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Preface:

If you come across any typos, errors, omissions, or unclear explanations in
these lecture notes for MATH 6280 (Graduate Measure Theory), please feel
free to contact me so that these notes may continually be improved.
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Chapter 1

Measure Spaces

As per its title, this course is dedicated to the study of the theory of measures.
So what sort of course would this be if we did not define the main object of
study in the first chapter? After defining the notion of a measure, we will
examine several examples and properties of measures that immediately follow
from definitions. We will then turn to constructing measures from various
notions of length and extending measure-like functions to actual measures.
This will lead us to looking at measures with important analytical properties
including the Lebesgue-Stieltjes measures and metric outer measures. By
using metric outer measures, we will obtain the notion of Hausdorff dimension
for subsets of metric spaces.

1.1 Measure Spaces

Before we can define the notion of a measure, we must describe collections
of sets which are valid for the domain of a measure. One may think of these
collections as all sets which have a valid length (or measure) or as all events
which have a well-defined probability. After all, it is not always true that we
can assign every event in the universe a probability at once.

Definition 1.1.1. Let X be a non-empty set. A o-algebra on X is a subset
A CP(X) (the power set of X) such that

1. ) € Aand X € A (that is, we can measure the empty event and the
full event),

2. if A € Athen A° = X\ A € A (that is, we can measure the complement
of an event), and

3. if {4,}22, C A, then ;2 A, € A (that is, we can measure the union
of a countable collection of events).

The pair (X, .A) is called a measurable space and the elements of A are called
measurable sets.



2 CHAPTER 1. MEASURE SPACES

Remark 1.1.2. One may ask why we only ask for countable unions of
measurable sets to be measurable. One answer for this comes with the
definition of a measure in that we want to have additivity over disjoint
unions and adding over an uncountable set only works if only a countable
number of elements are non-zero. Another reason is that restricting to
countable collections is quite powerful as we will see in this course.

Remark 1.1.3. One may also ask why we have not required that the
intersection of a countable collection of measurable sets is measurable. The
reason for this is that countable intersections come for free. Indeed if (X, .4)
is a measurable space and {A,}5°; C A then

) 4n = (U Ag) cA
n=1 n=1

as complements and countable unions of elements of A are elements of A.
Furthermore, by using () in unions and X is intersections, clearly a finite
union or intersection of elements of A is an element of A.

Of course, there are some trivial examples of measurable spaces.

Example 1.1.4. Let X be a non-empty set. Then (X, P(X)) is a measurable
space and (X, {0, X'}) is a measurable space.

Of course there are some more complicated examples of measurable
spaces.

Example 1.1.5. Let X be a non-empty set and let
A={AC X | Aiscountable or A is countable}.

Then (X, A) is a measurable space.

Moreover, if one has a collection of o-algebras on a set X, there are ways
of constructing new o-algebras. In particular, it is elementary to verify the
following using set properties and Definition [T.1.1]

Lemma 1.1.6. Let X be a non-empty set and let {A, | o € I} be a
collection of o-algebras of X. Then

N4,
acl

is a o-algebra of X.

Remark 1.1.7. Using Lemma we can construct the smallest o-algebra
containing a collection of subsets. Indeed let X be a non-empty set and let
A C P(X). Define

I ={A | Ais a o-algerba of X such that A C A}.

©For use through and only available at pskoufra.info.yorku.ca.



1.1. MEASURE SPACES 3

Clearly P(X) € I so I is non-empty. Hence Lemma implies that
=N A
Ael

is a o-algebra. Since clearly A C o(A) by construction, o(A) is the smallest o-
algebra of X that contains A. As such, o(A) is called the o-algebra generated
by A.

Definition 1.1.8. Let (X, d) be a metric space. The o-algebra generated by
the open subsets of X is called the Borel o-algebra and is denoted B(X). In
particular, B(X) is also the o-algebra generated by the closed subsets of X
since open and closed sets are complements of each other and as o-algebras
are closed under complements. Elements of B(X) are called Borel sets.

Remark 1.1.9. In terms of the Borel subsets of R, the sets

{(a,b) | a,b € R,a < b}
{(a,b] | a,b e R,a < b}
{la,b) | a,b e R,a < b}

{la,b] | a,b € R,a < b}

{(=00,b) | beR}

{(—o0,0] | bR}

{(a. oo) | aeR}

{la,0) | a € R}

all can be shown to generate B(R) via unions, intersections, and complements
(show that B(R) contains each of these sets and any o-algebra containing
one of these sets contains all open intervals and thus all open sets by the fact
that every open set is a countable union of open intervals; see Proposition
[C.2.11)). We note it is possible to show that [B(R)| = |R| < |P(R)| (that is,
the cardinality of the Borel subsets of R is strictly less than the cardinality

of the power set of R so not every subset of R is Borel). Said proof requires
the use of transfinite induction.

With o-algebras, we may now define the central object of study in this
course.

Definition 1.1.10. Let (X, .A) be a measurable space. A (countably additive,
positive) measure on (X,.A) is a function p : A — [0, 00 such that

e p1(0) =0, and

o (countable additivity on disjoint subsets) if {A,}52; C A are pairwise
disjoint (i.e. Ap N Ay =0 if n # m), then

1% (Ej An> = iN(An)

©For use through and only available at pskoufra.info.yorku.ca.



4 CHAPTER 1. MEASURE SPACES

(where the sum is infinite if one of the elements is oo or if the sum
diverges).

The triple (X, A4, ) is called a measure space and given an element A € A,
u(A) is called the p-measure of A.

Remark 1.1.11. Notice if (X, .4, 1) is a measure space and Ay, ..., A, are
pairwise disjoint subsets of A, then

I (CJ Ak) = Zn:ﬂ(Ak)
k=1 k=1

by countable additivity with A; = () for all & > n.

Before we get too deep into the study of properties of measures, let’s
examine some common measures which are easy to define.

Example 1.1.12. Let X be a non-empty set and let x € X. The point-mass
measure at z is the measure d, on (X, P(X)) defined by

50(A) = 1 ifzeA
Vo ifzg A

It is elementary to verify that &, is a measure.

Example 1.1.13. Let X be a non-empty set. The counting measure on X

is the measure p on (X, P(X)) defined by
|A| if A is finite
oo otherwise

wA) = {

It is elementary to verify that p is a measure.

Example 1.1.14. A function p : P(N) — [0, 00] is a measure on (N, P(N))
if and only if there exists a sequence (ay)n>1 of elements of [0, co] such that

u(A) = Z On

neA

for all A C N. To see this, note that it is elementary to verify that if u has
the described form, then p is a measure.

Conversely, suppose p is a measure on (N, P(N)). Since for each n € N
the set {n} is measurable, for each n € N we may define

an = p({n}) €0, 00].

We claim that

n(A) = Z an

neA

©For use through and only available at pskoufra.info.yorku.ca.



1.1. MEASURE SPACES 5

for all A C N. To see this, let A C N be arbitrary. Then, since A is countable

and
A= J{n},

neA

we obtain by the properties of a measure that

u(A) = ( U {n}> =3 ul{n) =Y an

neA neA neA

as desired.

Note the measures in Example [[.T.14] can be constructed using Example
1.1.12/and the following technique (which will be of use to us later).

Example 1.1.15. Let (X, A, i) be a measure space, let {A;}72, C A, and
let {ar}72, € [0, 00]. Define v : A — [0, 00] by

v(A) = i app(Ar N A)
k=1

for all A € A where the sum equates to oo if the sum diverges or one of the

terms is oo, and
{o if a =0
a X 00 =

0o ifa>0"

Then v is a measure on (X,.A). To see this, we clearly note that v()) = 0.
Furthermore, if { B, }55_; C A are pairwise disjoint, then {A; N B,,}7°_, are
pairwise disjoint for all £ and thus, since u is a measure,

(G )= B (0 (G 2))
= i agp ( fj (AN Bm)>

k=1 m=1
o0 o0

= Z Z agi (Ag N By,)
k=1m=1

[e.e] [e.e]
= Z Z agp (A N By,)  as all terms are non-negative

Hence v is a measure as desired.

Although we can define many more measures, we turn our attention
to properties of measures immediately implied by Definition [I.1.10] and set
manipulations. We begin with the following.

©For use through and only available at pskoufra.info.yorku.ca.



6 CHAPTER 1. MEASURE SPACES

Remark 1.1.16. Let (X, A, 1) be a measure space and let E, F' € A. Assume
E CF. Since F\ E=FnNE°e Aand since F'\ FE is disjoint from E, we
obtain by finite additivity on disjoint subsets that

W(F) = p(BU(F\ E)) = u(E) + u(F \ E) > p(E) + 0 = u(E).

In particular, if A is ordered by inclusion, then y is monotone with respect
to this inclusion. Consequently, if u(F) < oo then u(E) < oco. Moreover,
notice if u(F) < oo the above computation implies that we may subtract
w(E) from both sides in order to obtain that u(F \ F) = u(F) — u(E).

Remark 1.1.17. Let (X, A, 1) be a measure space and let A, B € A. Assume
w(ANB) < oo. Since A € Aand B\ (BN A) € A are disjoint, we obtain
finite additivity on disjoint subsets and Remark [I.1.16] that

(AU B) = pu(AU (B\ (BN A)) = pu(A) + u(B\ (BN A))
= pu(A) + (B) — p(AN B)

The above formula is probably very familiar in the context of probability. In
fact, the basic objects in probability theory can be modelled as follows.

Of course if a measure is going to represent the probability of an event
occurring, we must dictate the probability of all possible events is one. As
such, when discussing probability, we use the following terminology.

Definition 1.1.18. Let (X, A, 1) be a measure space. It is said that (X, A, )
is a probability space and p is a probability measure if p(X) = 1. In this case,
X is called the sample space, elements of A are called events, and, given
A € A, u(A) denotes the probability that the event A occurs.

Remark 1.1.19. It is not difficult to see that a probability space is the
correct notion in order to study probability theory. Indeed the probability
of the entire space is one and whenever A and B are disjoint sets, which
is the notion of independent events, then the probability of A U B is the
sum of the probability of A and the probability of B. Furthermore, Remark
[I.1:17)is precisely the formula for the probability of AU B when A and B
are not disjoint; that is, the formula for the probability of the union of two
not necessarily independent events.

Of course, when studying probability, one may only have finite additivity
instead of countable additivity. As will be seen in Section [I.3] it is not
difficult to extend finitely additive measures to countably additive measures,
which is far more desirable in our analytic realm.

Of course requiring the measure of the entire space to be one is a specific
property of a measure we may wish to study. The following generalizations
of probability measures are vital for this course.

©For use through and only available at pskoufra.info.yorku.ca.



1.1. MEASURE SPACES 7

Definition 1.1.20. A measure p on a measurable space (X, .A) is said to be
o finiteif (X)) < oo (and thus u(A) < oo for all A € A by monotonicity).

o o-finite if there exists a collection { A, }5°; C Asuchthat X = ;2 ; A,
and p(A,) < oo for all n € N.

In most cases, if one can prove a property for any finite measure, one can
extend the result to all o-finite measures using analytical techniques. This
is often done using the following additional partition decompositions of a
o-finite measure space.

Remark 1.1.21. Assume p is a o-finite measure on (X,.4). Thus there
exists a collection {A4,}52; C A such that X = J;~; A, and u(A,) < oo for
all n € N. Let By = C7; = A; and for each n > 2 let

n

n—1
Bn:An\<UBk> and  Cp= ] A

k=1 k=1

Then {B,,}52 ; are pairwise disjoint elements of A are such that X = (J>° | B,
and p(By) < pu(A4,) < oo for all n € N. Similarly {C},}52; are elements of
A are such that X = J;2; Cy, Cp, C Cpyq for all n € N, and p(Cy,) < oo
for all n € N. The reason p(Cy,) < oo can be seen via the following result as

> k=1 H(Ag) < oo.

Proposition 1.1.22 (Subadditivity of Measures). Let (X, A, u) be a
measure space and let {Ap}>>, C A. Then

n=1 n=1

Proof. Let E1 = Ay. For each n € N with n > 2 let
n—1
E,=A,\ <U Ak).
k=1
Since {A4,,}>2; C A, by the properties of o-algebra we have that E,, € A for

all n € N. Furthermore, it is clear that E, N E,, = 0 if n # m, E, C A, for
alln € N, and

o o0
U 4. = U En
n=1 n=1
Hence by the definition and monotonicity of measures (Remark[1.1.16)), we

©For use through and only available at pskoufra.info.yorku.ca.



8 CHAPTER 1. MEASURE SPACES

obtain that

“(G)

I
=

3

18
=

N———

o0
= Z w(Ey,) {En}72, pairwise disjoint
n=1
o0
< Z w(Ay) monotonicity of measures
n=1
as desired. [

As seen above, being able to replace our measurable sets with disjoint
measurable is a very useful technique. In particular, the same idea is helpful
in proving the following.

Theorem 1.1.23 (Monotone Convergence Theorem, Measures). Let
(X, A, 1) be a measure space and let {A,}52, C A.

a) If A, € Apqq for alln € N, then p(Up2q An) = limy o0 u(Ap).
b) If Apr1 € A, for all m € N and p(A41) < oo, then p(Noz; An) =

Proof. To see a) is true, let Ag = () for notational simplicity. If for each
n € N we define
Bn = An \ An—b

then {B,}52 is a collection of pairwise disjoint elements of A such that
Ur=1 Br = Ur=; A and U;;—; Br = A, for all n € N. Hence

n=1 n=1
= u(By) {By}3%2, pairwise disjoint
k=1

n
= lim kz_:l w(By) definition of series

n
= lim p (U Bk> {Bj}7=; pairwise disjoint

n—00
k=1

= lim U(An)

n—o0

as desired.
To see b) is true, notice if By, = A1 \ 4, for all n € N, then {B,,}>2, is a
collection of elements of A with B,, C B,,y1 for all n € N. Hence, as

©For use through and only available at pskoufra.info.yorku.ca.



1.2. THE CARATHEODORY METHOD 9

we obtain by part a) that

1 <A1 \ (ﬂ An)) = lim pu(By) = lim p(A;\ An).
n=1

Since (A1) < 0o, Remark [1.1.16|implies that p(A; \ E) = p(A1) — u(E) for
all £ € A with £ C A;. Hence

1 (A — (flen> = (Al\ (flen»

= lim pu(4;\ 4,)

n—oo
= lim p(A1) — p(An)
= (A1) — lim_ pu(Ap).

Hence, by subtracting u(A;) < oo from both sides, the result follows. n

Remark 1.1.24. Note that part b) of the Monotone Convergence Theorem
(Theorem fails if the condition p(A;) < oo is removed. Indeed if p
is the counting measure on N and A,, = N\ {1,2,...,n} for all n € N, then
Apt1 C A, forall n € N, p(A,) = oo for all n € N, yet N7 Ay, = 0 so

1.2 The Carathéodory Method

Based on the above notions, it is very natural to ask whether there exists a
measure A on (R, P(R)) that emulates the length of a set. In particular, we
desire such a measure to have some very natural properties, such as:

1. if T is an interval, then \(I) is the length of I.

2. if Ae P(R),z e R,and 2+ A = {z+a | a € A}, then AM(z+A) = A(A);

that is, A is translation invariant.

However it turns out that no such measure exists! This can be seen via the
following example.

Example 1.2.1. Suppose for the sake of a contradiction that A is a measure
on (R,P(R)) with the above two properties. Define a relation ~ on R by
x ~ y if and only if x —y € Q. It is not difficult to verify that ~ is an
equivalence relation on R.

We claim that every element of R is ~-equivalent to some element in
[0,1). Indeed if z € R, then z is the sum of its integer part |z| and its
fractional part {z}. Since z — {z} = |z] € Q, we obtain that = ~ {z}.
Therefore, since {x} € [0,1), = is ~-equivalent to some element in [0, 1).

©For use through and only available at pskoufra.info.yorku.ca.



10 CHAPTER 1. MEASURE SPACES

Consequently every equivalence class under ~ has an element in [0,1). Let
A C[0,1) be a set that contains precisely one element from each equivalence
class of ~. Note the existence of A follows from the Axiom of Choice.

Since Q is countable, we may enumerate QN [0, 1) as
QnNJ0,1)={ry, | n €N}
For each n € N, let
A, ={z€0,1) |zerm+Aoraz+1ecr,+ A}

(that is, Ay, is r,, + A modulo 1).

We claim that {A,,}°°; are disjoint with union [0,1). To see this, note if
x € [0,1) then there exists a unique y € A C [0, 1) such that x ~ y. Thus
r—yeQn(-1,1). Ifx—y € QN[0,1) then z —y = r, for some n and thus
r=1rp+y € A, Otherwise if z —y € QN (—1,0) then (x +1) —y € (0,1).
Thus (z + 1) —y = ry, for some n and thus z =r, +y — 1 € A,. Hence

0.1)= [ 4.
n=1

To see that {A,}5°; are pairwise disjoint, suppose z € A, N Ay, for some
n,m € N. By definition, there exists y,z € A and k,l € {0,1} such that
x+k =r,+yand x+{ = r,,+2. Thereforey—2z = rp,—rn+k—1 € Qsoy ~ z.
Hence y = z as A contains exactly on element from each equivalence class of
~. Thus 0 =ry, — 7 +k—1. Since k —1 € {-1,0,1} and r,, — rp, € (—1,1),
0 =17y —1n+ k—1 can only occur when r,, = r,,, in which case n = m. Thus
{A,}5°, is a collection of pairwise disjoint sets whose union is [0,1).

For each n € N, let

Bpi=(rn+A)N[0,1)
Bpo=—-1+4((rp,+A)N[L,2)).

Clearly A,, = By 1 U By, 2 since r, + A C [0,2) for all n.

We claim that B, N B2 = (. To see this, suppose for the sake of a
contradiction that b € B, 1 N By, 2. By definition there exists z,y € A such
that r, +z € [0,1), r, +y € [1,2),and b=r, + © = —1 41, +y. Clearly we
have x —y = —1 € Q so x # y and = ~ y. Therefore, as A contains exactly

one element from each equivalence class, we have obtained a contradiction.
Hence B, 1 N By 2 = 0.

©For use through and only available at pskoufra.info.yorku.ca.



1.2. THE CARATHEODORY METHOD 11

To obtain our contradiction, note that

= Z AAR) since {A, }o2 are disjoint

since B, 1 and B, 2 are disjoint

I
hE
>

o
E

+
>

o
3

= > A +A)N0,1) + A(((rn + A) N [1,2))

I
WE
>
=
+
=

since r, + A C [0, 2)

This yields our contradiction since A(A) € [0, 00] yet no number in [0, o0
when summed an infinite number of times produces 1. Thus we have obtained
a contradiction to the existence of such a A defined on (R, P(R)).

The above example illustrates that P(R) is too large; that is, there are
too many sets in P(R) to define such a measure in a consistent way. The set
A in Example is one of these sets.

To solve this problem, our answer is to reduce the number of sets we
consider measurable. Of course, if we would like to do analysis, we need
the open sets to be measurable and thus we require all Borel sets to be
measurable. However, the problem still remains, “How do we construct our
measure and determine which sets are measurable?”

To answer this problem, we will invoke a technique called Carathéodory’s
Method. The idea of this method is, given a set X, to define a function on
the power set of X that is almost a measure, but has weaker properties. We
will then define sets that behave ‘nicely’ and show these nice sets form a
o-algebra. Finally, we will demonstrate that restricting the function to these
nice sets does indeed produce a measure space that hopefully contains some
nice measurable sets.

To begin, we define the ‘function’ that behaves almost like a measure.

©For use through and only available at pskoufra.info.yorku.ca.



12 CHAPTER 1. MEASURE SPACES

Definition 1.2.2. Let X be a non-empty set. A function p* : P(X) — [0, 0o]
is said to be an outer measure if

(1) p*(0) =0,

(2) (monotonicity) p*(A) < p*(B) whenever A, B € P(X) are such that
A C B, and

(3) (countable subadditivity) if {A,}02; € P(X), then p* (Usl; 4p) <
et W (An).

Notice that every measure is an outer measure by the results of Section|[1.1
whereas an outer measure need not be a measure as it is not necessary that
equality occur in the third property of Definition when the collection
{A,}5°, are pairwise disjoint. Of course, it is a priori possible that every
outer measure is automatically a measure. For an example to show this
is not the case, we will need to construct some outer measures. The most
natural way to do so is the following which attempts to assign certain sets a
specific value.

Definition 1.2.3. Let X be a non-empty set, let 7 C P(X) be a family
of subsets of X such that ), X € F, and let £ : F — [0, 00] be any function

such that ¢(0) = 0. The outer measure associated to £ is the function
pp : P(X) — [0, 00] defined by

i (A) = in { S 4(Ay)
n=1

{4,}72, C F such that A C U An}

n=1
for all A C X (where inf{oo} = 00).

Of course, we should prove that the outer measure associated to ¢ is
actually an outer measure!

Proposition 1.2.4. Let X be a non-empty set, let F C P(X) be a family
of subsets of X such that 0, X € F, and let £ : F — [0,00] be any function
such that () = 0. The outer measure associated to ¢ is an outer measure
py such that pj;(A) < L(A) for all AC X.

Furthermore, if v* : P(X) — [0,00] is an outer measure such that
v*(A) <L(A) for all AC X, then v*(A) < p;(A) for all A€ F. Hence

is the largest outer measure bounded above by £.

Proof. First notice that since X € F that the set whose infimum defines
1y (A) is non-empty for all A C X. This fact will be used throughout the
proof.

Clearly pj : P(X) — [0, 00]. Furthermore, since § € F and £(0) = 0, we
clearly see that p}(0)) = 0 as {0}72; is a cover of (). Moreover, if A C B C X,
it is easy to see that uj(A) < pj(B) since the infimum in the definition
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1.2. THE CARATHEODORY METHOD 13

of pj;(A) is taken over a larger collection of sets than the infimum in the
definition of uj(B).

To verify the final property from Definition for py, let {Ap}2, C
P(X) and let A = Uy~ An. Fix € > 0. By the definition of pj, for each
n € N there exists a collection {4, | k € N} C F such that A, C U2, An i

and
o0

Z nk </L A)+27

Clearly {An 1 | n,k € N} is a countable subset of F is such that

U Ans

n,k=1

Hence by the definition of uj

A) < iE(Ank i +——6+ZW

n,k=1

Therefore, since € > 0 was arbitrary, we obtain that

<D (A
n=1

Hence pj is an outer measure.

To complete the proof, assume v* : P(X) — [0, 00] is an outer measure
such that v*(A4) < ¢(A) for all A C X. Notice for each A C X and each
collection {A,}22; C F such that A C (J;2; A, that

v (U An> <Y v (4) < Y UA)
n=1 n=1 n=1

by the properties of an outer measure and the assumptions on v*. Therefore,
since pj(A) is the infimum of Y72 | £(A,) over all collections {A,}72,; C F
such that A C |52 Ay, we easily see that v*(A) < pu*(A) for all A C X as
desired. -

The outer measure one uses on R to define length is the following.

Definition 1.2.5. Given an interval I C R, let ¢(I) denote the length of
I (where the length of an infinite interval is assigned oo and the length
of the empty set is 0). The Lebesgue outer measure, denoted \*, is the
outer measure associated to £ restricted to the open intervals. In particular

A*: P(R) — [0, 00] is defined by

mf{Z£

such that ACU

{In o0, are open 1ntervals}

for all A C R.
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14 CHAPTER 1. MEASURE SPACES

Clearly we can extend the Lebesgue outer measure on R to measures on
R™ to measure areas and volumes.

Definition 1.2.6. Let n € N, let
F = {(al,bl) X - X (an,bn) CR" | ag, b, € RU {j:oo},ak < bk},

and define ¢ : F — [0, 00] by
E((al,bl) X oo X (an,bn)) = H bk —
k=1

(where the product is zero if by = aj for some k, and otherwise if by = oo
or ap = —oo for some k then the product is infinite). The n-dimensional
Lebesgue outer measure, denoted A}, is the outer measure on R™ associated
to /.

With the above notion of outer measures, we desire to construct measures
from outer measures. To do so, we need to define a o-algebra of sets for
which the restriction of our outer measure produces a measure. These sets
are described as follows.

Definition 1.2.7. Let X be a non-empty set and let p* : P(X) — [0, 0]
be an outer measure on X. A subset A C X is said to be p*-measurable or
outer measurable if for every B € P(X)

p(B) = p*(BNA) + p* (BN AY).

Remark 1.2.8. The reason we are interested in outer measurable sets is
that if A C X has the property that

W (B) # p*(BAA) + ' (B A°)

for some B € P(X), it is likely we don’t want to consider A to be measurable
as it causes u* to fail to be additive on specific disjoint sets if B was also
measurable.

Remark 1.2.9. Notice by the properties of an outer measure that if A, B €
P(X) then
p(B) < (BNA)+p (BN AY).

Thus to show that A is outer measurable, it suffices to show that
pi(B) = p(BNA)+p (BN AY)

for all B € P(X). Furthermore, clearly it suffices to restrict our attention to
B such that p*(B) < oc.
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1.2. THE CARATHEODORY METHOD 15

The Carathéodory Method of constructing a measure is as follows: con-
struct an outer measure p*, and apply the following to get a o-algebra A
such that p*|4 is a measure.

Theorem 1.2.10. Let X be a non-empty set and let p* : P(X) — [0,00] be
an outer measure on. X . The set A of all outer measurable sets is a o-algebra.
Furthermore p*| 4 is a measure on (X, A).

Proof. To see that A is a o-algebra, first notice for all B € P(X) that
W (B) = 1" (B) +0 = u* (B 0°) + (BN D).

Hence () € A. Furthermore, clearly if A € A then clearly A € A due to the
symmetry in the definition of an outer measurable set. Hence A is closed
under compliments and X € A.

In order to demonstrate that A is closed under countable unions, let’s
first verify that A is closed under finite unions. To verify that A is closed
under finite unions, it suffices to verify that if Ay, Ay € A then Ay UAy € A
as we can then apply recursion to take arbitrary finite unions of element of
A. Thus let Ay, Ay € A be arbitrary. To see that A UAs € A, let BC X
be arbitrary. Since A; is outer measurable, we know that

1(B) = u*(B N A + (BN AS).
Furthermore, since Ay is outer measurable, we know that
p*(BOVAS) = u* (BN AS) N Az) + (B N AS) 0 A5).

Hence

p*(B) =p"(BNA) + p"(BNATN Ag) + u* (BN AJ N AS).
However, since

BN (A1UAz) = (BNA)U(BN(A2NAY)),

subadditivity implies that

p(B)=p" (BNA)+p"(BNATNAg) + p* (BN AT N AS)
> (BN (A1 U Ap)) + (B 1 AS N AS)
= (BN (A1 U Ap)) + 5" (BN (A1 U Ay)°)

Therefore, since B C X was arbitrary, we obtain that 41 U A; € A. Hence
A is closed under finite unions.

Since A is also closed under complements, we also obtain that A is closed
under finite intersections using a similar argument to that used in Remark
1ol
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16 CHAPTER 1. MEASURE SPACES

To see that A is closed under countable unions, let {A,}2°; C A be
arbitrary. Let F1 = Ay and for n > 1 let

E,=A, \ (nul Ak> =A,N (nul Al> .
k=1 k=1

Clearly {E),,}>2, are pairwise disjoint such that Uy~ E, = U2 4. Fur-
thermore, F,, € A for all n € N by the above argument.

To see that E = |J;2; Ey, is an element of A, let B C X be arbitrary. For
each n € N, let F,, = U;_; Ek, which is an element of A since A is closed
under finite unions. Therefore, since F;, is outer measurable, since F,, C F
so B¢ C F¢, and since p* is monotone, we obtain that

p(B) = p* (BN Fp) + p" (BN Fy) = (BN Fo) + (BN E°)

for all n € N.

Since (Fy,)n>1 are a increasing sequence of sets with union E, we would
like to take the limit of the right-hand side of the above inequality to obtain
that p*(B) > p*(B N E) 4+ p*(B N E°) thereby obtaining that E is outer
measurable. However, since we do not know the Monotone Convergence
Theorem (Theorem works for outer measures (i.e. the proof required
countable additivity on disjoint sets, which we don’t have), we will need
another approach to taking the limit.

Notice that F,, = F,,_1UE, and F,,_1NE, = 0 by construction. Therefore,
since E,, € A, we obtain that

W (BOE) = it (B Fa) 0 By) + (B O Fo) 1 ES)
= M*(B mEn) +,U/*(B an—l)

for all n € N. Therefore recursion implies that

n

(BNF,) => p(BNE)
k=1

for all n € N. Hence
p(B) > p*(BNES)+ Y p*(BNEy)
k=1

for all n € N. By taking the supremum of the right-hand-side of the above
expression, we obtain that

WH(B) > W (BAE) + 3w (BAEL).
k=1
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1.2. THE CARATHEODORY METHOD 17

Therefore subadditivity implies that

p*(B) > p*(BNES) + u* (G ﬂEk>

n=1

(B
= u*(BNE°) + p* <Bﬂ (U Ek>>
k=1

= (BNE)+pu (BNE).

Therefore, as B C X was arbitrary, we obtain that £/ € A as desired. Hence
A is a o-algebra.

To see that ©*| 4 is a measure, first notice that p*()) = 0 by design. To
check the other property of Definition [1.1.10)] m let {E,}22 be an arbitrary
collection of pairwise disjoint elements of A and let E = |J;,—; E,,. Using the
above computation with F in place of B, we see that

p(E) > p*(En E°) +Zu (ENER) =0+ pu*(Ey) :Z
k=1 k=1 k=1

However, since subadditivity of outer measures implies

o0
<> w(E
k=1
we obtain that
o0
= (B
k=1
Hence p*| 4 is a measure as desired. [

Let A* be the Lebesgue outer measure from Definition [1.2.5] By Theorem
the collection M(R) of A\*-measurable sets is a o- algebra and A vq(r
is a measure. Since these objects will be the focus for the remainder of our
course, we make the following definition.

Definition 1.2.11. The Lebesgue measure on R is the measure \ = )\*‘M(R)
The elements of M(R) are called Lebesgue measurable sets.

Similarly, we have the n-dimensional analogue of the Lebesgue measure.

Definition 1.2.12. For each n € N, the n-dimensional Lebesgue measure
on R" is the measure )\, obtained by restricting A} to the A\}-measurable
subsets of R™.

One by-product of the Carathéodory Method is that the measures con-
structed have a specific additional property that we now describe.
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18 CHAPTER 1. MEASURE SPACES

Definition 1.2.13. A measure space (X, A, u) is said to be complete if
whenever A € A and B € P(X) are such that B C A and p(A) = 0, then
B e A

Proposition 1.2.14. Let X be a non-empty set, let p* : P(X) — [0, 00] be
an outer measure on X, and let A be the g-algebra of all outer measurable
sets. If A € P(X) and p*(A) = 0, then A € A. Hence (X, A, u*|4) is
complete by the monotonicity of u*.

Proof. Assume A € P(X) is such that p*(A) = 0. To see that A € A, let
B € P(X) be arbitrary. Then

0<p'(BNA)<u*(A)=0
by monotonicity. Hence, by monotonicity,
W (B) = p*(BNAY) = p* (BN A%) + ' (B A).

Therefore, as B € P(X) was arbitrary, A € A.

To see that (X, A, u*|4) is complete, let A € A and B € P(X) be such
that B C A and p*(A) = 0. Hence monotonicity implies that p*(B) = 0.
Thus the first part of this proof implies that B € A as desired. ]

Remark 1.2.15. Note by Proposition |[1.2.14] that A is a complete measure.

One may think the Carathéodory Method may not be that useful as it
can only construct measures that are complete and thereby might be limited.
However, this is not the case as it is always possible to ‘complete’ a measure
rather simply.

