0, Z, C Z! _, foralln € N, and Z = 72, Z},,
we obtain by the Monotone Convergence Theorem for Measures (Theorem

139) that
[ gdx= tim 2a(Z)) = %a(2)
R n—oo

as desired. Thus the proof is complete. ]

Note Lemma proves the desired result (i.e. Fubini’s Theorem
(Theorem [5.2.1))) for all characteristic functions of elements of Rys. To
extend this to all characteristic functions, we will require the following two
lemmata. Note the proof of the first lemma is very similar to the proof of
Proposition

Lemma 5.2.8. If Z € M(R?) is such that \o(Z) < oo, then there exists an
G € Rys such that Z C G and \2(G\ Z) = 0.

Proof. First, fix an € > 0. By the definition of A9 there exists a countable
collection {R,}5°; C R such that Z C |Jo2; R, and

> Ae(Rn) =D la(Rp) < Ma(Z) + e
n=1 n=1
Let Ge =Up2; Ry € Ry. Then clearly Z C G, and
A2 (Z) < Xa(Ge) > Ma(Rn) < Ma(Z) + e
n=1

Let G =21 G1 € Rys. Clearly Z C G since Z C G1 for all n € N.
Moreover, clearly

Xa(2) < 20(G) < X (G1) < Ma(2) + 1

n
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for all n € N. Hence
Ao (Z) = Xao(Q).

Therefore, since A\2(Z) < oo and Z C G, we obtain by Remark that
X(G\Z)=0
as desired. [

Lemma 5.2.9. If Z € M(R?) is such that \2(Z) = 0, then Z, is Lebesgue
measurable with \(Z;) = 0 for almost every x € R.

Proof. By Lemma, there exists an G € R,s such that Z C G and
X2(G\ Z) = 0. Hence X\2(G) = 0.

By Lemma [5.2.7]if g : R — [0, 00] is defined by by g(z) = A(G5) for all
x € R, then g is Lebesgue measurable and

/gd)\ — 2(G) = 0.
R

Therefore 0 = g(z) = A\(G;) for almost every € R by Theorem Since
Z C GsoZy C Gy forall z € R and since the Lebesgue measure is complete,
we obtain that Z, is Lebesgue measurable with A(Z;) = 0 for almost every
z € R. |

With the above lemmata, we can finally prove Fubini’s Theorem for
characteristic functions.

Lemma 5.2.10. If Z € M(R?) is such that \2(Z) < oo, then Fubini’s
Theorem (Theorem holds for the function f = xz.

Proof. Fix Z € M(R?) such that \o(Z) < co. By Lemma there exists
an G € Rys such that Z C G and A\2(G \ Z) = 0.
Notice for all z € X that

Ly = (Gx) \ (G\Z)x

Since A\2(G) = X2(Z) < o0, we know that G, is Lebesgue measurable for
all z € R by Lemma Moreover, since A\2(G \ Z) = 0, we know that
(G\ Z), is Lebesgue measurable for almost every z € R by Lemma
Hence Z, is Lebesgue measurable for almost every x € R. Moreover, by
Lemma [5.2.9

)\(ZCC) = A(Ga:) - )‘((G \ Z)J:) = /\(Ga:)

for almost every = € R.
Let f = xz and notice that f, : R — [0, 1] is defined by

fe(y) = f(2,y) = xz(2,y) = x2,(v).
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Therefore, since Z, is Lebesgue measurable for almost every = € R, f, is
Lebesgue measurable for almost every x € R. Moreover

[ fear= [ xz dr=XZ) = X(G2)
R R
for almost every x € R. However, by Lemma [5.2.7]
/ MGy) dA(z) = Ma(G) < oo
R
so that A(G;) < oo for almost every x € R. Hence [ fz d\ < oo for almost

every = € R so f, is Lebesgue integrable for almost every x € R as desired.
Next recall that ® : R — [0, o] is defined by

B(x) = / fod\ = \(Zs) = A(Ga)
R
for all x € R. Therefore, by Lemma ® is Lebesgue measurable and
/ O ) = / MGa) d\x) = X (G) < .
R R

Hence @ is Lebesgue integrable as desired.
Finally, by Lemma [5.2.

[ @dr=2(6) = 2(2) = [ xzdx
R R2

as desired. The remainder of the proof of Fubini’s Theorem (Theorem [5.2.1))
in this case holds by symmetry (i.e. repeat Lemmata [5.2.6] [5.2.7, and [5.2.9
with y in place of x). [

Finally, we can complete the proof of Fubini’s Theorem (Theorem [5.2.1)).!

Proof of Fubini’s Theorem (Theorem . To begin, note Lemma [5.2.10
implies Fubini’s Theorem holds for characteristic functions of finite 2-dimensional

Lebesgue measure. Therefore, since simple functions are linear combinations
of characteristic functions, it is elementary to see that Fubini’s Theorem
holds for 2-dimensional Lebesgue integrable simple functions.

Let f satisfy the assumptions of Fubini’s Theorem. Recall that every
2-dimensional Lebesgue integrable function is a linear combination of two
non-negative 2-dimensional Lebesgue integrable function. Therefore, since it
is elementary to see that if Fubini’s Theorem holds for a finite set of functions
then Fubini’s Theorem holds for all linear combinations of those functions,
we may assume without loss of generality that f is non-negative.

Since f is non-negative, Theorem [2.3.5] implies there exists a sequence
(¢n)n>1 of simple functions on (R?, \g) such that ¢, < ¢, for all n € N
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and (¢n)n>1 converges to f pointwise. Hence the Monotone Convergence
Theorem (Theorem [3.3.2)) implies that

nh_}rgo/wwnd)\gz/szd)\g < 0.
Moreover, since 0 < ¢, < f, we see that ¢, are 2-dimensional Lebesgue
integrable for all n € N. Therefore Fubini’s Theorem holds for each ¢,,.

To see that f, is Lebesgue measurable for almost every x € R, notice by
construction that

Jim (o). (y) = lim @n(z,y) = f(,y) = fa(y)
for all (x,y) € X x Y. Therefore, since the Lebesgue measure is complete
and since y — (¢n)z(y) is Lebesgue measurable for almost every x € R, we
obtain by Proposition that f, is Lebesgue measurable for almost every
x € R. Furthermore since ¢, < ¢,4+1 implies that (¢,)2(y) < (@n+1)2(y),
the Monotone Convergence Theorem (Theorem implies that

@(m):/fod)\: lim [ (on)zdX

n—x Jr

for almost every x € R. Hence, since 6,, : R — [0, oo| defined by

O () :/R((Pn)x dA

is Lebesgue measurable for every n € N, Proposition [2.2.9] implies that ® is
Lebesgue measurable. Moreover, since ¢, < ¢,4+1 implies that 6, < 0,41 for
all n € N and since lim,,_,o, ¢, (z) = ®(z) for almost every x € R, we again
obtain that

®d)\ = lim / 0, d\ by the Monotone Convergence Theorem
R

R n—0o0

= Jin [ ([l axe)) ixw)

n—oo Jp

= lim n dA2  since Fubini’s Theorem holds for ¢,
n—oo R2

= / fdXa Dby the Monotone Convergence Theorem.
RQ

Therefore, since [ f dA2 < 00, we see that ® is Lebesgue integrable. Since
® being Lebesgue integrable implies that ®(x) < oo for almost every x € R,
we obtain that [ fz dX\ < oo for almost every « € R. Hence f, is Lebesgue
integrable for almost every = € R as desired.

The proof is then completed by interchanging x and y to obtain the
results for f, and V. ]
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Proof of Tonelli’s Theorem (Theorem . To begin, note that Fubini’s
Theorem holds for all 2-dimensional Lebesgue integrable simple functions.
Hence Tonelli’s Theorem holds for all 2-dimensional Lebesgue integrable
simple functions.

Let f satisfy the assumptions of Tonelli’s Theorem. Since f is non-
negative, Theorem implies there exists a sequence (¢, )n>1 of simple
functions on (R?, \2) such that ¢, < @,41 for all n € N and (n)n>1
converges to f pointwise.

Notice that if each ¢, is 2-dimensional Lebesgue integrable, then the
proof of Fubini’s Theorem carries forward verbatim to complete the proof.
Hence it suffices to show we can take each ¢, to be 2-dimensional Lebesgue
integrable.

For each n € N let 1, = ©nX|—nnx[—nn]- Then (¥n)n>1 is a sequence of
simple functions on R each of which vanishes off a set of finite 2-dimensional
Lebesgue measure and thus is 2-dimensional Lebesgue integrable. Therefore,
since by construction we have that 1, < ¢4 for all n € N and (¢y,)n>1
converges to f pointwise, the proof of Fubini’s Theorem carries forward
verbatim using the sequence of 2-dimensional Lebesgue integrable simple
functions (Y )n>1- ]
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Appendix A

Review of the Riemann
Integral

In this appendix chapter, we will recall the construction and properties of
the Riemann integral presented in MATH 2001. The formal definition of the
Riemann integral is modelled on trying to approximate the area under the
graph of a function. The idea of approximating this area is to divide up the
interval one wants to integrate over into small bits and approximate the area
under the graph via rectangles. Thus we must make such constructions formal.
Once this is done, we must decide whether or not these approximations are
good approximations to the area. If they are, the resulting limit will be the
Riemann integral.

A.1 Partitions and Riemann Sums

In order to ‘divide up the interval into small bits’, we will use the following
notion.

Definition A.1.1. A partition of a closed interval [a, b] is a finite list of real
numbers {t}}_, such that

a=to<ti <ta<---<tp_1<t,=0

Eventually, we will want to ensure that |ty — tx_1| is small for all k in
order to obtain better and better approximations to the area under a graph.
To obtain a lower bound for the area under a graph, we can choose our
approximating rectangles to have the largest possible height while remaining
completely under the graph. This leads us to the following notion.

Definition A.1.2. Let P = {t;}}_, be a partition of [a,b] and let f :
[a,b] — R be bounded. The lower Riemann sum of f associated to P,
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denoted L(f,P), is

n

Z k(tk — th-1)

where, for all k € {1,...,n},

my = inf{f(x) | € [tr—1,tx]}

Example A.1.3. If f:[0,1] — R is defined by f(z) = z for all x € [0, 1]
and if P = {t;}}_, is a partition of [0,1], it is easy to see that

P) = ti1(ty —tp—1)
k=1

as f obtains its minimum on [tg_1,tg] at tx_q.
If it so happens that t, = % for all k € {0,1,...,n}, we see that

LGP =S k;l(ﬁ_k;l)

k=1

3

L)

ln

n—1
7j=1
Inmn-1) 1-1

n2 2 2

3‘;-;

where the fact that Z” 1J = ”(n_l) follows by an induction argument.

Clearly, as n tends to infinity, L(f, ) P) tends to 1 for this particular partitions,
which happens to be the area under the graph of f on [0,1].

Although lower Riemann sums accurately estimate the area under the
graph of the function in the previous example, perhaps we also need an upper
bound for the area under the graph. By choose our approximating rectangles
to have the smallest possible height while remaining completely above the
graph, we obtain the following notion.

Definition A.1.4. Let P = {t;}}_, be a partition of [a,b] and let f :
[a,b] — R be bounded. The upper Riemann sum of f associated to P,
denoted U(f,P), is

n

P)=> My(ty — ti—1)

where, for all k € {1,...,n},
My = sup{f(z) | = € [tp—1,ts]}.
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Example A.1.5. If f:[0,1] — R is defined by f(z) = z for all = € [0, 1]
and if P = {t;}7_, is a partition of [0,1], it is easy to see that

U(f,P)= zn:tk(tk —t-1)
k=1

as f obtains its maximum on [t;_1, ;] at tf.
If it so happens that t = % for all k € {0,1,...,n}, we see that

=k (E 5

n

>
Il
—_

e
Il
—

I Il
= TMs
e HL
oy

3[\)‘ —_
[\
\)

where the fact that > p_, k = w follows by an induction argument.
Clearly, as n tends to infinity, U(f, P) tends to % for this particular partitions,
which happens to be the area under the graph of f on [0, 1].

Although we have been able to approximate the area under the graph of
f(x) = x using upper and lower Riemann sums, how do we know whether
we can accurate do so for other functions? To analyze this question, we must
first decide whether we can compare the upper and lower Riemann sums of a
function. Clearly we have that L(f,P) < U(f,P) for any bounded function
f i [a,b] — R and any partition P of [a, b]. However, if Q is another partition
of [a, b], is it the case that L(f, Q) < U(f,P)? Of course our intuition using
‘areas under a graph’ says this should be so, but how do we prove it?

To answer the above question and provide some ‘sequence-like’ structure
to partitions, we define an ordering on the set of partitions.

Definition A.1.6. Let P and Q be partitions of [a,b]. It is said that Q is a
refinement of P, denoted P < Q, if P C Q; that is Q has all of the points
that P has, and possibly more.

It is not difficult to check that refinement defines a partial ordering

(Definition [B.1.4) on the set of all partitions of [a,b] (see Example |B.1.5)).

Furthermore, the following says that if Q is a refinement of P, then we
should have better upper and lower bounds for the area under the graph of
a function if we use Q instead of P.

Lemma A.1.7. Let P and Q be partitions of [a,b] and let f : [a,b] — R be
bounded. If Q is a refinement of P, then

L(f,P) < L(f,Q) <U(f,Q) <U(f,P).
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Proof. Note the inequality L(f, Q) < U(f, Q) is clear. Thus it remains only
to show that L(f,P) < L(f,Q) and U(f, Q) < U(f,P). Write P = {tr}}_,
where

a=ty<ti <ty <.+ <tp_1<t,=n

To show the desired inequalities, we will first show that adding a single point
to P does not decrease the lower Riemann sum and does not increase the
upper Riemann sum. As there are only a finite number of points one needs
to add to P to obtain Q, the proof will follow.

To implement the above strategy, assume Q = P U {t'} where t’ € [a, b]
is such that ¢, < t' < t4 for some g € {1,...,n}. Forallk € {1,...,n}, let

my = inf{f(z) | v € [tp—1,tk]} and My =sup{f(z) | € [tp—1,tx]}-

Therefore

n

n
Z tk—tk 1 and Z tk—tk 1

Moreover, if we define

ml, = f{f(2) | @ € [ty_1,¢]},
mll = mf{f(z) | @ € [t 1]},
M, = sup{f(z) | @ € [ty_1,t]}, and
MY = sup{f(2) | @ € [t 1]},

then we easily see that m, < mjg,my, that My, M) < M,, and that

L(f,Q): (t_tq l)+m t _t katk_tkl and
k#q
U(f,Q) = Mj(t' —tq_1) + M (ty—t') + Z M (s — ti—1).
k=1
k#q
Therefore

L(f,Q) — L(f,P) = my(t' —tq1) + mj(tg — t') — mqg(tq — tq—1)
> mq(tl —tg—1) +mg(ty — tl) - mq(tq —tg-1) =0

so L(f,P) < L(f, Q). Similarly

U(f7 ) (fa ) = (t — g 1) + MH( ,) - Mq(tq - tq—l)
< Mq(t - tqfl) + Mq( q— ) - Mq(tq - tqfl) =0

so U(f, Q) <U(f,P). Hence the result follows when Q =P U {t'}.
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To complete the proof, let Q be an arbitrary refinement of P. Hence we
can write @ = P U {t} }}*, for some {t; }}*; C (a,b). Thus, by adding a
single point at a time, we obtain that

L(f,P) < L(f, PU{ti}) < L(f,PU{t,t5}) < -+ < L(f, Q)
and

U(f,P) Z U(f,PU{tll}) 2 U(f,PU {tllvt/Z}) Z Z U(f, Q),
which completes the proof. n

In order to answer our question of whether L(f, Q) < U(f,P) for all
partitions P and Q, we can use Lemma provided we have a partition
that is a refinement of both P and Q: that is, there is a least upper bound
of P and Q.

Definition A.1.8. Given two partitions P and Q of [a,b], the common
refinement of P and Q is the partition P U Q of [a, b].

Remark A.1.9. Clearly, given two partitions P and Q, P U Q is a partition
that is a refinement of both P and Q. Consequently, if f : [a,b] — R is
bounded, then Lemma implies that

L(f,P) < L(f,PUQ) <U(f,PUQ) <U(f, Q).

Hence any lower bound for the area under a curve is smaller than any upper
bound for the area under a curve.

A.2 Definition of the Riemann Integral

In order to define the Riemann integral of a bounded function on a closed
interval, we desire that the upper and lower Riemann sums both better and
better approximate a single number. Using the above observations, we notice
that if f : [a,b] — R is bounded, then

sup{L(f,P) | P a partition of [a, b]}
<inf{U(f,P) | P a partition of [a, b]}.
Therefore, in order for there to be no reasonable discrepancy between our
approximations, we will like an equality in the above inequality, in which

case the value obtained should be the area under the graph. Unfortunately,
this is not always the case.

Example A.2.1. Let f:[0,1] — R be defined by

_J1 ifzeQ
f(x)_{o itz eR\Q
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for all x € [0,1]. Since each open interval always contains at least one element
from each of Q and R\ Q, we easily see that L(f,P) =0 and U(f,P) =1
for all partitions P of [0, 1]. Hence

sup{L(f,P) | P a partition of [0,1]}
# inf{U(f,P) | P a partition of [0, 1]}.

So what should be the area under the graph of this function?

Consequently we will just restrict our attention to the following type of
functions.

Definition A.2.2. Let f : [a,b] — R be bounded. It is said that f is
Riemann integrable on |a, b] if

sup{L(f,P) | P a partition of [a, b]}
= inf{U(f,P) | P a partition of [a, b]}.

If f is Riemann integrable on [a, b], the Riemann integral of f from a to b,
denoted ff f(z)dz, is defined to be
b
/ f(z)dz = sup{L(f,P) | P a partition of [a, b]}
= inf{U(f,P) | P a partition of [a,b]}.

Remark A.2.3. Notice that if f is Riemann integrable on [a, b], then

L(f,P) < /b " fe)de <U(S.P)

for every partition P of [a,b] by the definition of the Riemann integral.

Clearly the function f in Example is not Riemann integrable.
However, which types of function are Riemann integrable and how can we
compute the value of the integral? To illustrate the definition, we note the
following simple examples (note if the first example did not work out the
way it does, we clearly would not have a well-defined notion of area under a
graph using Riemann integrals).

Example A.2.4. Let ¢ € R and let f : [a,b] — R be defined by f(z) = ¢

for all « € [a,b]. If P = {tx}}_, is a partition of [a,b], we see that

L(f,P)=U(f,P) = Z c(ty —te—1) = Cztk_tk—l = c(tp—to) = c(b—a).
k=1 k=1

Hence f is Riemann integrable and | f f(z)dx = ¢(b—a). (Was there any
doubt?)
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Example A.2.5. Let f:[0,1] — R be defined by f(z) =z for all z € [0, 1].