Proposition 1.2.16. Let (X, A, ) be a measure space. Then there exists a
complete measure space (X, A, 1) such that A C A and i(A) = u(A) for all
Ae A

Proof. Exercise. Alternatively, see Theorem [1.3.7] ]

1.3 Extending Measures

Although the Carathéodory Method has enabled us to construct the Lebesgue
measure and other measures, the process produces startlingly little infor-
mation about the properties the measure inherits from the length function
¢ used to define the outer measure pj. In particular, does the Lebesgue
measure have the properties described at the beginning of Section [I.2] and is
every Borel set Lebesgue measurable? Verifying the desired properties for the
Lebesgue measure is not difficult to do directly (and will be demonstrated
in Section . However, we will take a more indirect approach to produce
further results and obtain the properties of the Lebesgue measure for free.
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1.3. EXTENDING MEASURES 19

In this section, we will analyze how properties of specific length functions
are immediately inherited by the measures produced via the Carathéodory
Method. In particular, we will see how a ‘finitely additive measure’ can be
extended uniquely to an actual measures. Consequently, the results of this
section will immediately give almost all properties of the Lebesgue measure
we desire in the next section. Alternatively, Section [I.5] analyzes measure
similar to the Lebesgue measure and can also be used to produce another
indirect approach to obtaining the desired properties.

To begin, we desire to describe functions that are similar to measures on
a more general notion than a o-algebra.

Definition 1.3.1. Let X be a non-empty set. An algebra on X is a subset
A C P(X) such that

1. ) e Aand X € A,
2. if A€ Athen A°= X\ A€ A, and
3. if A1, Ay C A, then A1 U Ay € A.

Remark 1.3.2. Notice if A is an algebra then A is closed under finite
unions by iterating the third property in Definition Furthermore, if
Aq, Ay € A then clearly

A1NAy=(AfUAS) e A
so A is also closed under finite intersections.

Example 1.3.3. Clearly if A is a o-algebra, then A is an algebra. However,
there are algebras that are not o-algebras. Indeed for X = R let

F=A{(a,b] | a,b e [—00,00),a <b}U{(a,00) | a € RU{—0o0}}

and let A denote the collection of all sets obtained by taking all finite unions
of elements of F (including the empty set). It is not difficult to see that 4
is an algebra as the complement of each element of F is a finite union of
elements of F. However A is not a o-algebra since Jp—(2n,2n + 1] ¢ A yet
(2n,2n+ 1] € A for all n € N.

Using algebras in place of g-algebras, we obtain the beginnings of a
measure.

Definition 1.3.4. Let X be a non-empty set and let A be an algebra on X.
A pre-measure on A is a function p : A — [0, 0] such that

e u(0) =0, and
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20 CHAPTER 1. MEASURE SPACES

o if {A4,}52, C A are pairwise disjoint and (J;—; 4, € A, then
H (U An) = Z :U’(An)
n=1 n=1

Remark 1.3.5. Notice the difference between a pre-measure on an algebra
and a measure on a o-algebra stems from the fact that if A is an algebra
and {A,}52, C A then it need not be the case that [J;2; 4,, € A. Hence, if
A is a g-algebra, there is no difference between Definitions [1.1.10] and [1.3.4]
It is also not difficult to see that a pre-measure shares several properties
with measures by repeating some of the proofs demonstrated in Section [I.1}
Indeed every pre-measure is finitely additive (by taking the empty set for
an infinite number of times) and is monotone. To see the monotonicity of
pre-measures, assume A, B € A are such that A C B. Then BN A€ A
as A is an algebra. Therefore, since A and B N A€ are disjoint subsets, we
notice for every pre-measure p on A that

n(B) = p(AU (BN A%)) = p(A) + (BN A%) > pu(A)

as claimed.

Instead of repeating the theory to show that pre-measures have properties
similar to measures, we will demonstrate that every pre-measure can be
extended to a measure. We begin with the following lemma.

Lemma 1.3.6. Let X be a non-empty set, let A be an algebra on X, and
let w: A — [0,00] be a pre-measure on A. Let u* be the outer measure
associated to p; that is, pu* : P(X) — [0,00] is defined by

§(4) = int {i w(Ar) | (A cadc | An}
k=1

n=1
forall A C X. Then p* is a an outer measure on X such that p*(A) = p(A)
for all A e A.

Proof. Clearly p* is an outer measure by Proposition

For the other claim, let A € A be arbitrary. To see that p*(A) = u(A),
first notice that trivially p*(A4) < wu(A) by definition. To see the other
inequality, assume {A,}52; C A is an arbitrary countable collection such
that A C Uy~ An. Let By = A; N A and for each n > 2 let

B, = (ANAy)\ (U Ak> .
k=1

Since A is an algebra, we see that B, € A for all n € N. Furthermore
{B,}22, are disjoint subsets such that B, C A,, for all n € N and

GBn: GAmAn:A.
n=1

n=1
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Therefore, since p is a pre-measure, we obtain that

= Z M(Bn) < Z N(An)
n=1 n=1

where the inequality follows from the fact that u is monotone as demonstrated
in Remark Therefore, since {A,}72; C A was arbitrary, it follows that
p(A) = u(A) for all A € A. ]

Theorem 1.3.7 (Carathéodory-Hahn Extension Theorem). Let X
be a non-empty set, let A be an algebra on X, and let pn: A — [0,00] be a
pre-measure on A. Let u* be the outer measure associated to p and let A*
denote the set of all p*-measurable sets. Recall from Theorem[1.2.1() that A*
is a o-algebra on X and it = p*| 4+ is a measure on A*. Then A C A* and
(A) = u(A) for all A€ A.

Moreover assume p is o-finite in the sense that there exists { X, }o2; C A
such that X = Uy~ Xy, and p(X;) < co. Ifv: A* — [0,00] is a measure
such that v(A) = u(A) for all A € A, then v =T.

Proof. Recall from Lemma that p*(A) = u(A) for all A € A. Therefore,
to complete the first claim, it suffices to show that A C A*.

Let A € A be arbitrary. To see that A is p*-measurable, let B C X and
let € > 0 be arbitrary. By the definition of p* there exists {A,}72; C A such
that B C |2, A, and

S nl(An) < 1*(B) +e.
n=1
Notice that

BNAC |J4,nA and BnA°C ] 4.nA"

n=1 n=1

Since A is an algebra, A, N A, A, N A° € A for all n € N and therefore, since
p* is an outer measure,

,u*(BﬂA)gu*(UA ﬂA) <Z,u (A, NA) iu(AnﬂA) and

= n=1 n=1

M*(BOAC)§M*<UAnmAC> Z (A, N A°) = Z (An N A

n=1 n=1
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Hence

WAL A+ p(An N A%)

n=1

hE

p*(BNA) + p* (BN A%) <

3
Il
_

i

1(An N A) + p(An N A°)

i
I

p'qg

(An)

B) +

where p(A, NA) 4+ p(A, N A°) = u(A,) follows from the fact that p is a
pre-measure and A, N A and A, N A¢ are disjoint sets. Therefore, since € > 0
was arbitrary, we obtain that

3
Il

/'\»—l

< u*

Ww(BOA) + 1" (BOA%) < ' (B).

Hence, since B C X was arbitrary, A is p*-measurable as desired.

For the uniqueness, assume there exists {X,,}°2; C A such that X =
U2, Xy, and p(X,) < oo, and v : A* — [0,00] is a measure such that
v(A) = u(A) for all A € A. Notice if Y,, = Up_; Xk for all n € N, then

P Yn=XY,eAforallneN, Y, CY,4 foralln € N, and

W(Y,) = ilYa) = 7 (Lnj Xk> < i (X0) = 3 0(X) < o0
k=1 k=1

To see that v(B) = (B) for all B € A*, let B € A* be arbitrary. Then
for every k and collection {4, }72; C A such that BNY}, C Uy~ Ay, we see
by the properties of measures that

V(BNYy) < (U A ) <3 (A = 3 (A,
=1 n=1 n=1

Hence v(BNYy) < p*(BNYy) =n(BNYg) as BNY, € A*. By repeating
with B¢ in place of B, we obtain that v(B°NY}y) < u(B°NY)). However

(V) = v(Yg)

v(BNYy) +v(B°NYy)

(BNYy) +m(B°NYy)

(i) = p(Ya)-

Since p(Yy) < 0o, we obtain that v(BNYy) = (B NYy) for all k. Therefore,

since Y, C Y41 for all n € N and J;2; Y, = X, we obtain by the Monotone
Convergence Theorem for measures that

<7
7l

v(B) = lim v(BNY;) = Jim n(BNY;) =a(B).

n—oo

Hence v = T1 as desired. ]
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Due to the Carathéodory-Hahn Extension Theorem (Theorem [1.3.7), we
make the following definition.

Definition 1.3.8. Let X be a non-empty set, let A be an algebra on X, and
let i : A — [0, 0] be a pre-measure. The measure i constructed in Theorem
[[.37is called the Carathéodory extension of y.

Before seeing what the Carathéodory-Hahn Extension Theorem (Theorem
produces in regards to the Lebesgue measure, we note the following
example demonstrating why the o-finite condition is necessary in order to
prove uniqueness.

Example 1.3.9. If i is a pre-measure on an algebra A that is not o-finite,
the Carathéodory extension of y need not be the unique extension of u to
the set of all p*-measurable sets. Indeed consider X = QN (0, 1] and let A
be the collection of all finite unions of sets of the form Q N (a,b]. It is not
difficult to see that A is an algebra on X.
Let p: A — [0, 00] be defined by
MM):{O if A=10

oo otherwise

Clearly p is a pre-measure on A. Let u* be the outer measure associated to
w1 and let A* denote the o-algebra of all p*-measurable sets. Clearly we see
that

p(A) =

oo otherwise

{o ifA=10

forall A C X.
We claim that p has multiple extensions to A*. First, we claim that
A* =P(X). Indeed since

oo

{a = (q—;,q} nQ

n=1

for all ¢ € Q, we see that {¢q} € A* for all ¢ € X. Therefore, since X is
countable so every subset of X is countable, and since o-algebras are closed
under countable unions, the claim follows.

Since A* = P(X), we see that the Carathéodory extension of u is p*.
However, since the counting measure on X is a measure that extends p but
does not equal p*, the claim is complete.

To see the full power of the Carathéodory-Hahn Extension Theorem (The-
orem [1.3.7)), we note the following generalization of the Lebesgue measure.
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Example 1.3.10. Recall from Example that if
F={(a,b] | a,b€ [~00,00),a < b} U{(a,00) | a € RU{—o0}}

then the set A consisting of all finite unions of elements of F (including the
empty set) is algebra. Notice that if A, B € F and

dist(A, B) = inf{la —b| | a€ A,be B} =0

then AU B € F. Hence it is easy to see that if A € A then there exists a
unique n € N and a unique collection Ay, ..., A, € F such that A = J;_; Ax
and dist(Ag, Ap,) > 0 for all k # m.
Let F: R — R be a non-decreasing function such that
F(c) = lim F(x)
z—ct

for all ¢ € R (that is, F' is right continuous). Since F' is non-decreasing,
lim,_,~ F'(x) either exists or equals oo and lim,_,_, F'(x) either exists or
equals —oo. Define A : F — [0, 00| by

Ar(0) =0
Ar((a,b]) = F(b) — F(a)
Ar((a,00)) = lim F(z) — F(a)
Ar((— oo,b])zF()— Jlim F(z)
)

Ar((~00,00) = lim F(x) ~ lm_F(a)
for all a,b € R with a < b (where oo + ¢ = oo for all ¢ € [—00,00) and
d— (—o0) = oo for all d € (—o0, x0]).

Notice we can extend Ag to a function on A which we will also denoted
by Ag as follows: If A € A define

= z”: Ar(Ag)
k=1

where Ai,..., A, € F are the unique elements such that A = J;_; A,, and
dist(Ag, Am) > 0 for all k£ # m.

We claim that Ap is a pre-measure on A. To see this, first notice that
clearly Ap(0) = 0 and Ap(A) > 0 for all A € A as F' is non-decreasing.

Before we demonstrated that A\p is countably additive, first notice that
if A, B € F are such that AN B = () and dist(A, B) =0, then A\p(AU B) =
Ar(A) + Ap(B) trivially. Hence it is easy to see that if {A}}_; C A are
pairwise disjoint, then

AR (O Ak> = zn:)\F(Ak)
k=1 k=1
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(that is, Ap is finitely additive). Moreover if A, B € A are such that A C B,
we see that BN A° € A and

Ap(B) = Ap(AU (BN A%) = Ap(A) + u(B N A°) > Ap(A).

Hence Ap is monotone. This further implies that Ap is finitely subadditive.
Indeed if {A}}_; € A are arbitrary subsets of A, define By = A; and

k—1
j=1

forall k € {1,...,n}. Then {By}}_, are pairwise disjoint elements of A such
that By C Ay for all k € {1,...,n} and Up_; Brx = Ur—; Ax. Consequently

n n n n
AR (U Ak> = A\p <U Bk> = Z)\F(Bk) < Z)\
k=1 k=1 k=1 k=1
Hence A\ is finitely subadditive.

To see that Ap is countably additive, assume {A,}5°; C A are pairwise
disjoint sets such that A = Uy~ 4, € A. Tosee that Ap(A4) = > 02, Ar(An),
we notice we may assume that A € F and A,, € F for all n € N as every
element of A is a finite union of elements of F and Ap is finitely additive.

Notice since A is monotone that for all m € N

Ar(A) > Ap <G An> = f: Ar(Ar)
n=1 n=1

Hence, by taking the limit as m tends to infinity, we see that > oo Ap(Ay) <
Ar(A).

To see the reverse inequality, first assume that A = (a,b] for some
a,b € R. Therefore, since A, € F for all n € N, we have for each n € N
we have that A,, = (an, b, for some a,, b, € R. Fix € > 0 and notice since
F(bp) =lim,_,,+ F(x) for each n € N that there exists a ¢, > by such that

€
Furthermore, there exists a § > 0 such that
Fla+90) < F(a)+¢€

Since (a, b] = Us2 1 (an, by], we see that
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Hence {(an, c,)}52 is an open cover of the compact set [a + d,b] and thus
has a finite subcover, say {(an,,cn,)}i,. Thus

m

(a+9d,b] C U (@ny, Cny -
k=1

Therefore, by the monotonicity and finite subadditivity of Ar, we see that

Therefore, since € > 0 was arbitrary, the claim follows in the case that
A = (a,b].

To see that Ap(A) < Y02 Ap(A4,) for arbitrary A € F, notice that
AN (—m,m] is of the form (a, b] for some a,b € N for all m € N. Therefore,
the previous case along with monotonicity implies that

Ap(AN (=m,m]) = Z Ap(A, N (=m,m]) < Z Ar(Ay).
n=1 n=1
Therefore, as it is easily seen by the definition of Ar that
Tim Ap(AN (=m,m]) = Ap(A),

the claim follows.
Hence Ap is a pre-measure on the algebra A. Furthermore, since

Ar((—n,n]) = F(n) — F(—n) < o0

for all n € N, Ap is o-finite. Hence the Carathéodory-Hahn Extension
Theorem (Theorem [1.3.7)) implies that Ap has a unique extension, which
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will also be denoted by Ar, to the set of all A\j-measurable sets. This
Carathéodory extension is called the Lebesgue-Stieljtes measure associated to
F. Notice since every element of F is Aj,-measurable and since o(F) = B(R),
all Borel sets are Lebesgue-Stieljtes measurable. Consequently, Ap[gr) is
often called the Borel-Stieljtes measure associated to F.

Remark 1.3.11. We claim that the Lebesgue measure A is a specific instance
of a Lebesgue-Stieljtes measure. Indeed if F'(z) = x for all z € R, we claim
that A = Ap. To see this, it suffices to show that \* = A%. Recall for all
A € R that

= inf { i (1)
= inf { Z 0(J,

where ¢ denotes the length of an interval. Hence clearly A}(A) < A*(A) for
all A C R. For the reverse inequality, let € > 0. By the definition of A} there
exists a collection {J,,}22 of intervals that are open on the left and closed
on the right such that A C |52, J,, and

such that AQUZO:1 T

I1,}S° . are open intervals
ntnzy } and

{Jn o°_, are open on the left and closed on the right
such that ACUOCL

For each n € N choose an open interval I,, such that J, C I,, and ¢(1,,) <
{(Jn) + 5%. Therefore {I,,}52 | are open intervals such that A C UpZ; In
Thus

< if( i <)\F(A)+26.
n=1 n=1

Therefore, since € > 0 and A C R were arbitrary, A\ = \*.

1.4 Properties of the Lebesgue Measure

Since the Lebesgue measure is a specific instance of the Lebesgue-Stieljtes
measure which was constructed using the Carathéodory-Hahn Extension
Theorem (Theorem , we immediately obtain several properties.

Corollary 1.4.1. Every Borel subset of R is Lebesque measurable. Further-
more, if I CR is an interval, then \(I) = £(I).

Proof. Since the Lebesgue measure is a specific example of the Lebesgue-
Stieltjes measure by Remark[I.3.11 Example[I.3.10shows all Borel subsets of
R are Lebesgue measurable. Moreover, by the Carathéodory-Hahn Extension
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Theorem (Theorem [1.3.7), we obtain that A(1) = ¢(I) for all intervals I of
the form (a,b], (a,o0), and (—o0,b] for a,b € R. Therefore, since

{c} = ﬁ <c— ;,C]

n=1

for all ¢ € R, we obtain by the Monotone Convergence Theorem (Theorem

1.1.23) that
1 . 1
A{c}) = lim A((c—n,c]>: lim c—c+—=0.

Therefore, since every interval of R is differs from an interval of the form
(a,b], (a,0), and (—o0,b] for a,b € R by at most two points, the result
follow by properties of measures (i.e. to change “(a” to “[a”, union the above
intervals with the set {a} which does not change the length nor measure,
and to change “b]” to “b)”, remove the set {b} which does not change the
length nor measure). |

If one does not want to prove the above via the Lebesgue-Stieltjes mea-
sures, one can use the following proof.

Another proof of Corollary[1.4.1 To see that (a, 00) is Lebesgue measurable,
let B C R be arbitrary. Therefore B; = BN (a,00) and By = BN (—00,al
are disjoint sets such that B = B; U Bo.

Let € > 0 be arbitrary. By the definition of the Lebesgue outer measure,
there exists a collection {I,, | n € N} of open intervals such that B C (J;—; I,
and

Z ) < A*(B) +e.

For each n € N, let I/, = I,, N (a,00) and I = I,, N (c0,a]. Clearly I},
an I/ are disjoint intervals such that I,, = I/, U I)! and ¢(I,,) = £(I},) + ¢(I))).
Furthermore, clearly {I/, | n € N} and {I! | n € N} are countable collections
of intervals such that By C |52 and By C [ J°2, I”. Hence

nln n=1"n"

A (BN (a,00)) + X (BN (a,00))
= A'(B1) + A" (By)

<N + Z (I subadditivity

= Z (1)
n=1

< N(B) +e.

— io: g([/ Z Il/
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Therefore, since € > 0 was arbitrary, we obtain that
A (BN (a,00)) + A" (BN (a,00)%) < X(B).

Therefore, since B C R was arbitrary, (a,c0) is Lebesgue measurable.

Since M(R) is a o-algebra, since (a,00) € M(R) for all a € R, and since
{(a,00) | a € R} generated B(R) as a o-algebra by Remark it follows
that B(R) € M(R).

To see that A\(I) = ¢(I) for all intervals I, first assume that I = [a,b].
To see that \(I) < b — a, let € > 0 be arbitrary. Then I' = (a —€,b + €)
is an open interval such that I C I’. Hence, by the definition of A (using
the empty set for all other open intervals in our countable collection which
covers I), we obtain that

AI) < 6(I') =b—a+ 2.

Therefore, since € > 0 was arbitrary, we obtain that A\(I) < b — a.

For the other inequality, let {I,, | n € N} be an arbitrary collection of
open intervals such that I C (Jo I,,. Hence {I,, | n € N} is an open cover
of I. Therefore, since I is compact, there must exists a finite subcover of
{I, | n € N} for I. By reindexing the intervals if necessary, we may assume
that I C Ui~ I for some m € N.

Since a € I, there exists a k € {1,...,m} such that a € I. By reindexing
the intervals if necessary, we may assume that a € I;. Write I1 = (ay,b1).
Hence a1 < a < by. If b € I; terminate this algorithm here. Otherwise b; < b
so by € I. Since I C UyL, Iy, there exists a k € {1,...,m} such that b; € Ij.
By reindexing the intervals if necessary, we may assume that by € Ip. Write
Iy = (a2,bs). Hence ay < by < by. If b < by, terminate this algorithm here.
Otherwise, as there are a finite number (specifically m) of intervals we need
to consider, we may continue this process a finite number of times to obtain
an m’ < m and intervals I = (ag,bx) for & < m’ such that a1 < a < by,
apy1 < b < bgyy forall 1 <k <m'—1, and a,y < b < b,. Hence

3\

i )

TT
I

3

bi, — ay,

=
Il
—

> (b1 —a1) + Zbk_bk 1
me/—a1>b—a.

Therefore, since {I,, | n € N} was arbitrary, we obtain that A*(I) > b — a.
Hence A(I) = b — a as desired.
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To complete the proof, first assume I C R is an interval of finite length.
Thus I € {(a,b),][a,b), (a,b],[a,b]} for some a,b € R with a < b. Hence
{(I)=b—a. Let I = [a,b] so that I C T and \*(I) = ¢(I) = b — a by the
previous case. Next, for any € > 0 with € < bfT“, let Jo = [a+ §,b—5].
Thus J. C I and A*(J.) = £(J.) = b—a— ¢ for all € > 0. Therefore we obtain
for all € > 0 that

b—a—e=X\J) < A1) <XI)=b—a.
Hence A(I) = b — a as desired.

Otherwise, assume [ is an infinite interval. Since [ is an infinite interval,
for all M > 0 there exists a closed interval Jj; such that Jy; € I and
N (Jar) = 0(Jar) = M. Hence 3) implies

X)) > XN (Jy) = 4(JIy) = M.
Therefore, since M > 0 was arbitrary, we obtain that \*(I) = oo = £(I) as
desired. ]

Using the above, we easily obtain the following important property of
the Lebesgue measure.

Corollary 1.4.2. The Lebesgue measure is o-finite.

Proof. For each n € N let X,, = [-n,n]. Then {X,}22, are Borel sets (and
hence Lebesgue measurable sets) such that R = ;2 ; X,, and A\(X,,) = 2n <
0o. Hence A is o-finite by definition. n

Unsurprisingly, it is easy to compute the Lebesgue measure of any count-
able set.

Proposition 1.4.3. Let A C R be countable. Then A € M(R) and A(A) = 0.

Proof. Let A C R be countable. First we will show that A*(A) = 0. This
implies A is Lebesgue measurable and A(A) = 0 as A is complete.

To see that A*(A) = 0, let € > 0 be arbitrary. Since A is countable, we
may write A = {a,}°2,. For each n € N, let

I - € €
n = {0n — 2n+1’an‘+-2n+1 :

Clearly for all n € N we have I,, is an open interval of length o with a,, € I,,.
Hence we obtain that

oo
AcC | I.
n=1
Therefore, by the definition of the Lebesgue outer measure, we obtain that
[e.e] o0 €
0N (A) <D ) =3 op =e
n=1 n=1

Therefore, since € > 0 was arbitrary, we obtain that A*(A) = 0 as desired. =
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In terms of uncountable subsets of R, one of the most interesting sets
when studying the Lebesgue measure is the following.

Definition 1.4.4. Let Py = [0, 1]. Construct P; from Py by removing the
open interval of length % from the middle of Py (i.e. Pi = [0,3] U [2,1]).
Then construct P» from P; by removing the open intervals of length 3% from
the middle of each closed subinterval of P;. Subsequently, having constructed
P,, construct P,11 by removing the open intervals of length # from the
middle of each of the 2" closed subintervals of P,. Specifically, P, is the

union of the 2™ closed intervals of the form

1

n n
ag ag
Loyt 2

where ay,...,a, € {0,2}.
The set

C=()Pn

n>1

is known as the Cantor set.

Remark 1.4.5. The Cantor set has many interesting properties. In particu-
lar, the Cantor set is a compact set with no interior.

For an alternate description of the Cantor set, we prove the following.

Lemma 1.4.6. Let © € R. Then x € C if and only if there is a sequence
(an)n>1 with a, € {0,2} for alln € N such that x = limy 00 > j— 55 (i-e-
x € [0,1] and = has a ternary expansion using only 0s and 2s).

Proof. Suppose x € C. Hence x € P, for all n € N. Thus, by the recursive

construction of the P, there exists numbers aq, as, as, ... € {0,2} such that
" ap 1 " ay
ve | N2 cp
5w igen

for all n € N. To see that z = lim,, 00 > 1 g—’,g, we notice that

(53)-£3

1

BEG

" ay
’x_Z?)k

ag
3k as

Therefore, since limy, o0 = zw = 0, we obtain that x = lim, b1
desired.

Conversely, assume that € R is such that there exists a sequence (ay,)n>1
with a, € {0,2} for all n € N such that z = lim, 00 > 1y g—ﬁ For each
neN, let s, =>7_ g—,’g Hence, by the description of P,, we obtain that
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sp € P, for all n. In fact, upon closer examination, we see that s,, € P,
whenever m > n. Indeed if m > n then

25

w\
Ms
S

[

V)

3
IA
RS
_l_
w2
ol

Since each P, is a closed set, since x = lim, 00 Sm, and since s, € P,
whenever m > n, we obtain that x € P, for each n € N by the sequential
description of closed sets. Hence x € (>, P, =C. [

Using the above description of the Cantor set, it is not difficult to see
that the Cantor set has the same cardinality as P(N) and thus the Cantor
set is uncountable. However, since we have demonstrated that the Lebesgue
measure of an interval is its length, we can easily compute the Lebesgue
measure of the Cantor set to be zero.

Example 1.4.7. We claim that the Cantor set C has Lebesgue measure zero.
To begin, note C' is a closed set, hence C' is a Borel set, and thus Lebesgue
measurable. To see that A(C') = 0, recall from the definition of the Cantor

set that
C=Pn
n>1
where P, C [0, 1] (as described in Definition |1.4.4)) is the union of 2" closed
intervals each of length 3% Therefore, we obtain for each n € N that
271
0<AC) < APy £ — T

Hence, since lim,,_ %—: = 0, we obtain that \(C') = 0 as desired.

One important property of the Lebesgue measure is its invariance under
translation and multiplicative under scaling.

Proposition 1.4.8. If A € M(R) and z € R, then x + A € M(R) and
Az + A) = AA).
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Proof. Fix A € M(R) and = € R. Since the translation of an open interval
is an open interval of the same length, it is elementary to see that if B C R
then

X (z+ B) = \*(B).

Thus it suffices to show that x + A is measurable.
To see that x + A is Lebesgue measurable, let B C R be arbitrary. Then

A (B) = \*(—z + B)
=XN((—z+B)NA) + X ((—z+B)NA°)  Aec M(R)
=N (Bn(x+A)+ (BN (z+ A9)
=XN(BN(x+A)+X(BN(x+ A)°).
Therefore, since B C R was arbitrary, x + A € M(R). N

Proposition 1.4.9. If A €¢ M(R), r € R\ {0}, and rA = {ar | a € A},
then rA € M(R) and A\(rA) = |r|\(A).

Proof. Fix A € M(R). Since r # 0 it is easy to see that if I is an open
interval then rI is an open interval with ¢(rI) = |r[¢(I). Therefore it is
elementary to see that if B C R then

N (rB) = |r|\*(B).

Thus it suffices to show that rA is measurable.
To see that rA is Lebesgue measurable, let B C R be arbitrary. Then

X(B) = [r|]A*(r~'B)
= 7N ((r"'B)NA) + |[r|A\((rB) N A9) A€ M(R)
=\N(BN(rd))+ X (Bn(rA9)
=\ (BN (rA)) + X (BN (rAd)°).

Therefore, since B C R was arbitrary, rA € M(R). N

Remark 1.4.10. Note Corollary [1.4.1shows us that B(R) C M(R) C P(R).
However, we have seen (claimed really) that [B(R)| = |R| whereas Cantor’s
Theorem implies that |R| < [P(R)|. Thus it is natural to ask, what is the
cardinality of M(R)? After all, if not that many subsets of R are Lebesgue
measurable, do we really have a suitably general measure?

Recall by Remark that the Cantor set C is Lebesgue measurable
with A(C) = 0. Hence every subset of the Cantor set must be Lebesgue
measurable as the Lebesgue measure is complete. Moreover, since |C| = |R|,
we obtain that |P(C)| = |P(R)|. Therefore, since P(C) C M(R) C P(R) and
since, |P(C)| = |P(R)|, we obtain that |[M(R)| = |P(R)|. Thus, in terms
of cardinality, the set of Lebesgue measurable subsets of R is as large as
possible.
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Of course M(R) # P(R) since Example implies there exists (and
explicitly constructs) a set A C [0, 1) that is not Lebesgue measurable. Using
this set, we can show there exists |P(R)| subsets of R that are not Lebesgue
measurable. Indeed A" =2+ A C [2,3) is not Lebesgue measurable being
the translation of a set that is not Lebesgue measurable. If A’ UC was
Lebesgue measurable, then since A’NC = @) we would have (A’UC)NCe = A’
being the intersection of Lebesgue measurable sets and thus being Lebesgue
measurable. Since this is a contradiction, we have that A’UC is not Lebesgue
measurable. Similarly, if S C C then A’ U S is not Lebesgue measurable.
Therefore, since A’ NC = () and as there are |P(C)| = |P(R)| subsets of C,
we obtain that there are |P(R)| subsets of R that are not measurable.

In fact, by modifying the proof used in Example [1.2.1}, one may prove
the following.

Proposition 1.4.11. If A C R is such that \*(A) > 0, then there exists a
subset B C A such that B is not Lebesgue measurable.

Proof. Let A C R be such that \*(4) > 0. For each n € Z let A, =
AnN{[n,n+1). Therefore, since A = J;2; A,, we obtain by the subadditivity
of the Lebesgue outer measure that

0< M\ (A) < i A (Ap).
n=1

Hence there exists an N € N such that A*(Ay) > 0.

We claim there exists a subset B C Ay such that B is not Lebesgue
measurable. To see this, note since the notion of Lebesgue measurability is
invariant under translation, we may assume that N = 0.

Define an equivalence relation ~ on R by x ~ y if and only if z —y € Q.
Clearly every equivalence class under ~ has an element in [0,1) and by the
Axiom of Choice there exists a subset B of Ay that contains precisely one
element from each equivalence class with a representative from Ay. We claim
that B is not Lebesgue measurable. To see this, suppose for the sake of a
contradiction that B is Lebesgue measurable.

Since Q is countable, we may enumerate QN [0, 1) as

QN[0,1) ={r, | n € N}
For each n € N, let
B,={z€l0,1) | x€r,+Borx+1¢€r,+ B}

(that is, B, is r, + B modulo 1). Since B,, C A, where {4,}°2, are as
in Example we see that {B,}°2 is a collection of pairwise disjoint
subsets of [0,1).
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Moreover, we claim that
o
Ao € | Bn.
n=1

To see this, note if x € Ay then there exists a unique y € B such that = ~ .
Thus z—y € QN(—1,1). If z—y € QN[0, 1) then z —y = r,, for some n and
thus z = r, +y € B,. Otherwise if z—y € QN(—1,0) then (z+1)—y € (0, 1).
Thus (z + 1) — y = ry, for some n and thus x =r, +y — 1 € B,,. Thus the
claim is complete.

For each n € N, let

Bp1=(rp,+B)N|[0,1)
Bpo=—-1+((rp,+B)N[L,2)).

Clearly B,, = By 1 U By, 2 since r, + B C [0, 2) for all n.