For each n € N, note Example demonstrates the existence of a partition
1— 1

Pp such that L(f,P,) = —5*. Hence

1-1 1
sup{L(f,P) | P a partition of [a,b]} > limsup no_ -

n—o0 2 2

Similarly, for each n € N, Example demonstrates the existence of a

partition Q,, such that U(f, Q,) = 1—;5. Hence

1+1 1
inf{U(f,P) | P a partition of [a,b]} < linnl)ior.}f ; no— 3

Therefore, since
sup{L(f,P) | P a partition of [a, b]}
<inf{U(f,P) | P a partition of [a, b]},

the above computations show both the inf and sup must be % Hence f is
1
5.
Example A.2.6. Let f: [0,1] — R be defined by f(z) = 22 for all z € [0, 1].
We claim that f is Riemann integrable on [0, 1] and fol 2? dz = £. To see this,
let n € N and let P, = {t;}7_, be the partition of [0, 1] such that t; = £

n
for all n € N. Then, by an induction argument to compute the value of the

sums, L(fjp):zn:(k_l)z(k_k—l)

n? n n

Riemann integrable on [0, 1] and fol rdr =

1L (n—=1Dn)2n-1)+1) 2n°>-3n%24+n

n3 6 6n3

and

1
1 nn+1)(2n+1)  2n+43n’+n
n3 2 B 6n3 '
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2n3—3n24+1 _ 1. 2n34+3n2+41 1
6n3 = limy 00 6n3 -3

Hence, since lim,, , we see that

< sup{L(f,P) | P a partition of [a,b]}

Wl =

< inf{U(f,P) | P a partition of [a,b]} <

Wl

Hence the inequalities must be equalities so f is Riemann integrable on [0, 1]
by definition with fol 2?dr = %

Note in the previous two examples, the functions were demonstrated
to be Riemann integrable on [0, 1] via partitions P such that L(f,P) and
U(f,P) were as closes as one would like. Coincidence, I think not!

Theorem A.2.7. Let f : [a,b] — R be bounded. Then f is Riemann
integrable if and only if for every € > 0 there exists a partition P of [a, b]
such that

OSU(faP)_L(faP)<€

Proof. Note we must have that 0 < U(f, P) — L(f,P) for any partition P
by earlier discussions.

First assume that f is Riemann integrable. Hence, with I = | f f(z)dx,
we have by the definition of the integral that

I =sup{L(f,P) | P a partition of [a, b]}
= inf{U(f,P) | P a partition of [a, b]}.
Let € > 0 be arbitrary. By the definition of the supremum, there exists a
partition P; of [a,b] such that
€

I — 5 < L(f,Pl).

Similarly, by the definition of the infimum, there exists a partition Py of
[a, b] such that

U(f, Ps) <I+§.

Let P = P1 U Py which is a partition of [a,b]. Since P is a refinement of
both P; and P, we obtain that

by Lemma [A1.7 Hence

U(f,P) = L(f,P) < U(f,P2) = L(f,P1)

= (U P) =D+ (= L P)
<3t3-
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Therefore, since € > 0 was arbitrary, this direction of the proof is complete.
For the other direction, assume for every € > 0 there exists a partition P
of [a,b] such that
0<U(f,P)— L(f,P) <e.
In particular, for each n € N there exists a partition P, of [a, b] such that

0= U(fPa) = LU Pa) <

Let
L =sup{L(f,P) | P a partition of [a,b]} and
U =inf{U(f,P) | P a partition of [a, b]}.
Then L,U € R are such that L < U. Moreover, for each n € N

0<U~L<UP~ L P) <

Therefore it follows that U = L. Hence f is Riemann integrable on [a, b] by
definition. m

Remark A.2.8. Using Theorem there is an easier method for ap-

proximating the Riemann integral of a Riemann integrable function. Indeed

suppose P = {t}}_, is a partition of [a,b] with
a=ty<t1 <ty < - <th_1<t,=0b

and let f : [a,b] — R be bounded. For each k, let xj € [ty_1,tx] and let

RULP {endly) = 3 Flan)(th — tir).

k=1
The sum R(f,P,{xr}}_,) is called a Riemann sum.
Clearly

by definitions. Hence, if f is Riemann integrable, we obtain via Theorem
that for any € > 0 there exists a partition P’ of [a, b] such that

L(f,P') < /b " f@)de <U(F.P) < L(FPY +e
and thus ,
/a @) dz — R(F, P {an i y)| < e

for any choice of {z}}}_;. Consequently, if one knows that f is Riemann
integrable, one may approximate |, f f(z) dz using Riemann sums oppose to
lower /upper Riemann sums. This is occasionally useful as convenient choices
of {z,}}_, may make computing the sum much easier.

Of course, our next question is, “Which types of functions are Riemann
integrable?”
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A.3 Some Integrable Functions

If the theory of Riemann integration will be of use to us, we must have a
wide variety of functions that are Riemann integrable. It is easy to show
some functions are Riemann integrable.

Proposition A.3.1. If f : [a,b] — R is monotonic and bounded, then f is
Riemann integrable on [a,b].

Proof. Assume f : [a,b] — R is monotone and bounded. In addition, we will
assume that f is non-decreasing as the proof when f is non-increasing is
similar.

Let € > 0. Since

there exists an N € N such that
1
0< (b= a) () — fla)) <
Let Py = {tx}_, be the partition such that

tr=a+ —=(b—a)

2| =

for all k € {0,...,N}. Notice ty —ty_1 = 1(b—a) for all k (and thus we call

n
P the uniform partition of [a,b] into N intervals). Since f is non-decreasing,

if for all k € {1,...,N}

my = inf{f(z) | = € [tx_1,tx]} and My =sup{f(z) | = € [tp—_1,tk]|},

then
mig = f(tk—1)  and My = f(ty).

Hence

N N

= Z My (tg — tp—1) — Z my(tk — tr—1)
k=1 k=1

= kzz:lf(tk)ﬁ(b —a)— kz::lf(tk—l)ﬁ(b —a)

— F{tn) 3 (0~ @) = Flto) (b~ )

(b—a)(f(b) = f(a)) <e.

Therefore, since € > 0 was arbitrary, Theorem[A.2.7implies that f is Riemann
integrable on [a, b]. N
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Of course, if continuous functions were not Riemann integrable, Riemann
integration would be worthless to us. The fact that continuous functions on
closed intervals are uniformly continuous is vital int he following proof.

Theorem A.3.2. If f : [a,b] — R is continuous, then f is Riemann
integrable on [a,b].

Proof. Assume f : [a,b] — R is continuous. Therefore f is bounded by
the Extreme Value Theorem. Hence it makes sense to discuss whether f is
Riemann integrable.

In order to invoke Theorem to show that f is Riemann integrable,
let € > 0 be arbitrary. Since f : [a,b] — R is continuous, f is uniformly
continuous on [a,b]. Hence there exists a § > 0 such that if 2,y € [a,b] and
[z —y| < then |f(z) — f(y)| < 555

Choose n € N such that 1 < §. Let P be the uniform partition of [a, b]
into n intervals; that is, let P = {t;}}'_, be the partition such that

k
tr = —(b—
k CH'n( a)
for all k € {0,...,n}. For all k € {0,...,n}, let

my = inf{f(x) | € [ty—1,tk]} and My =sup{f(z) | € [tp—1,tk]}-

Since |ty — ty—1| = = < § so [z —y| < & for all z,y € [ty_1, 1], it must
be the case that My —my, = |My —my| < 3 forall k € {1,...,n}. Hence

0<U(f,P)-L My, —my) (te — te—1)

(te — tr—1)

g
i

= pb-a) =

Thus, since € > 0 was arbitrary, f is Riemann integrable on [a, b] by Theorem

n

Of course, not all functions we desire to integrate are continuous. How-
ever, many functions one sees and deals with in real-world applications are
continuous at almost every point. In particular, the following shows that if
our functions are piecewise continuous, then they are Riemann integrable.

Corollary A.3.3. If f : [a,b] = R is continuous on [a,b] except at a finite

number of points and f is bounded on [a,b], then f is Riemann integrable on
[a,0].
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Proof. Assume f : [a,b] — R is continuous except at a finite number of
points and f([a,b]) is bounded. Let {a;}}_, contain all of the points for
which f is not continuous at and be such that

a=ap<a <ay<---<ag=>h

The idea of the proof is to construct a partition such that each interval of the
partition contains at most one ay, and if an interval of the partition contains
an ay, then its length is really small.

Let € > 0 be arbitrary. Since f([a,b]) is bounded, there exists a K > 0
such that |f(z)] < K for all z € [a,b]. Therefore, if

L =sup{f(z) — f(y) | z,y € [a, ]},

then 0 < L < 2K < o0.

Let
0= < >0
20+ 1)(L+1) ~
By taking a and b together with endpoints of intervals centred at each aj of

radius less than 3, there exists a partition P’ = {tk}iq;)l with

a:to<t1<t2<-~-<t2q+1:b

such that tory1 — top < d for all k € {0,...,q} and top < ag < tops for all
ke{l,...,q—1}. Forall k € {1,...,2¢ + 1}, let

my = inf{f(z) | = € [ty—1,tx]} and My =sup{f(z) | x € [tp-1,tk|}

Thus My, —my < L for all k € {1,...,2¢ + 1}.

Since f is continuous on [tox_1,tor] for all k € {1,...,q}, f is Riemann
integrable on [tog_1, tox] by Theorem Hence, by the definition of
Riemann integration, there exist partitions Py of [tog_1, tor] such that

0 < U(f,Pr) — L(f, Py) < %

Let P =P'U (Uj_; Pi). Then P is a partition of [a,b] such that

q q

= > (U(f,Pr) = L(f, Pr)) + Y _ (Mapy1 — mops1)(tars1 — tor)-
k=1 k=0

(that is, on each [tox_1, tox] the partition behaves like Py and thus so do the
sums, and the parts of the partition remaining are of the form [tox, tox1]
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each of which contains at most one a;). Hence

q € q
<> =+ > L6
24 (=

k=1

IN
N AN ™

(g+1)Lé

M

+
€
+ + - =€

WDl T S22

Thus, as € > 0 was arbitrary, f is Riemann integrable on [a,b] by Theorem

n

Using the similar ideas to those used to prove Corollary [A:3.3] it is
possible to show that some truly bizarre functions are Riemann integrable.

Example A.3.4. Let f:[0,1] — R defined by

if z is irrational
ifxz=0

fz) = :
if z = ¢ where a € Z\ {0}, b € N, and gcd(a,b) =1

= = O

Clearly f is bounded.

We claim that f is Riemann integrable on [0, 1]. To see this, let € > 0 be
arbitrary. Choose N € N such that % < 5.

By the definition of f, let {a}{_, be the finite set of z € [0, 1] such that
f(z) < % and

O=ay<ar<ay<---<ag=1
Let
€

§=—">0.
2(q+1)

By taking 0 and 1 together with endpoints of intervals centred at each ay of
radius less than %, there exists a partition P = {tk}ifgl with

O=tg <ty <to < - <tygy1 =1

such that topy1 — tor < d for all k € {0,...,q} and tor < ap < tor1 for all
ke{l,...,q—1}.
For all k € {1,...,2¢ + 1}, let

my = inf{f(z) | © € [ty—1,tx]} and My =sup{f(z) | € [tp—1,tk]}-

Since 0 < f(z) < 1 for all z € [0, 1], we see that M} — my < 1 for all
ke{l,...,2q+1}. Moreover, since to, < ap < tor11 forallk € {1,...,¢—1},

we have that 1
€
i < — — —
My, — moy, < N 0< 5
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for all k € {1,...,q}. Therefore

q q

> (Mo — mog)(tae — tok—1) + Y (Mot — maks1) (b1 — tor)
k=0

B
Il
—_

q
(tor — tor—1) + »_ 10
k=0

IN
— N ’—‘MQ
1 e

e
I

IN

(tor — tor— 1)+(CJ+1)5

IN
NN DN ™

—~

—0)+(¢g+ 1)

L
20q+1) ~ 2 2
Thus, as € > 0 was arbitrary, f is Riemann integrable on [0, 1] by Theorem
A.2.7

<-+(g+1) =e

A.4 Properties of the Riemann Integral

Now that we know several functions are Riemann integrable, we desire to
derive the basic properties of the Riemann integral just as we did for limits
of sequences and functions. We begin with the following that enables us to
divide up a closed interval into a finite number of closed subintervals when
considering Riemann integration.

Proposition A.4.1. Let f : [a,b] — R be bounded and let ¢ € (a,b). Then
f is Riemann integrable on [a,b] if and only if f is Riemann integrable on
[a,c] and [c,b]. Moreover, when f is Riemann integrable on |a,b], we have

that X . b
/a f(x)d:c:/a f(x) da:—i—/c () do

Proof. To begin, assume that f is Riemann integrable on [a,b]. To see that
f is Riemann integrable on [a, ¢] and [c, b], let € > 0 be arbitrary. Since f
is Riemann integrable on [a, b], Theorem implies that there exists a
partition P of [a,b] such that
L(f,P) <U(f,P) < L(f,P) + e
Therefore, if Py = P U {c}, then Py is a partition of [a,b] containing ¢ that
is a refinement of P. Therefore, by Remark [A.2.3] and Lemma [A1.7]
HE P S UG
U(f,P)
< L(,P)+
< L(f,Po) + €.
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Let
P1="PoN]a,c and Py =PyN]c,b.

Then P; is a partition of [a,c] and P is a partition of [¢, b]. Furthermore,
due to the nature of these partitions and the definitions of the upper and
lower Riemann sums, we easily see that

L(f,Po) = L(f,P1) + L(f,P2)  and  U(f,Po) = U(f,P1) + U(f, Pa).

Hence

0<(U(f,P1)—L(f,P1))+(U(f, P2) = L(f,P2)) =U(f,Po) — L(f,Po) < ¢

Therefore, since 0 < U(f,P1) — L(f,P1) and 0 < U(f, P2) — L(f, P2), it must
be the case that

OSU(f7P1)_L(f7P1)§E and OSU(f7P2)_L(f7P2)§€

Hence f is integrable on both [a, ] and [, b] by Theorem

To prove the converse and demonstrate the desired integral equation,
assume that f is Riemann integrable on [a,c| and [c,b]. To see that f is
Riemann integrable on [a,b], let € > 0 be arbitrary. Since f is Riemann
integrable on [a, c] and [c, b], Remark together with Theorem
imply that there exists partitions P; and P of [a, c] and [c, b] respectively
such that

and

(P < [ @) de <UGPY < DU + 5

Let P = P; U P,. It is elementary to see that P is a partition of [a, b].
Moreover, due to the nature of these partitions and the definitions of the
upper and lower Riemann sums, we easily see that

L(f;P) = L(f;P1) + L(f,P2)  and  U(f,P) =U(f,P1) + U(f, P2).

Hence

U(f,P)—L(f,P)

( (fsP1) +U(f, P2)) + (L(f, P1) + L(f, P2))
= (U(f,P1) = L(f,P1)) + (U(f, P2) — L(f, P2))
<3+3

2
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Therefore, since € > 0 was arbitrary, f is Riemann integrable on [a,b] by
Theorem [A.2.7 Moreover, we have for all € > 0 that

[ s@ydet [ s de < 150+ 1P

/f ) da
<U(f,P)

—U(f,P1)+U faPQ)

/f d:c+/f )dx + €.
az)dm—f—/cbf(x)d:c—/abf(az)dx

Therefore, since € > 0 was arbitrary, we obtain that

/abf(x)da::/acf(x)dx—i—/cbf(x)da:

as desired. n

Hence

< €.

Of course, integrals behave well with respect to many of the same arith-
metic properties that limits satisfy as the following result shows. Unfortu-
nately, notice that multiplication is absent from this result.

Proposition A.4.2. Let f,g: [a,b] = R be Riemann integrable functions
on [a,b]. The following are true:

a) If « € R, then aof is Riemann integrable on [a,b] and

[en@ir=a [ i@

b) f+ g is Riemann integrable on [a,b] and

[ ro@ar= [ s [ g a

c) If f(x) < g(x) for all x € [a,b], then

/abf(x)dx < /abg(x)d:):

d) If m < f(x) < M for all x € [a,b], then
m(b—a) < /bf(x) dr < M(b—a).
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Proof. a) Assume f : [a,b] — R is a Riemann integrable function and « € R.
To see that af is Riemann integrable, consider an arbitrary partition P of
[a, b].
Notice if @ > 0 then sup(aAd) = asup(A) and inf(ad) = ainf(A) for all
subsets A C R. Therefore, if a > 0, we have that
L(af,P) = aL(f,P) and Ulaf,P)=aU(f,P)

Furthermore, since if A is a bounded subset of R then inf(—A) = —sup(A),
it follows that if oo < 0 then

L(af,P)=aU(f,P) and U(af,P)=aL(f,P)

Since f is Riemann integrable on [a, b], we obtain by the definition of the
Riemann integral that

b
/ f(x)dx =sup{L(f,P) | P a partition of [a,b]}
= inf{U(f,P) | P a partition of [a, b]}.
Therefore, the previous above computations we obtain that
b
a/ f(z) dx = sup{L(af,P) | P a partition of [a, b}
= inf{U(af,P) | P a partition of [a,b]}.

Hence af is Riemann integrable on [a, b] with

/ab(af)(x) dr = oz/abf(ac) dx.

b) Let f,g : [a,b] — R be Riemann integrable. To begin the proof,
consider an arbitrary partition P of [a, b]. Since

sup{f(z)+g(z) | € [c,d]} <sup{f(z) | = € [c,d]}+sup{g(z) | € [c,d]}
and
inf{f(z) + g(z) | = € [e,d]} > inf{f(z) | = € [¢,d]} +inf{g(x) | = € [c,d]}
for all ¢,d € [a, b] with ¢ < d, we obtain that

L(f,P)+ L(g9,P) < L(f +9,P) <U(f+9,P) <U(f,P) + U(g,P)

by the definition of the Riemann sums.
To prove that f + g is Riemann integrable and obtain the desired integral
equation, let € > 0 be arbitrary. Since f is Riemann integrable on [a, b],
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Remark[A.2.3|together with Theorem[A.2.7)imply that there exists a partition
Py of [a,b] such that

b

LFP) < [ f@)de SUGLPY < LULP) +5.

Similarly, since ¢ is Riemann integrable on [a, b], Remark together with
Theorem imply that there exists a partition Py of [a, b] such that

b
L(g,P2) < / g(x)dx < U(g,P2) < L(g,P2) + %

Let P = P; UP;y. Then P is a partition of [a,b] that is a refinement of both
Py and P,. Therefore, Remark [A-2:3] together with Lemma [A71.7) imply that

b
meslfmmsvmm
<U(f,P1)
< L(f,P1)
SL(f,P)+§

and similarly

L. P) < [ ole)de < U9, P) < Lo, P) + 5.

a

Hence, since we know that
L(f.P)+ L(g,P) < L(f +9,P) SU(f +9.P) SU(f,P) + Ul(g, P)

we obtain that

L(f,P) + L(g,P) < L(f +9,P) <U(f + 9, P) < L(f,P) + L(g, P) + e.

Hence 0 < U(f +g,P) — L(f + g,P) < e. Therefore, since € was arbitrary,
Theorem implies that f + ¢ is Riemann integrable on [a, b]. Moreover,
by repeating the above now knowing that f + ¢g is Riemann integrable on
[a, b], we obtain that for all € > 0 there exists a partition P such that

b b
(Af@ﬂx+Lg@ﬁm—e§Lﬁjﬂ+M%P)
<L(f+g,7P)

[+

<U(f+g,P)
<U(f,P)+Ul(g,P)

g/abf(:n)d:c+/abg(a:)d:z+e.
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Hence

<e.

/abf(ir)d:n+/abg(33)dx—/Clb(f+g)(x)dx

Therefore, as € > 0 was arbitrary, we obtain that

[Uro@ar= [ 1w [ o)

as desired.

c) Let f,g : [a,b] = R be Riemann integrable and assume f(z) < g(z)
for all x € [a,b]. To see the desired result, let € > 0 be arbitrary. Remark
[A-2.3] together with Theorem [A-2.7) imply that there exists a partition P of
[a, b] such that

DUP) < [ @) de <UGP) < L0 P) e
However, since f(z) < g(z) for all = € [a,b], we know that
inf{f(z) | z € [¢,d]} < inf{g(z) | = € [¢,d]}

for all ¢,d € [a, b] with ¢ < d. Therefore L(f,P) < L(g, P). Hence
b b
| f@)do — e < L(5.P) < Lig. P) < [ gl do.
Hence, for all € > 0, we have that
b b
/ f(z)dx < / g(x)dzr + €.

Therefore, we have (“by sending € to 0”) that

/abf(:c)dx < /abg(a:)dx

as desired.
d) By part ¢) and Example we have that

b b b
m(b—a):/md:vg/f(a:)dxg/MdaJ:M(b—a)
as desired. m

Remark A.4.3. Note that Proposition does not produce a formula for
the Riemann integral of the product of Riemann integrable functions. Indeed
it is almost always the case that f;(fg)(x) dx # (ff f(x) dac) (f;’g(:c) d:c).
For example, using Examples [A.2.5| and [A.2.6] we see that

1 1 1 2 1
/ 22dr = = whereas ( / T d:):) = —.
0 3 0 4
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In lieu of the above remark, it is still possible to show that if f and g
are Riemann integrable on [a,b], then fg is Riemann integrable on [a, b]. To
begin this proof, we first must deal with the case that f = g.

Lemma A.4.4. Let f : [a,b] — R be a Riemann integrable function on [a,b].
The function f? : [a,b] — R defined by f?(x) = (f(x))? for all x € [a,b] is
Riemann integrable on [a,b].

Proof. Since f is bounded by the definition of Riemann integrable,

K =sup{|f(z)| | = € [a,b]} < 0.

To see that f? is Riemann integrable, let € > 0 be arbitrary. Since f
is Riemann integrable on [a, b], Theorem implies that there exists a
partition P of [a, b] such that

1

< — L ————¢€.
Write P = {t; }}_, where

a=ty <t <ty < - <th_1<t,=0.

For each k € {1,...,n} let

mi(f) =inf{f(z) | z € [tp—1, ]},

My(f) = sup{f(2) | = € [tk—1,tx]},
my(f%) = inf{(f(z))? | = € [tp_1,tx]}, and
My (f?) = sup{(f(2))? | = € [te—1,ta]}-

Notice for all x,y € [a, b] we have that

|(f(@))? = (FW))?| = |f (=) + FW)IIf(x) = f(y)l
< ([f @)+ [f@DIf(x) = f(y)]
< (K + K)|f(z) = f(y)| = 2K[f(x) = f(y)].

Hence we obtain that

My(f?) — my(f?) < 2K (My(f) — mi(f))

for all k € {1,...,n}. Therefore

1
<U(f*P)— L(f*P) <2K - L <2K :
0 U(fP) = L P) S 2K(U(f.P) = LS, P)) < 2K g e < e
Hence f? is Riemann integrable by Proposition ]
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Using the above and a clever decomposition of functions, we obtain the
product of Riemann integrable functions is Riemann integrable.

Proposition A.4.5. Let f,g : [a,b] = R be Riemann integrable functions
on la,b]. Then fg: [a,b] — R is Riemann integrable on [a,b].

Proof. Since

F)g(@) = 5 ((F) + 9@)?  f(&)? — o))

and since f + g, f2, g%, and (f + ¢g)? are Riemann integrable by Proposition
and Lemma it follows by Proposition that fg is Riemann

integrable. ]

To complete our section on the properties of the Riemann integral, we
have one more useful result. The main reason why this result is useful in
analysis is that it plays the same role for integrals as the triangle inequality
plays for sums.

Proposition A.4.6. Let f : [a,b] — R a Riemann integrable function on
[a,b]. Then the function |f] : [a,b] — R defined by |f|(z) = |f(x)| for all
x € [a,b] is Riemann integrable on [a,b] and

< [r@)a.

Proof. Let € > 0 be arbitrary. By Theorem [A.2.7] there exists a partition P
of [a, b] such that

x)dx

Write P = {t;}}_, where

a=th<ti <to<---<tp_1<t,=0

For each k € {1,...,n} let

my(f) = inf{f(2) | = € [tp—1,tx]},

My(f) =sup{f(z) | = € [tp—1,tx]},
mi(|f]) = nf{[f(2)[ | © € [ty—1, L]}, and
M (|f1) = sup{[f(2)| | ® € [tr—1, Lk}

We claim that
M (1) = ma(If]) < Me(f) — me(f)

for all k € {1,...,n}. Indeed notice if x,y € [ty_1, tx] are such that:
« f(x), f(y) =2 0, then
[f@)| =)l = (@) = fly) < Mi(f) — ma(f).
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« f(x) 20> f(y), then

F@ =Wl < f(2) = fy) < Mp(f) = mi(f)-

e f(y)>0> f(z), then
[F@) =1 Wl < fly) = f(2) < Mp(f) = mi(f).

o f(z), f(y) <0, then

[f (@) = [f )] = fy) = (@) < Mi(f) = ma(f)-

By considering the supreme of the above equations over x followed by the
infimum of the above equations over y, we obtain that

Mi(1F1) = ma(1f]) < Mi(f) = mi(f)-

Hence

Il
NE

U(lf1,P) = L{f1,P) (M ([f1) = me([FD) (= te—1)

=
Il
—

IA
M=

(Mp(f) = mu(f))(tr — th—1)

I
ST

(f,P)— L(f,P) <e.

Therefore, since € > 0 was arbitrary, |f| is Riemann integrable on [a, b] by

Theorem [A2.7]
Since |f| is Riemann integrable, Proposition implies that —|f] is

Riemann integrable. Moreover, since

—|f(@) < f(z) < [f(2)]
for all z € [a, b], Proposition also implies that

[l [ s@ar< [ 1)

Hence

[ s@ar| < [ 1s)an

which completes the proof. n
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Appendix B

Cardinality

One important question in analysis is, “Given a set, how large is it?” One
idea to solve this problem would be to ‘count’ the number of elements. For
finite sets, this enables us to determine whether two sets have the same
number of elements or whether one set has more elements than the other.
The problem is, “How do we count the number of elements in an infinite
set?”

B.1 Equivalence Relations and Partial Orders

In order to determine when two sets have the same size and when one set
is larger than another, we need generalize the notions of equality and of
ordering. Both of these notions are a type of relation:

Definition B.1.1. Given two non-empty sets X and Y, a relation between
X and Y is a subset of the product X x Y. Given a relation R, we write
xRy if (x,y) € R. In the case that Y = X, we call R a relation on X.

Using a specific type of relation, we can generalize the notion of equality.

Definition B.1.2. Let X be a set. A relation ~ on the elements of X is
said to be an equivalence relation if:

1. (reflexive) x ~ x for all x € X,
2. (symmetric) if z,y € X and = ~ y, then y ~ z, and
3. (transitive) if x,y,2z € X, x ~ gy, and y ~ z, then = ~ z.

Given an x € X, the set {a € X | a ~ z} is called the equivalence class of x
and is denoted [x].

Notice that [z] N [y] # 0 if and only if  ~ y. Thus by taking an index
set consisting of one element from each equivalence class, the set X can be
written as the disjoint union of its equivalence classes.
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Example B.1.3. Let V be a vector space and let W be a subspace of V. It
is elementary to check that if we define Z ~ ¥ if and only if Z—¢ € W, then ~
is an equivalence relation on V. Note that the equivalence classes of V' then
become a vector space, denoted V/W, with the operations [Z] + [y] = [Z + 9]
and «afZ] = [aZ]. Note the necessity of checking that these operations are
well-defined; that is, for addition to make sense, one must show that if
Z1 ~ T2 and g1 ~ 3> then Z1 + 1 ~ T2 + 1.

Similarity, specific types of relations produce orderings on elements of a
set.

Definition B.1.4. Let X be a set. A relation < on the elements of X is
called a partial ordering if:

1. (reflexivity) a < a for all a € X,

2. (antisymmetry) if a,b € X, a < b, and b < a, then a = b, and

3. (transitivity) if a,b,c € X are such that « < b and b < ¢, then a < c.
Clearly < is a partial ordering on R. Here is another example:

Example B.1.5. Given a set X, the relation < on P(X) defined by
Z <Y if and only if ZCY
is an equivalence relation on P(X).

The partial ordering in the previous example is not as nice as our ordering
on R. To see this, consider the sets Z = {1} and Y = {2}. Then Z A Y
and Y A Z; that is, we cannot use the partial ordering to compare Y and
Z. However, if z,y € R, then either z < y or y < z. Consequently, a partial
ordering is nicer if it has the following property:

Definition B.1.6. Let X be a set. A partial ordering < on X is called a
total ordering if for all z,y € X, either x <y or y < x (or both).

B.2 Definition of Cardinality

Let us return to the question of how to count the number of elements in a set
and try to determine reasonable equivalence relations and partial orderings
to compare the size of sets. One way to compare the number of elements
in a set is to use functions. For example, one way to see that {1,2,3} and
{5,m,42} have the same number of elements is that we can pair up the
elements via {(1,5), (3,7), (2,42)} for example. However, we can see that
{1,2,3} and {5,7,42,29} do not have the same number of elements since
there is no such pairing.
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Remark B.2.1. Saying that there is such a pairing is precisely saying that
there exists a bijection from one set to the other. Consequently, we define a
relation ~ on the ‘collection’ of all sets by X ~ Y if and only if there exists
a bijection f: X — Y. Notice that ~ ‘is’ an equivalence relation. Indeed, to
see that ~ satisfies the properties in Definition [B.1.2] first notice that X ~ X
as the function f: X — X defined by f(z) = z for all x € X is a bijection.
Next, if f: X — Y is a bijection, then f~!:Y — X is a bijection so X ~ Y
implies Y ~ X. Finally, if X ~Y and Y ~ Z, then there exists bijections
f:X—=>Yandg:Y — Z. If we define h : X — Z to be the composition of
g and f then it is not difficult to see that h is a bijection (either check h is
injective and surjective directly, or check that h™' = f~log™!)so X ~ Z

Consequently, given a set X, we will use | X| to denote the equivalence
class of X under the above equivalence relation. Oppose to always referring
to this equivalence relation, we make the following definition.

Definition B.2.2. Given two sets X and Y, it is said that X and Y have
the same cardinality (or are equinumerous), denoted | X| = |Y|, if there exists
a bijection f: X — Y.

Example B.2.3. Notice that the sets X = {3,7,7,2} and Y = {1, 2, 3,4}
have the same cardinality via the function f:Y — X defined by f(1) = 3,

f2)=m, f(3)=2,and f(4) =T.

Example B.2.4. We claim that |[N| = |Z| (which may seem odd as N C Z).
To see this, define f: N — Z by

f(n) {—g if n is even
n)=

2=l ifpisodd

It is not difficult to verify that f is a bijection.

Using bijections gives us a method for determining when two sets have
the same size. However, we do not have any techniques for determining if
two sets have the same cardinality other than explicitly writing a bijection
(e.g. do N, @, and R all have the same cardinality?). Thus it is useful to ask,
how can we determine when one set has fewer elements than another?

We have already seen that {1,2,3} and {5,7,42,29} do not have the
same number of elements. We know that {1,2,3} has fewer elements than
{5,m,42,29}. One way to see this is that we can define a function from
{1,2,3} to {5, m,42,29} that is optimal as possible; that is, we try to form a
bijective pairing, but we only obtain an injective function as we cannot hit
all of the elements of the later set. Consequently:

Definition B.2.5. Given two sets X and Y, it is said that X has cardinality
less than Y, denoted | X| < |Y|, if there exists an injective function f: X —
Y.
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Note the above is a ‘relation’ on the equivalence classes used in Definition
Furthermore, it is not difficult to see that | X| < |X| and if | X| < |Y|
and |Y'| < |Z| then | X| < |Z| (as the composition of injections is an injection).
However, it is not clear whether or not the relation in Definition is
antisymmetric, which must be demonstrated in order to show that this is a
well-defined partial ordering. Let us postpone this question for now for the
purpose of some examples.

Example B.2.6. Let n,m € N be such that n < m. Then {1,...,n} has
cardinality less than {1,...,m} as f: {1,...,n} — {1,...,m} defined by
f(k) = k is injective.

Example B.2.7. Since the function f : N — Q defined by f(n) = n is
injective, we see that |N| < |Q|. More generally, if X C Y, then |X| < |Y].
Thus |Q| < |R|.

Observe that when determining that {1,2,3} has fewer elements than
{5,m,42,29}, we could have thought of things in a different light. In par-
ticular, we could define a function from {5,7,42,29} to {1,2,3} that was
onto. This should imply that {5, 7, 42,29} has more elements than {1,2,3}.
In order to show this, we require one of the ‘optional’ axioms of set theory.

Axiom B.2.8 (Axiom of Choice). Let I be a non-empty set. For each
i €I let A; be a non-empty set. Then there exists a function f: I — U;cr A;
such that f(i) € A; for alli e 1.

Note the Axiom of Choice says that for any collection of non-empty sets,
we can always choose an element from each set. This may seem natural,
but it is not one of the necessary axioms of Zermelo-Fraenkel set theory and
many mathematicians examine what happens when this axiom is removed.
However, for the purposes of analysis, the Axiom of Choice should be included
for otherwise arguments become substantially more complicated and some
results actually fail. One example argument using the Axiom of Choice
is the following that shows surjective functions give us information on the
cardinality of sets.

Proposition B.2.9. Let X and Y be non-empty sets. If f : X = Y is
surjective, then |Y| < |X|.

Proof. For each y € Y, let
Ay = 1 {yd)

Since f is surjective, A, # 0 for all y € Y. By the Axiom of Choice (Axiom
B.2.8)) there exists a function g : Y — U,ey Ay C X is such that g(y) € Ay
forally € Y.
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We claim that g is injective. To see this, assume y1,y2 € Y are such that
9(y1) = g(y2). Let x = g(y1) = g(y2) € X. By the properties of g, it must be
the case that x € A, and x € A,,. Since z € A,,, we must have f(z) =y
by the definition of A,,. Similarly, since x € A,,, we must have f(z) = y».
Therefore y1 = yo as desired. ]

B.3 Finite and Infinite Sets

Before we attempt to determine whether the relation in Definition is a
partial ordering, let us first formalize the notions of finite and infinite sets.

Definition B.3.1. A non-empty set X is said to be finite if there exists an
n € N such that |X| = |{1,...,n}|. In this case, we write | X| = n.
A non-empty set X is said to be infinite if X is not finite.

We intuitively know which sets are finite and which are infinite. However,
there is a nicer characterization of infinite sets. To develop this characteriza-
tion, we begin with the following.

Lemma B.3.2. If X is an infinite set, there exists an injection f: N — X.

Proof. Since X is non-empty, the power set of X is non-empty. By the Axiom
of Choice (Axiom there exists a function f: P(X)\ {0} — P(X) such
that f(A) € A for all A € P(X)\ {0}.

Let a1 = f(X). Since |X| # 1, X \ {a1} is non-empty. Hence define
ay = f(X \ {a1}). By construction a2 € X \ {a1} so az # a;. Similarly,
since | X| # 2, we may define ag = f(X \ {a1,a2}) so that as ¢ {a1,as}.
Repeating this process, we obtain a sequence {a, },>1 of distinct elements of
X. Therefore the function g : N — X defined by g(n) = a,, is an injection. n

Using the above, we can prove the following.

Proposition B.3.3. If X is an infinite set, then there exists a Y C X such
that Y # X yet |Y| = |X|.

Proof. By Lemma [B.3.2] there exists an injection f : N — X. For each n € N
let a,, = f(n). Furthermore, let Y = X \ {a1}. Clearly Y C X and Y # X.
To see that |Y| = |X|, define g : X — Y by

- {2 EeI
any1 txz=ay,

for all x € X. It is clear that g is a bijection and thus |Y| = |X| by
definition. m

Since it is clear that any finite set is not equinumerous to a proper subset,
we obtain the following.

Corollary B.3.4. A non-empty set X is infinite if and only if X is equinu-
merous to a proper subset.
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B.4 Cantor-Schroder-Bernstein Theorem

To show that < from Definition is a partial ordering, we must show
that < is antisymmetric. To begin, let us first consider the following. In
Example it was shown that |N| < |Q|. However, notice if

m ..
P = { ‘ m > 0,n > 0,m and n have no common d1v1sors}
n

m
N = { ‘ m < 0,n > 0,m and n have no common divisors} ,
n

then PN N = () and P U N = Q. Furthermore, we may define f: Q — N by

1 ifm=0
fl@)=42m3" ifm>0andn>0
5 ™7 ifm<0andn>0

where ¢ = 7 is the unique way to write ¢ as an element of P or N. Using the
uniqueness of prime factorization, we see f is an injective function. Hence
Q| < N

Since |N| < |Q| and |Q| < |N|, is |Q| = |N|? It is seems difficult to
construct a bijective function f : N — Q, so what hope do we have?

To answer this question, we have the following result (alternatively, we
could construct such a function, but it is not nice to define). Notice that
if X and Y are sets such that there exists injective functions f : X — Y
and ¢ : Y — X, then we may invoke the following theorem with A = g(Y")
and B = f(X) to obtain that |X| = |Y|. Thus the following theorem
demonstrates that < is indeed a partial ordering and eases the verification
that two sets have the same cardinality (as one need only find two injections
instead of one bijection, with the former far easier to construct).

Theorem B.4.1 (Cantor-Schroder—Bernstein Theorem). Let X and
Y be non-empty sets. Suppose A C X and B CY are such that there exists
bijective functions f : X — B and g:Y — A. Then |X| =Y.

Proof. Let Ay = X and A; = A. Define h = go f : Ay — Ag by h(x) =
g(f(z)). Notice h is injective since f and g are injective.

Let Ay = h(Ag). Notice
Az = h(Ao) = g(f(Ao)) = g(B) C g(Y) = Ar.
Hence Ay C A; C Ag. Next let Az = h(A;). Then
Az = h(A1) C h(Ap) = As.