We claim that B, 1 N By = 0. To see this, suppose for the sake of
a contradiction that b € B, 1 N By 2. By definition there exists z,y € B
such that r, +x € [0,1), r, +y € [1,2),and b =1, +2 = -1+ 1r, + .
Clearly r, + = € [0,1) and 7, + y € [1,2) imply that x # y whereas we

have x —y = —1 € Q so x ~ y. Therefore, since B contains exactly one
element from each equivalence class, we have obtained a contradiction. Hence
Bn,l N Bn,Q = q)
To obtain our contradiction, note that
0 < A(Ao))
o0
<A (U Bn> monotonicity
n=1
o0
= Z A Bp) {4, }>2, are disjoint
n=1
o
= > MBn1UByp)
n=1
o0
=Y ABn1) + A(Bn2) B,,1 and By, 2 are disjoint
n=1

i

A((rn +B) N [0,1)) + A (((rn + B) N [1,2))
=> M(ra+B)NJ0,2))
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This yields our contradiction since A(B) € [0, 00] yet no number in [0, co]
when summed an infinite number of times produces a number in (0, co). Hence
we have obtained our contradiction so B is not Lebesgue measurable. [ |

The Lebesgue measure has many additional important properties. The
most important properties are described in the following two results and are
used later in these notes.

Proposition 1.4.12. Let A € M(R). Then

a) AM(A) =inf{\(U) | U C R is an open set such that A C U}. This prop-

erty of A is known as outer regularity.

b) M(A) = sup{\(K) | K C R is a compact set such that K C A}. This
property of A is known as inner regularity.

Proof. To see that a) is true, let A € M(R). Clearly if U C R is an open
subset such that A C U then A(A) < A(U) by the monotonicity of measures
and thus

A(A) <inf{A\(U) | U C R is an open set such that A C U}.

To see the other inequality let € > 0. Since A € M(R), we know that
A(A) = M*(A). Hence there exists a countable collection {I,,}52; of open
intervals such that A C (J;2; I, and

fj U(I,) < A*(A) + .
n=1

Therefore, if U = ;2 I, then U is an open subset of R such that A C U
and

AU) < i 0(I,) < M(A) +e
n=1

Hence
inf{A\(U) | U C R is an open set such that A CU} < A\(A) +e.

Therefore, since € > 0 was arbitrary, we obtain the desire inequality.

To see that b) is true, first note that the difficulty in using a) to directly
prove this result is that we have no control of measure of the complement
of a set with infinite measure. Thus fix A € M(R). Clearly if K C R is
a compact such that K C A then A(K) < A(A) by the monotonicity of
measures and thus

A(A) > sup{A(K) | K CRis a compact set such that K C A}.
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For the other direction, for each n € N let
A, =AN[—n,n].
Clearly A, € M(R) and
AMAp) < A[—n,n]) <2n < o0

by the monotonicity of measures. Furthermore, since A = (J;2; A, and
A, C Apaq for all n € N, we obtain by the Monotone Convergence Theorem

(Theorem [1.1.23)) that
A(A) = lim A(Ap).
n—oo
For each n € N, let B = AS N [—n,n]. Clearly A(B,) < A([-n,n]) <

2n < oo by the monotonicity of measures. By part a) there exists an open
subset U,, C R such that B,, C U,, and

1
AUp) < AX(Bp) + TR
Hence, since A(By,) < 00 so A(Uy,) < oo, we obtain that U, N [—n,n] € M(R)
and )
0 < NU,N[—n,n]) — AX(Byp) < AU,) — \(B,) < o

For each n € N, let K,, = US N [—n,n|. Clearly K, is closed being the
intersection of two closed sets and is bounded by n. Hence K, is compact
and K, € M(R). Moreover, since B,, C U, we have K,, = US N [—n,n| C
B¢ N [—n,n] = A,. Since

[—n,n] = K, U (U, N [—n,n]) and [-n,n] = A, UB,
are disjoint unions of measurable sets, we obtain that
AMER) + AUp N [—n,n]) =2n = A(A,) + A(By)

A(An) < AR+ AU 0 [,m]) = A(By) < AGKw) + o

Therefore, since

n—0o0 n—oo n—0o0

1
we have that
AA) <sup{A(K) | K CRis a compact set such that K C A}

as desired. ]
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Proposition 1.4.13. Let A CR. The following are equivalent:
a) Ae M(R).

b) For all € > 0 there exists an open subset U C R such that A C U and
MU\ A) <e.

c) For all € > 0 there exists a closed subset F C R such that F C A and
M(A\F) <e.

d) There ezists a G5 set G C R (i.e. G is a countable intersection of open
sets) such that A C G and \*(G'\ A) = 0.

e) There exists an Fy set F C R (i.e. F is a countable union of closed sets)
such that F C A and \*(A\ F) = 0.

Proof. We will show that a), b), and d) are equivalent whereas the equivalence
of a), ¢), and e) will follow by taking complements.

Fix A C R and assume that d) holds. Notice if G C R is a Gs-set such
that A C G and \*(G'\ A) = 0, we obtain that G\ A € M(R) since the
Lebesgue measure is complete. Furthermore, since G is G, we obtain that
G is Borel and thus G € M(R). Therefore, since

A=(G\ANG

and since M(R) is closed under complements and intersections, we obtain
that A € M(R). Thus d) implies a).
Next, assume that a) holds so that A € M(R). For each n € Z, let

A, =AN[n,n+1].

By Proposition for each n € Z and k € N there exists an open set U, 1,
such that A, C U, ; and

1

< AMAp) + o=k

0 < AUnr)

Hence, since 0 < A(Ay) < A([n,n+1]) < co by the monotonicity of measures,
we obtain that

1
< -
)‘(Un,k \An) = po-Inl"
For each k € N let
Up = |J Unp-
nez

Clearly Uy is an open set being the countable union of open sets. Further-
more, since U, A € M(R), we obtain by subadditivity and monotonicity of
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measures that

AU\ A) = A ( U Ui \ A))

nel

<D AMUni\ 4)

ne”L

< Z )‘(Un,k \ An)

ne”Z

1
<2 o

nez

Hence b) follows.
To see that b) implies d), note that b) implies for each k € N there exists
an open set Uy, such that A C Uy, and A(Uy \ 4) < 2. Let

G=)U.
k=1

Then G is a Gs set being the countable intersection of open sets. Thus G is
Borel so G € M(R). Furthermore, notice for all k € N that

0<AG\ A) < AU\ 4) <

> w

by the monotonicity of measures. Hence, since limg_ % = 0, we obtain
A(G\A)=MNG\A) =0

as desired. ]

1.5 Metric Outer Measures

In this section we will analyze an alternative way to demonstrate that every
Borel subset of R is Lebesgue measurable. The idea is to develop a property
for outer measures on metric spaces that will guarantee that Borel sets are
measurable. It turns out that the metric structure makes specific outer
measures more tractable. In particular, the special outer measures on metric
spaces we wish to examine are related to the following property of subsets of
metric spaces.

Definition 1.5.1. Let (X, d) be a metric space. Two subsets A, B C X are
said to have positive separation if

dist(A, B) = inf{d(a,b) | a € A,b€ B} > 0.
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Example 1.5.2. Using the Extreme Value Theorem along with the fact
that the distance to a set is a continuous function, it is possible to show that
any two disjoint compact subsets of a metric space have positive separation.
However, two disjoint closed subsets of a metric space need not have positive
separation. Indeed consider A =Nand B = {n+2 | n € N,n > 2}. Clearly
A and B are disjoint closed subsets of R that do not have positive separation.

The special collection of outer measures on metric spaces we wish to
study are as follows.

Definition 1.5.3. Let (X,d) be a metric space. An outer measure p* :
P(X) — [0,00] is said to be a metric outer measure if

i (AUB) = () + 1 (B)
for all A, B C X such that A and B have positive separation.

Remark 1.5.4. It is not difficult to see that if (X, d) is a metric space and

p* o P(X) — [0,00] is an outer measure on X such that every Borel set

of X is p*-measurable, then u* must be a metric outer measure. Indeed,
assume A, B C X have positive separation. By metric space properties, it is
elementary to see that if A and B denote the closures of A and B respectively,
then A and B are Borel sets such that AN B = (). Hence

(AUB)NA=A and (AUB)NA"=B.
Therefore, since A is then p*-measurable, we obtain that
W(AUB) = p* ((AUB)NA) + p* (AU B) N A")
— 1i*(A) + u*(B)
as desired.

Of course, our desire is to prove the converse; that is, given a metric
outer measure u* every Borel set is u*-measurable. To see this, we will make
use of the following lemma.

Lemma 1.5.5. Let (X,d) be a metric space, let u* : P(X) — [0,00] be a
metric outer measure, let {A,}52, C P(X) be such that Ay C Ay for all
kEeN, and let A=U;>q An. If

dist(Ag, A\ Ag+1) >0

for all k € N, then
p(A) = lim p*(Ag).

©For use through and only available at pskoufra.info.yorku.ca.



1.5. METRIC OUTER MEASURES 41

Proof. Due to the monotonicity of outer measures, (©*(Ay))n>1 is a monotone
sequence. Therefore, either lim, o, u*(A,) exists and is finite, or is infinity.
Furthermore, since p*(Ax) < p*(A) for all £k € N due to the monotonicity
of outer measures, we obtain that lim, o p*(A,) < p*(A). Therefore, if
lim,, o0 #*(Ay) = oo then clearly p*(A) = oo and the result holds. Hence
we may assume that lim,_, . u*(4,) < co.

Let By = A; and for each k > 2 let By, = Ay \ Ax—1. Clearly Ufu:l B,, C
Ay, and By, C A\ Aj,_, for all k € N. Therefore, if m > k+2and B C U}_, B
then

k
dist (B, B) > dist (Bm, U Bj>
j=1

> diSt(A \ Am—h Ak)
> dist(A\ Ap_1, Am_z) >0

by assumption so p*(By, U B) = p*(By,) + p*(B) as p* is a metric outer
measure. Hence

(Y B%> - (Bw (Ur))
*(Bap) + p* (U sz>

n n—1
w (U ng1> =" <B2n—1 U (U Ble))
k=1 k=1

= " (Bap-1) + p* (U Baj— 1)

and

for all n € N. Therefore, since

w* (U sz) < p'(Az,) and  pf (U B2k1> < p*(A2n-1),
k=1

k=1

we obtain that the infinite sums Y 72 ; p*(Bag) and Y 5o u*(Bag—1) converge
as limy, o0 p*(4,) < 0.
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For each m € N notice that

p(A) = p* (Amu ( fj Bk))
k=m+1

k=m+1

by the subadditivity of outer measures. However, since

Jm S (B =0
k=m+1
as Y52, 1*(Bax) and S0, u*(Boy_1) converge, and since limy, oo *(Ay)
exists, we obtain that
pr(A) < Tim " (Ag)
which when combined with lim, o, #*(A,) < p*(A) yields the desired result.
|

Proposition 1.5.6. If (X,d) be a metric space and p* : P(X) — [0,00] is a
metric outer measure, then every Borel subset of X is u*-measurable.

Proof. Since the set of p*-measurable sets is a g-algebra by Theorem [1.2.10
and since the set of closed subsets of X generate the Borel o-algebra, it
suffices to prove that every closed subset of X is p*-measurable.

Let F' be an arbitrary closed subset of X. To see that F' is u*-measurable,
let A C X be arbitrary. For each n € N let

A, = {a A ‘dist({a},F) > i}

Notice that A,, C A,11 for all n € N and that
U A, ={a€ Al|dist({a},F) >0} =ANF*°
n=1

since F' is closed (so x € F° if and only if dist({z}, F)) > 0).
We claim that

1
ist(Ar, (ANF°)\ A >
dlSt( k:?( N )\ k-‘rl) e k(k + 1)

To see this, let a € Ay and x € (AN F¢) \ Agy1 be arbitrary. Clearly
this implies x € A, x ¢ F, and « ¢ Ajy;. Hence 0 < dist({z}, F) < T}rl
Furthermore, since a € Ay, we obtain that dist({a}, F) > ¢. Since for all
yekF

d(a,y) < d(a,z) +d(z,y)
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by the triangle inequality, we obtain by taking an infimum over all y € F
that

= <dist({a}, F) < d(a,z)+ dist({z}, F) < d(a,x) + L
k E+1
Hence 1
> —.
A1) 2

Therefore, since a € Ay, and © € (AN F€) \ A1 were arbitrary, the claim is
complete.
By Lemma [1.5.5) we obtain that
lim p*(A4,) = u* (AN F°).

n—oo

Since A, U(ANF) C A, since

dist(A,, (AN F)) > dist(A4,, F) > —>0

S|

and since p* is a metric outer measure, we obtain that
1(A) 2 1 (A U (AN F)) = i (Ag) + 1" (AN F)

for all n € N. Therefore, by taking a limit of the right-hand-side, we obtain
that

pr(A) 2 (AN FO) + p (AN F).
Therefore, as A C X was arbitrary, F' is pu*-measurable. Therefore, as F' was
an arbitrary closed subset of X', the proof is complete. ]

To complete our alternative approach to demonstrating Borel subsets
of R are Lebesgue measurable, we demonstrate that the Lebesgue outer
measure is a metric outer measure.

Proposition 1.5.7. The Lebesgue outer measure is a metric outer measure.

Proof. Let A, B C R have positive separation. Since \* is an outer measure,
clearly \*(AU B) < A*(A) + A*(B) by subadditivity.

To see the other inequality, let § = dist(A4, B) > 0. For each 0 < € <
d there exists a countable collection of open intervals {I,}52, such that
AUB CUpZ, I, and

i 0(I,) < M(AUB) +e
n=1

We desire to modify {I,,}72; in order to control bound the lengths of each
interval we use. To begin if I,, = (a,b) where a,b € R, for each k € N let

I = (a+k5,min{b,a+ (k+1)0 + 2;}) :
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Clearly each I,, ;, is an open interval with length

U(Lng) <0+ 2% < %5 < dist(A, B).

Furthermore I,, C Uy, I, 1 and

€ €
W) <b—a+ S — = 0(I,) + —.
kz::l( + kz::l?”k ) g

If a = —00 or b = oo then we can apply a similar process to construct a
countable number of open intervals I, j, such that ¢(I,, ) < dist(A, B) for
all k € N, and Y32 (I 1) < €(In) + 5. Therefore {I, | n,k € N} is a
countable collection of open intervals such that AU B C U?fk;:l I}, and

o0 o0 €
U(Inp) < S 0(I) + =~ < XN*(AUB) + 2.
n%:l( k) ;::1( )+ o ( )

Since £(I,, ;) < dist(A, B), each I, can intersect at most one of A and
B. Let

Ja={(n,k) eN* | [,y NA#0} and
Jp ={(n,k) e N’ | I, N B # 0}.

Then J4 and Jp are countable disjoint sets such that

AC |J Ly and BC J I
(n,k)eJa (n,k)eJB

Hence

N(AUB)+2¢> > U(Ing)

n,k=1
> Y L)+ Y UIngk)
(n,k)EJ A (n,k)eJpB

> N(A) + N(B).
Therefore, since € > 0 was arbitrary, we obtain that
A (AU B) =X (A) + \*(B).

Therefore, since A and B were arbitrary subsets of R with positive separation,
the result follows. ]
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1.6 Hausdorff Measures

One important use of metric outer measures is that it enables us to construct
Hausdorff measures on metric spaces. In addition to being interesting
measures trying to measure the diameter of sets, Hausdorff measures enable
us to define the Hausdorff dimension thereby generalizing our notion of
dimension to fractal-like sets. In order to define these objects, we recall the
following metric space definition.

Definition 1.6.1. Let (X, d) be a metric space and let A C X'. The diameter
of Ais
diam(A) = sup{d(z,y) | z,y € A}.

In order to construct new metric outer measures, fix a metric space (X, d).
For each € > 0 let
Fe={ACX | diam(A) < ¢}

and for each s € (0,00) let £5: P(X) — [0, 00] be defined by
l5(A) = diam(A)*

for all A C X. Let u . denote the outer measure associated to {s|z,; that is

s (A) = inf {Z diam(A4,)°
n=1

{An}22 | are subsets of X
such that AC| J77 | A, and diam(A,)<e

Notice trivially that if 0 < € < e then i (A) < pf (A) for all A C X.

Definition 1.6.2. For s € (0, c0), the s-dimensional outer Hausdorff measure
on the metric space (X, d) is the outer measure H; : P(X) — [0, oo] defined
by

e—0t

HZ(A) = sup i (A) = lim 1%, (A)
e>0
forall A C X.

Unsurprisingly, the s-dimensional outer Hausdorff measure is a outer
measure with the properties of the previous section.

Proposition 1.6.3. For every metric space (X,d) and s € (0,00), H} is a
metric outer measure.

Proof. To see that Hy is an outer measure, recall that each pj . is an outer
measure. Since the defining properties of an outer measure from Definition
are easily seen to pass to limits, H; is an outer measure.

To see that H} is a metric outer measure, suppose A, B C X have positive
separation. Therefore dist(A4, B) > 0. Clearly

H(AUB) < HJ(A) + HJ(B)
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since H} is an outer measure. Thus it suffices to prove the other inequality.
Assume e < 3dist(A4, B). Let {A,}22, be an arbitrary collection of
subsets of F, such that AU B C |J;2; A,. Since

1
diam(A4,) <e< §dist(A,B),
every A, intersects at most one of A and B. Let
Ja={neN| A, NA#D} and Jg={neN| A,NB#0}

Then J4 and Jp are countable disjoint sets such that
AC UA” and B C UA”'
neJy neJp
Hence

S diam(4,)° > Y diam(4,)° + 3 diam(4,)*
n=1

ned neJp
> 45 (A) + i (B).

Therefore, since {A,}>2; was an arbitrary collection of subsets of F, such
that AU B C U2, Ay, we obtain that

ps (AU B) 2 55 (A) + i (B).
Since this holds for all € < 3dist(A, B), we obtain by taking limits that
H;(AUB)> H;(A)+ H;(B).

Therefore, since A and B were arbitrary subsets of X with positive separation,
the result follows. [

Note that Proposition implies that every Borel subset of (X, d) is
H-measurable for all s € (0, 00).

Definition 1.6.4. For s € (0, 00), the s-dimensional Hausdorff measure on
(X,d), denoted Hj, is the measure H, obtained by restricting H} to the set
of H}-measurable sets.

Example 1.6.5. The 1-dimensional Hausdorff measure on R is the Lebesgue
measure. Indeed for all A C R it is clear that A*(A) < uj (A) for all € > 0
so clearly \*(A) < H¥(A). For the other inclusion, we notice that the proof
of Proposition [I.5.7] implies that for all A C R and all §,e > 0 there exists a
collection {I,,}2°; of open intervals with £(I,,) = diam([,,) < 3 such that

> diam(l,) < A(A) + e
n=1

This implies pi] 55(A) < A*(A) + € for all §,¢ > 0 and thus H;(A4) = A*(A).
Therefore, due t?) the definitions of Hy; and A\, we obtain that Hy = .
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Remark 1.6.6. Notice that if s, € (0,00) and ¢ < s then 2* < 2! whenever
0 <2 < 1. Consequently, by the above definitions, we see that s (A4) <
pic(A) for all A C X and e < 1. Hence Hs(A) < Hy(A) for all A € B(X)
whenever s,t € (0,00) and ¢ < s (note we restrict to Borel sets as this is the
largest common domain of Hy and Hy).

In fact, something rather spectacular occurs.

Theorem 1.6.7. Let (X,d) be a metric space. If s,t € (0,00) are such that
t<sand A€ B(X) is such Hi(A) < oo, then Hs(A) = 0.

Proof. Fix a Borel set A C X and assume H¢(A) < co. Let 0 < e < 1. Then
for any collection {4,}>2, € F. such that A C [J5°; A,, observe that

Z diam(A Z diam(A,)°~ ltdwm < st Z diam(A

Therefore, by taking the infimum over all such {A,}5 ;, we obtain that
15 e(A) < €7y (A) < €7 (A),

Therefore, since H;(A) < oo, we obtain that Hs(A) = 0 by taking the limit
as € tends to zero. ]

By Theorem [1.6.7, we arrive at a definition of dimension for a Borel
subset of R.

Definition 1.6.8. Let (X, d) be a metric space and let A be a Borel subset
of X. The Hausdorff dimension of A, denoted dimp(A), is

dimpy(A) =inf{s >0 | Hs(A) =0} =sup{s >0 | Hs(A) = oo}.

Remark 1.6.9. Since A C B C X implies Hs(A) < Hs(B) for all s € (0, 00),
we see that dimy(A) < dimy(B) by construction. This is clearly a property
we would expect for a good dimension function.

Remark 1.6.10. We claim that if A C R then dimg(A) < 1. To see this, fix
s>1andlet 0 <e<1. Since }.;2 £ = oo, it is possible to cover R with a
countable collection open intervals I,, such that £(I,,) = < for all n (i.e. place
a symmetric interval of length € around 0 and alternate placing intervals at
the left most endpoint of the last interval placed in the negative numbers and
the right most endpoint of the last interval placed in the positive numbers).

Thus
. o0 € S s o0 1
Ms,e(R) < Z (n) =€ E
n=1 n=1
Since s > 1, we know that > >° nS < o0o. Therefore, since lim,_,o+ € = 0,
we obtain that Hs(R) = HX(R) = 0. Moreover, since the 1-dimensional

Hausdorff measure is the Lebesgue measure and A\(R) = oo, we obtain that
dimg(R) = 1. Thus the claim follows from Remark
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Example 1.6.11. Let I C R be a non-singleton finite intervals. Hence
0 < A(I) < oo. Since the 1-dimensional Hausdorff measure is the Lebesgue
measure so Hy(I) = A(I) € (0, 00), Theorem [L.6.7) implies that H,(I) = 0 for
all s > 1 and Hy(I) = oo for all s < 1. Therefore dimpg (/) = 1 by definition.

Similarly, if I is an infinite interval, then H;(I) = A(I) = oco. Thus
dimp (1) > 1. Hence Remark [1.6.10] implies dimy (1) = 1.

To motivate lower-dimensional subsets of R, we leave the following to the
reader.

Proposition 1.6.12. The Hausdorff dimension of the Cantor set is %

Proof. Let
In(2)
S0 = .
07 In(3)

To compute Hyy(C), let 0 < € < 1. Choose n such that 3= < e. By taking
P, as in Definition by replacing each closed interval I in P, with an
open interval J such that I C J and ¢(J) < ¢(I) + ¢ for some § such that
3% + d§ < €, and by sending ¢ to 0, we obtain that

- 3nso

271
. 1y%  2n
Mso,s(c) < Z (3n>

k=1

However
In(2™)
3750 — 3@ — 310g3(2”) —9n
so pi5, (C) < 1. Therefore, by taking the limit as € tends to 0, we obtain
that Hs,(C) < 1. Hence dimpg(C) < sp.

To see the other inequality, let 0 < € < 1 and let {I,}52; C F. be such
that C C (U,Z; I,. Since C is compact, there exists an M € N such that
ccUM, I,

Choose N € N such that

1
3N S €S 3N
and choose k£ € N such that .
M < (1)
for all 1 <n < M. Consider P, as in Definition If1<n<M and
1 1
7 </(I,) < 31

for some j < k, we see that I, can intersect at most one closed interval in
the definition of P;_; since each such closed interval has length 3j1_1 and is
separated from each other closed interval by an open interval of length 33%1
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Therefore, since each closed interval in the definition of of P;_; contains
2k=i+1 of the closed intervals in the definition of Py, we see that I,, can
intersect at most 287711 of the closed intervals in the definition of P;. Since

ok—j+1 _ ok+19—j _ gk+lg—jso _ ok+1 (31j>80 < okHlp(1,)%,

we see that each I, can intersect at most 2571¢(I,,)* of the closed intervals
in the definition of P;. Thus, since C C [J, I,, and since P} contains 2¥
intervals, we obtain that

M
> 2FHp(1, ) > 2k,

n=1
Thus

vV
N | —

o] M
D UL = Y ML)
n=1 n=1

Therefore, since {I,,}72; C F. was arbitrary, we obtain that

N

s (C) >

for all 0 < e < 1. Therefore + < H, (C) < 1. Hence Theorem implies
that dimg(C) = sg as desired. n
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Chapter 2

Measurable Functions

As with everything in mathematics, once one has defined the main objects one
desires to study, one then defines the morphisms or functions related to ones’
central object. These so called measurable functions will be the focus of this
chapter. After developing the basic properties of real- and complex-valued
measurable functions, we will demonstrate that every measurable function
can be ‘approximated’ by ‘simple’ functions. We will also demonstrate that
convergence of measurable functions occurs ‘uniformly almost everywhere’
and that measurable functions on the reals are ‘almost everywhere continuous’.
The theory of measurable function is vital for a theory of integration as we
will see in the next chapter.

2.1 Measurable Functions

To begin, we define the notion of a measurable function. Note the flavour
of this definition is very similar to the definition of continuous functions
between topological spaces where it is said that a function is continuous if
the inverse image of every open set is open.

Definition 2.1.1. Let (X, Ax) and (Y, Ay) be measurable spaces. A func-
tion f : X — Y is said to be measurable if f~1(A) € Ax for all A € Ay;
that is, the inverse image of every measurable set in Y is measurable in X.

Of course, we have a collection of trivial examples.

Example 2.1.2. Let (X, Ax) and (Y,.Ay) be measurable spaces and let
f:X — Y. If fis constant, then f is measurable as either f~(A4) = X or
f7YHA) =0 for all A€ Ay.
Alternatively, if Ax = P(X), then f is automatically measurable.
Similarly, if Ay = {0, Y}, then f is automatically measurable as f~1(0) =
fand f~H(Y) = X.

For a more robust collection of examples, we look at the following.

o1
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Definition 2.1.3. Let X be a non-empty set and let A C X. The char-
acteristic function of A (or indicator function) is the function x4 : X — R
defined by

1 ifzed

XA@):{O itrgA

for all z € X.

In the sense of probability theory, the characteristic function of an event
takes on the value one at a point where the event occurs and zero otherwise.
Of course, for a characteristic function to make sense in probability, we would
want the event to be in our probability space; that is, we would want the set
to be measurable.

Example 2.1.4. Let (X, .A) be a measurable space and let A C X. The
characteristic function x4 is measurable as a function to (R,B(R)) if and
only if A € A. Indeed, notice for all B C R that

0 if0,1¢ B
A if0¢Band1leB
A° if1¢ Band0e B’
X if0,1€B

From this and the fact that all cases are possibly by choosing select B € B(R),
clearly x4 is measurable if and only if A, A° € A if and only if A € A.

Of course, we will mainly be interested in functions from a measure space
into either the real or complex numbers. As such, we will use K to denote
either the real or complex numbers.

However we have a notion of a measurable function for each o-algebra on
K. One might think we could use the o-algebra {), K} to force every function
to be measurable. However would imply the characteristic functions of non-
measurable sets are measurable, which is undesirable if we want to construct
an integral for measurable functions. Since we desire any continuous function
to be measurable, the o-algebra on K should at least contain every open set,
and thus must contain the Borel o-algebra. Thus we define the following
notion.

Definition 2.1.5. Let (X, .A) be a measurable space. A function f: X — K
is said to be measurable if f is measurable as a function from (X, .A) to
(K,B(K)). The set of all measurable functions from (X, .A) to (K, B(K)) is
denoted M (X, K).

Of course, one natural question to ask when K = R is why we did not
use the Lebesgue measurable functions. To see the reason why, we require
the following peculiar function.
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Definition 2.1.6 (The Cantor Ternary Function). Given a sequence
d = (an)n>1 of elements of {0, 1,2}, define

oo otherwise

i {N ifay=1and ax #1forall k< N
a=

and define a sequence by = (bp)n>1 of elements of {0,1} by

GT" ifTLSK@
bn: 1 if’n:K&.

0 otherwise

The Cantor ternary function is the function f : [0,1] — [0, 1] defined as
follow: if z = 772, 5% € [0,1] for a sequence @ = (a,)n>1 of elements of

{0,1,2} and by = (bn)n>1 is the sequence of elements of {0,1} as defined
above, then

00 bn
f(r) = Z 27?
n=1

(That is, write a ternary expansion of x. If N is the first index where a 1
occurs, replace each 3% with n < N with 2%, replace each 3% with n < N
with 2%, replace 3LN with 2%\,, and change all terms of index greater than N

to zero).
Lemma 2.1.7. The Cantor ternary function is well-defined.

Proof. Let f denote the Cantor ternary function. Fix z € [0, 1]. To show that
f(z) is well-defined, we must demonstrate the value of f(x) does not depend
on the ternary representation of z. Thus to see that f(x) is well-defined we
need only analyze following two cases:

(1) There exists an m € N and ay,...,a;,—1 € {0,1,2} such that

m-! ag 0 i 2 m-! af io: 0
r=) ptant =D Tant -
k k k

k=1 3 3m k=m+1 3 k=1 3 3m k=m+1 3

Note we do not need to include m = 0 since as Y p-; 3% is the only
ternary expansion of 1 we need to consider in the definition of f.

(2) There exists an m € N and ay,...,a;,—1 € {0,1,2} such that

mla, 1 i 2 Mg 2 i 0
r=Y =44 — = 4+ —+ =
k k

k=1 3 3m k=m+1 3 k=1 3 3m k=m-+1 3
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We begin with case (1). Let @; be the sequence corresponding to the
first ternary expansion of x and let dy be the sequence corresponding to the
second ternary expansion of x; that is,

1= (al,ag,...,am_1,0,2,2,2,...)

QU

92 = (al,a2,. . .,am_l,l,0,0,0,...).

If gal = (bg)r>1 and 552 = (cx)k>1 are as defined as above, then it suffices to

show that
= by, i Ck
doE =D oF
k=1 2 k=1 2

Notice if there exists a n € {1,...,m — 1} such that a,, = 1, then by = ¢
for all k € N by definition (as the sequence becomes 0 after n and thus does
not depend on the differences in d@; and ds) thereby completing the case.
Otherwise assume that a,, # 1 for all n € {1,...,m — 1}. Hence

r ap az Gm—1

bg. = —,—,...,—,0,1,1,1,...
1 (272> ) 9 s Uy Ly Ly Ly >

- ar ap -1

bz = | —,—,...,—,1,0,0,0,...
2 (2727 ) 2 s 9 YUy Uy My )

by definition. Hence we easily see that

bk =
Z2222
k=1 k=1

2|
2|

thereby completing case (1).

For case (2), let @; be the sequence corresponding to the first ternary
expansion of z and let @, be the sequence corresponding to the second ternary
expansion of z; that is,

1= (al,ag,...,am_1,1,2,2,2,...)

Q

2 = (al,ag,. . .,am_1,2,0,0,0,...).

If gdl = (bg)r>1 and 552 = (cx)k>1 are as defined as above, then it suffices to

show that
— b i Ck
D= oF
k=1 2 k=1 2

Notice if there exists a n € {1,...,m — 1} such that a,, = 1, then by, = ¢, for
all k£ € N by definition (as the sequence becomes 0 after n and thus does not
depend on the differences in @; and ds). Otherwise assume that a, # 1 for
allm € {1,...,m —1}. Hence

ap az am—1
iw=\—-=,...,——,1,0,0,0,...
1 <2>2> 19 >

ap a2 Qm—1
o = | —5—, ... 1,0,0,0,...
2 (2727 b ) ) ) ) ) )

S

S

2
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by definition. Hence we easily see that
oo o0
by Ch
D =25
i
thereby completing case (2) and the proof. ]

Lemma 2.1.8. Let C denote the Cantor set and let f denote the Cantor
ternary function. Then f is a non-decreasing continuous function which is
constant on each interval of C¢. Furthermore f(C) = [0, 1].