Consequently, if for each n € N we recursively define A,, = h(A,_2), then,
by recursion (formally, we should apply the Principle of Mathematical In-

duction),
An = h(Aan) c h(Anf?)) = Anfl
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for all n € N.
We claim that |A| = |X|. To see this, notice that

X =Ap= (Ao \ A1) U (A1 \ A2) U (A \ A3) U (A3 \ Ag) U <ﬂ )

A:A1:(Al\AQ)U(AQ\Ag)U(Ag\A4) (A4\A5 <ﬂA)

Furthermore, notice that any two distinct sets chosen from either union have
empty intersection since A, C A, 1 for all n € N.
Since h is injective

h(Agp \ A2nt1) = h(A2p) \ h(A2n+1) = Aonsa \ Aonts

for all n € NU{0}. Therefore, since the sets in the union description of X
are disjoint, we may define hg : Ag — A1 via

if v e Ny2) An
if v € Agp—1 \ Agy, for some n € N
h(z) if z € Agy \ Agpt1 for some n € N

X
x

Since
o ho maps Agy, \ Aopt1 to Agpio \ Aopts bijectively for all n € N,
o ho maps Agy, 1\ Agy, to Agy—1\ Agy, bijectively for all n € N, and
o ho maps (o—; An to No2; Ay, bijectively,

we obtain that hg is a bijection. Hence |A| = | X| as claimed.
However |A| = |Y| since g : Y — A is a bijection. Hence |Y| = |X]| as
having equal cardinality is an equivalence relation. ]

Since we have shown |[N| < |Q| and |Q| < |N|, we have by the Cantor-
Schroder—Bernstein Theorem (Theorem [B.4.1)) that |[N| = |Q|; that is N and
Q have the same number of elements! Thus, is it possible that |Q| = |R|?

B.5 Countable Sets

One nice corollary about |[N| = |Q| is that we can make a list of all rational
numbers; that is, as there is a bijective function f : N — Q, we can form
the sequence of all rational numbers (f(n))n>1. Consequently, sets that are
equinumerous to the natural numbers are particularity nice sets as we can
index such sets by N. This leads us to the study of such sets.

Definition B.5.1. A non-empty set X is said to be
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o countable if X is finite or | X| = |N|,
o countably infinite if | X| = |N|,
o uncountable if X is not countable.

A natural question is, “Under what operations is the countability of sets
preserved?” The following demonstrates that subsets (and thus intersections)
of countable sets are countable.

Lemma B.5.2. If X is a countable set, then any subset of X must also be
countable.

Proof. Let X be countable and let Y C X. If Y is finite, then clearly Y is
countable. Otherwise Y is infinite. Hence |Y'| > |N| by Lemma [B.3.2] Since
Y is infinite, X is infinite. Thus, since X is countable, there exists a bijection
f : X — N. Hence restricting f to Y produces an injection from Y to N.

Thus |Y| < |N| so |[Y| = |N| and thus Y is countable. ]

The following, which simply stated says the countable union of countable
sets is countable, is an nice example of why it is useful to be able to write
countable sets as a sequence.

Theorem B.5.3. For each n € N, let X,, be a countable set. Then X =
Uney Xy, is countable.

Proof. We first desire to restrict to the case that our countable sets are
disjoint. Let B; = X7 and for each k > 2 let

k—1
B = X\ (U Xj) .
j=1

Clearly By N Bj =0 for all j # k and X = ;2 By. Since B,, C X, for all
n, each B, is countable by Lemma Consequently, for each n € N, we
may write

Bn = (bn,lv bn,27 bn,S, .. )
We desire to define a function f: X — N by
f(bn,m) - 2713171'

Note such a function is well-defined since By N Bj = () for all j # k. Since f
is injective by the uniqueness of the prime decomposition of natural numbers,
we obtain that |X| < |N|. Hence X is countable. [

Corollary B.5.4. If X and Y are countable sets, X |JY is a countable set.

Proof. Apply Theorem where X1 = X, Xo =Y, and X,, = () for all
n > 3. [ |
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We briefly mention a few examples of countable sets.

Example B.5.5. The set N x N is countable. To show that N x N is
countable, it suffices by Lemma to show that there exists an injective
function f: N x N — N. Define f : N x N = N by

f(n,m)=2"3"

for all n,m € N. Since f is injective due to the uniqueness of the prime
decomposition, the claim is complete.

Example B.5.6. A real number « is said to be algebraic if there exists a

non-zero polynomial p(x) with integer coefficients such that p(a) = 0. It

turns out that the set of algebraic numbers is countable (and thus, as we

will shortly see that R is uncountable, most numbers in R are not algebraic).
To begin, for each n € NU {0}, consider the set

A, ={(an,an-1,...,a1,a0) | ax € Z}.

Notice that Ag = Z so Ag is countable. Furthermore, for each n € N we may
view A, as a countable union of copies of A,,_1; that is,

U Ap1~ Ay
keZ

where for all (ay,_1,...,a0) € A,_1 the k" copy of (an_1,...,a0) maps to
(k,an—1,...,a0). Hence A, is countable for all n € NU {0}.

For each n € NU{0} and for each (an, an—1,...,a1,a0) € A\{(0,...,0)},
let

Blayan_1,.a1,a0) = {a eR | apa™ + 1™ P4 faa+ag= 0}.

Since a non-zero polynomial of degree n has at most n roots (by, for example,
the division algorithm), each Blay,an_1,..,a1,a0) has at most n elements and
thus is countable. Hence, if

_ ana™+an_1a" 14+ 4ara+ap=0
Cn = {Oé €R for some (an,an71,...,a1,ao)elA,,L\{(O,...,O)}}
then C), is a union over A, \ {(0,...,0)} of finite sets and thus is countable

as Ap \ {(0,...,0)} is countable.
Finally, let
U ={a € R | «a is algebraic}.

Since ¥ = [J,,en Cn, ¥ is a countable union of countable sets and thus is
countable.

The question of whether Q and R are equinumerous is equivalent to the
question of whether R is countable or not. To show that R is not countable,
we begin with the following.
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Theorem B.5.7. The open interval (0,1) is uncountable.

Proof. The following proof is known as Cantor’s diagonalization argument
and has a wide variety of uses. Suppose that (0, 1) is countable. Then we
may write (0,1) = {z,, | n € N} and there exists numbers {a;; | i,j €
N} € {0,1,...,9} such that

L 5]
Lj = Z 10k
k=1

for all j € N. Note that the sequence (a j)r>1 in the above expression for
x; represents the decimal expansion of x;; that is

zj = 0.a1,502 ja3 ja4, 5055 - - .

Consequently, this representation need not be unique due to the possibility
of repeating 9s (and this is the only possibility).
For each k € N, define

. 3 ifak,k:7
Yk = 7 otherwise

and let y = >732 {%. It is not difficult to see that y € (0,1). Furthermore
y # x,, for all n € N (as y and x,, will disagree in the n'® decimal place and
this is not because of repeating 9s). Therefore, since (0,1) = {z,, | n € N},
we must have that y ¢ (0,1), which contradicts the fact that y € (0,1). m

Proposition B.5.8. A set containing an uncountable subset is uncountable.

Proof. Let X be a set such that there exists an uncountable subset Y of
X. Suppose X was countable. Then Y would be countable by Lemma
[B:5:2 which contradicts the fact that Y is uncountable. Hence X must be
uncountable. ]

Combining Theorem and Proposition [B.5.8] R is uncountable.
In fact |R| = |(0,1)| as the function f : (0,1) — R defined by f(z) =

tan (mz — 7) is a bijection. Furthermore we have the following.

Corollary B.5.9. The irrational numbers R\ Q is an uncountable set.

Proof. Suppose R\ Q is a countable set. Since Q is countable and R =
QU (R\ Q), it would need to be the case that R is countable by Theorem
B.5.3] Since R is uncountable by Proposition we have obtained a
contradiction so R\ Q is an uncountable set. [

One additional set that is important in analysis and measure theory is
the following.
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Theorem B.5.10. The Cantor set is uncountable.

Proof. Recall by Lemma that every element of the Cantor set C has a
unique ternary representation using only Os and 2s. Define f : C — [0, 1] as
follows: If € C has ternary representation z = Y 2 §» with a, € {0,2},
for all n € N let b, = % € {0,1} and define f(z) = 30°, bz, Clearly f
is a surjective function so |C| > |[0,1]| by Proposition [B.2.9] Hence, since
C C[0,1] so |C| < [0, 1]], we obtain that |C| = |[0, 1]| so C is uncountable. m

One question we may ask since R is whether R the ‘smallest’ set larger
than N? In particular:

Question B.5.11 (The Continuum Hypothesis). If X C R is uncount-
able, must it be the case that | X| = |R|?

The Continuum Hypothesis was originally postulated by Cantor whom
spent many years (at the cost of his own health and possibly sanity) trying
to prove the hypothesis. Consequently, we will not try. In fact, the reason
for Cantor’s difficulty is that there is no proof. However, nor is there any
counter example. Like with the Axiom of Choice, the Continuum Hypothesis
is independent of Zermelo—Fraenkel set theory, even if the Axiom of Choice
is included. Most results in analysis do not require an assertion to whether
the Continuum Hypothesis is true of false. Thus we move on.

B.6 Comparability of Cardinals

Using the Cantor-Schréder—Bernstein Theorem (Theorem [B.4.1)), we saw
that cardinality gives a partial ordering on the size of sets. However, is it a
total ordering (Definition ? That is, if X and Y are non-empty sets,
must it be the case that | X| <|Y]|or [Y| < |X]|?

The above is a desirable property since it makes the ordering nicer.
However, when given two sets, it is not clear whether there always exist
an injection from one set to the other. The goal of this subsection is to
develop the necessary tools in order to answer this problem in the subsequent
subsection. The tools we require are related to partial ordering, so the
following definition is made.

Definition B.6.1. A partially ordered set (or poset) is a pair (X, <) where
X is a non-empty set and < is a partial ordering on X.

For examples of posets, we refer the reader back to Section Our
main focus is a ‘result’ about totally ordered subsets of partially ordered
sets:

Definition B.6.2. Let (X, <) be a partially ordered set. A non-empty
subset Y C X is said to be a chain if Y is totally ordered with respect to =;
that is, if a,b € Y, then either a < b or b < a.
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Clearly any non-empty subset of a totally ordered set is a chain. Here is
a less obvious example.

Example B.6.3. Recall from Example that the power set P(R) of R
has a partial ordering < where

A=<B <+« ACB.

Iy ={A4,}>2, CP(R) are such that A, C A, for alln € N, then Y is a
chain.

Like with the real numbers, upper bounds play an important role with
respect to chains.

Definition B.6.4. Let (X, <) be a partially ordered set. A non-empty
subset Y C X is said to be a bounded above if there exists a z € X such that
y < z for all y € Y. Such an element z is said to be an upper bound for Y.

Example B.6.5. Recall from Example that if Y = {A4,}°2, CP(R)
are such that A, C A, for all n € N, then Y is a chain with respect to the
partial ordering defined by inclusion. If

A= A,
n=1

then clearly A € P(R) and A,, C A for all n € N. Hence A is an upper
bound for Y.

Recall there are optimal upper bounds of subsets of R called least upper
bounds which need not be in the subset. We desire a slightly different object
when it comes to partially ordered sets as the lack of a total ordering means
there may not be a unique ‘optimal’ upper bound.

Definition B.6.6. Let X be a non-empty set and let < be a partial ordering
on X. An element z € X is said to be mazimal if there does not exist a
y € X \ {z} such that = < y; that is, there is no element of X that is larger
than x with respect to <.

Notice that R together with its usual ordering < does not have a maximal
element. However, many partially ordered sets do have maximal elements.
For example ([0, 1], <) has 1 as a maximal element although ((0,1), <) does
not.

For an example involving a partial ordering that is not a total ordering,
suppose X = {x,y, z, w} and < is defined such that a < aforalla € X,a <b
for all a € {z,y} and b € {2z, w}, and a £ b for all other pairs (a,b) € X x X.
It is not difficult to see that z and w are maximal elements and x and y
are not maximal elements. Thus it is possible, when dealing with a partial
ordering that is not a total ordering, to have multiple maximal elements.

The result we require for the next subsection may now be stated using
the above notions.
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Axiom B.6.7 (Zorn’s Lemma). Let (X,=) be a non-empty partially
ordered set. If every chain in X has an upper bound, then X has a mazximal
element.

We will not prove Zorn’s Lemma. To do so, we would need to use the Ax-
iom of Choice (Axiom[B.2.§)). In fact, Zorn’s Lemma and the Axiom of Choice
are logically equivalent; that is, assuming the axioms of Zermelo—Fraenkel
set theory, one may use the Axiom of Choice to prove Zorn’s Lemma, and
one may use Zorn’s Lemma to prove the Axiom of Choice.

Before using Zorn’s Lemma to demonstrate that the ordering on cardinals
is a total ordering, we analyze a simpler example.

Example B.6.8. Let V be a (non-zero) vector space. We claim that V'
has a basis; that is, a linearly independent spanning set. To see this, let
L denote the collection of all linearly independent subsets of V' (which is
clearly non-empty) and define a partial ordering on £ by A < B if and only
if A C B (clearly this is a partial ordering on £).

To invoke Zorn’s Lemma, we need to demonstrate that every chain in £
has an upper bound. Let {A,}acr be a chain in £ and let

A= A

ael

We claim that A € L. To see this, assume ¥y, ..., 7, € Aand a101+- - - ap¥, =
0 for some scalars ay. By the definition of A and the fact that { Ay }acr is a
chain, there exists an i € I such that #1,...,9, € A; (that is, each ¥} is in
some A, and as the A, are totally ordered, take the largest). Hence, since A;
is a linearly independent set, a1 + - - - apv, = 0 implies a1 = --- = a,, = 0.
Hence A € L. Since A is clearly an upper bound for {A, }aer, ever chain in
L has an upper bound.

By Zorn’s Lemma there exists a maximal element B € £. We claim that
B is a basis for V. To see this, suppose for the sake of a contradiction that
span(B) # V. Thus there exists a non-zero vector ¥ € V' \ span(B). This
implies that B U {7} is linearly independent. However, since B < B U {7}
and B # B U {7}, we have a contradiction to the fact that B is a maximal
element in £. Hence it must have been the case that span(B) =V and thus
B is a basis for V.

Onto demonstrating the ordering on cardinals is a total ordering.

Theorem B.6.9. Let X and Y be non-empty sets. Then either | X| < |Y|
or Y] < |X].

Proof. Let

F={(A,B,f) | ACX,BCY,f:A— B is a bijection}.
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Notice that F is non-empty since, by assumption, there exists an x € X and
ay €Y so we may select A = {z}, B = {y}, and f: A — B defined by
f(z)=y.

Given (Al, Bl, fl), (Ag, BQ, f2) S f, define (Al, Bl, fl) = (AQ, BQ, f2) if
and only if

Ay C Ay, B CBy, and  fo(z) = fi(x) for all z € A;.

It is not difficult to verify that < is a partial ordering on F.

We desire to invoke Zorn’s Lemma (Axiom in order to obtain a
maximal element of F. To invoke Zorn’s Lemma, it must be demonstrated
that every chain in (F, <) has an upper bound. Let

C={(An,Ba, fo) | € €I}
be an arbitrary chain in (F, <). Let

A:UAa and B:UBQ.

acl ael

We desire to define f : A — B such that f(x) = fo(z) whenever z € A,.
The question is, “Will such an f be well-defined as each x could be in
multiple A,?” To see that f is well-defined, assume z € A; and = € A;
for some 4,j € I. Since C is a chain, either (A4;, B;, fi) < (4;, By, fj) or
(Aj, Bj, f;) = (Ai, By, fi). If (A, By, fi) = (Aj, By, fj), then A; € Aj and <
implies that f;(x) = fi(x). Since the case that (A;, By, f;) = (Ai, By, fi) is
the same (reversing ¢ and j), we obtain that f is well-defined.

In order for (A, B, f) to be an upper bound for C, we must first demon-
strate that (A,B,f) € F. Clearly AC X, BCY,and f: A— Bisa
function. It remains to check that f is a bijection.

To see that f is injective, assume x1, z9 € A are such that f(z1) = f(x2).
Since A = Uyer Aa, there exists 4, j € I such that x; € A; and z; € A;. Since
C is a chain, we must have either (A;, By, fi) < (A, Bj, f;) or (4;, Bj, f;) =
(Ai, Bi, fi). In the former case, we obtain that f;(z1) = f(z1) = f(x2) =
fj(xz2). Therefore, since f; is injective, it must be the case that z1 = z.
Since the case that (A4;, By, f;) = (Ai, Bi, fi) is the same (reversing ¢ and j),
we obtain that f is injective.

To see that f is surjective, let y € B be arbitrary. Since B = {J,c; Ba,
there exists an ¢ € I such that y € B;. Since f; is surjective, there exists an
x € A; such that f;(z) =y. Hence z € A and f(z) = fi(x) = y. Therefore,
as y was arbitrary, f is surjective. Hence f is a bijection and (A, B, f) € F.

Since (A, B, f) € F, it is easy to see that (A, B, f) is an upper bound for
C by the definition of (A, B, f) and the partial ordering <. Hence, since C
was an arbitrary chain, every chain in F has an upper bound. Thus Zorn’s
Lemma implies that (F, <) has a maximal element.
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Let (Ao, Bo, fo) € F be a maximal element. We claim that either Ay = X
or By =Y. To see this, suppose for the sake of a contradiction that Ag # X
and By # Y. Therefore, there exist g € X \ Ag and yo € Y \ By. Let
A= Ao U{xo}, B'=BoU{yo}, and g : A — B’ be defined by g(zo) = yo
and g(x) = fo(z) for all x € Ay. Clearly g is a well-defined bijection
by construction so (A, B’,g) € F. However, it is elementary to see that
(Ao, Bo, fo) = (A", B’, g) and (Ag, By, fo) # (A, B, g). Since this contradicts
the fact that (Ao, Bo, fo) € F is a maximal element, we have obtained a
contradiction. Hence either Ag = X or Bp =Y.

If Ag = X, then fo: X — B CY is injective so | X| < |Y| by definition.
Otherwise, if By =Y, then fo: Ag — Y is surjective. Thus |Y| < |A4p| < |X]|
by Proposition ]

B.7 Cardinal Arithmetic

One natural question to ask is, “If X and Y are disjoint sets and we know
| X| and |Y|, can we determine | X UY|?” Of course if X and Y are finite
sets, then | X UY| = |X|+ |Y|. Thus determining the cardinality of X UY
from the cardinality of X and Y really is a form of cardinal arithmetic.

As we already know the answer when both sets are finite, we will focus
on the case where at least one set is infinite. Furthermore, since we know if
|X| = |Y| = |N| then | X UY| = |N| by Theorem [B.5.3] we need not study
this case.

We begin with the case that one set is finite. To show that adding a finite
set to an infinite set does not change the cardinality, we prove the following.

Theorem B.7.1. Let X be an infinite set and let Y be a finite subset of X.
Then | X \ Y| =|X]|.

Proof. Assume X is an infinite set and Y is a finite subset of X. Then Z =
X \'Y is an infinite set. Since Z is infinite, there exists an infinite countable
set W C Z by Lemma [B.3.2] Write W = {an}nen and Y = {y1,...,ym} for
some m € N. Define f: Z — X by

z ifz¢ W
fz)=<yn if z = a, for some n < m .

Ap—m if z = a, for some n >m

It is elementary to see that f is a well-defined bijection. Hence |X| = |Z| =
[X\Y "

To deal with the case that both sets are infinite, we will develop the
following idea: “If X is an infinite set, then X can be divided into two
disjoint subsets of the same cardinality”. Seeing this idea is true in the case
that X is countably infinite is rather trivial.
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Lemma B.7.2. Let X be a countably infinite set. There exists two disjoint
infinite countable sets Y and Z such thatY U Z = X.

Proof. Let X be a countably infinite set. Hence there exists a bijection
f:N—= X. Let

Y ={f(2n) | ne N} and Z={f2n—-1) | neN}.