Proof. By Lemma we know that f is well-defined. Hence for each point
in [0, 1] with two ternary expansions we can select one to use throughout the
proof.

To see that f is constant on C¢ notice by the definition of C (Definition

that
CC == U U In;a1,...,an

n>0 aly--'7an€{072}

where

akE{O,l,Q} an+1—1, and
aj=ay, for all ke{1,..,n} [

[e%s) CL/

§ : k
I’”’;alv"'van = T = —k

k=1 3

Therefore, by the definition of f we see that
n 1
- Z L
AL 2n+1

for all x € I,.q4,....a,- Hence f is constant on each interval in C°.

To see that f is non-decreasing, let x,y € [0, 1] be such that x < y and
write the ternary expansions of x and y as

Since = # y, due to our assumed uniqueness of the ternary expansions
there exists a ¢ € N such that a4(z) # a4(y) and ax(z) = ax(y) for all
k < q. We claim that a,(z) < a4(y). Indeed if a4(x) > a4(y) then, since
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ax(x),ar(y) € {0,1,2} for all k € N, we see that
[e.e] oo
ax(y) ag(x)
yoo= 3l 55 st
k=1 k=1

_ aq(y) — aq(x) T i ar(y) — ar(x)

IA
‘I
—_
S
ol
—~
<
S~—

w |
ol
S
el
—~
&
N~—

-1 > 2
EIRIP I

k=q+1

<

=0,

which is a contradiction. Hence a4(z) < aq(y).
Using the index ¢ we can show that f(z) < f(y). To do this we divide
the proof into three cases:

(1) There exists an k < g such that ax(z) = ax(y) = 1.
(2) Case (1) does not occur and aq(x) = 0 (and thus a4(y) € {1,2}).
(3) Case (1) does not occur and a4(z) =1 (and thus a4(y) = 2).
To begin, in all cases write
> bk T > bk Yy
o) =3 M0 g gy =y Y
k=1

k=1 2

where the sequences (by(z))r>1 and (bg(y))k>1 are determined from the
sequences (ag(z))r>1 and (ar(y))k>1 via the construction of the Cantor
ternary function.

In case (1), note that (bg(x))r>1 = (bx(y))k>1 by definition. Hence
f(x) = f(y) as desired.

In case (2), note that by(x) = bg(y) for all k < ¢, that by(z) = 0, and
that by(y) = 1. Therefore, since by(x),br(y) € {0,1} for all k£ € N, we see
that
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Hence f(z) < f(y) in case (2).

Finally, in case (3), note that by(z) = b(y) for all k < ¢, that by(x) =
1, that by(z) = 0 for all & > ¢, and that by(y) = 1. Therefore, since
b(z), bi(y) € {0,1} for all k € N, we see that

— b ()

)_Z ok
(

k=1

F) - @) =3
k

br(y
k
—  bp(y) — b (x)
Z 2k
k=q+1

B Z bk(y)

- k
k=q+1 2

> 0.

Hence f(z) < f(y) in case (3). Therefore, by combining all of the cases, we
obtain that f is non-decreasing and thus monotone.

To see that f is continuous, first notice that f is continuous at each point
in C¢ since f is constant on each open interval of C¢. Thus it remains to
demonstrate that f is continuous at each point in C. To see this, fix x € C
and let € > 0. Choose n € N such that 2% < €. By Definition there
exists ai,...,a, € {0,2} such that

n n
ar 1 ar
TEY Sra T2 5|
k:13 3" k:13

Consider the open interval I = (y, z) where
1 " ag, 2 " ay,
y:—3—n+23—k and z:an—FZ?
k=1 k=1

Clearly x € I. We divide the discussion into two cases based on the value of
anp-

Assume a, = 0. Let m be the greatest natural number such that ax =0
for all &k > m yet ap—1 # 0 (S0 -1 = 2). Then

"2 g 1 "f 2 1 i 2 w2 % 1
fly)=1 T et T D am Tan T —=> 2+
k=1 3 3m k=m amo3n k=n+1 3" k=1 2 2m
whereas
n—1 ag 1 m—1 ap 1 1
f(z) = %Jrjnz 227+27:f(?/)+27
k=1 k=1

(since ar, = 0 for all & > m). Therefore, since f is non-decreasing, we see for

all ¢ € I that
1

fly) < flg) < f(2) = fly) + TR
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Hence |f(z) — f(q)| < 5= < e for all ¢ € I so f is continuous at z.
Otherwise a, = 2. Let m be the greatest natural number such that
ap = 2 for all k > m yet an—1 # 2 (so amy—1 = 0). Then

2 a 1 o o1 2 % 1
IO=H L gtz t Lgnta)= Lot o
k

k=1 =m k=1
whereas
nog m2ap 1 1 1 1
F=> =2 Z+ 2 m=F@ g+ =f) -5,
ok T Lok T o 2 o~ 2
= = —m k=m

Therefore, since f is non-decreasing, we see for all ¢ € I that

) < £@) < £(2) = F(y) + o=

on’
Hence |f(z) — f(q)| < 3= < € for all ¢ € I so f is continuous at . Hence f
is continuous on [0, 1].
Finally, clearly f(0) = 0 and f(1) = 1. Therefore, since f is non-
decreasing, the Intermediate Value Theorem immediately implies that f(C) =
[0, 1]. ]

With the above properties of the Cantor ternary function, we can now
demonstrate why we do not want to use the set of Lebesgue measurable
functions for the o-algebra of the co-domain of measurable functions; the
inverse image under a continuous function of a Lebesgue measurable set
need not be Lebesgue measurable. Consequently, if we defined a function
f : X — R to be Lebesgue measurable if and only if the inverse image of a
Lebesgue measurable set is Lebesgue measurable, there would be continuous
functions that are not Lebesgue measurable.

Example 2.1.9. Let f be the Cantor ternary function and define ¢ : [0, 1] —
[0,2] by ¥(z) = =+ f(x). Thus 9 is a strictly increasing continuous function.

Moreover, we claim that A(¢(C)) > 0. To see this, first notice since
¥ is a strictly increasing continuous function that if [a,b] C [0,1] then
Y(la,b]) = [¥(a), 1 (D)]. Therefore, if (a,b) C C€, then since f(a) = f(b) as f
is continuous and constant on each interval of C¢ by construction, we obtain
that

A (¥(a, b)) < X (¢P([a, b)) = A([¥(a), ¢ (0)]) = ¢ (b) —¢(a) = b—a.

Since 1) is strictly increasing (and thus injective), we know that [0,2] =
»(C) Up(CC) and (C) N(C¢) = B. Therefore, C° is a disjoint union of
intervals whose sum of lengths is one, the above computation shows that

A ((C%)) <1
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so A(¥(C)) > 1> 0.

By Proposition there exists a subset A C C such that B = ¢(A4) is
not Lebesgue measurable.

Since v is a strictly increasing continuous function, ¢ =~ :[0,2] —
[0, 1] is continuous. However, note A is Lebesgue measurable since A C C,
A(C) =0, and A is complete, yet ¢ 1(A) = 1(A) is not Lebesgue measurable.
Hence there is a continuous function on R such that the inverse image of a
Lebesgue measurable set is not Lebesgue measurable.

Returning to our actual definition of a measurable real-valued function,
we note that we do not have much precise information about the Borel o-
algebra in the sense that we do not have an easy method for testing whether
a set is Borel. In particular, how can we determine whether f~1(4) € A
for all A € B(K) if we cannot describe the elements of B(K)? However, we
do know several sets which generate B(K). Hence the following result will
easily enable us to check whether a function is in M(X, K).

Proposition 2.1.10. Let (X, Ax) and (Y, Ay) be measurable spaces and
let f: X =Y. IfAC Ay and Ay = o(A) (that is, Ay is the smallest
o-algebra containing A), then f is measurable if and only if

{f7(B) | Be A} C Ax.

Proof. If f is measurable, then clearly {f~!(B) | B € A} C Ay by defini-
tion.

Conversely, assume {f~}(B) | B € A} C Ax. To see that f is measur-
able, consider the set

A={BCY | f71(B) € Ax}.

We claim that A is a g-algebra. To see this, we notice that f~1(0)) = ) € Ax
and f~1(Y) = X € Ax so clearly (), X € A. Next, if B C Y then f~1(B) €
Ax so f71(B¢) = (f~1(B))¢ € Ax so B° € A. Finally, let {B,}>°; C A be
arbitrary. Hence {f~1(B,)}5%, C Ax. Since

= (G Bn> = fj FH(Bn) € Ax
n=1 n=1

we see that [J;2, By, € A. Hence, as {B,,}52; was arbitrary, A is a o-algebra.
Since A C A by assumption and since Ay = o(A), we obtain that
Ay C A. Hence f is measurable by definition. [

Corollary 2.1.11. Let (X,.A) be a measurable space, let Y be a metric
space, and let f: X — Y. Then f is measurable as a function from (X,.A)
to (Y, B(Y)) if and only if f~1(U) € A for all open subsets U C Y, that is,
a function to a metric space equipped with the Borel o-algebra is measurable
if and only if the inverse image of every open set is measurable.
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As the inverse image of an open set under a continuous function is open,

Corollary trivially implies the following.

Corollary 2.1.12. Let (X,d) be a metric space and let A be a o-algebra of
X containing B(X). If f : X — K is continuous, then f is measurable.

Corollary 2.1.13. Let (X, A) be a measurable space and let f : X — R.
The following are equivalent:

1. fe M(X,R).

2. {r e X | f(z) >a} € A forallaeR.
3. {xe X | f(x) >a} € A for all a € R.
4. {xre X | f(x)<a} €A foralla € R.
5 {fxe X | f(x) <a} € A forallaeR.

6. {reX |a< f(x)<b}eAforallabecR.

Proof. The result follows easily from Proposition 2.1.10] as Remark [I.1.9]
implies each of the sets used in the inverse images generate B(R). [ |

Now that we have a good notion of real-valued and complex-valued mea-
surable functions on a measurable space, it is useful to see which operations
preserve measurability. To do so, we note the following important result.

Proposition 2.1.14. Let (X, Ax) be a measurable space and let (Y,dy),
and (Z,dz) be metric spaces. If Y and Z are equipped with their respective
Borel o-algebras, if f : X — Y is measurable, and if g : Y — Z is measurable
(e.g. when g is continuous), then go f : X — Z is measurable.

Proof. Let U C Z be an arbitrary open set. Since g is measurable, g~ 1(U)
is measurable in ). Hence, since f is measurable,

(9o /)7HU) = ["Hg™H(U)) € Ax.

Therefore, since U C Z was an arbitrary open set and as open sets generated
the Borel o-algebra on Z, the result follows from Proposition 2.1.10} n

Remark 2.1.15. Clearly the proof of Proposition [2.1.14 breaks down when g
is only Lebesgue measurable since the inverse image of a Lebesgue measurable
set under a Lebesgue measurable function need not be Lebesgue measurable
by Example

To exhibit an example where Proposition fails when g is only
Lebesgue measurable, let ¢ and A be as in Example and let f = ¢
and g = x4. Since A is Lebesgue measurable, g is Lebesgue measurable by
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Example Moreover, since ¢ is continuous, f is Lebesgue measurable
by Corollary [2.1.11} However, note that {1} is a Borel set, yet

(go NN =g ' (1) = F 1 (A) =9 1 (A)
is not Lebesgue measurable. Hence g o f is not Lebesgue measurable.

Using Corollary and Proposition we can easily use continu-
ous operations to show specific operations on measurable functions preserve
measurability. To get all of the operations we want, sometimes we need to
double up.

Proposition 2.1.16. Let (X, A) be a measurable space and let f,g €
M(X,K). If h: X — K2 is defined by

for all x € X, then h is a measurable function from (X, A) to (K2,B(K?)).

Proof. Let f,g € M(X,K). Note that B(K?) is countably generated by
open balls with respect to the infinity norm (i.e. check that if U is open in
K? then U is the union of all balls of the form B((z1, 22), 7"(21722)) where z1
and 2 are rational (or complex rational) numbers and r(;, ,) is the largest
radius r such that B((z1, 22),7) C U). However each open ball in the infinity
norm is of the form I} x Iy where I7, I C K are open sets with respect to | - |.
Hence if I}, I C K are open, then f~1(I1),g ' (I2) € A as f,g € M(X,K)
and thus

NI x L) = fY(I)ng (1) € A

Therefore Proposition 2.1.10] implies that h is measurable. "

Corollary 2.1.17. Let (X,.A) be a measurable space and let f,g € M(X,K).
Then

a) cf € M(X,K) for all c € K.
b) f+9€ M(X,K).

¢) fg€ M(X,K).

d) |f] € M(X,K).

e) %EM(X,K) if f(x)#0 forallz e X.

f) f e M(X,K) where f(z) = f(z).
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Proof. As constant functions are measurable, a) will follow from c).

Let f,g € M(X,K). By Proposition the function h : X — K2
defined by h(xz) = (f(x),g(x)) is measurable. Since the functions h,hy :
K? — K defined by hy(z,y) = = +y and hy(z,y) = xy are continuous
functions, Propositions implies that f + g=hyoh and fg=hyoh
are measurable. Hence b) and c) follow.

Since the functions a,C : K — R defined by a(z) = |z| and C(z) = Z are
continuous, Proposition implies that |f| =ao f and f = C o f are
measurable. Hence d) and f) follow.

Finally define the function ¢ : K\ {0} — K\ {0} by ¢(z) = 1. Clearly ¢

is continuous with respect to the metric on K\ {0} induced by | - |. Since
% = qo f is well-defined as f(x) # 0 for all z € X, Proposition [2.1.14] implies
that % is measurable. Hence e) follows. [

Remark 2.1.18. Using Corollary[2.1.17 we may reduce the study of complex-
valued measurable functions to real-valued measurable functions. Indeed
let (X,.A) be a measurable space and let f : X — C. Define Re(f),Im(f) :
X — R by

(1) - T@)

Re(/)(e) = (/@) + F@)  and  Im(f)(e) = 5

2
for all z € X. Hence f(z) = Re(f)(z) + ilm(f)(z) for all x € X. Note
by by Corollary that f is measurable if and only if Re(f) and Im(f)
are measurable. The functions Re(f) and Im(f) are called the real and
imaginary parts of f respectively.

Remark 2.1.19. In fact, the theory of measurable functions can be reduced
to non-negative measurable functions. Indeed let (X,.A) be a measurable
space and let f: X — R. Define f;, f- : X — [0,00) by

flx) if f(z) 20

0 otherwise

Fr(@) = 517 @) + f(@) = {

and
—f(z) if f(z) <0

0 otherwise

F() = S(7(@)] ~ () = {

for all z € X. Hence |f|(z) = f+(z) + f-(x) and f(z) = fy(z) — f—(x) for
all z € X. Thus, by Corollary f is measurable if and only if f, and
f— are measurable. The functions f; and f_ are called the positive and
negative parts of f respectively.

Of course, when dealing with limits of functions, often the collection of
functions diverges at specific points. Consequently, it is useful to extend the
notion of measurable functions to allow infinite values.
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Definition 2.1.20. Let (X, .A) be a measurable space. An extended real-
valued function f : X — [—o0, 0] is said to be measurable if

“H{—oo}), fH({oo}) € A
and f~1(A) € A for all A € B(R).

Remark 2.1.21. It is not difficult to see that the characterization of mea-
surable real-valued functions from Corollary 2.1.13] extends to extended
real-valued functions. Indeed the second characterization of Corollary
will extend since

“({oo}) = mf and /1 ({~00}) = (Uf )

Another reason to use extended real-valued functions is it enables us to
take supremums and infimums of functions without worrying about pointwise
boundedness. Using limit infimums and supremums, we obtain information
on how measurable functions are preserved under limits.

Proposition 2.1.22. Let (X, .A) be a measurable space. For each n € N, let
fn: X = [—00,00] be a measurable function. Then the functions

sup fn, inf f,, limsupf,, and liminf f,
>1 n—oo

n>1 nz n—00

are measurable (where by sup, inf, limsup, and liminf of functions, we
mean the functions that are defined pointwise by taking the respective op-
eration applied to the sequence of functions pointwise). Consequently, if
f: X — [—o0,00] is such that f(x) = limy, oo frn(x) (that is, f, converge to
f pointwise), then f is measurable.

Proof. For each n € N, let f,, : X — [—00, 0] be a measurable function. To
see that sup,,~; f, is measurable, notice for all a € R that

1 .
(SUI; fn) ((a,00)) = | fo ' ((a,0]) € A.
n> n=1

Hence sup,,>; fn is measurable by Corollary [2.1.13] Similarly, to see that
inf,>1 f, is measurable, notice for all a € R that

-1 00
(Tllr;fl fn) ([a, o0]) O e A

Hence inf,,>1 f,, is measurable by Corollary [2.1.13]
Next, for each k € N, let

gk = Sup frn and hy = inf f,.
n>k n>k
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Since each gi and hj is measurable from above and since

li = inf d liminf f, = h
tmenpfn=jofox  end o Hmipln=suphs,

we obtain that lim sup,, ., f» and liminf,,_, f, are measurable from above.
Finally, if f : X — [—00,00] is such that f(x) = limy, 0o fn(x) then
f =limsup,,_,., frn so f is measurable. ]

Corollary 2.1.23. Let (X, A) be a measurable space. For each n € N, let
fn : X = C be a measurable function. If f: X — C is such that f(z) =
lim, o0 fn(z) (that is, f,, converge to f pointwise), then f is measurable.

Proof. Clearly for each z € X we have f(z) = lim,_,c fn(x) if and only if

Re(f)(@) = lim Re(f,)(@) and  Im(f)(x) = lim Im(f,)(a)
Since Re(f,) and Im(f,) are measurable by Remark we obtain that
Re(f) and Im(f) are measurable by Proposition[2.1.22] Hence f is measurable

by Remark [2.1.18] ]

Of course, asking for pointwise convergence at every point in X is a lot
to ask. However, we are dealing with measures which determine the size of a
set. Since sets with zero measure have ‘no mass’, it is natural to ask whether
we can have pointwise convergence except on a set of zero measure and still
have measurability? This leads us to the following notion.

Definition 2.1.24. Let (X, A, 1) be a measure space and let P be a property
that at each point in X is either true or false. It is said that P holds p-almost
everywhere (abbreviated p-a.e. or simply a.e. if p is clear) if there exists a
set A C A such that P(z) is true for all x € A and pu(A€) = 0.

Remark 2.1.25. For example, given a measure space (X, A, 1), two functions
f,9: X — K are equal almost everywhere if there exists a set A C A such
that f(z) = g(z) for all x € A and p(A°) = 0. Note this is not necessarily
the same as saying

p{r e X | f(z) # g(x)}) =0

since we do not know whether this set is measurable. However, if we know f
and g are measurable, then f — g is measurable so the set

{reX | f@)#g(0)} ={re X [ (f-g)(x)#0}

is indeed measurable. Thus f = ¢ almost everywhere is equivalent to
pu({x € X | f(x) # g(x)}) =0 when f and g are measurable.
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Example 2.1.26. It is elementary to see that xg = 0 almost everywhere
with respect to the Lebesgue measure. Similarly, if A is any measurable set
with zero py-measure, then x4 = 0 p-almost everywhere.

It is not difficult to see that measurable functions behave well if properties
only hold almost everywhere.

Proposition 2.1.27. Let (X, Ax, u) be a complete measure space, let (Y, Ay)
be a measurable space, and let f,g : X — Y be such that f = g p-almost
everywhere. If f is measurable, then g is measurable.

Proof. Let f,g : R — Y be such that f is measurable and f = g almost
everywhere. Hence there exists a set A € Ax such that f(z) = g(x) for all
z € A and pu(A°) = 0. Let B € Ay be arbitrary. Notice

g (B)=(Ang '(B))u(4°ng ' (B)) = (AnSH(B) U (A g (B))

since f(z) = g(z) for all x € A. Since A°N g 1(B) C A°, since A° € Ax
as A € Ay, since u(A°) = 0, and since (X, Ax, u) is complete, we obtain
that AN g~ !(B) € Ax by definition. Furthermore, since f is measurable,
f~YB) € Ax. Hence, we obtain that AN f~!(B) € Ax. Hence g~ *(B) €
Ax. Therefore, since B € Ay was arbitrary, g is measurable. ]

The following illustrates our first use of how we can correct functions on
measure zero sets.

Corollary 2.1.28. Let (X, Ax,u) be a complete measure space. For each
n €N, let f, : X = K be a measurable function. If f : X — K is such that
f(x) = limy, o0 fr(x) a.e. (that is, f, converge to f pointwise except on a
set of measure zero), then f is measurable.

Proof. Since f(x) = limy,_yo0 fn(z) for a.e. x € X, there exists a set A € A
such that f(z) = lim, e fn(z) for all z € A and pu(A¢) = 0. Consider
the sequence of functions (fnxa)n>1. Clearly fnxa is measurable for all
n € N by Corollary since f, is measurable and y 4 is measurable as
A € A. Therefore, since f(x)xa(z) = lim, o0 fn(x)xa(z) for all x € X,
fxa is measurable by Corollary Therefore, since u(A°) = 0 and
f(@)xa(z) = f(x) for all x € A, we see that f = fxa almost everywhere.
Hence Proposition implies that f is measurable. |

Remark 2.1.29. Note the trick used in Corollary of multiplying by a
characteristic function of a set with measure zero complement is incredibly
useful in proving properties hold almost everywhere or when using a condition
that only holds almost everywhere. We will see several instances of this
technique in subsequent sections and chapters.
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2.2 Simple Functions

Since we desire to study measurable functions beyond the properties de-
veloped above and measurable functions may appear on the surface to be
difficult to describe, it is useful to have a ‘simple’ collection of measurable
functions that are easy to understand yet well-approximate all measurable
functions. We find such a collection in the following definition.

Definition 2.2.1. Let (X,.A) be a measurable space. A function ¢ : X —
[0,00) is said to be simple if there exists an n € N, non-empty, pairwise
disjoint sets {A;}}_; € A such that X = (J;_; Ak, and {ax}}_; C [0,00)
distinct (i.e. a; # a; whenever i # j) such that

n
= arxa,-
k=1

Note clearly all simple functions are measurable by Example [2.1.4] and
Corollary In particular, students have already encountered specific
types of simple functions in previous courses.

Example 2.2.2. Recall that ¢ : [a,b] — [0, 00) is said to be a step function
if o = Y1 arxa, where {A;}7°, are disjoint intervals whose union is [a, b].

Remark 2.2.3. Suppose (X, .A) is a measurable space and ¢ : X — [0, 00)
is measurable with finite range. We claim that ¢ is a simple function. Indeed
write (X)) = {b1,...,by}. Since ¢ is measurable, A, = o~ '({by}) € A
for all k € {1,...,m}. It is then easy to see that ¢ = >} brxa, and
{Ar}7_, € A pairwise disjoint non-empty with X = (J;_; Aj.

Since every simple function has finite range, we see that the set of simple
functions is precisely the set of measurable functions with finite non-negative
range. In particular, the simple functions are closed under addition and
non-negative scalar multiplication.

Consequently, if g : X — [0,00] is such that g = Y J_; axxa, where
{A}r_; € A and {ax}}_; C [0,00), then g has finite range and thus is a
simple function. Note the description of g differs from that in Definition
since conditions are lacking on {Ax}}_; and on {ax}}_;. The represen-
tation of a simple function given in Definition [2.2.1] is called the canonical
representation of a simple function.

The reason for analyzing simple functions and why simple functions are
so essential to this course is the following result. This result will most often
be used to conclude a result for all measurable functions provided one can
verify the result for simple function and take limits.

Theorem 2.2.4. Let (X, A) be a measurable space and let f : X — [0, 00].
Then f is measurable if and only if there exists a sequence (vn)n>1 of simple
functions on X such that ¢, < @ni1 for alln € N and (prn)n>1 converges to
f pointwise (that is, lim, o on(z) = f(x) for allxz € X).
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Proof. Assume there exists a sequence (¢p)n>1 of simple functions such that
©n < ppt1 for all n € N and (¢,,),>1 converges to f pointwise. Since each
simple function is measurable, we obtain that f is measurable by Proposition
2.1.22

Conversely assume f is measurable. We will proceed by recursively
approximating f by dividing up the range of f into interval regions of length
L and approximating f from below. This is accomplished as follows.

2"1
For each n € N and for each k € {1,...,n2"}, consider the sets

k-1 k n2 ‘
= 71 —_— =
Apr=f ([ T 2n>) and B, <k1 An,k> .

Clearly B), and each A, ; is Lebesgue measurable since f is a measurable
function. Moreover, clearly {Ank}Zinl are pairwise disjoint. Furthermore,
notice that x € B, if and only if x ¢ A, for all k € {1,...,n2"} if and only

if f(x) ¢ |52, 5% ) for all k € {1,...,n2"} if and only if f(z) > n.
For each n € N let ¢, : X — [0,00) be defined by

©n = NXB, T Z o XAnk:
k=1

Clearly ¢, is a simple function. Moreover ¢, < ¢,41 for all n € N due to
the refining nature of the construction (i.e. A,  is refined into two A, 5/
each of which has the property that ]2“:;} > % and part of B,, becomes
2"+ A, 1 each of which has the property that lg;—j >n).

To see that (¢p)n>1 converges to f pointwise, fix z € R. If f(x) < o0

then for all n € N such that f(z) < n we see that |f(z) — ¢n(2)] < o
since f(xz) < n implies x € A, for some k. Hence lim, o ¢n(x) = f(z)
when f(z) < co. Otherwise, if f(x) = oo then ¢, (z) = n for all n € N so

lim,, o0 n(z) = 00 = f(x). Hence the result follows. ]

Theorem will be essential to us since having every non-negative
Lebesgue measurable function as a pointwise increasing limit of simple
functions is quite powerful. However, as pointwise convergence can be weak,
it is often useful to have a strong convergence.

2.3 Egoroff’s Theorem

In this and the subsequent two sections, we will look at the three Littlewood
principles which give us more control over the behaviour of measurable sets
and functions. The following Littlewood principle (which is actually the
third of Littlewood’s principles) enables us to deduce that outside of a set of
small measure, pointwise convergence implies uniform convergence.
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Theorem 2.3.1 (Egoroff’s Theorem). Let (X, A, u) be a finite measure
space. For eachn € Nlet f, : X — C be a measurable function. If f : X — C
is a measurable function such that f(x) = lim, oo fn(x) for all x € X, then
for all 6 > 0 there exists an B € A such that p(B) < § and f = lim, o0 fn
uniformly on B€.

Proof. Fix § > 0. For each m,k € N let

> 1
Bui= U {oe X |Ifale) - o)l = 1 }.
n=m
Therefore, since f and (fy,)n>1 are measurable functions, we see that B, , €
A for all m,k € N. Notice that By, 1, € By, for all m € N. Moreover,
since f(z) = lim, 00 fn(z) for all x € X, we see that

oS
m Bm,k =0
m=1

for all k& € N. Therefore, since u(f)) = 0 and u(X) < oo, the Monotone
Convergence Theorem (Theorem |1.1.23)) implies that

lim N(Bm,k) =0

m—o0

for all £k € N. Hence for each k € N, there exists an n; € N such that
M(Bnkzk) < %'

Let B = U2 By, k- Clearly B is measurable being the countable union
of measurable sets. Furthermore, clearly

o0 oo 5
1(B) > u(Brpi) <Y o = J.
k=1 k=1

Hence, to complete the proof, it suffices to show that (fy)n,>1 converges
uniformly to f on B€.

To see that (fy)n>1 converges uniformly to f on B¢, let € > 0 be arbitrary.
Choose k € N be such that % < €. Notice that if z € B¢ then = ¢ B so
x ¢ By, . Hence for all z € B® and for all n > n;, we have that

nlw) = @) < 3 < e

Therefore, since € > 0 was arbitrary, we obtain that (f,),>1 converges
uniformly to f on B¢ as desired. |

Remark 2.3.2. If in the statement of Egoroff’s Theorem (Theorem
one only knew that f(x) = lim,_, fn(x) almost everywhere, then the
conclusions still hold. Indeed, assume 6 > 0 and f(z) = lim, o0 frn(2)
almost everywhere. Then there exists an A € A such that u(4) = 0 and
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f(z) = limy, o fn(z) for all x € A. Hence the sequence (xafn)n>1 is a
sequence of measurable functions that converges pointwise to the measurable
function x4 f. By Egoroff’s Theorem (Theorem as stated, there exists
a B € A such that u(B) < ¢ and fxa = limy— 00 fnxa uniformly on B€.
Hence, if C' = BU A€, then C € A, u(C) < 6§, and f = lim,,_, f,, uniformly
on C° as desired.

Example 2.3.3. The conclusions of Egoroff’s Theorem (Theorem
fail if the assumption that p is finite is removed (or replaced with o-finite).
Indeed consider (R, M(R),\) and for each n € N let f, = X[ 00)- Clearly
(fn)n>1 converges pointwise to the constant function 0. However there does
not exists a set B € M(R) such that (f,),>1 converges uniformly to 0 on
B¢ and p(B) is finite. To see this, assume (fy,)n,>1 converged uniformly to 0
on B¢ for some B € M(R). Thus if € = 1 there exists an N € N such that

|fo(z) <e=1
for all n > N and for all z € B¢. Due to the description of f,, the above
implies B¢ C (—oo, N) as f,(z) =1 when 2 > n. Therefore [IV,00) C B so
u(B) = .
2.4 Littlewood’s First Principle

Our next goal in this course is to proof Lusin’s Theorem (Theorem ,
which is also know as Littlewood’s second principle. One proof of Lusin’s
Theorem can be constructed using Littlewood’s first principle. However, we
will present a different proof of Lusin’s Theorem that is shorter and bypasses
the need for Littlewood’s first principle. Thus, for completeness and to
introduce concepts required for the proof of Lusin’s Theorem, we will prove
Littlewood’s first principle first. Consequently, we begin with the following
notions.

Definition 2.4.1. Let (X, d) be a metric space and let A be a o-algebra on
X containing the Borel sets. A measure p: A — [0, 00] is said to be:

o outer reqular if u(A) = inf{u(U) | A CU,U open} for all A € A.

o anner reqular p(A) = sup{u(K) | K C A, K compact} for all A € A.
A measure that both inner and outer regular is said to be regular.
Example 2.4.2. Note the Lebesgue measure is regular by Proposition [1.4.12

For Littlewood’s first principle, outer regularity is key.
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Theorem 2.4.3 (Littlewood’s First Principle). Let A C P(R) be a o-
algebra containing B(R) and let p: A — [0,00] be an outer reqular measure.
If A € A is such that p(A) < oo, then for all € > 0 there exists a finite
number of disjoint open intervals I, ..., I, such that if U = Jp_; I then

p((ANU)U (U 4)) <e

Proof. Let ¢ > 0. Since u is outer regular, there exists an open set V' such
that A C V and ]
p(V) < plA) + 5.

Since u(A) < oo, the above implies p (V) < co and

u(V\A)<§.

Since every open subset of R is a countable union of disjoint open
intervals (see Proposition [C.2.11)), we can write V = (J32; I, where {I}}7°,
are disjoint open intervals. By the Monotone Convergence Theorem for

measures (Theorem [1.1.23)), we know that

n
p(V) = lim p < U Ik) :
k=1
Hence there exists an N € N such that

N
(V) <M<U Ik) +

k=1

DO

Therefore, if U = UN_, I, we see that U C V so u(U) < oo, and thus the
above equation gives us that u(V \ U) < §. Hence

WANU) < (VD) < 2
and .
pUNA) < p(VAA) <5
Hence u((A\U)U (U \ A)) < € as desired. ]

2.5 Lusin’s Theorem

With the proof of Littlewood’s first principle complete, we turn to the last
of the remaining Littlewood’s principles in the hopes to further understand
measurable functions. This principle roughly states that ‘every Lebesgue
measurable function is continuous except on a set of small measure’ which is
remarkable considering the behaviours and examples of measurable functions
we have studied! Formally, we have the following.
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Theorem 2.5.1 (Lusin’s Theorem). Let a,b € R with a < b, let p be a
finite, regular measure on a o-algebra containing the Borel subsets of [a, b
(e.g. the Lebesgue measure), and let f : [a,b] — C be p-measurable. For all
€ > 0 there exists a closed subset F' C [a,b] such that p([a,b] \ F') < € and
flF is continuous.

Consequently, for all € > 0 there exists a exists a continuous function
g : [a,b] = C such that

sup({lg(z)| | z € [a,b]}) < sup({[f(2)] | = € [a,0]})

and

p{z € fa,b] | f(z) #g(x)}) <e

To see why the first part of Lusin’s Theorem implies the second, we note
the following that will also be of use in the proof of the first part of Lusin’s
Theorem.

Theorem 2.5.2 (Tietze’s Extension Theorem on R). Let F' C R be
closed and let h : F' — R be continuous. There exists a continuous function
g : R — R such that g(x) = h(x) for all x € F and

sup({lg(z)| [ = € R}) <sup({[h(2)] | € F}).

Proof. Since F¢ is open, I is a countable union of disjoint non-empty open
intervals. Thus F¢ = ;2 (ap, by) for some ay, by, € R with a,, < b,. Define
g:R— R by

h(zx) ifreF
(z) h(ay) if z € (ap,by) and b, = 00
xTr) =
g h(bn) if 2 € (an, bn) and an = —00
W(w —an) + h(ay) if x € (ap,by),an # —oo, and by, # oo

for all € R. Thus g agrees with h on F' and is linear on each (a, b,). Thus
it is not difficult to see that g is continuous and

sup({lg(x)| | = € R}) <sup({|h(z)] | = € F}). u

To proceed with the proof of Lusin’s Theorem (Theorem [2.5.1]), we begin
with the simplest case.

Lemma 2.5.3. Lusin’s Theorem (Theorem holds under the additional

assumption that the function f is simple.

Proof. Let
N
f=>" apxa,

k=1
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be the canonical representations of the simple function f. Thus {4}, are
pairwise disjoint measurable sets with union [a, b] and aj > 0 for all k.

Fix € > 0. Since p is inner regular, for every k there exists a compact
subset Fj, C A such that

€
#(Ag) < u(Fr) + -
Clearly {F}IY_| are pairwise disjoint as {4}, are pairwise disjoint .

Let F = UY_, F}.. Then F is compact (and thus closed) being the finite
union of compact (and thus closed) sets. Moreover, notice since p is finite,
{AR}_ | are pairwise disjoint, and {F;}2_, are pairwise disjoint that

N

pla, )\ F) = p([a,0]) — u(F) = u(Ag) — p(Fy) < e.
k=1

It remains to show that f|p is continuous. To see this, assume (zy,),>1 is
a sequence of elements in F' that converge to a point x € F. Since F' is the
union of the pairwise disjoint closed sets {Fk}évzl, it must be the case that
there exists an kg such that x € Fy,, and x,, € F, for alln > M (for otherwise
there would exist a sequence in some Fj where k # kg that converges to
x, which would imply « € Fj as F} is closed thereby contradicting the
disjointness of Fj, and Fj,). Therefore, since z,, € Fy, for all n > M,
f(zn) = ar, = f(z) for all n > M. Hence f|p is continuous as desired.

The Tietz Extension Theorem (Theorem then implies the second

conclusion of Lusin’s Theorem holds for simple functions. ]

Using our knowledge of simple functions, we are in a position to prove
Lusin’s Theorem (Theorem [2.5.1]).

Proof of Lusin’s Theorem (Theorem[2.5.1]). Let f : [a,b] — C be an arbi-
trary measurable function and fix € > 0. By applying Theorem [2.2.4] to the
positive and negative parts of the real and imaginary parts of f, we can
construct a sequence (fy)n>1 of functions that are linear combinations of
simple functions that converge to f pointwise. By applying Lemma [2.5.3
to each of the four simple functions in the linear combination of f,, and
by taking the intersection of four closed sets (each whose measure in [a, b]
is at least (b — a) — 5753), there exists a closed subset 5, C [a,b] and a
continuous function g, : [a,b] — C such that f,(z) = gn(z) for all z € F,
and p([a,b] \ Fy) < 5257

Since (fn)n>1 converges pointwise to f, Egoroff’s Theorem (Theorem
implies there exists a measurable set B such that u(B) < { and (fn)n>1
converges uniformly to f on [a,b] \ B. Since p is outer regular, there exists
an open set U (by this we really mean an open subset U C [a, b], but by the
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relative topology we can view U as an open subset of R) such that B C U
and

pU) < p(B)+ 7 < 3

Hence, if Fy = [a,b] \ U C [a,b] \ B, then Fj is a closed subset such that
(fn)n>1 converges uniformly to f on Fj and

ulla. b\ Fo) < u(U) < 5.

Let FF =7~y Fk. Then clearly F' is a closed subset of [a, b] such that

u(a b\ F) = p (G([a,b]\m) <Y (el \F) €Y oy =
k=0 k=0 k=0

Since F' C Fp, we see that (fy,)n>1 converge uniformly to f on F. Therefore,
since F' C F,, for all n and thus f,(z) = gn(x) for all x € F,,, we see that the
continuous functions (gn|r)n>1 converge uniformly to f|r on F. Hence f|p
is continuous as desired. ]

Although Lusin’s Theorem (Theorem [2.5.1]) appears to rely on the finite-
ness of the measure used, this is not necessarily required as the following
result demonstrates.

Theorem 2.5.4 (Lusin’s Theorem, Lebesgue measure on R). Let
f:R — C be Lebesgue measurable. For all € > 0 there exists a closed subset
F C R such that \(F€) < € and f|F is continuous.

Consequently, for all € > 0 there exists a exists a continuous function
g : R — C such that

sup({lg(z)| [ = € R}) <sup({[f(2)] | = € R})

and

M{zeR | fz) # g(2)}) <e

Proof. For each n € Z, let A, = [n,n+ 1]. Then U,z An = R. We will
apply Lusin’s Theorem (Theorem to each A, and stitch together the
results.

Let € > 0. Since Lusin’s Theorem (Theorem holds finite closed
intervals, for each n € Z there exists a closed subset F,, C [n,n + 1] such
that f|g, is continuous and

€

A\ ) < S5

It would be nice to say that f is continuous on UJ,,c7 F». However, for
each n € Z, f|r, and fr,_, might have different limits at x. To solve this,

we introduce some distance between F;, and F,,_.
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For each n € Z, let

I, = n+in+1—

€ ;o
24+|TL" W and Fn = FTL N In

Then F}, is a closed subset of F), such that f|p is continuous and

€ € o €
< 934l T 9310l T o2l

Let F = U,z F;,- Although a countable union of closed sets need not be
closed, F'is a closed set. To see this, let (z,,),>1 be a sequence in F' that
converges to some z € R. Choose M € N such that z € (M — 1, M + 1).
Thus, since (x,,),>1 converges to z, there exists an N € N such that z,, €
FN(M—-1,M+1) C Fy,_UF}, for all n > N. Therefore, since F;_;UFy,
is closed, we must have that z € F J/\/[—l U F ]’M C F. Moreover, since the
pairwise disjoint closed intervals subsets {I,, } ez have positive separation
from one another, since F,, C I, and since f|p is continuous for all n, it
follows that f|r is continuous (i.e. any sequence that is in F' must eventually
completely lie in I,,, for some ng and thus has distance at least from
any other I,,). Finally, since

__€
24-+Ing]

nez nez nez

)‘<FC):/\(UA7L\F7/L) SZ)\(ATL\FT/L):Zﬁ<E7

the result follows. []

To conclude this section, we note Lusin’s Theorem (Theorem [2.5.1))
extends to a far more general context (including the n-dimensional Lebesgue
measure) as described below. Note the following is not as nice as Theorem
as R has a nice ordering to it whereas we will not have a nice ordering
in general.

Theorem 2.5.5 (Lusin’s Theorem, Locally Compact version). Let
(X, T) be alocally compact Hausdorff space, let yu be a reqular measure on the
Borel subsets of (X, T) such that u(K) < oo for all compact subsets K C X,
and let f : X — C be a measurable function that vanishes outside a Borel set
of finite p-measure. For all € > 0 there exists a compact set K C X and a
continuous function g : X — C with compact support such that pn(K°) < e,
g(x) = f(z) for allz € K, and

sup({lg(x)| | = € X}) <sup({[f(x)] | = € X}).

To prove the locally compact version of Lusin’s Theorem (Theorem
, first one verifies the theorem for simple functions (or, more simply,
characteristic functions and then uses linearity) by using the regularity of
the measure and the fact that if (X', 7) is a locally compact Hausdorff space,
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K C X is compact, and U € T is such that K C U, then there exists a
continuous function f with compact support such that f(z) =1 forall x € K,
f(z)=0forall z € U, and 0 < f(z) <1 for all z € X. Indeed if f = xa
where A is a Borel set with finite y-measure, then by the regularity properties
there exists a U € T and a compact K C X such that A C U, K C U,
p(U) < oo, and p(U \ K) < e. Applying the locally compact Hausdorff
property described above then gives the desired approximation.

To extend Theorem [2.5.5] from simple functions to arbitrary functions,
one uses Theorem together with Egoroff’s Theorem the finite
intersection property for compact sets, and the fact that the uniform limit of
continuous functions is continuous to prove that there exists a compact subset
K and a continuous function g on K such that u(K°¢) < e and f(x) = g(z)
for all x € K. One then uses a version of the Tietze Extension Theorem to
extend g to a continuous function on X with compact support.
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Chapter 3

Integration over Measure
Spaces

Lusin’s Theorem showed us that every measurable function on a closed
interval in R is ‘almost continuous’ Consequently, since continuous functions
are Riemann integrable, it is natural to ask “Can we integrate Lebesgue
measurable functions?” A review of the Riemann integral can be found in
Appendix [A]

It is elementary to see that we cannot integrate every Lebesgue measurable
function. Indeed xq is Lebesgue measurable since Q is countable and thus
Lebesgue measurable, but xq is not Riemann integrable (see Example .
This seems like a fundamental flaw in the Riemann integrable since Q has
zero Lebesgue measure (i.e. zero length) so we would believe “the area under
the curve” should be defined to be 0.

Another flaw of the Riemann integral occurs with respect to limits; the
concept at the heart analysis. For one example define f, : [0,1] — R by

2n’x ifOS:):Sﬁ

_ 2. e 1 1

fu(x) =< 2n — 2n°x 1f%§:1:§5.
0 if L <a<1

It is elementary to verify that (fy,),>1 converges to 0 pointwise yet fol fn(x)de =
% for all n thereby showing that

1 1 ) 1
/Of(x)dx:0#§: hm/0 fn(x)dx.

n—o0

For another example occurs by considering xq. Indeed, since Q is countable,
we can enumerate Q N [0,1] as QN [0,1] = {r, | n € N}. Consequently, if
we define f, : [0,1] = R by

fa(z) =

{1 if x = 7y, for some m <n
9

0 otherwise

7
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then f, has a finite number of discontinuities and thus is Riemann integrable,
yet converges pointwise to xg which is not even Riemann integrable!

In this chapter, we will define a notion of integral with respect to any
measure. In particular, if we choose the Lebesgue measure, we obtain a
generalization of the Riemann integral that is much less rigid and much
easier to deal with mathematically. However, unlike the Riemann integral,
our integral will need to be developed in stages.

3.1 The Integral of Non-Negative Functions

When defining Riemann integration, one defines the integral via upper and
lower Riemann sums of partitions for any function and later determines which
functions were integrable. Our approach for the integral over a measure space
will be different. We want all measurable functions to be integrable, and we
will build-up our integral systematically. We will do this by first developing
a notion of an integral for all non-negative measurable functions. This will
enable us to construct an integral for other measurable functions using a
linear combination of integrals for non-negative measurable functions.

To begin, if A is a measurable set, it would be natural to expect to be
able to integrate the characteristic function of A, whose integral should just
be 11(A). Of course, this enables us to integrate xg and obtain zero thereby
avoiding one of the pitfalls of the Riemann integral. Furthermore, it will
not be difficult to see how we should define the integral for the simplest of
functions if we want our integral to be linear.

Definition 3.1.1. Let (X, A, 1) be a measure space and let ¢ : X — [0, 00)
be a simple function with canonical representation ¢ = >}'_; arxa,. For
every A € A, we define the integral of p over A against i to be

/Acpdu = Z app(ANAg) €0, 00]
k=1

where

oo otherwise

{0 ifa=0
a X oo =

In fact, we have see the quantity in Definition before.

Remark 3.1.2. Let (X, A, u) be a measure space and let ¢ : X — [0, 00)
be a simple function. If one defines v : A — [0, 0] by

v(4) = [
A
then v is a measure as shown in Example[1.1.15
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Example 3.1.3. Let (X, A, 1) be a measure space and let A € A. For
B € A, consider the simple function ¢ = xp. If B = X, then the canonical
representation of ¢ is ¢ = 1xp = 1lxx so

[, ¢dn=1u(4) = uan B)
If B = (), then the canonical representation of ¢ is ¢ = 0xge = Oxx so
/Asﬁdu = 0p(X) =0=p(ANB).

Finally, if B # X and B # (), then the canonical representation of ¢ is
¢ = 1xp + Oxpe so

/AXB di = 1u(AN B) + 0u(A N BY) = u(AN B).

Note all of these cases produces the expected result.

Note that Definition is a bit cumbersome to use in Example [3.1.3
since we need to know the canonical representation of a simple function. This
causes some immediate issues when we attempt to verify that the Lebesgue
integral of simple functions has properties we would expect of an integral.
For example, if ¢ and v are simple functions, we know that ¢ + ¥ will be a
simple function by Remark but the canonical form of ¢+ need not be
the sum of the canonical forms. Thus our goal is to show that the formula in
Definition does not depend on the representation of the simple function
and Lebesgue integral of simple functions has the desired properties. We
begin as follows.

Remark 3.1.4. Let (X, A, 1) be a measure space and let g : X — [0, 00)
be such that g = >°}_; axxa, where {Ax}}_; C A are pairwise disjoint
possibly empty sets with union X, and {ax}}_; C [0,00). By Remark
we know that ¢ is a simple function. In particular, Remark [2.2.3] shows
that if g(X) = {b1,...,bn} and B; = g~ *({b;}) then g = >ty bjxp; is the
canonical representation of g. Thus, if for each j € {1,...,m} we define

then UjL, Kj ={k € {1,...,n} | Ay # 0} and

Bi=J A
k’EKj
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Hence if A € A, then

Z ak,u(Ak N A) = Z aku(Ak N A)
k=1 ke{l,...n| Ag#£0}

= ﬁn: Z aku(Ak N A)

j=1 k‘eKj

> biu(Agn A)
j=1keK,

= i bju(Bj N A)

Hence in Definition it is not necessary for the {a;}}_; C [0,00) to be
distinct nor for the Ay to be non-empty.

With Remark [3.1.4] we can verify the integral of simple functions has
the desired properties of an integral.

Theorem 3.1.5. Let (X, A, u) be a measure space, let A € A, and let
0, X — [0,00) be simple functions. Then:

a) If ¢ > 0, then cyp is a simple function with [, cpdp =c [, pdu.

b) ¢+ is a simple function with [, +v¥dpu= [, edu+ [, ¢ dpu.
¢c) IfBe Aand BC A, then [gpdu < [,pdu.

d) pxa is a simple function with [y xapdp = [, pdpu.

e) If pxa < xa, then [, odu < [,4dp.

Proof. Let

n m
o= arxa, and V=) bixs,
k=1 k=1
be the canonical representations of ¢ and 1 respectively. Thus {Ay}}_; are
pairwise disjoint sets with union X and {Bj}}", are pairwise disjoint sets
with union X.
To see that a) is true, notice the result is trivial if ¢ = 0. Otherwise, if
c > 0 then

n
cp =) capxa,
k=1
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S0 ¢ is a simple function and the above is the canonical representation of
cp. Hence, by definition,

/cgod,u ank,u,AﬂAk —C(Zaku AﬂAk>—c/ pdpu.

k=1 k=1

To see that b) is true, for each i € {1,...,n} and j € {1,...,m}, let
C;; = A; N Bj. Clearly

{Ci’j ’ 1€ {1,...,n},j S {1,...,m}}
is a collection of pairwise disjoint measurable sets with union X such that
i1Cij=Bjforallje{l,...,m}, UL, Cij = A; for all i € {1,...,n},

and
n m

e+v=>> (ai+b)xc,

i=1j=1
Hence by Remark [3.1.4]

/Aso+¢duzzz (a; +b;)u(Ci; N A)

i=1j5=1

(Cig M A)+ ) _b; > u(Cij N A)

i=1 =1 j=1 =1

M
_ iam (( Oi,j) mA) +]§bju <<£ch”> ﬂA)

:Zazlu (A;NA) +ijﬂ

—/ww+/ww

Hence b) is true.

Next note c) follows from the monotonicity of measures since A — [, o dpu
is a measure by Remark [3.1.2]

To see that d) is true, we notice that

ECS

n n
XAP = D GEXAXA = Y GkXANA
k=1 k=1

(as xa,(z)xa(z) = 1 if and only if x € Ay and =z € A if and only if
XA,nA(x) =1). Hence d) easily follows via a) and b).

To see that e) is true, note that ¥)x4 — pxa is a simple function by
Remark Hence, by part b),

/ xadp = / oxA+ (¥xa —exa)dp = / oxAdp+ / XA — oxadp.
X X X X

Therefore, since [y x4 — ¢xa dp > 0, the result follows by d). ]
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Using Theorem [3.1.5 we can conclude the representation of a simple
function does not effect the integral.

Corollary 3.1.6. Suppose (X, A, n) is a measure space and ¢ : X — [0, 00)
is such that ¢ = >} _j arxa, where {A}r_; € A and {a;}}_; C [0,00)
(that is, { Ay }p_, are not necessarily disjoint with union X and {ay}}_, need
not be distinct). Then for all A € A,

n
/ odyu = Z api(Ar N A).
A k=1

Our next goal is to extend the integral of simple functions to non-negative
measurable functions. To do so, we must use some form of approximation.
Although Riemann integral was obtained by approximating the area under the
curve from above and below, we will just use Theorem and approximate
from below.

Definition 3.1.7. Let (X, A, 1) be a measure space, let A € A, and let
f: X — [0,00] be measurable. The integral of f over A against p is defined
to be

/fd,u:sup{/ cpdu‘ v: X —[0,00) simple,npgf}.
A A

In the case (X, A, ) = (R, M(R), A), the above integral is called the Lebesgue
integral of f over A.

Remark 3.1.8. One incredibly subtlety that we need to be careful of is
that every simple function is a non-negative measurable function and thus
we have two definitions for the integral of a simple function: Definition [3.1.1
and Definition [3.1.7, We better make sure these definitions agree.

Let (X, A, 1) be a measure space, let A € A and let ¢ : X — [0,00) be
a simple function. Let o = [, ¥ dpu when we evaluate the integral viewing
1 as a simple function and let 8 = [, 1 dp when we evaluate the integral
viewing 1 as a non-negative measurable function. By Definition [3.1.7] we
see using ¢ = v that o < 5. However, if ¢ : X — [0, 00) is a simple function
such that ¢ <1, we obtain by part E[) of Theorem that

/(pd/\ga.
A

Hence taking the supremum in Definition [3.1.7] yields 8 < a so o« = 3. Thus
the two definitions for the integral of a simple function are equal.

Example 3.1.9. Let X be a non-empty set, let x € X, and let J, denote
the point-mass measure at x. Then it is easy to see via definitions that

| £dbe = f(a)

for all f: X — [0, 00].
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Example 3.1.10. Let p be the counting measure on N. If f: N — [0, o],
then it is not difficult to see by the definition of the integral that

/Nfdu =3 s

Hence integrals are truly generalizations of sums! To see the above formula,
notice for all N € N that oy = Zszl f(k)x{r) is a characteristic function
such that yny < f. Hence, for all N € N,

N N
/N fdu > /N o = 3 F(EY) = 3 £10)

Therefore [y fdu > 372 f(n). Hence the inequality holds if the series
diverges. Otherwise, assume the series converges. If ¢ is a simple function
such that ¢ < f, then, since ¢ has finite range and the series converges,
there exists an N € N such that ¢(k) = 0 for all £ > N. From this it is
elementary to see that ¢ < ¢y and hence

[ sdu=sup ({ [ ondu| N en) zgjlf(k)

as desired.

Using Theorem [3.1.5] several properties of integrating simple functions
transfer to integrating non-negative measurable functions.

Theorem 3.1.11. Let (X, A, u) be a measure space, let A € A, and let
fyg: X — [0,00] be measurable functions. Then:

a) If ¢ >0, then [, cf du=c [, fdp.

b) If BE A and B C A, then [5 fdu < [, f dp.

¢) [xxafdu= [, fdp.

d) If fxa < gxa, then [, fdu < [, gdu.

¢) [y fdu=0if and only if u({z € X | f(z) >0} N A) = 0.
f) If w(A) =0, then [, fdp=0.

Proof. Clearly a) holds if ¢ = 0. Otherwise if ¢ > 0, it is clear that if
¢ : X — [0,00) is a simple function and ¢ < f then cp is a simple function
and cp < cf. Hence, since Theorem |3.1.5 implies

C/ sodMZ/csodué/cfdu,
A A A
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we obtain that ¢ [, fdu < [, cf dp. Similarly, if ¢ : X — [0, 00) is a simple
function and ¢ < cf then 1g0 is a simple function and %cp < f. Hence, since
Theorem |3 implies

/sodu / sodu</fdu S0 /Asoduéc/Afdu

we obtain that [, cf du = c [, fdp as desired.

Note b) clearly follows from Theorem and d) clearly follows by
Definition once c) is complete. Similarly, f) follows easily from e).

To see that c) is true, notice by Theorem

/Afdu:sup{/Asodu’sorX—W&OO) Simple,cpéf}
=sup{/X><A<pdu‘@rX%[O,OO)Simple’@Sf}
:Sup{/)(¢du' ¥ X =5 [0,00) simple,¢SXAf}
Z/XfXAdM

as desired. [Note the third equality holds since if ¢ is a simple function and
o < f, then ¥ = x4 is a simple function and ¥ < x4 f, and if ¢ is a simple
function and ¢ < x4 f, then ¢(z) =0 for all x ¢ A so 1) = x4 is a simple
function and ¢ < f.]

To see that e) is true, let B ={z € X | f(z) >0} N A. Note that B € A
since A € A and f is measurable.

Assume [, fdp = 0. For each n € N let

An—{xeX | f(x)>1}.

n

Since f is measurable, A, is measurable for all n € N. Hence %X A, is a
simple function for each n € N. Since % X4, < f,the definition of the integral
implies that

1
*M(AnﬂA):/*XAndﬂﬁ/fdﬂzo-
n AN A

Hence (A, N A) =0 for all n € N. Since

B=[JA.,n4

n=1

as f: X — [0, 00|, we obtain by the subadditivity of measures that u(B) = 0.

Conversely, assume p(B) = 0. Let ¢ : X — [0,00) be a simple function
such that ¢ < f. Write ¢ = >}’ axxa, where a; >0 for all k € {1,...,n}.
Since ¢ < f, we see that

A C{x e X | f(x) > 0}.
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Hence the monotonicity of measures implies that

(AN A) < pu(B) = 0.

Thus .
/ pdp =" app(ArNA) =0.
A k=1
Therefore, by the definition of the integral, [, fdu = 0. ]

Immediately we have some observations based on Theorem [3.1.11

Remark 3.1.12. As Theorem [3.1.11]implies that [y xafdpu = [, f dp, when
developing the theory of integrals, it suffices to consider only integrals over all
of X when developing our theory of integrals since the results for integrating
over an arbitrary measurable set A will then follow from multiplying the
functions under consideration by x 4. Note multiplying by x 4 is linear and
preserves pointwise limits.

One omission in Theorem [3.1.11] is the additivity of integrals:

/Xf+gdu=/xfdu+/xgdu-

Clearly if ¢ and v are simple functions with ¢ < f and ¢ < g, then p 4 ¢ is
a simple function with ¢ + ¢ < f 4+ g. Thus Theorem [3.1.5| clearly implies

/dequ/nguS/Xergdu-

However, difficulty occurs with the reverse inequality since if ¢ were a simple
function with ¢ < f 4 g, how can we find simple functions ¢ and o such
that ©1 < f, 2 < g, and @1 + @2 = 7

3.2 The Monotone Convergence Theorem

In order to try and demonstrate the additivity of the integral of non-negative
functions, we turn our attention to Theorem [2.2.4] We know every non-
negative measurable function is the pointwise limit of an increasing sequence
of simple functions. If we knew that the integral preserved these limits, then
we would obtain

/dequ/ngu:/Xergdu

for all measurable functions f,g: X — [0, o0] since the integral is additive
for simple functions, and since the limit of a sum is the sum of the limit.
Thus our goal is to show that the integral for non-negative measurable func-
tions preserves monotone limits; that is, we want a Monotone Convergence
Theorem for the integral of non-negative measurable functions.
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To prove our Monotone Convergence Theorem, we will make use of the
Monotone Convergence Theorem for measures (Theorem [1.1.23)) since, by
Remark the integral against a simple function produces a measure.

Theorem 3.2.1 (Monotone Convergence Theorem). Let (X, A, u) be a
measure space. For each n € N let f, : X — [0,00] be a measurable function
such that fr, < foy1 for alln € N. If f: X — [0,00] is a measurable function
and the pointwise limit of (fn)n>1, then for all A€ A

di = i /nd.
/Afu A [ Jndp

Proof. First note since f is the pointwise limit of measurable functions that

f is measurable by Proposition [2.1.22] Next note Remark [3.1.12] implies
we may assume that A = X since multiplying by a characteristic function

will preserve measurability, pointwise limits, and the value of the integral by

Theorem [B.1.171
Since f,, < f for all n € N, Theorem [3.1.11] implies that

[ dudu< [ pan

for all n € N. Hence

limsup/ fnd,ug/ fdu.
X X

n—oo

Thus, to complete the proof, it suffices to show that

/ fdu < liminf/ fndu.
X n—o0 X

In order to facilitate some ‘wiggle room’, we will show that

a/ fdugliminf/ fndu
X n—oo b'e

for all & € (0,1) from which the desired inequality will follow by take the
limit o — 1.

To obtain the desired inequality, fix a € (0,1). Let ¢ : X — [0,00) be an
arbitrary simple function such that ¢ < f. Thus, if we can prove that

a/ godugliminf/ fndu,
X n—oo X

the proof will be complete by the definition of the integral of f (Definition

B.17).

Notice ayp is a simple function such that ap < f. For each n € N, let
An={z € X | fala) — ap(x) = 0}.
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Since each f, — ayp is a measurable function, A,, is measurable for all n € N.
Moreover, by Theorem we have for all n € N that

a/ @du:/ apdi by Theorem [3.1.11} part a)
An An

< /A fndp since apxa, < faXa,

< / fndu since 4,, C X
X

<liminf [ frdu Sincfa ’“?fkﬂ 5 (S I d“)kz1
—00 X 1S an 1ncrea81ng sequence.

Thus, to complete the proof, it suffices to replace A, with X in the above
inequality.

Since fp, < fpy1 for all n € N| clearly A, C A, 41 for all n € N. We claim
that

X =[] A.
n>1

To see this, let € X be arbitrary. If f(x) = 0 then f, < f and ¢ < f
implies that f,(xz) = 0 = ap(z) and thus z € A4, for all n € N. Otherwise,
if f(z) > 0, then we notice ¢ < f implies that f(z) > ae(x) since a < 1
(this is why we needed the wiggle room). Hence, since lim,, o frn(x) = f(z),
there exists an N € N such that f(z) > fx(z) > ap(x) and thus z € Ay.
Hence X = U,,>1 4n-

Let v: X — [0,00] be defined by

v(A) = /A pdu

for all A € A. Since ¢ is a simple function, Remark implies that v is a
measure on (X, A). Therefore, since {A,}52 is an increasing sequence of
measurable sets with X = (J,,~; A, the Monotone Convergence Theorem
for measures (Theorem _implies that

a/ wdp = av(R)
X
= o lig, v(4n)

=« lim pdu

n—oo A
<liminf | fxdp.
k—oco JX
Hence the proof is complete. [ |

Using the Monotone Convergence Theorem (Theorem (3.2.1]), we easily
obtain the following final properties of integrals of positive functions we
desire.
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Theorem 3.2.2. Let (X, A, u) be a measure space, let A € A, and let
fig: X —[0,00] be measurable functions. Then:

a) Jaf +gdp= [y fdu+ [y9dp.
b) If f =g a.e., then [y fdu= [y gdpu.

Proof. To see that a) is true, note by Theorem there exists increasing
sequences of simple functions (¢p)n>1 and (¢n)n>1 on X that converge
pointwise to f and g respectively such that ¢, < f and v, < g for all
n € N. Therefore (¢, + 1n)n>1 is an increasing sequence of simple functions
that converges to f + g pointwise such that ¢, + ¢, < f + g for all n € N.
Therefore, by applying the Monotone Convergence Theorem (Theorem
twice and the additivity of integrals of simple functions from Theorem [3.1.5
we obtain that

/f"‘gdlu’:hm @n+¢ndﬂ
A A

n— 00
= hm/(pndﬂ"’_/wndu
n—0o0 A A

:/Afdu—i-/Agd,u.

To see that b) is true, let B € A be such that f(z) = g(z) for all x € B
and pu(B€) = 0. Thus fxp = gxB- Since p(B¢) = 0, Theorem implies
that

fduz/ gdp =20
B¢ B¢

Hence we see that

/fdu=/ fdew/ Fxse du
X X X
=/ fXBdM+/ fdp
X Be
:/ gXBdu+/ gdp
X Bec

=/ gXBdM+/ QXBCdM:/ gdp
X X X

as desired. n

Remark 3.2.3. Using part b) of Theorem and the fact that the integral
of any non-negative measurable function against a set of measure zero is
zero, the Monotone Convergence Theorem (Theorem also holds if the
condition that “f : X — [0, 00] is the pointwise limit of (f,),>1" is replaced
with the condition that “f(z) = lim, o fn(z) almost everywhere” provided
we know f is measurable (which is automatically implied when p is complete
as (fn)n>1 converges to f pointwise almost everywhere).
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Moreover, under an relatively mild assumption on the measure, part b)
of Theorem [3.2.2] has a converse.

Proposition 3.2.4. Let (X, A, u) be a measure space, and let f,g: X —
[0, 00] be measurable functions. If u is o-finite and

/Afdu=/Agdu

for every A € A, then f = g almost everywhere.

Proof. Let B = {z € X | f(x) > g(x)} € A We desire to show that
u(B) = 0.

Consider [z gdu. Assume [z gdp < oco. Thus, since (f — g)xp is a
non-negative measurable function on X and since

/deu:/XfXBdu
:/X(f—g)xBJrngdu

:/X(f—g)dequ/ngBdu

:/X(f—g)dequ/Bgdﬂ,

we obtain by cancelling [ gdu = [z f dp from both sides that

/ (f —9)xpdu=0.
X
Hence part e) of Theorem [3.1.11} implies that

{re X | (f(z) —g(x))xp(x) >0} = B

has p-measure zero. Hence u(B) = 0 as desired.
Otherwise, assume [ggdp = oo. Since p is o-finite, there exists a

collection {X,}5°; C A such that X = ;2 X,, and p(X,) < oo for all
n € N. For each n,m € N let
Bym ={reBnX, | glx) <n}.