Since f is a bijection, it is elementary to verify that Y and Z have the desired
properties. [ |

The extension of Lemma [B.7.2] to uncountable sets is more involved.

Lemma B.7.3. Let X be an infinite set. There exists two disjoint sets' Y
and Z such thatY UZ = X and | X| =1|Y| = |Z].

Proof. If X is countable, the result follows from Lemma, Thus suppose
X is an uncountable set. Define

o A,BWCX, f:W—A and g:W — B bijections,
F = {(W A, B, f,9) ’ ANB=0,W=AUB }

For two elements (W1, Ay, By, f1,91), (Wa, Az, Ba, fa,g2) € F, define

(W1, A1, By, fi,91) = (Wa, Aa, Ba, fa,92)

if W1 € Wa, Ay € Ag, By C Bs, and fo(w) = fi(w) and ga2(w) = g1(w) for
all w € Wy. It is not difficult to verify that =< is a partial ordering.

We desire to invoke Zorn’s Lemma (Axiom . To do this, first we
must verify that F is non-empty. Since X is uncountable, by Lemma
there exists a W C X such that W is infinite and countable. By Lemma[B.7.2]
there exists A, B C W such that ANB =0, W = AUB, and |A| = |B| = |W|.
As the later implies the existence of bijections f: W — Aand g: W — B,
we obtain that F is non-empty.

Next let C = {(Wa, Aw, Bas fas ga) | @ € I} be an arbitrary chain in F.
Let

W =[] Wa, A= Aa, B =] B,
ael acl acl

and define f: W — Aand g: W — B by f(w) = fa(w) and g(w) = go(w)
for all w € W,. By the proof of Theorem [B.6.9] f and g are well-defined
bijections. Furthermore, we claim that ANB = (). To see this, suppose for the
sake of a contradiction that x € AN B. Hence there exists a, § € I such that
x € Ay and x € Bg. Since C is a chain, either a < 8 or 8 < o. Hence if ¢ =
max{a, #} we obtain that x € A, N B, as C is a chain. Since this contradicts
the definition of F, we obtain that ANB = (). Since it is clear that W = AUB,
we see that (W, A, B, f,g) € F. Since (Wy, Aa, Ba, fasga) = (W, A, B, f,9)
forall « € I, (W, A, B, f,g) is an upper bound for C. Therefore, as C was
arbitrary, every chain in F has an upper bound.
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By Zorn’s Lemma F has a maximal element. Let (W, Ao, Bo, fo,90) be
a maximal element of F. We claim that X \ W} is finite. To see this, suppose
for the sake of a contradiction that X \ Wy is infinite. Thus there exists
a countable subset Z C X \ Wy. By Lemma there exists countable
subsets A" and B’ such that A’N B’ =( and A’ U B’ = Z. Thus there exist
bijections f': Z — A" and ¢’ : Z — B'.

Let W=WyUZ, A= AyUA’, and B = ByUB’. Define f: W — A
and g: W — B by

~folw) ifwe Wy n ) — go(w) if we W
f(w)_{f/(w) fweZz 4l )_{g’(w) fwez =

Since WoNZ = AgNA"= BynNB' =1, f and g are well-defined bijections.
Clearly (W, A, B, f,g) € F and (Wy, Ao, Bo, fo,90) =< (W, A, B, f, g), which
contradicts the fact that (Wy, Ao, Bo, fo,g0) was a maximal element. Hence
X \ Wy is finite.

By the above, we have that AgNBy = @, Wy = AgUBy, ’W0| = ’A0| = ’Bo‘,
and C' = X \ Wy is finite. Therefore, if we let Y = Ay U C and Z = By,
then |X| = [Wy| = |Z| = |Ao| = |Y| by Theorem [B.7.1 Y N Z = (), and
X =Y U Z as desired. ]

Finally, we obtain the following demonstrating that the cardinality of the
union of two infinite sets is the larger of the cardinalities of the individual
sets.

Theorem B.7.4. Let X and Y be non-empty sets with X infinite. If
Y| <|X| then | X UY| =|X]|.

Proof. Let X be an infinite set and let Y be a set such that |Y| < |X|. Let
Z=Y\Xsothat XNZ =0 and X UZ = X UY. Hence it suffices to
show that | X U Z| = |X|. Since X C X U Z, we clearly have | X| < | X U Z]|.
For the other inequality, notice that Z C Y so |Z| < |Y]| < |X|. By Lemma
there exists two disjoint sets S and T such that SUT = X and
|S| = |T'| = | X|. Since |Z]| < |S], there exists an injective function f: Z — S.
Similarly, since | X | = |T'|, there exists a bijective function g : X — T'. Define
h:XUZ — X by

g(q) ifgeX

Since Z N X = (), h is a well-defined function. Furthermore, since f and g
are injective and since SNT = (), h is injective. Hence |X U Z| < |X| so
| X| = |X U Z| as desired. n

ha :{f(q) ifgeZ

As a corollary of the proof of Theorem [B:7.4] we note the following result
which improves upon Theorem
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Corollary B.7.5. Let X be an infinite set. Let {X,}nen be a countable
collection of infinite sets such that | X,| < |X| for alln € N. If Y =;2; Xy,
then Y] < |X|.

Proof. By repeating the same argument as in Theorem [B.5.3] we may assume
that the X,, are pairwise disjoint.

Since X is infinite, Lemma implies there exists two subsets of X,
denoted Y; and Z; such that Y1 U Z; = X and |Y1| = |Z1| = |X|. Since Y}
is infinite, Lemma implies there two subsets of Y7, denoted Y3 and
Zy such that Yo U Zy = Y] and |Ya| = |Z2| = |Y1| = | X|. By repeating this
argument ad infinitum, there exists a collection {Z,, },en of pairwise disjoint
subsets of X such that |Z,| = |X| for all n € N.

Since | X,,| < |X| =1|Z,| for all n € N, there exists an injective function
fo: Xn — Z,. Define f : Y — X by f(x) = fn(x) whenever z € X,,.
Notice that f is well-defined since {X,, }en are pairwise disjoint with union
Y. Furthermore, since {Z, },en are pairwise disjoint and since each f,, is
injective, f is injective. Hence |Y| < |X| as desired. N

To conclude this appendix chapter on cardinality, we note that there are
many other results pertaining to cardinality that we may study. For example,
we can study how cardinality behaves under infinite unions, products, and
exponentials. This would lead us to a rich notion of cardinal arithmetic. To
be rigorous in this study would take substantial time and distract us from
studying the main objects of focus in this course. Thus we mention the
following two results.

Theorem B.7.6 (Cantor’s Theorem). If X is an non-empty set, then
[ X[ < [PX)] but [X] # [P(X)].

Proof. To see that | X| < |P(X)|, define f : X — P(X) by f(z) = {«}.
Clearly f is injective so | X| < |P(X)| by definition.

To see that | X| # |P(X)|, we return to a Russell’s Paradox-like argument.
Suppose for the sake of a contradiction that there exists a function f: X —
P(X) that is bijective (in particular, f is surjective). Consider the set

U={eeX | g [(@)).

Since f is surjective, there exists a z € X such that f(z) = V.

If z € U then, by the definition of ¥, it must be the case that z ¢ f(z) = U,
which is a contradiction. Hence it must be the case that z ¢ ¥. Therefore,
by the definition of ¥, it must be the case that z € f(z) = ¥, which is also a
contradiction. Hence we have a contradiction to the existence of such an f
and thus | X| # |[P(X)]. n
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Example B.7.7. Let X = [[72,{0,1}. The cardinality of X is denoted by
2INl (as we are taking a |N| product of {0,1} which has cardinality 2). We
claim that 2N = |R|. To see this, first define f : X — [0,1] by

e}

f((an)n>1) = Z

n=1

2a,

3

We claim that f is injective. To see this, we notice that f((an)n>1) is a
ternary expansion of a number in [0,1]. Since the ternary expansion of
a number in [0, 1] is unique up to repeating 2s (i.e. Y02, 2% = 1), and
changing repeating 2s either changes a 1 to a 2 or a 0 to a 1, each number in
[0, 1] that can be expressed using ternary numbers only involving Os and 2s
can be done so in a unique way. Hence f is injective so | X| < |[0,1]| < |R|.

For the other direction, define g : (0,1) — X as follows: for each z € (0,1)
write a binary expansion of z, say = >_77 ;| §# where a,, € {0,1}, and define
g(x) = (an)n>1 (this is valid by the Axiom of Choice). Clearly g is well-
defined. Furthermore, ¢ is injective since if two numbers have the same

binary expansion, they are the same number. Hence |[R| = |(0,1)| < | X]| so
2N = |R| by Theorem as desired.
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Appendix C

Hausdorff Dimension

The goal of this appendix chapter is to modify the definition of the Lebesgue
measure in order to obtain a definition for the dimension of subsets of R.
The definition of the Hausdorff dimension of a subset of R will be obtained
via a limit of specific outer measures on R.

C.1 Metric Outer Measures

To begin our discussion of dimension of subsets of R, we desire to analyze
specific outer measures on R similar to the Lebesgue outer measure. As we
do so, we will obtain an alternative way to demonstrate that every Borel set
of R is Lebesgue measurable. The key to constructing these outer measures
is to use the distance function on R and consider the following pairs of sets.

Definition C.1.1. Two subsets A, B C R are said to have positive separation
if
dist(A,B) = inf{la—b| | a € A,b € B} > 0.

Example C.1.2. Using the Extreme Value Theorem along with the fact
that the distance to a set is a continuous function, it is possible to show that
any two disjoint compact subsets of a metric space have positive separation.
However, two disjoint closed subsets of a metric space need not have positive
separation. Indeed consider A= Nand B = {n+2 | n € N,n > 2}. Clearly
A and B are disjoint closed subsets of R that do not have positive separation.

The special collection of outer measures we wish to study are as follows.

Definition C.1.3. An outer measure pu* : P(R) — [0,00] is said to be a
metric outer measure if

i (AU B) = 1 (A) + i (B)
for all A, B C R such that A and B have positive separation.
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Remark C.1.4. It is not difficult to see that if u* : P(R) — [0, 00] is an
outer measure on R such that every Borel set of X is p*-measurable, then
1 must be a metric outer measure. Indeed, assume A, B C R have positive
separation. It is elementary to see that if A and B denote the closures of A
and B respectively, then A and B are Borel sets such that AN B = (). Hence

(AUB)NA=A and (AUB)NA"=B.
Therefore, since A is then p*-measurable, we obtain that

W (AUB) ((AUB)NA) 4 ((AUB)NAY)

pr IL[/*
= p*(A) + p*(B)
as desired.

Of course, our desire is to prove the converse; that is, given a metric
outer measure p* every Borel set is p*-measurable. To see this, we will make
use of the following lemma.

Lemma C.1.5. Let p* : P(R) — [0,00] be a metric outer measure, let
{A4,}22, CP(R) be such that Ay, C Ag41 forallk € N, and let A = ;2 An.
If

diSt(Ak, A \ Ak+1) >0

for all k € N, then
pr(A) = lim p*(Ag).

Proof. Due to the monotonicity of outer measures, (u*(Ay))n>1 is a monotone
sequence. Therefore, either lim,_,o p*(Ay,) exists and is finite, or is infinity.
Furthermore, since p*(Ay) < p*(A) for all £ € N due to the monotonicity
of outer measures, we obtain that lim,_,c u*(A,) < p*(A). Therefore, if
lim,, o0 ¥ (Ay) = oo then clearly p*(A) = oo and the result holds. Hence
we may assume that lim, . p*(4,) < co.

Let By = Ay and for each k > 2 let By = Ay \ Agx—1. Clearly Uf%:l B,, C
Ay, and By, C A\ Aj,_ for all k € N. Therefore, if m > k+2and B C US_, B;
then

k
dist (B, B) > dist (Bm, U Bj)
j=1

> dist(A\ A1, Ay)
> dist(A\ Am_1, Am_2) > 0
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by assumption so p*(B,, U B) = pu*(B,,) + ©*(B) as p* is a metric outer
measure. Hence

)]

*(Bap) + p* (U B%>

and

n n—1
w (U 32k1> =pu* <B2n—1 U (U Ble))
k=1 k=1

= pu*(Ban-1) + p* (U Bay,— 1)
w (Bag-1)
-1

k
for all n € N. Therefore, since
© (U B2k> <p*(Az,)  and  p’ (U sz1> < p(Agp-1),
k=1 k=1

we obtain that the infinite sums Y 7> ; p*(Bag) and Y pe p*(Bag—1) converge
as limy, 00 p*(A,) < 00.
For each m € N notice that

p(A) = p (Amu ( Ej Bk))
k=m+1

At S 1By

k=m+1
by the subadditivity of outer measures. However, since
o
lim > u*(Bp) =0

m—00
k=m-+1

as Y peq 1 (Bak) and Y 7o p*(Bag—1) converge, and since lim,, oo p1*(Ag)
exists, we obtain that
pr(A) < lim p*(Ag)

which when combined with lim,,_, p*(Ay) < p*(A) yields the desired result.
|
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Proposition C.1.6. If u* : P(R) — [0, 00] is a metric outer measure, then
every Borel subset of R is u*-measurable.

Proof. Since the set of py*-measurable sets is a o-algebra by Theorem [1.5.6
and since the set of closed subsets of R generate the Borel o-algebra, it
suffices to prove that every closed subset of R is p*-measurable.

Let F' be an arbitrary closed subset of R. To see that F' is u*-measurable,
let A C R be arbitrary. For each n € N let

A, = {a e A ‘dist({a},F) >

S|

Notice that A, C A, 11 for all n € N and that
U A, ={ac A |dist({a},F)>0}=ANF°
n=1

since F' is closed (so z € F€ if and only if dist({z}, F') > 0).
We claim that

1
dist(Ag, (AN F)\ A >
IS( kf?( )\ k+1)—k(k+1)
To see this, let a € A and = € (AN F°) \ Axy1 be arbitrary. Clearly
this implies z € A, x ¢ F, and = ¢ Agy1. Hence 0 < dist({z}, F) < %H
Furthermore, since a € Ay, we obtain that dist({a}, F') > % By the triangle
inequality, we obtain by taking an infimum over all y € F' that

1 1
— < di F)<|a— i F — —_—.
< dist({a}, F) < |a — x| + dist({z}, F) < |a — x| + P
Hence 1
— > —.
S )

Therefore, since a € Ay, and x € (AN F¢) \ Ag41 were arbitrary, the claim is
complete.

By Lemma [C.1.5 we obtain that

lim p*(A,) = p* (AN F°).

n—oo

Since A, U(ANF) C A, since

dist(A,,(ANF)) > dist(A,,F) > — >0,

SERS

and since p* is a metric outer measure, we obtain that
1(A) 2 1 (A U(ANF)) = p*(A,) + w* (AN F)
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for all n € N. Therefore, by taking a limit of the right-hand-side, we obtain
that

i(A) > 1AV F®) + w* (AN F).

Therefore, since A C R was arbitrary, F' is p*-measurable. Therefore, since
F was an arbitrary closed subset of R, the proof is complete. [ |

To complete our alternative approach to demonstrating Borel subsets
of R are Lebesgue measurable, we demonstrate that the Lebesgue outer
measure is a metric outer measure.

Proposition C.1.7. The Lebesgue outer measure is a metric outer measure.
Proof. Let A, B C R have positive separation. Since \* is an outer measure,
clearly A" (AU B) < A*(A) + A*(B) by subadditivity.

To see the other inequality, let § = 1dist(A, B) > 0. For each 0 < € <

d there exists a countable collection of open intervals {I,}52; such that
AUB CJpZ, I, and

Z n) <A (AUB) +

We desire to modify {I,}72; in order to control bound the lengths of each
interval we use. To begin if I,, = (a,b) where a,b € R, for each k € N let

Lng = (a + k6, min {b,a +(k+1)d+ 2;}) .
Clearly each I,, ;, is an open interval with length
U(Iny) <60+ onk < 6 < dist(A4, B).

Furthermore I,, C Uy, I, and

S ULag) Sh—at Y o = L) + 5
k=1 k=1

If a = —oo0 or b = oo then we can apply a similar process to construct a
countable number of open intervals I, k such that ¢(1, 1) < dist(A, B) for
all k € N, and Y732 (I 1) < €(In) + o5. Therefore {I,; | n,k € N} is a
countable collection of open intervals such that AU B C U?ﬁkzl I} and

Ze n,k gz +—<A(AUB)+26.
n,k=1 n=1
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Since £(I,, ;) < dist(A, B), each I, can intersect at most one of A and
B. Let

Ja={(n,k) eN* | [,y NA#0} and
Jg ={(n,k) € N? | I, N B # 0}.

Then J4 and Jp are countable disjoint sets such that

AC |J Ly and BC J I
(n’k)e']A (n7k)€JB

Hence

N(AUB)+2¢> > U(Ing)

n,k=1
> Y L)+ Y UIng)
(n,k)EJ A (n,k)eJpB

> N(A) + \(B).
Therefore, since € > 0 was arbitrary, we obtain that
A (AU B) =X (A) + \*(B).

Therefore, since A and B were arbitrary subsets of R with positive separation,
the result follows. [

C.2 Hausdorff Outer Measures

To define the Hausdorfl dimension of subsets of R, we will construct the
Hausdorff outer measures. The process for modifying the definition of the
Lebesgue outer measure to obtain the Hausdorff outer measures comes from
both modifying the length function and the collection of open intervals
permitted. In particular, we want restrict the lengths of the open intervals
used.

Definition C.2.1. Let Z denote the set of all open intervals in R. For each
€ >0 let
F.={ICR | I€ZI) <e}.

For each s € (0,00) let ;. denote the outer measure defined by

pis,(A) = inf {Z (1)
n=1

L), cFoac | fn}
n=1

for all A CR. Notice trivially that if 0 < € < e then  (A) < i /(A) for
all A C R.
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Definition C.2.2. For s € (0, 00), the s-dimensional outer Hausdorff mea-
sure on R is the outer measure H; : P(R) — [0, oo] defined by

H(A) =sup g (A) = lim pug (A)
e>0 ’ e—0t ’
for all A C R.

Unsurprisingly, the s-dimensional outer Hausdorff measure is a outer
measure with the properties of the previous section.

Proposition C.2.3. For all s € (0,00) the s-dimensional outer Hausdorff
measure HY is a metric outer measure.

Proof. To see that H{ is an outer measure, recall that each . is an outer
measure. Since the defining properties of an outer measure from Definition
are easily seen to pass to limits, H; is an outer measure.

To see that H is a metric outer measure, assume A, B C R have positive
separation. Therefore dist(A4, B) > 0. Clearly

H{(AUB) < HJ(A) + H{(B)

as HY is an outer measure, so it suffices to prove the other inequality.
Assume € < 3dist(4, B). Let {I,,}52, C F be such that AUB C 32, I,.
Since ]
I, <e< idis‘c(A7 B),

every I, intersects at most one of A and B. Let
Ja={neN | I,NA#D} and Jg={neN | I,NB#0}
Then J4 and Jp are countable disjoint sets such that

Ac |J I, and BC | IL.

ned g neJp

Hence

iﬁ(]n)s > Z 01,)° + Z 0(1,)°

neJy neJp
> pige(A) + pig o (B).

Therefore, since {I,,}°2; C F, was an arbitrary collection such that AU B C
U>e, I, we obtain that

ps (AU B) 2 g (A) + pig o (B).
As this holds for all € < %dist(A, B), we obtain by taking limits that
H:(AUB) > H:(A) + H:(B).

Therefore, since A and B were arbitrary subsets of R with positive separation,
the result follows. ]
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By applying the Carathéodory Method to the Hausdorff outer measures,
we obtain the following collection of measures.

Definition C.2.4. For s € (0,00), the s-dimensional Hausdorff measure on
R, denoted Hj, is the measure H, obtained by restricting H to the set of
H}-measurable sets.

Remark C.2.5. Note that Proposition [C.1.6] implies that every Borel subset
of R is H}-measurable for all s € (0, 00).

Example C.2.6. The 1-dimensional Hausdorff measure on R is the Lebesgue
measure. To see this, first note for all A C R that \*(A) < pj (A) for all
e > 0. Hence \*(A) < Hf(A) for all A C R. To see the other inclusion,
notice by the proof of Proposition that for all ACRand all0 <e<§
there exists a collection {I,}22; of open intervals with £(I,) < 3§ such that

fj U(I) < A*(A) +e.
n=1

This implies ] 5(A) < A*(A) +eforall 0 < e < § and thus H;(A4) = A*(A).
]
Therefore, by the definitions of H; and A, we obtain that H; = .

Remark C.2.7. Notice that if s,t € (0,00) and ¢t < s then z% < '
whenever 0 < x < 1. Consequently, by the above definitions, we see that
s (A) < pi (A) for all A C R and € < 1. Hence Hs(A) < Hy(A) for all
A € B(R) whenever s,t € (0,00) and t < s (note we restrict to Borel sets as
this is the largest common domain of Hs and Hy).

In fact, something rather spectacular occurs.

Theorem C.2.8. Ifs,t € (0,00) are such thatt < s and A € B(R) is such
Hi(A) < oo, then Hs(A) = 0.

Proof. Fix a Borel set A C R and assume H;(A) < oo. Let 0 < € < 1. Then
for any collection {I,,}72; € F¢ such that A C ;= I,, observe that

S UL =) 0(I) () < Y IL)
n=1 n=1 n=1

Therefore, by taking the infimum over all such {I,,}5° ;, we obtain that
pec(A) < € 7'pf (A) < €7 Hy(A).

Therefore, since H¢(A) < 0o, we obtain that Hs;(A) = 0 by taking the limit
as € tends to zero. [

By Theorem [C.2.8] we arrive at a definition of dimension for a Borel
subset of R.
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Definition C.2.9. Let A be a Borel subset of R. The Hausdorff dimension
of A, denoted dimp(A), is

dimg(A) =inf{s >0 | Hs(A) =0} =sup{s >0 | Hs(A) = co}.

Remark C.2.10. Since A C B C R implies Hs(A) < Hy(B) for all s €
(0,00), we see that dimpy(A) < dimy(B) by construction. This is clearly a
property we would expect for a good dimension function.

Remark C.2.11. We claim that if A C R then dimp(A) < 1. To see this, fix
s>1andlet 0 <e<1. Since } ;2 £ = o0, it is possible to cover R with a
countable collection open intervals I,, such that £(I,,) = < for all n (i.e. place
a symmetric interval of length € around 0 and alternate placing intervals at
the left most endpoint of the last interval placed in the negative numbers and

the right most endpoint of the last interval placed in the positive numbers).

Thus
. o0 € S s o0 1
Y (5) =X o

P
n=1 n n=1 n

Since s > 1, we know that > >7 # < 0. Therefore, since lim,_,g+ €¥ = 0,
we obtain that Hs(R) = H}(R) = 0. Moreover, since the 1-dimensional
Hausdorff measure is the Lebesgue measure and A(R) = oo, we obtain that

dimy (R) = 1. Thus the claim follows from Remark [C.2.10

Example C.2.12. Let I be a non-singleton finite intervals. Hence 0 <
A(I) < oo. Since the 1-dimensional Hausdorff measure is the Lebesgue
measure so H1(I) = A(I) € (0,00), Theorem [C.2.8implies that H,(I) = 0 for
all s > 1 and Hy(I) = oo for all s < 1. Therefore dimpy(I) = 1 by definition.

Similarly, if I is an infinite interval, then H;(I) = A(I) = oco. Thus
dimpy (I) > 1. Hence Remark [C.2.11] implies dimp (1) = 1.

To finish our discussion of Hausdorff dimension, we compute the Hausdorff
dimension of the most notorious set in Lebesgue measure theory.

Proposition C.2.13. The Hausdorff dimension of the Cantor set is iﬁ%
Proof. Let
In(2)
S — .
In(3)

To compute Hy,(C), let 0 < € < 1. Choose n such that 5 < e. By taking
P, as in Definition by replacing each closed interval I in P, with an
open interval J such that I C J and ¢(J) < ¢(I) + 6 for some ¢ such that
3% + § < ¢, and by sending ¢ to 0, we obtain that

- 3nso

271
. 1\ %0 on
Kl = Y (5)

k=1
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However

3n50 — 3% _ 310g3(2”) —9n
so ps, (C) < 1. Therefore, by taking the limit as € tends to 0, we obtain
that Hs,(C) < 1. Hence dimg(C) < sp.

To see the other inequality, let 0 < € < 1 and let {[,}52; C F. be such
that C C (U,Z; I,. Since C is compact, there exists an M € N such that
ccUM, I,

Choose N € N such that

1
NI S€< 3V

and choose k € N such that

1
3% < (1)

for all 1 <n < M. Consider Py as in Definition [1.6.8] If 1 < n < M and

1

1
<((I) < 31

3~
for some j < k, we see that I,, can intersect at most one closed interval in
the definition of P;_; since each such closed interval has length 3]%1 and is
separated from each other closed interval by an open interval of length 3]%1
Therefore, since each closed interval in the definition of P;_; contains ok—j+1
of the closed intervals in the definition of Pk, we see that I,, can intersect at

most 257311 of the closed intervals in the definition of Pi. Since

ok—j+1 _ gk+l9—j _ ok+1g—jso _ ok+1 (;)80 < 2k HLp(1,)%,

we see that each I,, can intersect at most 2FF14(I,,)% of the closed intervals
in the definition of Pj. Thus, since C C UM, I,, and since P}, contains 2¥
intervals, we obtain that

M
> 2kHy(1, )% > 2k,
n=1
Thus
) M 1
ZE(IH)SO > ZE(In)SO > 5
n=1 n=1
Therefore, since {I,}5°; C F. was arbitrary, we obtain that
. 1
/"LS(),G(C) Z 5
for all 0 < € < 1. Therefore 3 < H,,(C) < 1. Hence Theorem implies

that dimpy (C) = sp as desired. [

©For use through and only available at pskoufra.info.yorku.ca.



Appendix D

Fourier Series on R

In this appendix chapter, we will explore using Lebesgue measure theory
to study Fourier Analysis. Since students in this course have already taken
MATH 3001 and studied Fourier series for functions on [0, 27), we will focus
instead on the Fourier series for functions on R.

D.1 Complex Lebesgue Measure Theory

In order to begin our study of Fourier series for functions on R, we first
need the notion of the Lebesgue integral for complex-valued functions as,
like with the Fourier series for functions on [0, 27), we desire to use complex
exponentials. Unsurprisingly, our solution to constructing a Lebesgue integral
for complex-valued functions is to use the real and imaginary parts. Thus
we make the following definitions.

Definition D.1.1. Let f : R — C. The real and imaginary parts of f are
the functions Re(f),Im(f) : R — R defined by

Re(/)(e) = TETEna () =

for all x € R respectively.

Definition D.1.2. A function f: R — C is said to be Lebesgue measurable
if Re(f),Im(f) : R — R are Lebesgue measurable as real-valued functions.

Remark D.1.3. Note that the theory of real-valued Lebesgue measurable
functions from Section immediately transfer to complex-valued Lebesgue
measurable functions with minor work. For example, if f : R — C is Lebesgue
measurable, then since

[l = IRe(/)(@)[2 + [Im(f)(x) 2,
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we see that | f| is Lebesgue measurable since the square and sum of Lebesgue
measurable functions is Lebesgue measurable and the square root of a
Lebesgue measurable function is Lebesgue measurable by Proposition refprop:measurable-
composed-with-continuous-is-measurable.

Moreover, it is not too difficult to verify that Egoroff’s Theorem (Theo-
rem and Lusin’s Theorem (Theorem hold for complex-valued

measurable functions.

Remark D.1.4. Let f: R — C and for a complex number z, let Z denote
the complex conjugation of z. Consider the function f : R — C defined by

f(x) = f(z) for all x € R. Since

Re(f) =Re(f) and  Im(f) = ~Im(f),

we see that f is Lebesgue measurable if and only if f is Lebesgue measurable.
Onto integration!

Definition D.1.5. A function f: R — C is said to be Lebesgue integrable if
Re(f),Im(f) : R — R are Lebesgue integrable as real-valued functions.

Remark D.1.6. Let f : R — C be Lebesgue measurable. Since
[f(@)| = \/IRe(f)(JU)I2 + [Im(f)(x)[?

< V2max{[Re(f)(x)|, Tm(f)(z)[}
< V2[Re(f) ()| + V2|Im(f)(z)],

we see that if Re(f),Im(f) : R — R are Lebesgue integrable as real-valued
functions, then |f| is Lebesgue integrable as a real-valued function. Con-
versely, since

Re(f)(x)| < |f(x)]  and  [Im(f)(z)| < |f(z)],

we see that if |f| : R — R is Lebesgue integrable as a real-valued function,
then Re(f),Im(f) : R — R are Lebesgue integrable as real-valued functions.

Definition D.1.7. Let f : R — C be Lebesgue integral. The Lebesgue
integral of f is defined to be

/Rfd)\:/RRe(f)d/H—i/RIm(f)d)\.

Remark D.1.8. Note that the set of complex-valued Lebesgue integrable
forms a vector space over C by the same arguments used in the proof of
Theorem Moreover, if f : R — C is Lebesgue integrable, we see that
if is Lebesgue integrable with

Re(if) = —Im(f) and  Im(if) = Re(f)
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SO

/Rz'fd)\:/R—Im(f)d/\Jri/RRe(f)d)\
:—/le(f)d)\+i/RRe(f)d/\

i (/ Re(f)d)\Jri/ Im(f)d)\)
R R
— / FdA.
R
Thus the Lebesgue integral is complex-linear.

Remark D.1.9. Let f: R — C be Lebesgue integrable. Since

Re(f) = Re(f) and Im(f) = —Im(f),
we see that f is Lebesgue integrable and
/Rfcu - /RRe(f)d)\Jri/RfIm(f)d)\
- / Re(f) dA —z'/ Tm(f) dX
R R

:/Rfcu

by the definition of the complex-valued Lebesgue integral.

One result for the complex-valued Lebesgue integral that does not imme-
diately follow from the real-valued Lebesgue integral is the following.

Theorem D.1.10. If f : R — C is Lebesgque integrable, then

L1 < [1s1an

Proof. By properties of complex numbers, there exists a z € C such that

|z| =1 and
z/fd)\:’/fd)\‘zo
R R

i.e. rotate the complex number d\ until it is positive). Hence zf is
R
integrable and

0§’/Rfd)\‘:/szd)\:/RRe(zf)d/\+i/RIm(zf)d)\.
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However, since [p Re(zf)dA, [Im(zf)d\ € R, it must be the case that
JgIm(zf)d\ = 0. Hence

/Rfd)\’:/RRe(zf)d)\
< [ IRe(=p)]ax
< [1eslan= [ If1ax

as desired. m

Remark D.1.11. Although the Monotone Convergence Theorem (Theorem
and Fatou’s Lemma (Theorem don’t make sense for complex-
valued functions, the Dominated Convergence Theorem (Theorem does
and holds by the same proof presented in the real-valued case. Moreover,
Fubini’s Theorem (Theorem and Tonelli’s Theorem (Theorem
transfer immediately to the complex setting.

D.2 Fourier Transform on R

With the above construction of the complex Lebesgue integral, we can begin
our study of Fourier series for functions on R. Unlike with Fourier series for
functions on [0, 27), in order to recover a function from its Fourier series (see
Theorem , we will need to expand the Fourier series from a function
on Z to a function on R.

Definition D.2.1. Let f : R — C be Lebesgue integrable. The Fourier
transform of f is the function f : R — C defined by

fly) = /R f(@)e= ™ d\(x)
for all y € R.

Remark D.2.2. Note if f : R — C is Lebesgue integrable, then for each
y € R the function g, : R — C defined by

gy(x) = f(z)e™™" = f(x) cos(yx) +if (x) sin(yz)

for all z € R is Lebesgue measurable. Moreover, since |g,| = | f|, we see that
gy is Lebesgue integrable for all y € R. Hence f is well-defined.

Not only is the Fourier transform well-defined, it produces nice functions
on R.

Theorem D.2.3. Let f : R — C be Lebesque integrable. Then f: R —C is
a bounded, continuous function.
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Proof. To see that f is continuous, let (y,)n>1 be a sequence in R that
converges to y € R. For each n € N, let g, : R — C be defined by

gn(x) = f(z)e™¥ne
for all x € R. Therefore, since

lim_gn(z) = f(z)e™™

n—oo

for all € R, since |g,(z)| = |f(z)| for all x € R, and since f is Lebesgue
integrable, the Dominated Convergence Theorem (Theorem [3.7.1)) implies
that

Jim flya) = lim [ fa)e e dA@)
= Jim g0 2
_ / Flz)e W aA(z)
n—oo

~

= f(y).

Therefore, since (y,)n>1 was arbitrary, fis continuous on R.
To see that f is bounded, note since f is Lebesgue integrable that

M:/mw<m
R

Therefore, since for all y € R we have by Theorem [D.1.10] that

1)l =

/R Flx)e ™ d(z)

< /R |F(z)e™ 7| dA = M,

we see that fis bounded by M. n

Unsurprisingly, the Fourier transform for functions on R shares similar
properties to the Fourier transform studied in MATH 3001.

Proposition D.2.4. Let f,g : R — C be Lebesgue integrable functions.
Then

a) 07—1—\9 —af+g forallaeC (i.e. the Fourier transform is linear),

=

b) Fy) = f(~y) for all y € R,
¢) ift e R and fy : R — C is defined by fi(z) = f(x —t) for all x € R, then

~

fily) = e f(y) for ally € R,

~

d) if f: R — C is defined by f(z) = f(—z) for all z € R, then }(y) = f(—y)
forally e R,

©For use through and only available at pskoufra.info.yorku.ca.



186 APPENDIX D. FOURIER SERIES ON R

e) zf(5 >0 and ks : R — C is defined by ks(x) = f(dz) for all x € R, then
k(;( ) = 6f<6y> for all y e R, and

f)ifteR and h:R — C is define by h(x) = e~ f(x) for all z € R, then
h(y) f(y +t) for ally € R.

Proof. To see a) is true, note for all & € C and y € R that
(@ +9)w) = [ (af + g)w)e " dA@)
R
= RWf@%+M®k”WdM®

—a/f() e g\ (z +/ = G (2)

as desired.
To see that b) is true, note for all y € R that

“M

D)= [ f@e v @)
F)et ()

S (@)e T dA(x)

I
=D o— 5|5

y)

as desired.

To see that c) is true, note by Proposition |3.4.11| that f; is Lebesgue
integrable. Moreover, for all y,t € R we have that

0= [ fl@e " dxa)
= / flz —t)e " d\(x)
—/f —iy(a+t) d)\( ) by Proposition [3.4.11
= e_’yt/Rf z)e” T d\(x)
= e V' f(y)
as desired.
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To see that d) is true, note by Proposition |3.4.12| that f is Lebesgue
integrable. Moreover, for all y € R we have that

Fw) = [ Fa)e = @)
_ / Fl—a)e™ ™ d\(x)
R

= / f(x)eE2) da(z) by Proposition [3.4.12]
R

_ / Flx)e 7 dx(z)
/R

= f(=y)

as desired.
To see that e) is true, note by Proposition [3.4.13| that ks is Lebesgue
integrable for all 6 > 0. Moreover, for all y € R and § > 0 we have that

Bstw) = [ ks(a)e ™ dA(@)
= / f(6z)e™ ™ d\(x)
R
= (15/ f(x)e ™5 dA(z) by Proposition
R
1 —i(%)z T
=5 [s@e D ra)

1 1
=5/ <5y>
as desired.

To see that f) is true, note that h is Lebesgue measurable and, since
|h| = |f], h is Lebesgue integrable. Moreover for all y,¢ € R we have that

h(y) = /Rh(x)e*iyx d\(zx)

= / e M f(z)e” W dN\(z)
R

= [ f@)e ot dx(a)
R

~

= fly+1)

as desired. []

D.3 The Riemann-Lebesgue Lemma

Using Proposition [D:2.4] and other facts from Lebesgue measure theory, we
can prove the following useful “lemma” that demonstrates a property of
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the Fourier transform and extends Theorem to show that not every
continuous bounded function is obtain via the Fourier transform.

Theorem D.3.1 (Riemann-Lebesgue Lemma). Let f : R — C be
Lebesgue integrable. Then

Jtimf(y) =o.

Proof. We will proceed as we often do when trying to demonstrate a result
for Lebesgue integrable functions; first we will demonstrate the result for
characteristic functions, then use linearity to demonstrate the result for simple
functions, then use limits to demonstrate the result for non-negative functions,
and finally use linearity to demonstrate the result for all Lebesgue measurable
functions. It turns out we cannot jump straight to all characteristic functions.
Luckily, all Lebesgue measurable sets are “almost” intervals.

First, assume f = xs for some open interval I. Since f is Lebesgue

integrable, we have that A\(/) < co. Hence we can write I = (a, b) for some
a,b € R with a < b. Thus for all y € R\ {0},

Fw) = [ at@e ™ axw)

= e~ W d)\(x)
(a,b)

b
= / e "V dx by Theorem [3.5.5]

efiyb _ efiya

Therefore since
e—zyb — e~ Wa 1

- < —
—iy Y|

~

for all y € R\ {0}, we see that lim,_,++ f(y) = 0 when f = x; for an interval
1.

Next, assume f = x4 for some Lebesgue measurable set A. Since f is
Lebesgue integrable, we have that A(A) < co. Let € > 0. By Littlewood’s
First Principle (Theorem [2.5.1)) there exists a finite number of disjoint open
intervals I, ..., I, such that if U = [J;_; I then

AMA\U)U U\ A)) < .

Thus MU) < A(A) +es0 A(Iy) < oo for all k € {1,...,n}.
Let g = > 3_1 x1,- Note since I1,..., I, are disjoint that

|f(z) — g9(z)| = xa\vyua) (@)
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for all € R. Moreover, since A(I;) < oo implies x, is Lebesgue integrable
S0 § = > ji—1 X1, by Proposition the above demonstrates that

lim g(y) =0.

y—+oo

Hence there exists an M € R such that if y € R and |y| > M then |g(y)| < e.
Hence if y € R and |y| > M then

Fw)| < |Fw) - 3w)| + l9w)]
= |(F=9)w)| +e

+e€

L= 9@ axw)
< /R 1£(2) — g(@)| dA(z) + ¢

Z/RX(A\U)u(U\A)(%) dA(x) + €

=ANA\U)UU\ A))+e
= 2e.