Since g(x) < oo for all x € B by definition, we see that {B,,,,}52, are
measurable subsets such that p(Bym) < u(Xp) < 00, Bym € Bpgi,m for
all n € Nand m € N, and Uy~ Bym = BN X,,,. However, since

[ tan= [ gdu<np(Bun) <,
Bn,m Bn,m
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we can repeat the first part of the proof to obtain that p(By, ) = 0. Hence,
by the Monotone Convergence Theorem for Measures (Theorem [1.1.23) we
obtain that p(B N X,,) = 0 for all m € N. Hence

0<pu(B)= (UBmX) > wBNXp)=0
m=1

m=1

so pu(B) = 0 as desired.
Similarly p({z € X | f(z) < g(z)}) =0 so f = g p-almost everywhere.
|

The Monotone Convergence Theorem (Theorem [3.2.1)) can also be used
to prove several interesting properties of integrals of non-negative measurable
functions.

Corollary 3.2.5. Let (X, A, u) be a measure space. For each n € N let
frn: X = [0,00] be a measurable function. If f: X — [0,00] is a measurable
function such that f(x) = Yo% fu(x) for almost every x € X (note f is
automatically measurable if p is complete), then for all A C A

/Afd/lzg/Afndw

Proof. For each m € N, let g, : X — [0,00] be defined by g, = >0 q fn.
Clearly (gm)m>1 is an increasing sequence of non-negative measurable func-

tions that converges to f pointwise almost everywhere. Hence the Monotone
Convergence Theorem (Theorem [3.2.1)) implies

dp = lim mdu = lim / ndu = / nd
/A fap=lim | gmdp= lim_ Zl | Jndu nz::l | Jndu
as desired. ]

As Remark (which demonstrated that integrating against a simple
function gave rise to a measure) was instrumental in the proof of the Monotone
Convergence Theorem (Theorem , we note the following extension to
integrating against non-negative measurable functions.

Corollary 3.2.6. Let (X, A, u) be a measure space and let f : X — [0, 0]
be measurable. Define v : A — [0, 00| by

Z/Afdu

for all A € A. Then v is a measure on (X, A). Furthermore, if A € A and
u(A) =0, then v(A) = 0.
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Proof. Recall Theorem that if A € A and p(A) =0, then

V(A) :/Afd;z:0.

Hence clearly v(()) = 0. To see that v is countably additive, notice if {4, }5°;
is a collection of pairwise disjoint measurable sets in (X, .A), then
< A

’ (Q A”) :/U,L_l :
= /XfXUjj:lAn dp

o0
= /X Z XA, fdu  since {A,}2 are pairwise disjoint
n=1

Jdu

= /X XA, fdu by Corollary
n=1

Hence v is a measure as desired. []

3.3 The Integral of Complex Functions

As the above notion of the integral for non-negative measurable functions
has all of our desired properties, we now turn to extended this notion to
all measurable functions. We have see that if f is a real-valued measurable
function, then we can write f = fi — f_ where f; and f_ are non-negative
Lebesgue measurable function. If we want the integral to be linear, we need
to define the Lebesgue integral of f to be the difference of the Lebesgue
integrals of fi and f_. However, we run into an immediate issue: “what
should oo — 0o be defined to be?” After all, we have allowed non-negative
measurable functions to have infinite integrals.

To solve this problem, we will avoid this problem. Of course, it is never
a good idea to ignore ones problems, but sometimes this is the best we can
do in mathematics. We can solve/avoid this problem by restricting to a
specific collection of the measurable functions so that we never end up in
the “oo — 00” setting.

Definition 3.3.1. Let (X, A, 1) be a measure space. A measurable function
f X — C is said to be integrable if

[ 1f1dn < oc.
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In the case that (X, A,u) = (R, M(R),\), it is said that f is Lebesgue
integrable.

Before defining the integral of a integrable function, we note some impor-
tant properties of integrable functions.

Remark 3.3.2. Notice if (X, A, x) and f : X — C is integrable, then for all

Ae A
[ntdn = [ Arxaldp < [ 1f1du < .

Hence the integral of |f| with respect to u against any measurable set is
finite.

Remark 3.3.3. Let (X, A, 1) be a measure space and let f: X — C be a
measurable function. Notice

f=Re(f) +ilm(f) = (Re(f)+ — Re(f)-) + i (Im(f)4 — Im(f)-)

(see Remarks(2.1.18/and [2.1.19|for definitions) where Re(f)+, Re(f)—, Im(f)+,
and Im(f)_ are all measurable by Remarks [2.1.18and [2.1.19] Since

Re(f)+, Re(f)—, Im(f) 4, Im(f) - <[],
clearly if f is integrable then Re(f)y, Re(f)—, Im(f)+, and Im(f)_ are
integrable. Conversely, since
£ = /Re(f)? + Im(f)? < [Re(f)] + [Im(f)]
— Re(/)+ + Re(f)- +Im(f); +Im(f)-,

we see that f is integrable if and only if Re(f)+, Re(f)—, Im(f)+, and Im(f)_
are all integrable. More specifically, if f : X — R, then f is integrable if and
only if fy and f_ are integrable.

Based on Remark we make the following definition of the integral
of an integrable function.

Definition 3.3.4. Let (X, A, u) be a measure space, let A € A, and let
f: X — C be integrable. The integral of f over A against i is defined to be

[ fdu= [ Re()du= [ Re(r)-du+i [ tm(p)du=i [ 1m(f)- dp

where the four integrals on the right-hand-side are computed as integrals
of non-negative measurable functions (i.e. via Definition [3.1.7). In the case
that (X, A, u) = (R, M(R), \), the above is called the Lebesgue integral of f.

Remark 3.3.5. Due to Definition [3.3.4] given a measure space (X, A, p1),
a set A € A, and measurable function f : X — [0,00) we have two ways
to compute [, f du; one as a non-negative measurable function, and one as
a complex-valued measurable function. However, the two notions agree as

Re(f)- =Im(f)+ =Im(f)- =0 when f: X — [0,00).
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Remark 3.3.6. If (X, A, 11) is a measure space is a measure space, f : X — C
is integrable, and A € A, then it is elementary to verify that

Re(fxa)+ =Re(f)+xa  and  Im(fxa)+ =Im(f)+xa.

Moreover, by Remark we know that fyxa is integrable. Hence

/fdu
/Re +du— /Re d,u%—i/AIm(f)eru—i/AIm(f),

— [ xaRe()dp— [ xaRe(f)-dp+i [ xatm(f)ed—i [ xam(s)-dp
X X X X

=/ Re(fXA)+du—/ Re(fxa)- du+i/ Im(fxa)+ dﬂ—i/ Im(fxa)-
X X X X

:/ fxadp.
X

Therefore, when working with the integral and integrable functions, it suffices
to just consider the Lebesgue integral over the entire space.

Moreover, it is possible to reduce the discussion of extended-valued
integrable functions down to those with values in R. To see this, we first
need the following.

Proposition 3.3.7. Let (X, A, 1) be a measure space, let f: X — [—00,00]
be integrable, and let g : X — [—00,00] be measurable. If f = g a.e., then g
is integrable and [y gdp = [y fdp.

Proof. Since f = g a.e., it is easy to see that
f+=9+ and  fo=g_

almost everywhere. Therefore, by Theorem [3.2.2] we obtain that

/g+du:/f+d,u<oo and /g_du:/f_d,u<oo.
X X X X

Thus we trivially obtain that ¢ is integrable since f is, and

Jotdu= [ srdu= [ fodu= [ grau= [ g du=[ gdu u

Remark 3.3.8. Let (X, A, 1) be a measure space and let f: X — [—00, o0]
be integrable. Since f is measurable, the set B ={z € X | |f(z)| = oo} is
measurable. However, if ;(B) > 0, it is elementary to see by the definition
of the integral that [ |f|du = oo, which would contradict the fact that

[ 1f1dn < oc.
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Hence p(B) =0 so f = xpef almost everywhere. Since xgef : X — R, and
since

/X\XBcf!du:/X\fydu<oo

it suffices to only consider real-valued measurable functions when discussing
integrable functions.

By the way we constructed Definition given a complex-valued
measurable function f, we first check that |f| has finite integral so that
the integrals of Re(f)+, Re(f)—, Im(f)+, and Im(f)_ are finite, and then
we define the integral of f to be the appropriate linear combination of the
integrals of Re(f)+, Re(f)—, Im(f)+, and Im(f)_. Thus we have constructed
our integral by demonstrating the theory of integration can be completely
reduced to non-negative measurable functions!

Of course, we still need to verify that this integral is linear, which happens
to be a rather annoying technical task.

Theorem 3.3.9. Let (X, A, 1) be a measure space. The set of integrable
functions from X to K is a vector space over K. In particular, if f,g: X — K
are integrable and o, 8 € K, then

Aaf+ﬁgdu=a[4fdu+6[49du

for all A € A.

Proof. We will focus on the case K = C as the case K = R follows as a
subcase.
First if f,g: X — C are integrable and «, 5 € C, then

[ 1ot +Bgldu < [ 1allfi+18llgldi = la] [ 1f1du+18] [ loldu < oc

since [y |fldp, [ |g]dp < oo. Hence aof + B¢ is integrable. Thus the set of
integrable functions from X to C is a vector space over C.

In order to show the linearity of the integral, it suffices to consider A = X
by multiplying the functions by x4 if necessary (see Remark .

Next we claim that if hy, ho, hs, hgy : X — [0, 00) are integrable functions,
then

/hl—h2+ih3—ih4d,u:/ hldu—/h2dﬂ+i/h3du—i/h4du.
X X A A A

To see this, let h = hy — ho + thy — ihy. Hence
hi — ha +ihg — ihgy = Re(h)+ — Re(h)— + ilm(h)y+ — iIm(h)_.
Thus

(hy + Re(h)_) +i(hs + Im(h)_) = (Re(h)4 + ha) + i(Im(h)4 + hy).

©For use through and only available at pskoufra.info.yorku.ca.



3.3. THE INTEGRAL OF COMPLEX FUNCTIONS 95

Therefore, by equating real and imaginary parts, we see that
hi1 + Re(h)—- = Re(h)+ + ho and hs +Im(h)_ = Im(h)y + hy.

Since hq, ha, Re(h) 4, and Re(h)_ are non-negative measurable functions, we
see that

/hldu-f-/ Re(h)_d,u:/ hi + Re(h)_ dy
X X X
:/ Re(h) + hs du
X
:/ hgdu—i-/ Re(h)+ dp.
X X

Therefore, since hq, ha, Re(h)4, and Re(h)_ are integrable so each integral is
finite, we see that

/Xhldu—/xhgd,u:/)(Re(h)+du—/)(Re(h)_du.

Similarly

/thdu—/Xh4du:/le(h)mu—/XIm(h),du.

Hence

/thu:/XRe(h)eru—/XRe(h),d,u—l—z'/XIm(h)er,u—i/XIm(h),d,u

:/hldu—/hgdu+i/ hgd,u—z'/ hgdp
X X X X

as claimed.
To proceed with the proof, for notational simplicity let

fi=Re(f)s, fe=Re(f)- fo=Im(f)y fo=TIm(f)-
g1 =Re(g9)r, g2=Re(g)- g3=Im(g)y gs=1Im(g)_.

Since all f; and g; are positive integrable functions by Remark we
obtain by our above technical result that

[ r+gdi= [ (it g0 = (o go) + il + 90) 71+ 90)
X X

=/ f1dﬂ+/91d#—/f2du—/92dﬂ

X X X X

—m/ﬁw+ﬁﬁww4/ﬁw—d?%w
X X X X

:/de,u—I-/ng,u.
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Hence the integral is additive. Thus, due to the properties of linear maps, it
suffices to prove that the integral preserves scalar multiplication.

To begin, let a € R be arbitrary. If a > 0, then af1,af2,afs and afy are
positive integrable functions such that

[ atdu= [ (af1) = (af2) + iafs) ~ ifafs) dp
X X

= | afidu— [ afpdp+i [ afsdu=i [ afidy
:G/Xfldu—G/Xf2du+ai/Xf3dM—ai/Xf4dﬂ

:a/de,u.

Similarly, if @ < 0, then —a > 0 and (—a) f1, (—a) f2, (—a) f3 and (—a)fy are
positive integral functions so

/Xafdu
= [ (a) k) = () ) + i((=a) ) = i((=a) fo) dn
= [ (catedu— [ (afidu+i [ (—arfidn—i [ (<) ad

—(=a) [ fadp—(=a) [ fidu+ ()i [ fidu—(=a)i [ fod
:a/deu.

Furthermore, since fi, fo, f3, and f4 are positive integrable functions, we
know that

Joitan=[ fi-favifi=ifadn
= | gidu= [ gadusi [ pidp—i [ pan
:i<—z’/Xf4du)+i(z’/Xf3du)+z’/Xf1d,u—i/Xf2du
:i/deu.

Combining all of the above, we see that if &« = a + bi where a,b € R, then

(a+bi)fdu= [ af +b(if)du

X X
:/Xafdqu/Xb(z'f)du
:a/deu+b/Xz’fdu
:a/dep+bz’/deu:a/deu.
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Hence the result follows. [ ]

Remark 3.3.10. If (X, A, i) is a measure space and f : X — C is integrable,
then clearly the function f : X — C defined by f(x) = f(z) is integrable
since

Re(f) = Re(f), Im (?)Jr:hn(f),, and Im (?)_zlm(fﬂ.

Furthermore, from this we easily obtain that

/deMZ/deu-

Thus our notion of integration plays well with respect to complex conjugation.

As we now have our integral of complex-valued integrable functions, we
begin our study of the uses of this integral. To begin, we note three simple
yet essential results, the first of which is reminiscent of a property of the
Riemann integral.

Theorem 3.3.11. Let (X, A, ) be a measure space. If f : X — C is
integrable, then
’/ fdu’S/ | fldp
A A
for all A € A.

Proof. By properties of complex numbers, there exists a z € C such that

|z| =1 and
o fan=| [ £
A A

(i.e. rotate the complex number [, fdp until it is positive). Hence zf is
integrable and

0§‘/Afd/ﬁ’:/A»Zfd,u:ARG(Zf)dN+iAIm(Zf)dM-

However, since [, Re(zf)dp, [,Im(zf)dp € R, it must be the case that
J4Im(zf)dp = 0. Hence

[ i) = [ Retzs) du
:/ARe(zf)eru—/ARe(zf)_ du
< [ Re(:=f)sdu+ [ Re(f)- dp
= [ Re(=f)1 + Re(zf)- du

— [ 1Re(zf)] dp
A

< [ Jafldu= [ Ifldn
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as desired. m

Similar to Proposition the integral does not distinguish under
almost everywhere equivalence.

Theorem 3.3.12. Let (X, A, 1) be a measure space, let f : X — C be
integrable, and let g : X — C be measurable. If f = g a.e., then g is

integrable and [y fdp = [y gdp.

Proof. Since f = g a.e., it is easy to see that

Re(f)+ = Re(g)+, Re(f)- = Re(g)-,
Im(f)4 = Im(f)+, Im(f)- = Im(g)-

almost everywhere. Hence g is integrable. Thus we trivially obtain that
Jx fdp =[x gdp. u

To complete this section we note that the Lebesgue integral has some
additional properties which follows from Proposition In particular, the
following shows that the Lebesgue integral behaves well with respect to the
properties of R.

Proposition 3.3.13 (Translation Invariance). Let f : R — C be Lebesgue
integrable. For each y € R let f, : R — C be defined by f,(x) = f(z —y).
Then f, is Lebesgue integrable and

A@M:AMX

Proof. Since every Lebesgue integrable function can be written as a linear
combination of four Lebesgue integrable non-negative functions, we may
assume that f: R — [0,00). Hence f, : R = [0,00). Since fy_l([oz, 00)) is a
translation of f~!([a, 00)) for all @ € R and thus measurable by Proposition
and the fact that f is measurable, we obtain that f, is measurable.

To see that
/@w:/fw
R R

(and thus f, is integrable), first consider A, B C R and y € R such that
B =y + A. Hence Proposition implies B is measurable if and only if A
is measurable and

By the above, we obtain for all measurable A C R that

/R(XA)y d)‘:/RXA dA.
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Therefore, since the above also shows us that ¢ is a simple function such
that ¢ < f if and only if ¢, is a simple function with ¢, < f, and as by the
linearity of the integral we know that that

/%M=/¢M
R R

the result follows using the definition of the integral of a non-negative
measurable function. n

By replacing Proposition with Proposition and repeating the
above proof, we easily obtain the following.

Proposition 3.3.14 (Inversion Invariance). Let f : R — R be Lebesgue
integrable. Let f : R — R be defined by f(x) = f(—z). Then f is Lebesque

integrable and
/f&z/fﬁ.
R R

Proposition 3.3.15 (Scaling Invariance). Let f : R — R be Lebesgue
integrable and let « > 0. Let g : R — R be defined by g(z) = f(ax). Then g

is Lebesgue integrable and
1
/ gd\ = — / fdA.
R a Jr

3.4 Revisiting the Riemann Integral

Recall our goal was to generalize the Riemann integral in the hope of
correcting many of the deficiencies of the Riemann integral. We still have
yet to answer the questions: does the Lebesgue integral truly generalize the
Riemann integral?

To answer this question, we must first understand the set of Riemann
integrable functions. After all, if the Lebesgue integral is truly going to be a
generalization of the Riemann integral, we need every Riemann integrable
function to be Lebesgue integrable and thus Lebesgue measurable. To begin,
we must understand the set of discontinuities of a function.

Lemma 3.4.1. Let a,b € R be such that a < b, let f : [a,b] — R, and let
D(f) ={x € [a,b] | [ is discontinuous at x}.
For each n € N let

for every 6 > 0 there exists y, z € |a,b] such that
D, =<z €la,b
) { | ]‘ 2=yl < b |o — 2| < 6, and |f(y) — f()] > 1

Then Dy(f) is closed for each n € N and D(f) = U= Dn(f). Hence the
discontinuities of f is a countable union of closed sets.
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Proof. Fix m € N. To see that Dy, (f) is closed, let (z,),>1 be an arbitrary
sequence of elements of D,,(f) that converges to some x € [a,b]. To see that
x € Dip(f), let 6 > 0 be arbitrary. Since x = lim,,_,o &p, there exists an
N € Nsuch that |z — 2| < 36. Furthermore, since x € Dy, (f), there exists
y, 2z € [a,b] such that |xny —y| < 16, |[an — 2| < 16, and |f(y) — f(2)| > L.
Since | — y| < ¢ and |z — z| < § by the triangle inequality, and since
|f(y) — f(2)| = L, we obtain that @ € Dy,(f) as § > 0 was arbitrary. Hence,
since (xy,)n>1 was arbitrary, Dy, (f) is closed.

To see that D(f) = Un—; Dn(f), first assume x € Uy~ D, (f). Hence
x € Dy, (f) for some m € N. To see that f is discontinuous at z, suppose for
the sake of a contradiction that f is continuous at x. Notice by the definition
of Dy, (f) that for each n € N there exists points yy, z, € [a,b] such that

|x - yn| < %7 |$ - Zn| < %7 and |f(yn) - f(zn)‘ > % Since
r= lim y, = lim z,,
n—oo n—oo
the continuity of f implies

f(x> = nh—>IgO f(yn) - nh_{IOIO f(zn)y
which contradicts the fact that |f(y,) — f(2n)| > £ for all n. Hence we have
obtained a contradiction so z € D(f). Hence U,—; Dn(f) C D(f).

For the other inclusion, notice if € D(f) then f is discontinuous at x.
Therefore there exists an € > 0 such that for all 6 > 0 there exists a y € [a, D]
such that |z —y| < § yet |f(z) — f(y)| > e. Choose m € N such that L < e.
By taking z = z in the definition of D,,(f), we see that x € D,,(f). Hence,
since x was arbitrary, D(f) C U5~ Dn(f) thereby completing the proof. =

Using the characterization of the discontinuities of a function, we can
provide an alternate description of the Riemann integrable functions beyond
the descriptions given in an undergraduate program.

Proposition 3.4.2. A function f : [a,b] — R is Riemann integrable if and
only if f is bounded and continuous almost everywhere.

Proof. To begin, assume f is Riemann integrable. Clearly this implies f is
bounded by definition. To see that f is continuous almost everywhere (i.e.
the set of discontinuities of f has Lebesgue measure zero), for each n € N let

B for every 0 > 0 there exists y, z € [a, b] such that
Dalf) = {” €l ‘ =yl < 8,lw— 2| < 6, and |f(y) — £(2)| > L

By Lemma the discontinuities of f are ;> Dy (f). Therefore, to show
that f is continuous almost everywhere, it suffices to show that each D, (f)

has Lebesgue measure zero by the subadditivity of the Lebesgue measure.
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Suppose for the sake of a contradiction that there exists an ¢ € N such
that A(Dy(f)) > 0. Since f is Riemann integrable, there exists a partition
P = {ti}}_, of [a,b] such that if for all k € {1,...,n} we define

my = inf{f(z) | © € [ty—1,tk]} and My =sup{f(z) | © € [tr—1,tk]}
then

n

1

U(f,P) = L(f,P) = Y (Mg — my)(tx — tp—1) < g)\(Dq(f))-
k=1

For each k € {1,...,n} let I, = [ty_1,t;]. Notice if Dy(f) NI} # 0, then

My — my, > % by the definition of D,(f). Hence as

Dy(f) € U I
ke{l,...,n}
IxNDq(f)#0
we obtain that
1 n
“ADg(f) > > (Mg —mp)(ty —ti—1) > > (M —my)(t — ti—1)
q k=1 ke{l,..n}
I:NDq(f)#0

1
> Y —(tk—te)
ke{l,...,n}
1k:NDg(f)70

v

1

- U
q ke{l,...,n}
1,NDq (f)#0

1
> 5)\(Dq(f))»

which is a contradiction. Thus it must be the case that f is continuous
almost everywhere.

Conversely, assume f is bounded and continuous almost everywhere. To
see that f is Riemann integrable, we will demonstrate that for all € > 0 there
exists a partition P of [a, b] such that

U(f,P)—L(f,P) <e.

To begin, fix € > 0 and choose n € N such that %(b —a) < %e. Since f
is bounded, there exists an M € R such that |f(z)] < M for all z € [a, b].
Since Dy (f) has Lebesgue measure zero, there exists a collection {Ij}7° of

open intervals such that D, (f) C Uz, Ix and
> €
) (U @) <<
Pt 2(M +1)
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However, since D, (f) is closed and thus a compact subset of [a,b], there
exists an m € N such that D, (f) C UjL, I and thus

MU0 )= o
k) < B S s
o) = 200

Consider F' = [a,b)N(Uj~; Ix)¢. Then F is a finite union of closed intervals
in [a,b] such that F C D, (f)¢. Hence if x € F C D, (f)¢ there exists an
open neighbourhood U, of x such that if y,z € U, then |f(y) — f(z)| < L.
Since I is a closed subset of a compact set and thus compact, we can cover F'
with a finite number of these open intervals. Hence one can form a partition
P of F such that the difference between the upper and lower Riemann sums
of f with respect to P on each interval is at most the length of the interval
times %

Notice P can then also be viewed as a partition on [a,b] (by adding in a
and/or b if necessary). Then the intervals described by the partition that
intersect F' contribute at most %(b — a) to the difference of the upper and
lower Riemann sums. Furthermore, the intervals described by the partition
that do not intersect F' contribute at most 2M\ (UjL, 1) to the difference
of the upper and lower Riemann sums. Hence

U(f,P)—L(f,P) < —(b—a)+2M\ (G Ik> <€

1
n k=1

and the result follows. ]

Corollary 3.4.3. If f : [a,b] — R is Riemann integrable, then f is Lebesque
measurable.

Proof. By Proposition f is continuous almost everywhere. Hence there
exists a Lebesgue measurable subset A of [a, b] such that A(A°) =0 and f is
continuous at each point in A.

To show that f is Lebesgue measurable, we will apply Corollary [2.1.13
To begin, let a € R be arbitrary. Then

F (e, 00)) = (£ (@ 00) N A%)) U (£ (@, 00)) N 4) .

Since

(/7" ((a,00)) N AY) € A°

and since A(A€) = 0, we obtain from the completeness of A that f~1((a, 00))N
A¢ is Lebesgue measurable. Hence it suffices to show that f~1((a,00)) N A
is Lebesgue measurable.

Since f is continuous at each point in A and since («, 00) is an open set,
for each z € f~1((a, 00))N A there exists an r,, > 0 such that (z—7,, z+7,) C
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fY((a,0)). Let

U= U (x —rg,x+1g).
z€f~1((a,00))NA

Clearly U is an open subset of R such that
UNA=f(a,00)) N A.

Therefore, since U is open and thus Lebesgue measurable, and since A is
Lebesgue measurable, we obtain that f~!((«, 00))NA is Lebesgue measurable.
Hence f is Lebesgue measurable. ]

We can now proceed to show that the Lebesgue integral generalizes the
Riemann integral starting with the non-negative functions.

Proposition 3.4.4. If f : [a,b] — [0,00) is Riemann integrable, then

/ab f(z)dx = /[a,b} fdA.

Proof. By Corollary we know that f is Lebesgue measurable. To see
that the integrals agree, let P = {t;}}_, be a arbitrary partition of [a,b].
Clearly if for each k € {1,...,n} we define

my = inf{f(z) | v € [tp—1,tx]} and My =sup{f(z) | v € [tp—1,tx]}
and we let
L Z MEX (1,1, and Pp = Z MiXty -1 4]
k=1 k=1

then ¢ and v are simple functions such that pp < f < ¢p. Furthermore,
we clearly see by Theorem [3.1.11] that

L(f,P) = /[a,b} opdA < /[a’b] far < /M tpdA = U(f, P)

since pp < f < p almost everywhere and a set of Lebesgue measure zero
does not contribute to the Lebesgue integral. Therefore, since the Riemann
integral of f is supremum of L(f,P) over all partitions and the infimum of
U(f,P) over all partitions, we obtain that

b b
/f(w)dxs fd/\S/ f(x) da. a
a [a,b] a

Theorem 3.4.5. If f : [a,b] — R is Riemann integrable, then f is Lebesgue
integrable and

/bf(x)dx: fa.
a [a,b]
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Proof. By Corollary we know that f is Lebesgue measurable. Since f
is Riemann integrable, |f| is Riemann integrable by Proposition Thus

1

fo=g(Flf)  ad  fo= (7~ )

DO |

are Riemann integrable.

By Proposition we have that
b
J = [l < oo

so | f| is Lebesgue integrable. Therefore

b b
[ t@dr= [ o) - f-@)da
b b
= / fr(x)de — / f-(xz)dx Riemann integral is linear
= / frdX\— / f—dX by Proposition [A.4.6]
[a,b] [a.b]

= [ fdx
[a.5]

as desired. n

Hence the Riemann and Lebesgue integrals agree whenever the Riemann
integral exists! Hence the Lebesgue integral is truly a generalization of the
Riemann integral!

Remark 3.4.6. Of course, one may ask why in Definition we didn’t
define the Lebesgue integral via

/fd)\:inf{/godA‘@:X%[O,oo) simple,fﬁ«p}?
A A

That is, in the Riemann integral we can use infimums so can we use infimums
to define the Lebesgue integral? Well, if f is bounded and A(A) < oo, then
these two notions are equal!

To see this, assume f : A — [0,00) is such that there exists an M > 0
with f(z) < M for all z € A. We first desire to reduce the number of simple
functions we need to consider in the infimum.

Assume ¢ : A — [0,00) is a simple function such that f < ¢. If
B = ¢ Y((M, )), then B is a Lebesgue measurable set since ¢ is Lebesgue
measurable. Thus if we define

vo = pxpe + Mxp,
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then o : A — [0, M] is a simple function such that f < o < ¢ so

/cpod/\g/tpd)\.
A A

Hence
inf{/Agpd)\‘ v :A—[0,00) simple, f < gp}
:inf{/Agod)\’ ¢ : A— [0, M] simple, f §<p}.
To compare the above with the definition of the Lebesgue integral of a
non-negative measurable function via the supremum, note ¢ : A — [0, M]

is a simple function such that f < ¢ if and only if M — ¢ : A — [0, M] is a
simple function such that M — ¢ < M — f. Furthermore

M/\(A):/Md/\:/go—l—(M—cp)d)\:/god)\—i—/M—god)\.
A A A A
Therefore, since MA(A) < oo, we obtain that
/gpdAzMA(A)—/M—(pd/\.
A A
Hence
inf{/ cpd)\‘ ¢ : A—[0,00) simple, f < cp}
A
:inf{M)\(A)—/ M—gpd)\’ ¢ : A — [0, M] simple, f <<p}
A
—M/\(A)—sup{/ M—gpd)\’ v : A— [0, M] simple, f gcp}
A
:M)\(A)—sup{/ 1/1d)\' ¥ A — [0, M] simple, 1) < M—f}
A

— MA(A) —/AM—fd)\.

Moreover, since f and M — f are non-negative Lebesgue measurable functions,
we see from Theorem [3.2.2] that

M)\(A):/ Md)\z/ f+(M—f)d)\:/ fd)\+/ M — fd.
A A A A
Therefore, since MA(A) < oo, we obtain that
M)\(A)—/ M—fd)\:/ fdAx
A A
thereby completing the claim.
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Remark 3.4.7. In general, if A(A) = oo or if f is not bounded, then it need
not be true that

/fd)\:inf{/cpd/\‘g):A%[O,oo) simple,fgcp}.
A A

For an example where A\(A) = oo, let A = [1,00) and let f(z) = I—g for
all z € A. Note if f,, = fx[1,, for all n € N, then (f,),>1 is an increasing
sequence of non-negative Lebesgue measurable functions that converges to f
pointwise. Therefore, using Proposition together with the Monotone
Convergence Theorem (Theorem , we obtain that

/ Fdr = lim FX (1] A
[1,00) 1,00)

n—0o0 [
= lim dA
n—oo [Ln] f
n1
= lim 1— —
n—00 n
=1.

However, we claim that if ¢ : [1,00) — [0, 00) is a simple function such that
f <, then f[1,oo) pdA = oo thereby leading to the above infimum being

infinity. To see this, note if a = min ¢ ~1(0, 00), then a > 0 by the definition
of a simple function. Moreover, if f < ¢, then

v~ H([a,00)) = ¢71((0,00)) 2 f7H((0,00)) = [1,00)
and thus
/[1 - wd\ > aX(¢ Y ([a, 00)) = co.

For example where f is not bounded, let A = (0, 1] and let f(z) = % for
all x € A. Note if f, = fx[%’l] for all n € N, then (fy)n>1 is an increasing
sequence of non-negative Lebesgue measurable functions that converges to f
pointwise. Therefore, using Proposition [3.4.4] together with the Monotone

Convergence Theorem (Theorem [3.2.1f), we obtain that

X = i A\
(o,uf =% Jo) IX[e

= lim fdx
GaXrs
L1
= lim —=dx
n—oo J1 x

/1
= lim 2 —24/—
n—00 n

= 2.
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However, if ¢ : (0,1] — [0, 00) is a simple function, then it is not possible for
f < ¢ as ¢ has finite range whereas the range of f is [1,0).

Remark 3.4.8. Note the computations in Remark show why improper
integrals are defined as they are in elementary calculus. Moreover, we see that

all computations with improper integrals of non-negative Riemann integrable
functions are valid by the Monotone Convergence Theorem.

3.5 Fatou’s Lemma

Due to the use of the Monotone Convergence Theorem (Theorem in
the theory of the integral, we desire two more limit theorems to demonstrate
how well-behaved the integral is with respect to limits. The first is another
limit theorem for non-negative measurable functions. Note it is possible
to prove this theorem before the Monotone Convergence Theorem and use
it to prove the Monotone Convergence Theorem. However, we believe the
approach we provided is the correct one.