~

Therefore, since € > 0 was arbitrary, lim, 4+ f(y) = 0 when f = x4 for a
Lebesgue measurable set A.

Next, assume f = > }_;agxa, for some Lebesgue measurable sets
{Ar}i_, and {ax}}_; € (0,00). Since f is Lebesgue integrable, A(Ay) < oo
for all k£ and thus Proposition implies that

) =3 i)
k=1

for all y € R. Therefore, the above implies that lim,_,+. f(y) = 0 when f
is a Lebesgue integrable simple function.

Next assume f is non-negative. Let € > 0. By Theorem [2.3.5] there exists
a sequence (g, )n>1 of simple functions such that ¢, < ¢, for alln € N
and (¢n)n>1 converges to f pointwise. Since 0 < ¢, < f = |f], we obtain
that ¢, is Lebesgue integrable for all n € N. Moreover, since the Monotone
Convergence Theorem (Theorem implies that

n—oo

lim PndA = / fdA,
R R
there exists an NV € N such that

/R\f—SON\d)\:/Rf—ade)\:/Rfd)\—/RgoNdA<e.

Since the above demonstrated that

lim n(y) =0,

y—too
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there exists an M € R such that if y € R and |y| > M then |pn(y)| < e.
Hence if y € R and |y| > M then

F)| <|Fw) - en )| + 1en )
(= em)w)| +e

= | [ = em@e = ira)
< [ 1f@) — en(@lle " d\(@) + ¢
R

Z/ |f —on|dA+ €
R

=€+ €= 2.

+e€

~

Therefore, since e > 0 was arbitrary, lim, .+ f(y) = 0 when f is non-
negative.

Finally, if f is Lebesgue integrable, then so too are the positive and
negative parts of the real and imaginary parts of f. Since the above shows
the result holds for the the positive and negative parts of the real and
imaginary parts of f and since the Fourier transform is linear, the result
follows. [ |

D.4 Convolution of Functions on R

In order to prove some desirable results about the Fourier transform, we
again turn our attention to convolutions as we did in MATH 3001.

Definition D.4.1. Let f,g: R — C be Lebesgue integrable functions. The
convolution of f and g is the function f x g: R — C defined by

(F+9)@) = [ =g dry).
for all x € R.

However, unlike in MATH 3001 we run into an immediate issue; why is
the convolution of Lebesgue integrable functions well-defined? In MATH
3001 the verification that the convolution was well-defined was a simple task
since all the functions that were considered were continuous functions on
finite intervals so the Riemann integrable made sense. However, since we
are now considering Lebesgue integrable functions on R, we must ensure
the functions we are defining are Lebesgue integrable. In particular, how do
we know for each x € R that the function h(y) = f(z — y)g(y) is Lebesgue
integrable?

Note one way to avoid this issue is to assume that g is bounded in which
case it would follow that the f * g is well-defined since the translation and
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inversion of a Lebesgue integrable function is Lebesgue integrable and since
the product of a bounded Lebesgue measurable function with a Lebesgue
integrable function is Lebesgue integrable. By restricting to bounded g, we
could proceed and develop a good portion of the theory we desire. However,
to obtain a complete theory, we desire to resolve this problem.

The way we will resolve our issues is straightforward to comprehend: we
desire to show H(z,y) = f(z — y)g(y) is 2-dimensional Lebesgue integrable
so that we may use Fubini’s Theorem (Theorem to obtain h(y) =
f(z —y)g(y) is Lebesgue integrable for all z € R. To show that H(x,y) is 2-
dimensional Lebesgue integrable is a simple application of Tonelli’s Theorem
(Theorem provided H is 2-dimensional Lebesgue measurable. Since f
and g are Lebesgue measurable, it is believable that H will be 2-dimensional
Lebesgue measurable. However, an issue arises because it is not clear based
on the definition of a Lebesgue measurable function that F(x,y) = f(z — y)
is 2-dimensional Lebesgue measurable since

Fl((a,00)) = {(z,y) e R? | x —y € f~((a,00))}.
In particular, if A € M(R), why is
{(z,9) eR? | z —y € A} € M(R?)?
This question can be resolved via the following two lemmata. Note the
Borel subsets of R%, denoted B(R?), are defined to be the smallest o-algebra

generated by the open subsets of R2. Moreover, since every measurable
rectangle is 2-dimensional Lebesgue measurable, we obtain that B(R?) C

M(R?).
Lemma D.4.2. Let B C R be a Borel set. Then

B' = {(z,y) €R* | x —y € B} € M(R?).
Proof. Let g : R? — R? be defined by

9(z,y) = (r — y,y)

for all (z,y) € R2. It is elementary to verify that g is a continuous bijection
with continuous inverse (i.e. ¢ is a homeomorphism) and thus g is a bijection
on the open subsets of R?.
Let
A={ACR? | g7 !(A) is Borel in R?}.

By the proof of Proposition [2.1.14] we see that A is a o-algebra on R? that
contains the open subsets of R?. Hence B(R?) C A. Thus

g (BR)) C g7 (A)
={g71(A) | ACR? ¢g7'(A) is Borel in R?}
C B(R?)
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so B(R?) C g(B(R?)). Similarly
A ={ACR? | g(A) = (¢ 7!(A) is Borel in R?}
is a o-algebra on R? such that B(R?) C A’. Thus
9(B(R?)) C g(A)

= {g(A) CR? | A CR? g(A) is Borel in R?}
C B(R?).

Hence g is a bijection between the Borel subsets of R2.
Let B € B(R). Then

B ={(z,y) €R* | z —y € B} = g (B xR).

Since the Borel sets on R are the smallest o-algebra containing the open
sets, we see since B is a Borel set that B x R is an element of the o-algebra
generated by

{U xR | U CR open}.

Since U x R is open in R? for all open U C R and since the Borel sets are
the smallest o-algebra generated by the open sets (both in R and R?), we
see that B x R € B(R?). Hence

BB' = g7 }(B x R) € B(R?) C M(R?)
as desired. [
Lemma D.4.3. Let A € M(R) be such that A\(A) =0. Then
A ={(z,y) eR? | z —y € A} € M(R?)
and X2(A") = 0.

Proof. Since the 2-dimensional Lebesgue measure is complete being produced
by the Carathéodory Method (see Proposition , it suffices to show that
A5(A") = 0.

To see that A3(A’) = 0, for each n € N let

An: {<$7y) €R2 ‘ x—yGA,yE (_nan)}

Clearly A" = [J22 A, so, since A} is an outer measure, it suffices to show
that A5(Ay) =0 for all n € N.

Fix n € N and let € > 0 be arbitrary. Since A(A) = 0, there exists a
countable collection {Ij}72, of open intervals such that A C |2, I} and

i )\(Ik) < €.
k=1
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Since A C U2 Ik, we see that
An - U{(xay) € Rz ‘ T—yE Ik’7y € (_n7n)}'
k=1

For each k£ € N let
Pn,k = {($7y> € RQ ‘ =Yy € Ikvy € (_n7n)}'

Clearly P, ) is an open set as I} is an open interval for all k. Hence P, j
is Borel and thus 2-dimensional Lebesgue measurable. Therefore, Tonelli’s
Theorem (Theorem [5.2.2)) implies that

/\Q(Pn,k) = /]RZ XP,, i dAo
= /R/RXP"’k (2,y)d\(z) d\(y)
- /(—n n) /R AP (& 9) N} N)

= [ M)
= 2n\(1y).
Therefore, we obtain that
A5(An) <> Ma(Pog) =20 > A1) < 2ne.
k=1 k=1

Therefore, since € > 0 was arbitrary, A5(Ay,) = 0 for all n € N and thus
A5(AN) = 0. ]

Lemma D.4.4. Let f : R — R be a Lebesgue measurable function and define
h:R? =R by
h(z,y) = f(z —y)

for all (z,y) € R2. Then h is 2-dimensional Lebesque measurable.

Proof. To see that h is 2-dimensional Lebesgue measurable, let a € R be
arbitrary. Our goal is to show that h=!((a, 00)) € M(R?).
Let A= f~!((a,0)) and note A € M(R). Thus

h™((a,00)) = {(z,y) € R* | x —y € A}.

By Proposition [1.6.13| there exists a Borel set F' (i.e. F' is a countable
union of closed sets) such that FF C A and A(A\ F) = 0. Hence

h™H((a,00)) = {(z,9) €R* | 2 —y € F} U{(z,y) €R* | 2 —y € A\ F}.
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Since F' is Borel, Lemma implies that
{(z,9) eR? | z —y € F} € M(R?).
Moreover, since A(A \ F) =0, Lemma implies that
{(z,y) eR* | z —y € A\ F} € M(R?).
Hence h='((a,0)) € M(R?) completing the proof. N

With the above, we can now prove the convolution is a well-defined
function. In fact, the convolution will be Lebesgue integrable!

Theorem D.4.5. If f : R — C is a Lebesgue integrable function and

g:R — C is a bounded Lebesque measurable function, then f x g is Lebesque
integrable such that

L1 <gian< ([is1an) ([ 1g1ar).

Proof. Define h : R? — R by h(x,y) = f(z — y)g(y) for all (z,y) € R%
Clearly h is well-defined and 2-dimensional Lebesgue measurable by Lemma
D.4.4

We claim that h is 2-dimensional Lebesgue integrable. To see this, note
by Tonelli’s Theorem (Theorem [5.2.2)) that

/ 1] do
R2

_ / / Ih(z, )| dA(z) dA(y)

R JR
= [ [ 1@ =lls@] drz) drw)
:/IR/R’f(x)Hg(y)‘d)\(x>d/\(y> by Proposition B.4.11

= ([r@ax@) ([ o xw) <.

Hence h is 2-dimensional Lebesgue integrable.
By Fubini’s Theorem (Theorem [5.2.1)) that the function

B(@) = [ ha.y)d\®) = (< 9)(@)
is a well-defined Lebesgue integrable function. Moreover, again by Tonelli’s
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Theorem, we have that that

L1 ssl@ e = [ | [ 1= g x| ix)
< [ [ 17 = o)l dr) drw)
= [ [ 17 =g d\w) dra)

//|f Mg(y)| d\(z) d\(y) by Proposition [3.4.11]

(fr7010) (fsonao)

as desired. ]

Theorem D.4.6. Let f,g,h: R — R be Lebesgue integrable functions. Then
a) fx(g+h)=(fxg)+(f*h),

b) (f+g)xh)=(f*h)+(gxh),

c) (2f) xg) = z(f *g) = f * (2g) for all z € C,

d) frg=g*f,

e) (f*g)xh=fx(gxh), and

1) (F+9)) = F®)d(y) for all y € R.

Proof. To see that a) is true, note for all x € R that

(F(g+m)@) = [ Fa=9lo+n@) )

as desired.

To see that b) is true, we can either repeat the proof of part a) or use
part a) along with part d). Thus we omit the proof.

Next, note c) is clearly true by similar arguments used to prove part a)
as the integral is linear.
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To see that d) is true, note for all x € R that

(F+9)@) = [ =)o) dAw)
= [ f@+vg(=y)drw) by Proposition BT
= [ Jw)s(~(w=2)dry) by Proposition BT
= [ 9= I drw)
— (9% )(a)

as desired.

To see that e) is true, first note since f, g, and h are Lebesgue integrable,

that f x g and ¢ x h are Lebesgue integrable by Theorem so (fxg)xh
and f x (g * h) make sense.

Let H : R? — C be defined by
H(z,y,2) = f(z —y — 2)g9(2)h(y)

for all (z,y, 2) € R3. By a similar argument to that used in Lemma
we obtain that H is 3-dimensional Lebesgue measurable. Moreover, by the

3-dimensional Tonelli’s Theorem (Theorem [5.2.2)), we have that

/R3 |H|dA3
- /R/R/R [f (& =y = 2)llg(2)[[1(y)] dA(z) dA(2) dA(y)
= [ [ [15@lls@limw)] axa) axe) axy) by Proposition BT

(fma) (flatar) ()

< Q.

Hence, by the 3-dimensional Fubini’s Theorem (Theorem [5.2.1]), we have
that for each € R the function ¥ : R? — C defined by

U(y,2) = f(z —y—2)g(2)h(y)
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is 2-dimensional Lebesgue integrable. Therefore, by Fubini’s Theorem,

((f x g) x h)(x)

L 9)(@ = y)h(y) dA(y)

(9% )@ = y)h(y) dA(y) by part d)
[([9e= =21 ) ) hiw) drw)

(2)g(z —y — 2)h(y) dA(z) dA(y)

(2)g(z —y — 2)h(y) dA(y) dA(2)

f(2)(g* h)(x = 2) dA(2)

Il
T ————
=
&h

~

=

Il
-
**
—
S =
*

*
Z -
S—
GG

by part d).

Hence the proof of part e) is complete.
To see that f) is true, note for all y € R that the function K(x,z) =

f(x — 2)g(2)e~%* is 2-dimensional Lebesgue measurable by Lemma
Moreover, by Tonelli’s Theorem (Theorem [5.2.2)), we have that

/R2 [K|dXs = //|f x — 2)g(2)e” V| dA(z) d\(2)
[ [ 156 = 2llgal dr@) ax)
N

(f

x)||g(2)] dA\(x) dA(z) by Proposition [3.4.11

|frdA) ([1g1ar) <o

\\

Therefore K is 2-dimensional Lebesgue integrable. Hence we have by Fubini’s

©For use through and only available at pskoufra.info.yorku.ca.



198 APPENDIX D. FOURIER SERIES ON R

Theorem (Theorem [5.2.1) that

(Fro)) = [[(f = 9)@)e " dra)

(/ flx—2)g (z)) e W d\(x)

e~ dX(2) dA(x)

e~ dX\(z) dA(2)

—Zy(z+2) d\(z) dX\(z) by Proposition [3.4.11

\\\
ks = =
EC)
$ $

/-\

e W dA(:::)) d\(z)
( Je "‘yzf dA(2)

I
7—’3\\\\\\

<
=
Q)
/‘\
<
=

as desired. m

To complete our discussion of properties of the convolution, we desire to
show that if g is bounded then f * g is continuous. To do so, we require two
preliminary results.

Lemma D.4.7. Let f: R — C be a Lebesgue integrable function. For all
€ > 0 there exists a continuous function g : R — C and a compact set K
such that g(x) =0 for all x ¢ K and

/\f—g]d/\<e.
R

Proof. Let f: R — C be Lebesgue integrable and let € > 0. For each m € N,
let

Ap ={z eR [ [f(2)] < m}.

Note A,, € M(R) since f is Lebesgue measurable. Moreover, A,, C A,+1
for all m € N and UJ;,_; Ay, = R by construction.

For each m € N, let f,, = fxa,,. Note fp, is Lebesgue measurable for all
m € N since f is Lebesgue measurable. Moreover, f,, is Lebesgue integrable
for all m € N since |fn| < |f| and (fim)m>1 converges pointwise to f on
R since A,, C Apqq for all m € N and U;,_; A = R. Therefore, since
|fm] < |f| for all m € N, and since f is Lebesgue integrable, the proof of the
Dominated Convergence Theorem (Theorem implies that

lim /|f—fm|d)\:0

m—r0o0 R
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(see Remark [3.7.2)). Therefore, there exists an M € N such that

/]f—fM|d>\<e.
R

For each n € N, let
fM,n = fMX[—n,n]'

Note farn is Lebesgue measurable for all n € N since fjr is Lebesgue
measurable. Furthermore f,, ys is Lebesgue integrable for all n € N since
|farn] < [far] for all n € N and fus is Lebesgue integrable. Therefore, since
(fmn)n>1 converges pointwise to fas on R, since |farn| < |fu] for all n € N,
and since fjs is Lebesgue integrable, the proof of the Dominated Convergence
Theorem (Theorem implies that

n—oo

lim / o — farm] dA =0
R

(see Remark [3.7.2). Therefore, there exists an N € N such that

/]R’fM — fM,N’d/\ < €.

Considering fys N as a function on [N, N|, Lusin’s Theorem (Theorem
2.6.1]) implies there exists a continuous function h : [-N, N] — C such that

sup{[h(z)| | € [-N, N]} <sup{[fun(2)] | z € [-N,N]} <M

and, if
B={xc[-N,N|| fun(z)#h(x)},

then A\(B) < Therefore

2]\;—‘:—1'
/’fM,N_hX[fN,N}’CD‘:/ | fyr,N — h|dA
R B

§/ | faun |+ [R[ dA
B

g/ M + M dA
B

<2MX(B) < e.

Finally, choose ¢ such that 0 < < 53777 and define g : R — C by

h(x) if z € [-N, N]

h(N) — 2h(N)(z — N) ifx € (N,N +9)
g(z) =<0 ife>N+9

h—N)+ $h(N)(x+ N) ifze(—N—65—-N)

0 fz<—-N-96
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Then ¢ is a continuous function such that g(x) = 0 for all z ¢ [-N — 6, N +4],
lg(x)| < M for all z € R, and

[ 17 =glax
R
< /R \f = ful + 1 far = faen| + [ fary = hx w4 [hx - n,ng — gl dA

<eretet [ v —gldA

= 3e+ / lg| dA
[= N—6,— NJU[N,N+4]

< 3e+ / M d
[~ N—5,—NJU[N,N+3]

=3+ 20M
€
2M +1

<3e+2( )M<4e.

Therefore, since € > 0 was arbitrary, the proof is complete. ]

Lemma D.4.8. Let f : R — C be a Lebesgue integrable function and for
each y € R, let f, : R — C be the function as defined in Proposition[3.4.11;
that is fy(z) = f(z —y) for all x € R. For all e > 0 there exists a § > 0 such
that if |y| < & then

L7 =sldr<e
R

Proof. Let € > 0 be arbitrary. Since f is Lebesgue integrable, Lemma [D.4.7]
implies there exists a continuous function g : R — C and a compact set K
such that g(z) = 0 for all z ¢ K and

L1 =glar<g.
R 3
Hence

€
— gyl dX < =
L 15— g,ldr<

for all y € R by the translation invariance of the Lebesgue integral.

Since K is compact, K is bounded. Hence there exists an M > 0 such
that K C [-M, M]. Moreover, since g(x) = 0 for all z ¢ K, it is elementary
to verify that g is uniformly continuous on R. Hence there exists a 6 > 0
such that if |y| < ¢ then

€

9(z) = gy(2)] = lg(2) — g(x —y)| < 3@M +1)
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for all z € R. Therefore, if |y| < J then

L1s=tlans [1r =gl +1g =gl +1g, - f,lax
<5+ [ lo@) — gl — y)ld\@) + 5
R

3
= s an 90~ 92 = DI
2
: 36 " /[—M,M1u(y+[—M7M1> m A
< T+ g MM o+ [, ))
< % + m(le) <e
Hence the proof is complete. [ |

Theorem D.4.9. If f : R — C is a Lebesgue integrable function and
g : R — C is a bounded Lebesgue measurable function, then f x g is a
uniformly continuous function.

Proof. To see that f g is continuous, let € > 0. Since g is bounded, there
exists an M > 0 such that |g(z)| < M for all x € R. By Lemma there
exists a 6 > 0 such that if |{| < § then

€
y—1t)|dA —.
11 W) < 7
Therefore, if z,x9 € R are such that |z — z¢| < 4, then

|[(f x g)(x) = (f % g)(o)]

= | [ =) = Flao = o) X
< [ £ =9 = flao = llolo)| dXw)
< [ £ =9 = flao — )M dr(y)
= M/R |f(z+y) — flzo+y)|dA(y) by Propositon
=M [ 1) = (0 — ) + )] dA(w)
R
€
<M=
Therefore, since € > 0 was arbitrary, f * g is uniformly continuous. ]
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D.5 The Gaussian Approximate Identity

With the above convolution, we can proceed like we did in MATH 3001; we
can construct a summability kernel and obtain results about the Fourier
transform and convergence. The summability kernel we will use is drastically
different than the one from MATH 3001 and actually is related to the
following nice function used in statistics.

Definition D.5.1. The function G : R — [0, 00) defined by

12
G(z) = Le*T

for all x € R is called the normalized Gaussian function.

To begin, we note that the normalized Gaussian function has some nice
properties.

Lemma D.5.2. Let G : R — [0, 00) the normalized Gaussian function. Then

a) [gGd\ =1, and

N 2
b) Gly) = e = V21 G(y) for all y € R.
Proof. The fact that

12
/R\/%re_2 d\(z) =1
can either be proved using polar coordinates and results from multivariate
calculus (MATH 2015) or via integrals of holomorphic functions in from
complex analysis (MATH 3410). As such, we leave the proof to those courses.
To see that b) is true, recall that

= 1 2
G(y) = / Tre " dA(x).
W) = [ e T aNw)

Consider the function F : R? — C defined by

1
v 2

YT

z2
Fla,y) = ——e 7 e

for all (z,y) € R?. Since
o for each y € R, we have F(x,y) is Lebesgue integrable in z,

o fir each z € R, we we have F'(x,y) is differentiable in y with %—Z(m, y) =
—izF(z,y), and

22
2

x2 . . .
o since \/%me*? is Lebesgue integrable with ‘%(m,y)‘ < \/%me
for all (z,y) € R?,
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Leibniz’s Integration Rule (Theorem 4.6.1)) implies that G is differentiable
with

jns) 1 12 .
G'(y) = | —ix e” Te Wd\(x)

R V2T
) 2 .

= —ze” ze Y dN\(x
% (z)

\/ﬂ

/ iye T e W 4 ge T e W )\ ()
x

2
)+ / e~ e gA(x)
= —yG(y)
since
0 _«2 _;
Y -5 —iyx
/R&re Te d\(x)
= A}gnoo . %6_7€_Zym d\(z) by the DCT (Theorem [3.7.1])
. Noo e
:A}gnoo _N 92 ¢ d\(x)
—-N?
= lim e_%we_in —e” G2 e~ W(=N)
N—o00
= 0.

Hence (G satisfies the differential equation G'(y) = —yG(y) with the initial
condition
0= [ G@e @) = [ Gar=1.

Thus it follows that G(y) = e_yT for all y € R. n

To obtain our desired summability kernel from the normalized Gaussian
function, we observe the following.

Lemma D.5.3. Let G be normalized Gaussian function. For each € > 0, let
Ge: R — [0,00) be defined by

for all z € R. Then

- 2,2
a) G(y) =e 2 forally € R,

b) foGed =1,
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¢) for all g > 0 and § > 0 there exists an € > 0 such that |G¢(x)| < €y for
all || > 0 and all0 < e <€, and

d) lim,_,+ fR\[—M} Ged\ =0 for all 6 > 0.

. 2
Proof. Note part a) follows from Proposition [D.2.4] since G(y) = e~ for all

y € R by Lemma [D.5.2
To see that b) is true, we note by Proposition [3.4.13| that

/RngAz 1/RG<f> dA(z)

1
= e /]R G () d\(z)
=1.

To see that c) is true, let g > 0 and 6 > 0. Since each G is non-negative,
decreasing on (0,00), and G(z) = G(—x) for all z € R, it suffices to prove
that there exists an € > 0 such that |G¢(d)| < ¢ for all 0 < € < €. Since

1 2

2me

GE(‘S) =

for all € € (0,00), a standard L’Hopital’s rule argument shows

x

e =0
2me 2
S0
1 s
lim G.(§) = lim —e 22 =0.
e—0t e—0t \/27e

Hence the result follows.
To see that d) is true, fix § > 0. To see that

lim GedA =0,
=0 JR\[-6,0]
let ¢g > 0.
For each n € N, let

fn = GX[fn,n}'
Note f, is Lebesgue measurable for all n € N since G is Lebesgue measurable.
Furthermore f,, is Lebesgue integrable for all n € N since |f,| < |G| for all
n € N and G is Lebesgue integrable. Therefore, since (f,),>1 converges
pointwise to G on R, since |f,| < |G| for all n € N, and since G is Lebesgue
integrable, the proof of the Dominated Convergence Theorem (Theorem

3.7.1]) implies that
lim / G~ faldA =0
R

n—oo
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(see Remark [3.7.2)). Therefore, there exists an N € N such that

/ CMA:/Mﬁ—hMA<@.
(—00,—N]JU[N,00) R

NoteforallO<e<%that%>Nse
1 x
0< / Ged\= | -G () XR\[—6,6](Z) dA(7)
R\[—6,0] RE \€

= / G (7) Xr\[-5,6](€2) dA\(7) by Proposition [3.4.13|
R

R
= G (z) dA\(x)
R\[-2,¢]
< / G (x) d\(z) as G >0
R\[—N,N]
< €
Therefore, since € > 0 was arbitrary, the proof is complete. [ |

Consequently, by a very similar proof to one used in MATH 3001, we can
recover functions by the convolution of the function against the functions
from Lemma We begin with the following which says we get close ‘in
the integral’ for any Lebesgue integrable function.

Theorem D.5.4. With G as in Lemma[D.5.3, if f : R — C is Lebesgue
integrable, then

1ma/m—f*cmm:&
R

e—0t

Proof. Let f : R — C be Lebesgue integrable and fix ¢g > 0. Since f is
Lebesgue integrable,

M:/MM<w
R
Moreover Lemma implies there exists a § > 0 such that if |y| < ¢ then
L17=fldr<e
R

where f, : R — C is defined by fy(z) = f(x —y) for all z € R.
By Lemma there exists an ¢ > 0 such that if 0 < € < ¢, then

€0
Gedh < )
/éw—aﬂ M+1
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Hence for all € such that 0 < € < €, we have that

/R\f—f*GEmA

:/ /fl"— y) dA(y )‘ d\(x)

= [ || 1@Gwa /f:c— W) dA(y )‘ irz)
= [|[u@-pne <y>dx<y>\ aA@)
//'f Ge(y) dA(y) dA(z)
//[55] ()] Ge(y) dA(y) dA\(x)

n /R /R o |f(x) = fy(2)] Ge(y) dA(y) dA(2)
= [ 1) = ()| Gely) d\(z) dA(y)
[—5,6] JR

i /R\[—a,a] /]R |f(z) = fy(2)| Ge(y) dA(z) dA(y)
: / oGy ) +/ 2MG.(y) dA(y)
[—4,9] R\ [=6,6]

= eoGe(y) dA\(y) + 2MG(y) dA(y)
R\[—4,0]

0
< 2M < .
€ + <M—i—1) 3e€o

Therefore, since €y was arbitrary, the result follows. [ |

To prove we can recover continuous Lebesgue integrable functions by
convolution against the functions from Lemma we first restrict our
attention to bounded functions.

Lemma D.5.5. With G, as in Lemma if f : R — C is Lebesque
integrable, bounded, and continuous at a point g € R, then

lim (f % G¢)(xo) = f(zo).

e—0t

Moreover, if f is uniformly continuous, then (f * G¢)eso converges to f
uniformly on R.

Proof. Since f is bounded, there exists a K > 0 such that
[f(@) < K

for all z € R.
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First assume f is continuous at zg. To see that

lim (f * Ge)(zo) = f(20),

e—0t

let g > 0 be arbitrary. Since f is continuous at xg, there exists a § > 0 such
that if y € [—0, +d], then

f(0) = flao )| < 5.

By Lemma there exists an € > 0 such that if 0 < € < €/, then

€0
GedX < .
/R\[—(s,a} 4K +1

Hence for all € such that 0 < € < €, we have that

|(f * Ge)(xo) — f(zo)]

- /R F(wo — y)Gely) dA(y) — F(xo)

= | [ w0 - p)Getw) irw) ~ 7o) [ Gety) dx<y>\
R R

= | [0~ 9)  Flan)) Gty arw)

< [ 1£(z0 — ) — F(20)|Cely) dA(w)

R

_ /[_ ]|f(x0 —y) — f(20)|Ge(y) dA(y)

)

I — 9 - fa@)lGely) dA)
R\[—4,0]

€
<[ SGwmadm+ [ 2KG)dAy)
[_676] R\[_évtﬂ

IN

€0
5 /R G Xy) +2K [ Guly)dAw)

€0 €0
D Loi .
5 T <4K+1) < €0

Therefore, since €y was arbitrary, the proof of the first part of the theorem is
complete.

To see the second part of the proof, we simply note that one can choose
0 to work simultaneously for all g € R and thus the proof is complete. m

IN

Theorem D.5.6. With G as in Lemma[D.5.3, if f : R — C 1is Lebesgue
integrable and continuous at a point rg € R, then

lim (f * Ge)(zo) = f(wo).

e—0t
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Proof. Let f : R — C be Lebesgue integrable and continuous at a point
xo € R. To see the desired limit, let ¢g > 0. For each m € N, let

A ={z e R [ [f(2)] < m}.

Note A,, € M(R) since f is Lebesgue measurable. Moreover, A,, C A, 11
for all m € N and U;,_; Ay, = R by construction.

For each m € N, let f,, = fxa,,. Note fp, is Lebesgue measurable for all
m € N since f is Lebesgue measurable. Moreover, f,, is Lebesgue integrable
for all m € N since |fp| < |f| and (fm)m>1 converges pointwise to f on
R since A, € Apgq for all m € N and U;,_; Ay, = R. Therefore, since
| fm| < |f| for all m € N, and since f is Lebesgue integrable, the proof of the
Dominated Convergence Theorem (Theorem implies that

lim /R]f—fm]d/\:o

m— 00

(see Remark [3.7.2]). Therefore, there exists an M € N such that |f(zo)] < M
and

[17 = fuldr < o
R

Since f is continuous at zp and since fys(x) = max{f(z), M} for all
x € R, we see that fys is continuous at zg. Moreover, since |f(zo)| < M, we
obtain that zo € Ay so far(zg) = f(xo). Therefore, since far(zo) = f(x0)
and since fj; and f are continuous at zg, there exists a § > 0 such that if
ly| < 6 then

|f(xo —y) — fm(zo — y)| < eo.

By Lemma there exists a €; > 0 such that |G¢(x)| < € for all
|z| > 0 and 0 < € < €. Moreover, Lemma implies that

lim (far * Ge)(xo) = fu(xo) = f(xo)

e—0t

so there exists an €5 > 0 such that if 0 < € < €9 then

|(fa * Ge) (o) — f(o)] < €o.
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Finally, notice for all 0 < € < min{ej, e2} that

(= Ge)ao) = (far * Ge)ao
= |[ @ - v)c. /foo— G.ly) dAw)
=| [ G- fM(wo—y))Ge(y)dA(y)‘
< [ 140 =) = farlao ~ IGely) A)
= [, ¥ @0 =) = farzn = )IGly) dX)
+ [ 1f(@0—y) = fueo — IGely) Aw)
R\[—4,0]
< |, oG Aw)
+ 5 [f(xo = y) = fau (o — y)leo dA(y)

R\[-
/eM?(ﬁM +/ﬁfxmf)—fM@0fwkmM@)

<@+/u y)leo dA(y)
<€+ 60-
Therefore, since ¢y was arbitrary, the result follows. ]

D.6 Inversion of the Fourier Transform

Using the Gaussian approximate identity, we can demonstrate that continuous
Lebesgue integrable functions can be recovered from their Fourier transforms.
To begin, we require the following lemma.

Lemma D.6.1. Let f,g: R — C be Lebesgue integrable. Then fg and fg
are Lebesgue integrable and

4ﬁwzéﬁﬁ

Proof. Recall f is continuous and bounded by Theorem Thus ]? g is
Lebesgue measurable and there exists an M > 0 such that |f(y)| < M for
all y € R. Therefore, since g is Lebesgue integrable,

/ﬂ%MAS/ﬂﬂmﬁ<wﬂ
R R

Hence fg is Lebesgue integrable. Similarly, g is Lebesgue integrable.
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To see the second claim, note if h : R? — C is defined by h(z,y) =
g(z)f(y), then h is 2-dimensional Lebesgue measurable. Moreover, by
Tonelli’s Theorem (Theorem [5.2.2)

L= [ [l@Irwlae ao
(/!g )| dA(x )(/|f )| dA(y )

Thus h is 2-dimensional Lebesgue integrable. Therefore, by Fubini’s Theorem

(Theorem [5.2.1]), we have that

[ F@@axe = [ ([ e anw ) g driz)
= | [ 1wa@e " axw dr@)
_ /R / FW)g(@)e ™ dA(z) dA(y)
= [ 1) ([ sy @) arw)
= [ 13w W)

as desired. n

Theorem D.6.2. If f: R — C is continuous and Lebesgue integrable, and
f is Lebesgue integrable, then

1) = 5= [ Fwer ir)
for all z € R.

Proof. Fix zp € R. For all € > 0, let G¢ be as in Lemma [D.5.3] Hence
Theorem implies that

f(zo) = lim (f * G¢) (o).

e—0+
For all € > 0 define h. : R — C by

he(x) = \/12?6”0966?(6.%)

for all x € R where G is the normalized Gaussian function. Therefore h is
Lebesgue integrable. Moreover, by Proposition [D.2.4] and Lemma we
have that

hely) = \/2176@ <y —€x0> = %G <$0;y> = Ge(xo —y).
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Therefore

(f x Ge)(xo) = (Ge * f)(20)

= [ he(y)f(y) dA(y) by Lemma [D.6.1}

Thus ~
f(xo) = lim | he(y)f(y)dA(y).

e—01T JR
Notice for all y € R that

e—0+ 2 27

1. 1,
lim he(y) = Fewoye(o) = im0y,

Moreover

he) )| < |Fw)]

for all y € R. Therefore, since f is Lebesgue integrable, we have by the
Dominated Convergence Theorem (Theorem [3.7.1]) (see the proof of Leib-
niz’s Rule (Theorem for how the Dominated Convergence Theorem
generalizes from sequences to a continuum) that

~

Flzo) = lim | he(y)f(y) dA(y)
/ — e (y) dA)
— o [ Fwer axy)

as desired. ]

Using Theorem we obtain one more useful fact relating the Fourier
transform and the original function.

Corollary D.6.3 (Parseval’s Theorem). If f : R — C is continuous and
Lebesgue integrable, and f is Lebesgue integrable, then

o [P ar= [ (7P ax

Proof. Let h : R2 — C be defined by h(z,y) = f(z)f(y)e"®¥*. Thus h
is 2-dimensional Lebesgue measurable. Moreover, by Tonelli’s Theorem

(Theorem
/RQ|h\d>\2=//‘m,}?( e~ d\(z) d\(y)

- (1o (| 1wl 1) <
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Thus h is 2-dimensional Lebesgue integrable. Therefore, by Fubini’s Theorem

(Theorem [5.2.1]), we have that
o [FwRaxw =5 [ ([ r@e = ax@) Fu axw)
1 TN~y
= o | [ H@F e dr@) dxw)
1 — ,
= o= [ [ T@Fwe dra) drw)
1 — .
= o= [ [ T@Fwe dry) axw)
~ [7@ (5 [ Fwenaxy)) dxw)
— | F@)f@) @)
R

- [ 1@ d\@)

as desired. m
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o-algebra, [0]

o-algebra, generated by a set, [7]
2-dimensional Lebesgue measurable sets, |[114
2-dimensional Lebesgue measure,
2-dimensional Lebesgue outer measure,

absolutely continuous, functions,
almost everywhere, [45]
Axiom of Choice, [154]

Borel o-algebra, [§|

Borel sets,

bounded above, general,
bounded variation, [06]

Cantor set,

Cantor ternary function, [33]
Cantor’s Theorem, Cardinality,
Cantor-Schréoder—Bernstein Theorem, [156

cardinality,
cardinality, less than or equal to, [I53]

chain, [T6]]

characteristic function, [32]
common refinement, 133
complete, measure space,
convolution, [190

countable, [I5§]

countably infinite, [I58

derivative, 07]
differentiable function,
Dominated Convergence Theorem,

equinumerous, [I53]
equivalence class, [[5]]
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equivalence relation, [151

Fatou’s Lemma,

Fourier transform, [184]

Fubini’s Theorem, [119

function, negative part, [44]

function, positive part, [44]

Fundamental Theorem of Calculus, I,
Fundamental Theorem of Calculus, II, [I09]

Gaussian function, 202]

Hausdorff dimension, [179
Hausdorff measure,
Hausdorff outer measure,

imaginary part, complex function, [181
indicator function, [32]

inner regular,

integrable function, [70]

Jordan Decomposition Theorem, functions of bounded variation, [07]

Lebesgue Differentiation Theorem,
Lebesgue integrable, [70]

Lebesgue integrable function, [70]

Lebesgue integrable, complex function, [182
Lebesgue integral, [70]

Lebesgue integral, complex,

Lebesgue integral, non-negative function,
Lebesgue integral, simple function,
Lebesgue measurable function, [39]

Lebesgue measurable rectangles,
Lebesgue measurable sets, [2]]

Lebesgue measurable sets, 2-dimensional,
Lebesgue measurable, complex function, [I8]]
Lebesgue measurable, extended real-value function, [44]
Lebesgue measure,

Lebesgue measure, 2-dimensional,
Lebesgue outer measure,

Lebesgue outer measure, 2-dimensional,
Leibniz Integral Rule,

Lusin’s Theorem, [52]

Lusin’s Theorem, Lebesgue measure on R,

maximal element,

©For use through and only available at pskoufra.info.yorku.ca.



INDEX

measurable function,

measurable rectangles, Lebesgue, [113

measurable sets, [0]
measurable space, [0]
measure, [

measure space, [9]
measure, counting, [IT]
measure, outer, [I7]
measure, point-mass, [T]]
measure, probability, [I0]
metric outer measure, [I7]]

Monotone Convergence Theorem, integrals,
Monotone Convergence Theorem, measures, [L1]

normalized Gaussian function, [202

outer measurable,
outer regular, [20]

Parseval’s Theorem, [211

partial ordering,
partially ordered set, [I6]]
partition, [I29]

poset, [I61]

positive separation, [I7]]

probability,
probability space,

real part, complex function, [181
refinement,

relation, [I5]]
Riemann integrable,

Riemann sum,

Riemann sum, lower, [129]
Riemann sum, upper, (130
Riemann-Lebesgue Lemma, [188

set, finite, [L55
set, infinite, [155
simple function, [47]

simple function, canonical representation,

step function, [47]

Tietze’s Extension Theorem - R,

Tonelli’s Theorem, [119
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total ordering, [152
total variation, [07]
two-dimensional Lebesgue outer measure,

uncountable,
uniform partition, [I3§]
upper bound, arbitrary, [162

Vitali covering,
Vitali Covering Lemma, [8§]

9y
Zorn’s Lemma, [163]
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