Theorem 3.5.1 (Fatou’s Lemma). Let (X, A, ) be a measure space. For
each n € N let f,, : X — [0,00] be a measurable function. Then for each

AcA
liminf f, du <lim inf/ fndu.
n—00 A

A n—o0

Proof. For each k € N, define gi : X — [0, 00] by
gr(x) = inf{fn(z) | n >k}

for all x € X. By Proposition [2.1.22] each ¢ is a measurable function.
Furthermore, for all k£ € N and for all n > k we see that g < f, so

/%@S/hw
A A

for all n > k and thus

/ gr dp < liminf/ fndp
A n—o0 A

for all k£ € N. However, it is elementary to see that (gx)r>1 is an increasing
sequence of measurable functions that converges to liminf, . f,, pointwise.
Thus the Monotone Convergence Theorem (Theorem [3.2.1)) implies that

/A lim inf f,, dp = lim. /A gr dp < lim inf /A fndp
as desired. ]

Remark 3.5.2. It is not difficult to see that the inequality in Fatou’s Lemma
(Theorem may be strict. Indeed if f,, = %X[O,n] for all n € N, it is easy
to see that [p fn dA =1 for all n € N yet (fy,)n>1 converges to zero pointwise
almost everywhere so [ liminf,, o fr d\ = 0.
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3.6 The Dominated Convergence Theorem

Finally, we arrive at the most powerful notion of limit theorem for integrals
of arbitrary integrable functions.

Theorem 3.6.1 (Dominated Convergence Theorem). Let (X, A, i) be
a measure space and let g : X — [0,00) be an integrable function. For each
n € N let f, : X — C be a measurable function such that |f,| < g almost
everywhere. If f : X — C is such that (fn)n>1 converges to f pointwise
almost everywhere and f is measurable (e.g. if p is complete), then f is

integrable with
/fdu— hm/fndﬂ
A

Proof. Since for each n € N we have |f,| < g almost everywhere and since
(fn)n>1 converges to f pointwise almost everywhere, we see that |f| < ¢
almost everywhere. Hence, since g is integrable and since f and each f, is
measurable, f and each f,, is integrable by Theorem Furthermore, as
|f — fn] is measurable and since |f — f,| < |f] + |fn] < 2g, we also see that
|f — fn| is integrable for all n € N.

Notice that for each n € N that 2g—|f— f,,| > 0 and that (29— |f— fn|)n>1
converges to 2g pointwise almost everywhere. Therefore Fatou’s Lemma

(Theorem implies that
/Adilu:/limiang—]f—fMdu
<liminf [ 29— |f = fuldn
= timinf [ 2gdj— [ |f = fuldn
— [ 2gdp —timsup [ 1f = fuldp
A n—oo JA

forall A € A.

Hence, since 0 < [ 29 d\ < oo, we have that

limsup/ |f — fuldu = 0.
A

n—oo

Therefore, by Theorem [3.3.11] we see that

limsup‘/f—fndu‘<limsup/|f—fn|du:O
A n—00 A

n—oo
Hence
Jim /Afdu—/Afndu’ =7};rgo’[4f—fndu’ =0
so the result follows. n
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Remark 3.6.2. Notice that the proof of the Dominated Convergence Theo-
rem (Theorem [3.6.1)) actually produced that

lim /Alf—fnl dp =0,

n—oo

This stronger claim will prove useful later.

Remark 3.6.3. The necessity of the existence of an integrable function
g : X —[0,00) such that |f,| < ¢ in the Dominated Convergence Theorem
(Theorem [3.6.1)) can be seen via the same example as in Remark

To conclude, we note a result similar to part of the proof of Corollary
3.2.6l extends.

Corollary 3.6.4. Let (X, A, 1) be a measure space and let f : X — C be an
integrable function. If {An}o>, C A are pairwise disjoint with A = U;—; Ap,
then

/Afduzi/Anfdu.

Furthermore, the sum converges absolutely.

Proof. Let {A,}5° be a collection of pairwise disjoint measurable sets in
(X, A) with A =U,~; An. To see that the series converges absolutely, notice

by Theorem [3.3.11] and Corollary that

gjl /Anfdu‘Sz/Anlflduz/Alf!du<oo.

Hence the sum converges absolutely.

To see the series converges to the integral, for each m € N let g, =
f XUr, An- Clearly gy, is measurable since f is measurable and {4,,}>>; C A.

Furthermore, since |g,,| < |f|, f is integrable, and (g, )m>1 converge to fxa
pointwise, we obtain by the Dominated Convergence Theorem (Theorem
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3.6.1)) that

[ gn= | sxadn
A X
= lim Gm dp
X

m—00

ZTi/Anfdu

as claimed. n

3.7 L,-Spaces

Before moving onto to analyzing uses of our new integrals, it is useful to
describe specific collections of integrable functions in order to develop various
norms on these functions. In particular, the following is a generalization of
the notion of an integrable function.

Definition 3.7.1. Let (X, A, 1) be a measure space and let p € [1,00). A
measurable function f: X — C is said to be p-integrable if

/ |fIPdp < oo
X

The set of p-integrable functions on (X, A, u) is denoted £, (X, p).

Example 3.7.2. Let X = N, let A = P(X), and let pu : N — [0,00) be
the counting measure from Example [[.1.13] By our choice of o-algebra, we
obtain that every function on N is measurable. Furthermore, recall that there
is a bijection from the set of all functions to all sequences of complex numbers
by mapping a function f : N — C to the sequences (f(n)),>1. Finally, due
to the choice of measure, we see that

[ 15 dn =3 If)p.
N n=1
Thus it is not difficult to see that £,(N, p) = £,(N,K) (as sets and, as we

will see later, as normed linear spaces). In particular, p-integrable functions
generalize the notion of ¢,-sequences spaces.
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We know from undergraduate real analysis that £,(N, K) are nice normed
linear spaces. Thus we desire to prove the same for £,(X, ). To begin, we
note the following.

Lemma 3.7.3. Let (X, A, 1) be a measure space and let p € [1,00). Then
L,(X, @) is a vector space is a vector space over C (and thus, restricting to
real-valued functions produces a vector space over R).

Proof. Let f,g € L,(X, ) and let o € C. Then, since

[ lasidu=1a [ 117 du < oo,
X X
we see that af € £,(X, p). Moreover, since

[f + 9P < (If1+1g])” < (2max{[f],[g[})"
= 2P max {|f|?, |g["} < 2P (IfI" + [g/"),

we see that
[ s +gran<e [1sran+2 [ lgrdn < oo
X X X

so f+g € Ly(X,n). Hence L,(X, p1) is a vector space. ]

Remark 3.7.4. Of course, given p € [1,00), we would like to define a
norm on L,(X, ) so that we can perform analysis. In particular, using
our previous knowledge of the norm on ¢,(N, K) from Example given
f € Ly(X, p) we would like to define

71, = ([ 1)’

to be the p-norm of f. It is elementary to see that if f € £,(X, ), then
| £1l, € [0,00). Moreover, for all a € C we see that

lotty = ([ tasted)?” = (1o [ 177 )’
ol ([ 1P )" = Lol 51,

Furthermore, we will be able to verify the triangle inequality below. However,
one problem remains. In the definition of a norm, the only vector that can
have zero norm is the zero vector. However [|f||, = 0 if and only if f is zero
almost everywhere. Thus it is possible there is a function f that is not the
zero function (but zero almost everywhere) such that || f||, = 0. How can we
rectify this situation?
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Well, since the problem is that functions that are equal almost everywhere
are not equal, let’s define a new notion of equality to make then equal. To
begin, recall that M(X, C), the set of measurable functions from X to C, is
a vector space. Since it is elementary to verify that

W ={fe M(X,C) | f=0 u-almost everywhere}

is a subspace of M(X,C), we can form the quotient space M(X,C)/W.
Given a function f € M(X,C), we will use [f] to denote the equivalence
class f + W in M(X,C)/W. Clearly if f,g € M(X,C), then [f] = [g] if and
only if f = g almost everywhere. In particular, if [f] = [g] then

[asran= [ 1gPan
X X

as | f|P = |g|P almost everywhere so f € L£,(X, p) if and only if g € £, (X, p).
Furthermore, since W is clearly a subspace of £,(X, u), we can consider
Ly(X, 1) /W

Definition 3.7.5. Given a measure space (X, A, ) and a p € [1,00), the
Ly-space of (X, A, 1), denote L, (X, i), is the vector space over C defined by

Lp(X, ) ={lf] | f € Lp(X, 1)}
Furthermore, the p-norm is the function || - ||, : L,(X, p) — [0, 00) defined

by )
I, = ( /. 1P an)”
for all [f] € Lp(X, p).

Remark 3.7.6. First, note that the p-norm is well-defined on L, (X, u).
Indeed if [f] = [g] then

[oasran= [ 1gPan
X X

so the value of [|[f]]|,, does not depend on the representative of the equivalence
class.

Due to the definition of L,(X,u) and Remark we will often not
distinguish elements of L,(X,p) and £,(X, ). In actuality, elements of
L,(X, ) are functions whereas elements of L,(X, 1) are equivalence classes
of functions in £,(X,p). However, each element ¥ of L,(X,u) can be
represented by a function f € L£,(X,p) and if g € £,(X, p) is such that
g = f a.e., then ¥ can also be represented by g. Consequently, we will treat
elements of L,(X, p) as functions that are p-integrable where we are allowed
to modify the functions on a set of py-measure zero. Thus we will often
omit the notation of an equivalence class. One thing to keep in mind is
that we must verify that any function defined on L, (X, p1) respects almost
everywhere equivalence.
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To prove that the p-norm is a norm on L,(X, u), we require some in-
equalities.

Lemma 3.7.7 (Young’s Inequality). Let a,b > 0 and let p,q € (1,00) be
such that % + % =1. Then ab < %ap + %bq.

; =1, 1_ ptq : S - P
Proof. Notlcel—p—l—q = 50 implies p 4+ q — pqg = 0. Henceq—pil.

Fix b > 0. Notice if b = 0, the inequality easily holds. Thus we will
assume b > 0.

Define f : [0,00) — R by f(z) = %xp + %bq — bx. Clearly f(0) > 0
and lim,_,~ f(z) = 0o as p > 1 so aP grows faster than x. We claim that
f(x) > 0 for all x € [0,00) thereby proving the inequality. Notice f is
differentiable on [0, c0) with

fl(x) = 2P~1 —b.

1
Therefore f/'(x) = 0 if and only if x = br-1. Moreover, it is elementary to
1
see from the derivative that f has a local minimum at b»-1 and thus f has a

1
global minimum at b»-1 due to the boundary conditions. Therefore, since

f@ﬁﬁzlw%+1w—#ﬁ5:1w+1w—wzu
p q p q

we obtain that f(z) > 0 for all z € [0, 00) as desired. ]

Theorem 3.7.8 (Ho6lder’s Inequality). Let (X, A, 1) be a measure space
and let p,q € (1,00) be such that %%—% =1 IffeLy(X,p) andg € Ly(X, p),
then fg € L1(X, 1) and

/X|f9|d,u§(/X|f|pd,u>;</X|g|qdu);.

Proof. Let

az(/X|f|Pdu)’l’ and /3=(/X|g|qdu)‘11.

If & =0, then |f|P = 0 almost everywhere by Theorem Hence |f| =0
almost everywhere so |fg| = 0 almost everywhere and hence the inequality
holds. Similarly, if 5 = 0 then the inequality holds. Hence we may assume
that «, 8 > 0.
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Since a, § > 0, we obtain that

J sl =as [ L1l

If!p lg|?
< + Z—d by Lemma 3{/
ab X pa? g1 H Y

—ag (o [urdu o [ lgltdn)
(5+) =

as desired. n

=«

of
B

In addition to being used to prove that £, (X, 1) is a vector space, Hélder’s
inequality (Theorem [3.7.8)) also has following important corollary.

Corollary 3.7.9. Let (X, A, p) be a measure space with p1(X) < co and let
€ (1,00). If f € Lp(X, p), then f € L1(X, pu) with

[l < )i ([ \f!pdu)

where q € (1,00) is such that l + l =1.

Proof. Since pu(X) < oo, it is elementary to see that 1 € £4(X, pt); that is,
the function that is one everywhere is g-integrable as

/ 19dp = u(X) < oo
X

Hence, by Holder’s inequality (Theorem [3.7.8]) f = f1 € £1(X, 1) and

/le!duéu(X)% (/lel”du);. n

Holder’s inequality (Theorem [3.7.8) also enables us to show that the
p-norm satisfies the triangle inequality modulo one technicality.

Theorem 3.7.10 (Minkowski’s Inequality). Let (X, A, 1) be a measure
space and let p € [1,00). If f,g € L,(X, ), then

(i ssran) s (fran) + (L)

Proof. Let f,g € L£,(X, ). Recall from Lemma that f+ g € L,(X, p).
Moreover, if p =1 then

/X|f+g\du§/X!f|+!9\du§/X|f\du+/X!9\du
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so the inequality holds.
Now assume p € (1,00). Choose g € (1,00) so that %+% = 1. Thus

q = 525 Since (|f +glP™)? = |f + g|", we see that |f + g[P™ € Lo(X, ).
Hence Hoélder’s inequality (Theorem [3.7.8]) implies that

/|f+g|”du

X

=/ \f+gllf + 9P du
X

< [ A1+ lgDlf + g dp
X

:/ |f||f+g|p_1du+/ lgl|f + glP~ " du
X X

< (/X|f|pdu)’l’ (/X(|f+gp—1>%w);
+ </X Ig!”duf (/X(Ierg!pl)qu);

_<(/erpdu)i+(/x,g,pdu>é) ([ireora)t

If [ |f+ g|Pdu =0, the result follows trivially. Otherwise, we may divide
both sides of the equation by ([ |f + g|? d,u)% to obtain that

(Jurvaras) = ([1rvaran) ™ < ([ 1ra) «( [ 1pan)’

as desired. ]

Corollary 3.7.11. Let (X, A, ) be a measure space and let p € [1,00). The
p-norm is a norm on Ly(X, u).

Proof. To see that ||-[|, is indeed a norm on Ly(X,u), we first note by
Remark that || - ||, is well-defined (i.e. its value does not depend on
the representative of the equivalence class) and finite by the definition of
Lp(X, p). Furthermore, notice that [|f||, = 0 if and only if f = 0 almost
everywhere if and only if [f] = 0. Furthermore, as clearly [[af|, = | | f]l,
for all « € C and f € L,(X,p), and as the triangle inequality holds by
Minkowski’s Inequality (Theorem , we obtain that [ - [|,, is a norm on
L,(X, p) as desired. ]

Perhaps unsurprising for those with knowledge of undergraduate real
analysis, each L,-space is a Banach space. Of course, the proofs used in
Section [C-5| will not be of aid to us as how could we deduce ‘pointwise Cauchy’
knowing ‘L,-Cauchy’?
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Theorem 3.7.12 (Riesz-Fisher Theorem). Let (X, A, 1) be a measure
space and let p € [1,00). Then L,(X, p) is a Banach space.

Proof. To see that L,(X, 1) is a Banach space, let (f,)n>1 be an arbitrary
Cauchy sequence in Ly (X, i) (of course this really means an Cauchy sequence
of equivalence classes, each of which is represented by a function f, €
L,(X,p)). Since (fn)n>1 is Cauchy, it is not difficult to see that there exists
a subsequence (fk, )n>1 such that

kanJrl - fanp

for all n € N (i.e. choose k, € N to be a natural number greater than k,_;
that works in the definition of a Cauchy sequence for € = 5-). Since (f;)n>1
is Cauchy, it suffices to show that (f,)n>1 converges to some element in
LP(X7 M) '

Define a function g : X — [0, 00| by

9(x) = | (x !+Z|fkn+1 = fin ()]

for all x € X. Since the sum of measurable functions is measurable, the
absolute value of measurable functions is measurable, and the pointwise limit
of measurable functions is measurable by Proposition [2.1.22] we obtain that
g is a measurable function. Furthermore, since g is the pointwise limit of

(’fk'l‘ =+ Z ’fkn+1 - fk/'n‘) )
m>1

n=1

we obtain by Fatou’s Lemma (Theorem [3.5.1)) and Minkowski’s inequality
(Theorem [3.7.10]) that

</X |9|p>; dp < lim inf (/X (fkl(ar)\ ~l—n§:1 | frnyr () — fkn(:n)|>p d,u)é

m

< it il + 3 ey = Sl
n—

= [frll, +1 < oo

Hence g € Ly(X, ).

By Remark [3.3.8) we see that if A = {z € X | g(x) = oo}, then A € A
and pu(A) = 0. By replacing each f,, with f,xac (which does not affect the
equivalence classes as f, = fnxac almost everywhere), we may assume that
g(x) < oo forall z € X.
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Since g(z) < oo for all z € X and since C is complete so every absolutely
summable sequence is summable by Theorem [C.6.2] we obtain that the
function f : X — C defined by

o0
F(@) = fio (@) + D frpi () = frn (2)
n=1
for all x € X is well-defined. Notice for all m € N that
fk)l + Z fkn+1 - fk‘n = fkm'
n=1

Hence |f,,| < g for all m € N and
f@) = lim_ fi, (@)

for all x € X. Hence f is measurable by Corollary being the pointwise
limit of measurable functions. Furthermore, since clearly |f| < g, we obtain
that f € Ly(X, p).

We claim that (f, )n>1 converges to f in the p-norm. To see this, notice
since |f|P, | fx,.|P < g for all m € N that

1 = Jrw” < (If1 + i DP < 2lgl)P = 27g]".

Therefore, since g € L,(X, ) and since (|f — f,,|P)m>1 converges pointwise
to zero, the Dominated Convergence Theorem (Theorem [3.6.1)) implies that
that

tim [ 1 = fu, P du =0.
X

m—o0

Hence (f, )n>1 converges to f with respect to || || . Therefore, as (fy)n>1
was Cauchy, we obtain that (f,)n,>1 converges to f in L,(X,p). Thus,
since (fn)n>1 Was an arbitrary Cauchy sequence in L,(X, 1), we obtain that
L,(X, p) is complete. ]

Notice the proof of the Riesz-Markov Theorem (Theorem [7.3.2)) immedi-
ately implies the following.

Corollary 3.7.13. Let (X, A, 1) be a measure space, let p € [1,00), and let
f € Ly(X,p). If (fn)n>1 is a sequence of elements of L,(X, ) that converge
to fin L,(X, ), then there exists a subsequence (fy,)n>1 of (fn)n>1 that
converges to f pointwise almost everywhere.

Proof. Since (fn)n>1 converges to f in Ly(X,u), (fu)n>1 is Cauchy in
L,(X,p). Therefore the proof of the Riesz-Markov Theorem (Theorem
implies there exists a subsequence (fk, )n>1 of (fn)n>1 that converges
both pointwise almost everywhere and in L, (X, ;1) to some function h (i.e.
h(z) = fi,(x) + 2021 freni () = fr,(z) for all z € X). Therefore, since
limits in normed linear spaces are unique, we obtain that h = f almost
everywhere thereby completing the proof. ]

©For use through and only available at pskoufra.info.yorku.ca.



118 CHAPTER 3. INTEGRATION OVER MEASURE SPACES

For those familiar with undergraduate real analysis, it should not be
surprising that the p = 2 case is special.

Corollary 3.7.14. Let (X, A, ) be a measure space. Then La(X, ) is a
Hilbert space with inner product {-,-) : Lo(X, n) X Lo(X, u) — C defined by

(f9) = /X fgdp.

Proof. First, clearly if g € Lo(X,p) then g € Lo(X, 1) and ||g|l, = [|7]l5-
Hence, by Holder’s inequality (Theorem [3.7.8]), we see that if f,g € La(X, u)
then fg e Li(X,u) so

(o) = [ fadu

is a well-defined element of C. In addition, the definition of (f, g) does not
depend on the representative of the equivalence classes of f and g selected,
(-,-) is well-defined.

It is not difficult to see that (f, f) > 0 for all f € La(X, p) with equality
if and only if f = 0 almost everywhere, that (-, -) is linear in the first entry
by the linearity of the integral, and that

(f.9) =19, f)

by Remark [3.3.10, Hence (-,-) is an inner product on Lo(X,u). Since
I fllo = V/(f, f) for all f € La(X, ), we obtain that Lo(X, p) is a Hilbert
space by Theorem [3.7.12 ]

Of course, the above did not deal with the case that p = co as the formula
for the norms does not make sense in this situation. To develop a notion of
an oo-norm for measurable functions, we define the following concept which
is motivated by the fact that we don’t need our functions to be bounded
everywhere, just almost everywhere.

Definition 3.7.15. Let (X, A, u) be a measure space. A function f: X — K
is said to be essentially bounded if there exists an M > 0 such that

p({z e X | [f(x)] > M}) = 0.
The set of essentially bounded functions on (X, A, ) is denoted Lo (X, pt).

Of course, Loo(X, ) will not have a well-defined norm for the same
reason that £,(X, ;) did not have a well-defined norm; we have to deal with
functions that are equal almost everywhere. Notice if f,g : X — C are
such that f is essentially bounded and f = g almost everywhere, then g is
essentially bounded as the union of u-measure zero sets has p-measure zero.
Hence we may define the following.
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Definition 3.7.16. Given a measure space (X, A, u), the Lo-space of
(X, A, ), denote Loo(X, 1), is

Loo(X,p) ={[f] | f:X — C essentially bounded} .

Remark 3.7.17. Given a measure space (X, A, 1) and f, g € M(X,C) such
that [f] = [g], we have seen that f € Loo(X, p) if and only if g € Loo(X, p).
In particular, every representative of an equivalence class in Lo (X, p) is an
element of Lo (X, ). Due to this and to abuse notation, we will consider
elements of Lo (X, 1) as elements of Lo, (X, 1) and drop the explicit reminder
that we are dealing with an equivalence class in most (if not all) arguments.

Theorem 3.7.18. Let (X, A, u) be a measure space. Then Loo(X,n) is a
normed linear space with respect to the norm

[flloo = mf{M >0 | p({z | |f(2)| > M}) = 0}.

Proof. First we claim that Lo (X, u) is a subspace of M(X,C)/ ~ and thus
a vector space over C. To see this, let f,g € Loo(X, 1) be arbitrary. Then
there exists M7, My > 0 such that

p{ | [f(@)|>M}) =0 and  p({z | [g(z)] > M2}) = 0.

Hence since

{z | [f(z) +g(z)| > My + Ma}
Sz | [f@)]+|g(z)] > My + Mo}
Sz | [f(@)| > M} U{z | |g(x)] > Ma}
we see that
p{z | [f (@) +g(z)| > My + Ma})
<p({z | [f(@)| > Mi}) +p{z | |g(z)] > Ma}) = 0.
Hence f + g € Loo(X, p). Further for all a € C

p{z | lef(2)] > |a|M}) =0

soaf € Loo(X, p). Hence, since 0 € Loo(X, p1), we have shown that Lo (X, 1)
is a subspace of M(X,C)/ ~ and thus a vector space over C.

To see that || - ||, is a well-defined norm on Lo (X, 1), first notice that if
f = g almost everywhere and M > 0 then

u({a | 1f@) > MY) =0 ifandonly if p({z | lg(x)] > M}) =0.

Hence || - ||, is well-defined. Furthermore, notice that || f|| ., < oo for all
f € Loo(X, ) by the definition of an essentially bounded function. Next
notice that || f||,, > 0 with equality if and only if

p({o[l7@1> 2 }) =0
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for all n € N if and only if

U{e

n>1

p{z [|f(z)] >0})=p (

£(a)| > i}) =0

if and only if f = 0 almost everywhere if and only if f =0 in Lo (X, p).
Next let @ € C and f € Loo(X, ) be arbitrary. If a = 0, then clearly
lafllo =0=lal|| fllo- Otherwise, if a # 0, we see that

lafllo =inf{M >0 | p({z | |af(z)| > M}) =0}
:inf{Mzo‘u<{x |f(x)|>’]$}):0}

= inf{la|M’ >0 | p({z | [f(2)] > M'}) =0}
=l [[flloo

as desired.
Finally, to verify that |- ||, satisfies the triangle inequality, let f,g €
Loo(X, p) be arbitrary. If My, My > 0 are such that

p({z | |f(@)| > M})=0 and  p({z | |g(z)] > Ma}) =0,
the above shows that
u({ | 1f(@)+ g(2)| > My + Ma}) = 0.

Hence
1f + 9lloe < My + M.

Therefore, since this holds for all such M7 and Ms, we obtain that

1 + 9l < 1Fllco + 119llca

as desired. n

Remark 3.7.19. If f € Loo(X, ), then p({z € X | [f(z)| > ||fllo}) = 0.
To see this, for each n € N let

A, ={z € X [1£@)] > Wl + 5 |

Note each A, is measurable. Furthermore, by the definition of | f||.,, we
obtain that p(A,) = 0. Therefore, since

{zeX [1f@)]>Ifllo} = U An,
n=1

the claim follows by the Monotone Convergence Theorem for measures
(Theorem [1.1.23)) or simply the subadditivity of measures. Hence |f(x)| <
| fllo, almost everywhere.
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Remark 3.7.20. If f € Cla, b], then the Extreme Value Theorem implies
f is bounded. Thus, since f is Lebesgue measurable, f € Lo ([a,b],\). In
addition, it is not difficult to verify that two notions of the co-norm (the one

from Example [C.1.15[and the one from Theorem |3.7.18)) agree. Indeed if
Mo = sup({|f(2)| | = € [a,b]}) 20

then clearly
Az € la,b] | |f(z)] > Mo}) = 0.

Hence
sup({[f(2)] | « € [a,0]}) = inf{M >0 [ A({z | [f(z)| > M}) = 0}.
For the reverse inequality, assume
0 <M <sup({|f(z)| | = €[a,b]}).
By the Extreme Value Theorem, there exists an xg € [a, b] such that
|/ (xo)| = sup({[f(2)| | = € [a,b]}) > M.
However, if € = (| f(z0)| — M) > 0, there exists a § > 0 such that if z € [a, b]

and |z — xo| < d then |f(z) — f(zo)| < e. Hence, since (xg — 0,9 + ) N [a, b]
has non-zero A-measure and

@) > 1fo)] — e = 5(1f (o)l + M) > M
for all = € (zg — 8,20 + 6) N [a, b], we see that
Mo € (o8] | 1) > M}) >0
Thus it follows that
sup({Lf(@)| | @ € a.b}) = inf{0M > 0 | A({z | [£(x)] > M}) = 0}.
as desired.

Unsurprisingly, we also have the following.

Theorem 3.7.21 (Riesz-Fisher Theorem). Let (X, A, 1) be a measure
space. Then Loo(X, 1) is a Banach space.

Proof. To see that Lo (X, u) is a Banach space, let (f,)n>1 be an arbitrary
Cauchy sequence in Lo (X, ). For each n € N let

An ={z e X | [fu(@)[ > [[fallo}
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and for each n,m € N let

Bpm =A{r € X [ [fu(®) = fm(2)] > [[fn = finlloc }-

Hence, by Remark [3.7.19} each A, and By, ,, are measurable for all n,m € N,
p(Ay) =0 for all n € N, and pu(By, ) = 0 for all n,m € N. Let

B= (g An> U (mg:an,m) :

Then B is a measurable set and p(B) = 0 since B is a countable union of
p-measure zero sets.

By replacing each f,, with f,xpe (which doesn’t affect the equivalence
classes), we may assume that |f,,(z)| < || fnll for all z € X and n € N, and
that |fn(z) — fm(2)| < ||fn — fimlls for all 2 € X and n,m € N. By this
assumption, for each x € X we see that (f(x)),>1 is a Cauchy sequence in
C and thus converges. Hence the function f: X — C defined by

f(x) = lim f,(x)

n—oo

for all z € X is well-defined and measurable by Corollary [2.1.23]
We claim that f € Loo(X, ) and that (fy,)n>1 converges to f in Loo (X, p).
To see this, notice for all z € X and n € N that

1) = Ju@)] = Jim_[fn(@) = fula)| < lmnsup | frn = full .
Hence
sup{|/(@) = fu@)| | = € X} < limsup | = ful
for all n € N. In particular
sup{|/(@) = fi@)] | @ € X} < limsup | frn = fil

<limsup || fm |l o + [ f1lloo < 00
m—0o0

since Cauchy sequences are bounded. Hence by the definition of essentially
bounded functions we see that f—f; € Loo(X, p). Hence, since f1 € Loo(X, 1)
and Lo (X, pt) is closed under addition, we see that f € Lo(X, ). Thus the
above shows that

IF = Fulloo < Timsup | = il

for all n € N. As
lim limsup || fm — falloo =0
n—=0 m—oo

since (fyn)n>1 is Cauchy, we obtain that (f,)n>1 converges to f in Lo (X, p).
Hence, as (fn)n>1 was an arbitrary Cauchy sequence, we obtain that Lo (X, 1)
is complete. ]
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Clearly essentially bounded functions behave like bounded functions when
it comes to integration.

Theorem 3.7.22 (Holder’s Inequality). Let (X, A, ) be a measure space.
If fe L1(X,u) and g € Loo(X, ), then fg € L1(X, p) and

gl < 1l llglloo -

Proof. Since |g| < ||g|, almost everywhere by Remark [3.7.19] we obtain
that

79l = [ 1fllgldi< [ 1f1 gl du= 151, gl

as desired. ]

Corollary 3.7.23. Let (X, A, 1) be a measure space with u(X) < oo and
letpe[l,00). If f € Loo(X, ), then f € Ly(X, ) and

=

111, < 1 lloo (X))

Proof. Since pu(X) < oo, it is elementary to see that

([ uran)’ < ([ ume, an)’
= (I XD = 1] X <

Hence f € L,(X, p). n

3 =

To conclude this section, we note specific types of functions are dense in
the Ly-spaces (well, when p # o0).

Theorem 3.7.24. Let (X, A, 1) be a measure space. The set

_ A p is simple and there exists a AEA
JF = span {4,0 X = [0’ OO) ‘ such that p(A)<oo and ¢|4c=0

is dense in Ly(X,p) for all p € [1,00).

Proof. Fix p € [1,00). To begin, we claim that if ¢ : X — [0, 00) is a simple
function, then ¢ € L,(X, u) if and only if there exists an A € A such that
p(A) < oo and |4 = 0. Indeed, assume there exists an A € A such that
pu(A) < oo and p|4e = 0. Since ¢ is a simple function, ¢ is essentially
bounded. Hence the proof of Corollary yields

1 1
ll, < llellso p(A)r < 0o
s0 ¢ € Ly(X.p1).

©For use through and only available at pskoufra.info.yorku.ca.



124 CHAPTER 3. INTEGRATION OVER MEASURE SPACES

Conversely, assume ¢ € L,(X, p). Clearly if ¢ = 0 the result is true.
Hence assume ¢ # 0. By the definition of a simple function, there exists
pairwise disjoint sets {Ax}}_; C A and elements {a}7_; C (0, 00) such that
© = > jp_qarXa, (where we have removed the characteristic function on

which ¢ is zero). If ¢ = min{ay,...,a,} > 0, then we see that
n n n
&p (U Ak:) =Y u(Ar) < Y7 au(Ay) = /Xsopdu < 0.
k=1 k=1 k=1

Therefore, if A =Jj_; Ax € A, then pu(A) < co and ¢|4c = 0 as desired.

To demonstrate the theorem, we must first show that F C L, (X, p).
However, this follows from the above claim as F is a span of elements of
L,(X, p) and thus is a subspace of L,(X, ).

Finally, to show that F is dense in L,(X, p), it suffices (since F and
L,(X, i) are vector spaces) to show that if f € L,(X, 1) and f > 0 then there
exists a sequence (¢y,)n>1 of elements of F such that lim,_, || f — ‘Pan = 0.
Indeed notice it is easy to see that the positive and negative parts of the real
and imaginary parts of f are smaller than |f| and thus elements of L,(X, p).
If we can approximate each of these non-negative functions in L,(X, ) via
elements of F, then the triangle inequality will yield the result.

Fix f € L,(X,n) such that f > 0. By Theorem there exists an
increasing sequence of simple functions (¢,),>1 that converge to f pointwise.
Hence 0 < ¢, < f so

/!m”dué/ |fIP dp < oo,
X X

Hence ¢, € L,(X, i) so ¢, € F by the result at the beginning of the proof.
Moreover, since (|f — ¢nXxa,|P)n>1 converges to zero pointwise and since

|f —enxa, P <|fIP e Li(X,p),

we obtain by the Dominated Convergence Theorem (Theorem [3.6.1]) that

lim /X 1f = enxa, P du = 0.

n—o0
Hence limy,—o0 || f — ¢nx4,ll, = 0 as desired. ]
Theorem 3.7.25. For all p € [1,00),

C, (R, (C) _ { FiR—>C ‘ f is continu]o(ugs Eﬁﬁcffﬁ :?f;sc i Ocompact set }
is dense in Ly(R, ).
Proof. By Theorem [3.7.24] we know that

o . ¢ is simple and there exists a A€ M(R)
J = span {90 ‘R — [0’ OO) ’ such that p(A)<oco and ¢|4c=0
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is dense in Ly(R, X). However, if ¢, : R — [0, 00) is simple and ¢ € L,(R, \),
then the end of the proof of Theorem@ can be used to show that ©x[_;, )
converges to ¢ in L,y(R, X). Therefore, since Corollary implies that
C.(R,C) C Ly(R, A), to show that C.(R,C) is dense in L,(R, \), it suffices
by the triangle inequality to show that each simple function ¢ such that
@l[—n,nje = 0 for some n € N can be approximated in | - [, by an element of
C.(R,C).

To see the above, let ¢ be an arbitrary simple function such that
@li—nme = 0 for some n € N and let ¢ > 0 be arbitrary. By Lusin’s
Theorem (Theorem there exists a continuous function f : [-n,n] — C
such that

Az € [—n,n] | f(z) # p(@)}) < e
and
sup{[f ()] | = € [-n,n]} < [l¢]l, < oo

Extend f to a continuous function g : R — C by defining

~

(x) if z € [-n,n]
(@) + f(@) e nn o)
I =V 1 () 1 fa)  dfwe (on—n)’
otherwise

€

e}

Clearly g € C.(R,C) and it is easy to see that ||g]|,, < [l¢ll,, since we
extended f to g using linear functions connecting f(+n) to 0. Therefore,
since

[ 19—l dx

R

= |f = elPdA + |91 dX
[=n,n] [n,n+e)U(—n—e,—n]

= |f = lPdA + g1 dX
faelonn]| F@)£e()} [nntU(=n—e,n]

< (2 oll)” dA + el dx
fael-nn]| f@)#0(@)) [nntU(-n—e,n]

< 2llelloo)?e+ 2elellE,
= (2 +2) [lll €

the proof is complete as |||, is fixed and € > 0 was arbitrary. n
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Chapter 4

Differentiation and
Integration

With our construction of integrals with respect to measures complete, we
can turn our attention to studying the relation between our integral to other
objects. Since the relationship between integration and differentiation is the
centrepiece of any undergraduate calculus course, it makes sense we analyze
whether we have similar results in the measure theoretic realm. Thus this
section is devoted to understanding the relationship between the Lebesgue
integral and differentiation of measurable functions.

After a technical lemma pertaining to covering subsets of R with intervals
of small size, we will demonstrate that every monotone function is differ-
entiable A-almost everywhere and obtain a bound for the integral of the
derivative. We then turn our attention to seeing if there is a version of the
Fundamental Theorems of Calculus for the Lebesgue integral. In particular,
if f € Li([a,b],\), what can we say about the function F : [a,b] — R defined
by

F(z)= fdx?

4.1 Vitali Coverings

To begin our study of differentiation using Lebesgue measure theory, we
first need one if not the most technical results in this course. Clearly given
a subset X of R there are many ways to cover X with intervals. These
coverings have many important properties, especially if we are dealing with
open intervals covering a compact subsets for which a finite subcover can be
chosen. However, as we are dealing with Lebesgue measurable sets instead
of compact subsets, it is useful to to study various collections of intervals
and how they behave with respect to the Lebesgue measure. The technical
lemma that we need revolves around the following types of coverings where
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each point is covered by a set of arbitrarily small length.

Definition 4.1.1. A collection Z of intervals of R containing no singleton
points is said to be a Vitali covering of a set X C R if for all § > 0 and
x € X there exists an [ € 7 such that x € [ and A\({) < 0.

Example 4.1.2. Clearly the set of all open intervals of R is a Vitali covering
of R whereas the set of all intervals with length at least 1 is not a Vitali
covering of R.

Similar to how every open cover of a compact set has a finite subcover,
the following, which is our technical lemma, shows that if we use a Vitali
covering, we can almost choose a finite subcover. In fact, the finite almost
subcover we obtain has some additional nice properties.

Theorem 4.1.3 (Vitali Covering Lemma). Let X C R be such that
MN(X) < o0. If T is a Vitali covering of X, then for all € > 0 there ezists a
finite, pairwise disjoint collection {I}}}_; C I such that

n
\* (X\ U Ik> <e.
k=1
Proof. We begin by demonstrating that we can assume Z has some additional
properties. First note since A*(X) < oo that there exists an open subset
U C R such that X C U and A(U) < oo by the definition of the Lebesgue

outer measure.
We claim that
J={T|1e1,1cU}

is a Vitali covering of X. To see this, first notice that J consists of intervals
of R that are not singletons. To see the other property of a Vitali covering,
let 9 > 0 and = € X be arbitrary. Since x € X C U, there exists an ¢; > 0
such that (x — ez, + €¢,) € U. However, since x € X and Z is a Vitali
covering of X, there exists an I € Z such that z € I and

(1.1
A(f) < min {25, 263;} .

Since z € I and A(I) < 3e,, one easily sees that

1 1
I1C (x—2ex,x—|—2ex) cU.

Therefore I C (x — e,z +¢;) CUsol € J. Hence I € J, x € I, and
A(I) < §. Therefore, since § > 0 and z € X were arbitrary, J is a Vitali
covering of X.
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We claim it suffices to prove the result for 7 in place of Z. Indeed suppose
given an € > 0 there exists a finite, pairwise disjoint collection {J;}}_; € J

such that
\* <X\ U Jk> <e.

k=1

By the definition of J there exists a collection {I}}?_, C Z such that I, = J
for all k € {1,...,n}. Therefore, as {J}7_, is pairwise disjoint and I, = Jj
for all k € {1,...,n}, clearly {I}}}_, are pairwise disjoint and there exists a
finite subset Y C X such that

X\UIk:YU<X\UJk>.
k=1 k=1
Hence

A* (X\ OIk> <\ <X\ LnJJk>+)\(Y)<e+O:e

k=1 k=1

as desired. Therefore, it suffices to prove the result for 7 in place of Z. Note
using J is more desirable due to the additional property that each interval
in J is a closed interval contained in U.

Let € > 0 be arbitrary. Consider the following recursive process to create
a pairwise disjoint collection {J;}22; € J with certain properties. Let
J1 € J be any interval (which must exist unless X is empty; a case which is
trivial).

To proceed with the recursive step, assume for some n € N that {J;}}_; C
J have been defined with certain properties. Notice if we ended up in the
situation that X \ Up_; Jx = 0, then the result would be complete. Hence
we assume that X \ Up_; Jx # 0. To construct Jy,41, let

M, =sup{\(J) | J e T, JNJy=0forall ke {l,...,n}}.

Notice since J C U for all J € J that A(J) < A(U) for all J € J so
M, <\U) < .

To see that M, > 0, recall that there exists an z € X \ Uj—; Ji. Since
each element of J is closed, J;_; Ji is a closed set. Therefore, since x €

X\ Uk=1 ks

dist ({x}, LnJ Jk> = inf {\x — Yy

k=1

Y € LJ Jk} >0

k=1

(i.e. there is no sequence in {J;_; Ji that converges to z). Since J is
a Vitali covering of X, there exists a J € J such that z € J and A(J) <
dist ({z},Ui—1 Jk). Hence JNJ, =@ forallk € {1,...,n} so M,, > X\(J) >0
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as every element of J has positive length. Therefore there exists a J,11 € J
such that J,11NJp =0 for all k € {1,...,n} and

1
A(Jn+1) > §Mn

If we use the above process, either the process ends after a finite number of
steps thereby completing the proof, or we obtain a pairwise disjoint collection
{J}32; € J such that each Jj is a closed interval contained in U such that
A(Jnt1) > $M, for all n € N. Notice

i)\(‘]k) = (Ej Jk> < )\(U) < 0.

k=1

For each k € N, let I, denote the unique interval with the same midpoint
as Ji and A(I;) = 5A(Jg). We claim that

N 0o
x\UYUu#c U o

k=1 k=N+1

To see this, let z € X \ Uszl Ji be arbitrary. Since J is a Vitali covering of
X and since [, Ji is a closed set disjoint from {2}, the above demonstrates
there exists a J, € J such that z € J, and J,NJp =0 forall k € {1,...,N}.
If J,NJy=10for all k € {1,...,n} for some n > N, then the definition of
M,, implies that
0 < A(Jz) < My, < 2X(Jp1).

However, since lim,,_,o A(J,) = 0, it must be the case that there exists an
n > N such that J, N J, # 0. Let n, be the least natural number such that

Jpe NI, # 0. Hence ngy > N. Since J, N J =0 for all k € {1,...,n, — 1},
the above computation shows that

0 < ANJz) < Mp,—1 <2X(Jp,).
Furthermore, since 2 € J, and J, NJ,_ # 0, we see that the distance between
x and the midpoint of J,,, is at most

O\ ()

1 1
A(Jx) + 5)‘(an) < 2)‘(an) + §>‘(an) = 9

Hence z € I,,, € UpZn,1Ix by the definition of I,,,. Therefore, since
z € X\ UN_, J, was arbitrary, the claim follows.

©For use through and only available at pskoufra.info.yorku.ca.



4.2. THE LEBESGUE DIFFERENTIATION THEOREM 131

Combining the above, we see that

A*(X\Lnjjk>§)\< fj Ik)

k=1 k=N+1

< i A(Ik)

k=N-+1
<5 > M) <e
k=N+1
as desired. m

4.2 The Lebesgue Differentiation Theorem

With the technical proof of the Vitali Covering Lemma (Theorem
out of the way, we can turn our attention differentiation of Lebesgue mea-
surable functions. The goal of this section is to demonstrate the Lebesgue
Differentiation Theorem which tells us everything we want to know about
differentiation monotone Lebesgue measurable functions. First we set some
notation that is useful when discussing derivatives (that luckily could be

avoided in MATH 2001).
Definition 4.2.1. Let f : R — R. For each x € R define
DY f(x) = limsup fleth) = f(@)

h—0t+ h

fx+h) - fz)

Y

D, f(z) = liminf

h—0t ’
D™ f(z) = limsup flath) = f(z)
h—0~ h
o fl@th) = fa)
D-flw) = lmint == ———
and note that Dy f(z) < DT f(z) and D_f(z) < D™ f(x). It is said that f
is differentiable at x if

>

, and

D*f(x) = Dy f(z) = D f(z) = D_f(x) € R
If f is differentiable at z, then the derivative of f at x, denoted f'(z), is
f'(z) = D* f(z) = Dy f(x) = D™ f(x) = D_f ().

Theorem 4.2.2 (Lebesgue Differentiation Theorem). If f : [a,b] — R
is a mnon-decreasing function, then f is differentiable A-almost everywhere, f’
is Lebesque measurable, f' > 0 X-almost everywhere, and

frax< f(b) — f(a).

[a,]
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Proof. For notational simplicity, if z < a we define f(x) = f(a) and if
x > b we define f(x) = f(b). Clearly this extended definition of f is still
non-decreasing. Thus for all ¢ € R we see that f~!([c,00)) is of the form
(y,00) or [y,00) for some y € RU {+oo}. Hence f is Lebesgue measurable.

To see that f is differentiable almost everywhere, we desire to show that
for all s,t € {+, —} that

{z €[a,b] | D*f(z) # D'f(x)}
{z €la,b] | D°f(x) # Def(x)}
{LL’ € [a’ b] | Dsf(‘r) 7& th(l‘)}

are Lebesgue measurable with Lebesgue measure zero. In this write-up of
the proof, we will only show that

X={z€ab] | D" f(2) > Dsf(x)}

is Lebesgue measurable with Lebesgue measure zero as the proofs of the
remaining facts are nearly identical.
For each p,q € R let

Bpy={z € la.b] | D*f(2) > p>q > Dsf(2)}.

Clearly

X = U Eq

p,q€Q

Therefore, we can demonstrate that \*(E,,) = 0 for all p,q € Q, then
A*(X) = 0 since Q is countable and thus X is measurable as the Lebesgue
measure is complete.

Fix p,q € Q with p > ¢q. Let r = XM (Ep4) < A*([a,b]) < oo and let € > 0
be arbitrary. By the definition of the Lebesgue measure, there exists an open
subset U C R such that £, , C U and

AU) <X (Epg)+e=r—+e.
Notice if x € E, 4 then D, f(z) < ¢ so

o flath) - f@) o fath) — f(x)
T T

<q.

Hence for each x € E,, and 6 > 0 there exists an interval of the form
[x,x + h) such that [z,2 + h) C U, h < §, and f(z + h) — f(z) < ¢h.
Since the collection of such intervals forms a Vitali covering of E,,, the
Vitali Covering Lemma (Theorem implies there exists an n € N,
Z1,...,&n € By g, and hy, ..., hy > 0 such that if I = (zg, xx + hy) for all
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k e {1,...,n}, then {I;}}_, are pairwise disjoint subsets of U such that
flxp + hg) — f(zr) < ghg for all k € {1,...,n}, and

n
A* (Ep,q\ U Ik> <e
k=1
Notice this implies

n

Zf($k+hk)—f(xk)<q§n:hk
k=1

k=1

Thus
n
Epg=AU (Ep,q \ U Ik)
k=1

sor=A(Epg) <A (A) + e Hence \*(4) >r —e.
Notice if z € A C E, 4 then D% f(z) > p so

. fle+h) = flx) . flz+h) - f(z)
S

> p.

Hence, since A C i, I, and {I}}_, are pairwise disjoint open intervals,
for each z € A and 6 > 0 there exists an interval of the form [z, z + h) such
that h < 0, [x,x 4+ h) C I} for some k, and f(z + h) — f(x) > ph. Since the
collection of such intervals forms a Vitali covering of A, the Vitali Covering
Lemma (Theorem implies there exists an m € N, yp,...,yn € A, and
S1y-.+y8m > 0 such that if J, = (yk,yr + sx) for all k € {1,...,m}, then
{Jr}i, are pairwise disjoint subsets such that each Jj, is contained in a
single I, f(yr + sk) — f(yx) > psg for all k € {1,...,m}, and

k=1

BzAﬂ(U Jk> - UJk-
k=1

k=1
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Thus
A=BU (A\ U Jk>
k=1
so \*(B) > A*(A) — € > r — 2e. Furthermore

Dok +se) = flyr) >pd_ sk

> p\*(B)
> p(r — 2e).

However, since each Jj, is contained in a single I; and since f is non-decreasing,
we obtain for each j € {1,...,n} that

> Fuk +sk) = flyr) < 2+ hy) — f(x5).

k such that J,ClI;

Therefore

m n

p(r — 2¢) Z (yr + sx) — Z (w5 + hj) — f(x5) < q(r +e).

However, since ¢ > 0 was arbitrary, the above implies pr < qr. Therefore,
since p > q and r > 0, we obtain that r = 0 as desired.

By the above
o S h) — f(@)
h—0 h

exists almost everywhere provided we allow +oo as limits. Note as f is
non-decreasing, the limit is always non-negative and thus never —oo.
For each n € N, let g, : [a,b] — [0,00) be defined by

() =n(f (o4 ) - 7))

for all z € [a,b] (where f(y) = f(b) for all y > b). Note each g, maps into
[0,00) as f is non-decreasing. By the above and Proposition (gn)n>1
is a sequence of Lebesgue measurable functions that converge pointwise
almost everywhere to a Lebesgue measurable function g : [a,b] — [0, 0]
(which will be f’ provided g(x) < oo for almost every x). Furthermore,
since gy, : [a,b] — [0,00) and since f is bounded (being non-decreasing) and
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thus Lebesgue integrable, we obtain by Fatou’s Lemma (Theorem [3.5.1)) and
Proposition [3.3.13] that

gdA::/n lim inf g,, dA
/[a,b] [a,b] "o@

< lim inf Gn dA

-~ n—oo [a,b]

:mMMnAMf@+;>—ﬂ@M@)

n—oo

:mmﬁn/ fFdx—n [ fax
[a+2,b+2] [a,b]

n—00

:mmﬁn/ dx—@/ A
R fia) T Ny

:liminff(b)—n/ fdx

n—o0 ,a—i—%]
= f(b) — lirrisolipn/[a,a+}l] fdX
< f(b) = f(a)

since, for all n € N,

n/[a’cwi] fdx> n/[a,aJr}l] f(a)d\ = f(a).

Therefore, since f(b) — f(a) < oo, it must be the case that g(x) < oo for
almost every x. Hence f’ exists almost everywhere and f’ = ¢ almost
everywhere. Therefore, since A is complete and g is Lebesgue measurable, f
is Lebesgue measurable thereby completing the proof. [ |

Remark 4.2.3. Note if f : [a,b] — R is non-increasing, then —f is non-
decreasing and thus differentiable almost everywhere with (—f)’ > 0 almost
everywhere. Hence f is differentiable almost everywhere with f’ < 0 almost
everywhere.

Corollary 4.2.4. If f : [a,b] — R is Lebesgue measurable and differentiable
A-almost everywhere, then f': [a,b] — R is Lebesque measurable.

Proof. For each n € N| let g, : [a,b] — R be defined by

an() =n (f (o+) - 7))

for all = € [a,b] (where f(y) = f(b) for all y > b). By Proposition |3.3.13
(gn)n>1 is a sequence of measurable functions that converge pointwise almost
everywhere to f’. Hence f’ is Lebesgue measurable. ]
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To conclude this section, we answer the question “Is the inequality in the
Lebesgue Differentiation Theorem (Theorem |4.2.2) always an equality?” It
turns out, the answer is no.

Remark 4.2.5. Let f:[0,1] — [0, 1] be the Cantor ternary function. Thus
f is non-decreasing on [0, 1] and constant on C¢. Since C¢ is a finite union of
open sets, we easily see by Definition that f is differentiable at each
element of C¢ with f/(z) = 0 for all # € C°. Therefore f is differentiable
almost everywhere with f’ = 0 almost everywhere since A\(C) = 0. However

ffdx=0<1= f(1)— f(0).
[0,1]

Therefore the inequality in the Lebesgue Differentiation Theorem (Theorem
4.2.2)) may be strict.

4.3 Bounded Variation

One nice result from undergraduate calculus was the Fundamental Theorem of
Calculus which showed the connection between integration and differentiation
and that a differentiable function can be recovered from its derivative; that
is

fa) =@+ [ ") dy.

However, as we have seen above, the Cantor ternary function is a function
that cannot be recovered from its derivative via integration since its derivative
is zero almost everywhere. Therefore, if we desire to better understand the
relationship between the Lebesgue integral and differentiation, we need to
restrict the set of functions we consider. Since functions that ‘wiggle’ too
much are notorious for having derivatives that are not well-behaved (and
probably not Lebesgue integrable), we begin by analyzing the following type
of functions.

Definition 4.3.1. A function f : [a, b] — C is said to be of bounded variation
if there exists an M € R such that whenever {z;}}_ is a partition of [a, b],
then

S (er) — flap—1)| < M.
k=1

Remark 4.3.2. If f: [a,b] — C it is clear that f is of bounded variation if
and only if Re(f) and Im(f) are of bounded variation. Thus we will focus
on real-valued functions of bounded variation.

Example 4.3.3. Let f : [a,b] — R be differentiable on [a,b] for which
there exist an M € N such that |f'(x)| < M for all x € (a,b). Then f is
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of bounded variation. Indeed assume {xj}}_, is a partition of [a,b]. Then
|f(zr) — f(zr—1)| < M|z — k1| by the Mean Value Theorem. Hence

n
Z :L‘k1|<ZM|l‘k—xk 1|—M|b—CL|<OO
k=1 k=1

as desired.

Going back to our motivation for functions of bounded variation, if a
function ‘wiggles’ too much, then the function is not of bounded variation.

Example 4.3.4. The continuous function f : [0,1] — [—1,1] defined by

f(x) =z cos <7T)

2

(with f(0) = 0) is not of bounded variation. Indeed for each n € N consider
the partition {x4}:"t! of [0,1] where 29 = 0 and

1
Tk = n+2—k

Notice that

0 if k is odd

|f(xr)] = { 1 o

TR if k is even

and thus
flag) = flap-)[=2) —Fo——F =) =
P = 2n+2-2j = 7

Therefore, as lim, ZJ 1 J = oo, it follows that f is not of bounded
variation.

Unfortunately, these are not the functions we are looking for since the
Cantor ternary function is of bounded variation by the following.

Remark 4.3.5. It is elementary to see that if f is monotone then f is of
bounded variation since

> 1f @) = flae-1)| = |£(b) = f(a)]
k=1

for any partition {x}}_ of [a,b]. Similarly if f and g are both of bounded
variation, it is elementary that any linear combination of f and g is of bounded
variation by the triangle inequality. Furthermore, clearly the restriction of a
function f of bounded variation to a closed interval contained in the domain
of f is also of bounded variation.
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Even through functions of bounded variation are not the functions we
are looking for, they do contain some nice functions we wish to study and
the ideas and properties we develop will lead us to the correct collection of
functions. To begin our study, we consider the smallest constant that works
in Definition [4.3.1]

Definition 4.3.6. Let f : [a,b] — R be of bounded variation. The total
variation of f, denoted Vy(a,b), is

" neN,
Vf(a') b) = sup { Z ‘f(xk) - f($k71)| {zp}y_, a pfrtition of [a,b]} :
k=1

If f:[a,b] - R is of bounded variation, then for all z,y € (a,b) such
that « < y the restriction of f to [z,y] is of bounded variation so Vy(x,y)
makes sense. Using this, we are able to prove the following.

Theorem 4.3.7 (Jordan Decomposition Theorem). Let f : [a,b] - R
be of bounded variation. Define V,D : [a,b] = R by V(x) = V¢(a,x) (with
V(a) =0) and D(z) = V(x) — f(x) for all x € [a,b]. Then V and D are
non-decreasing functions such that f =V — D.

In particular, by Remark[{.5.3, a function is of bounded variation if and
only if it is the difference of two non-decreasing functions.

Proof. To see that V is non-decreasing, let =,y € [a,b] with x < y be
arbitrary. To see that V(z) < V(y), we claim that

Via,y) = Vi(a,z) + Vi(z,y).
To see this, first notice that if {x}}_, is a partition of [a,z] and {yx}7",

is a partition of [z,y], then {x;}7_, U {yxr}i", is a partition of [a,y] (with
T = Yo). Since this implies

S 1) — Flano) |+ 3017 — Fun)] < Vi(ay)
k=0 k=0

and since {x}}}_, and {yx}}", were arbitrary partitions of [a, z] and [z, y]
respectively, we obtain that

Vf(a7 $) + vf(xv y) < Vf(aa y)

by the definition of the total variation.

For the other inequality, let {z}}_, be an arbitrary partition of [a, y].
Then P = {z}}_, U {z} is a potentially larger partition such that P N [a, z]
is a partition of [a,x] and P N [z,y] is a partition of [z,y]. Therefore, if
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P = {wi}}L, is the standard way to write P, then, by at most one application
of the triangle inequality,

S zr) = =) < D0 1f (w) = f(wp—1)]
k=1

k=1

= > | f(wi) — flwi—1)]

k such that wy€[a,z]

+ > | f(wr) — f(wg—1)]

k such that wg_1€[z,y]
< Vi(a,z) + Vi(z,y).

Therefore, since {zj }}._, was an arbitrary partition of [a,y], the claim follows.
Hence
V(y) = V(x) = Vi(a,y) — Vi(a,z) = Vy(z,y) = 0.

Thus V is non-decreasing as desired.
Clearly f =V — D by construction. To see that D is non-decreasing,
notice for all z,y € [a,b] with z < y that

D(y) — D(z) =V(y) = V(z) = (fy) — f(z)) = Vi(z,y) — (f(y) — f(x)) >0

since clearly |f(y) — f(x)| < V¢(z,y) by using the trivial partition {z,y} in
the definition of the total variation. Hence the proof is complete. ]

By combining the Lebesgue Differentiation Theorem (Theorem
with the Jordan Decomposition Theorem (Theorem , we immediately
obtain information about derivatives and integrals of functions of bounded
variation.

Corollary 4.3.8. If f : [a,b] — R is of bounded variation, then f is
differentiable \-almost everywhere, f' is Lebesque measurable, and [’ €
Li([a,b], \).

Proof. Since f is of bounded variation, by the Jordan Decomposition Theo-
rem (Theorem there exists non-decreasing functions V, D : [a,b] — R
such that f =V — D. Since every non-decreasing function is differentiable
with Lebesgue measurable derivatives by the Lebesgue Differentiation Theo-
rem (Theorem [4.2.2), we clearly see that f is differentiable with f' =V’ — D’
being Lebesgue measurable. Moreover, since V' and D are non-decreasing,
we see that V', D" > 0 almost everywhere and thus |f’'| < V/+ D’. Therefore

/ flax< [ V4 D'd\<V(b)+ D(b) - V(a) — D(a) < o
[a,b] [a,b]

by the Lebesgue Differentiation Theorem (Theorem [4.2.2). Hence f €
Ly([a, b], A). n
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4.4 Absolutely Continuous Functions

Although the functions of bounded variation are not the functions we are
looking for, the functions we desire are easy to describe and contain all
differentiable functions with bounded derivatives.

Definition 4.4.1. A function f : [a,b] — C is said to be absolutely continu-
ousif for all € > 0 there exists a § > 0 such that whenever {a;}}_,, {bx}7_; C
[a, b] are such that

n
a<ap <bi<ars<by<---<a,<b,<db and Z\bk—ak|<5
k=1

then .
S O 1f(bk) = flag)| <e.
k=1

Remark 4.4.2. Again, it is not difficult to see using the triangle inequality
that a function f : [a, b] — C is absolutely continuous if and only if Re(f) and
Im(f) are absolutely continuous. Thus we will mainly focus on real-valued
functions.

Example 4.4.3. Let f : [a,b] — R be a differentiable on [a, b] for which
there exist an M € N such that |f'(z)] < M for all z € (a,b). We claim

that f is absolutely continuous. To see this, let € > 0 be arbitrary and let

6= 3177 I {ar}tioy, {br}tioy C [a,b] are such that

n
a<ar<bi<ap<b <---<ap,<b,<b  and > by —ap <6
k=1

then |f(br) — f(ax)| < M|b, — ai| for all k by the Mean Value Theorem.
Hence . .

S O1f(b) = flag)] <D Mlbg — ag] < Mé < e.

k=1 k=1

Hence f is absolutely continuous.

Example 4.4.4. The Cantor ternary function is not absolutely continuous.

To see this, let f : [0,1] — [0, 1] be the Cantor ternary function and let

{P,}5°, be the sets from Definition so that C =N3>, P, and P, is a
n

disjoint union of 2™ closed intervals such that A\(P,) = (%)

To see that f is not absolutely continuous, let € = % and let § > 0 be
arbitrary. Choose N € N such that

MPy) = (g)N <4,
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Since Py is a disjoint union of 2V closed intervals, we can write Py =
N
U2, [ax, bx] where by < agy1 for all k. Thus

O=a1<by<ax<b <---<agn <byy =1

and
2N
Z |bk — ak| = )\(PN) < 0.
k=1

However, since f is constant on each open interval in C¢ and since (by, ax11) C
C¢ for all k, we obtain that f(by) = f(ags1) for all k£ and thus

N

N 2N
SO br)—Flar)l =D fbr)—flar) = F(0° )= f(ar) = F1)—f(0) =1> e
k=1 k=1

Therefore, since § > 0 was arbitrary, we see the definition of absolute
continuity fails for f when € = % Hence f is not absolutely continuous.

Unsurprisingly, absolutely continuous functions have some nice properties.

Proposition 4.4.5. FEvery real-valued absolutely continuous function is
continuous and of bounded variation.

Proof. Let f : [a,b] — R be absolutely continuous. It easily follows from
definition that f is continuous (i.e. take n =1 in Definition [4.4.1)).

To see that f is of bounded variation, recall since f is absolutely
continuous that if ¢ = 1 > 0 then there exists a § > 0 such that if
{ar}i_q,{br}}_1 C [a,b] are such that

n

a<ar<bh<aa<bh <---<a,<b, <b and Z|bk—ak|<5
k=1

then .
D O1F (k) = flaw)] <e.
k=1

Let £ = {@J . We claim f is of bounded variation with total variation
at most (¢ + 1)e. To see this, let {x}}_, be an arbitrary partition of [a, b]
and consider the partition

1 a4
P = {a}_o U {a + ké}
2 )=

Clearly P is a partition of [a,b]. Write {2z} as the standard form of P
and for each j € {0,1,...,£+ 1} let p; € {0,...,m} be such that
. 1.
Zp; = min {a + 2]5,()} .
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Notice if we let

Zp;

g =01 <zZpp1=br=as<zpya=by=az3<--- <z,

then, since [z,,,, — 2p;| < d, we obtain by our choice of ¢ via absolutely

continuity that
Pj+1

> 1f () = fla—)] < e

k:=pj+1

Hence

< (L+1)e < 0.

Therefore, since {xy}}_, was an arbitrary partition of [a,b], f is of bounded
variation. m

Corollary 4.4.6. If f : [a,b] — R is absolutely continuous, then f is

differentiable \-almost everywhere, f’ is Lebesque measurable, and f' €
Li([a,b], \).

Proof. Since every absolutely continuous function is of bounded variation by
Proposition the result follows from Corollary n

Of course, it is natural to ask whether the converse of Proposition [£.4.5]
holds. To construct an example to show this is not the case, we require the
following.

Proposition 4.4.7. If f : [a,b] — R is absolutely continuous and f' =0
A-almost everywhere, then f is constant.

Proof. To see that f is constant on [a, b], let ¢ € (a, b] be arbitrary. We claim
that f(c) = f(a).

To see this, let € > 0 and recall that since f’ = 0 A-almost everywhere,
there exists a Lebesgue measurable set X C [a, ¢] such that f/(x) = 0 for all
x € X and A([a, ] \ X) = 0. Since f is absolutely continuous, there exists a
d > 0 such that if {a;}}_;, {bx}7_; C [a, c] are such that

n
a<ar<bh<ar<b < ---<aqa,<b,<c and Z’bk—ak’<5
k=1

then .
S 1f(bk) = flag)| <e.
k=1
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Note we can even allow aj; = by in the above as the interval [ag, bg] then
contributes zero to both sums.
Let z € X N[a,c) be arbitrary. Then

0~ )  tim FETI) = @)

h—0 h

Therefore, for any dy > 0 there exists an h > 0 such that A([z,z + h)) < o,
[z,2 + h) C [a,c), and |f(z 4+ h) — f(x)| < €h. Since the collection of such
intervals forms a Vitali covering of X N [a, ¢), the Vitali Covering Lemma
(Theorem implies there exists an n € N, xy,..., 2, € X N|a,c) with
x] < x9 < -+ < Ty, and hq,...,hy, > 0 such that if Iy = (g, z, + hg) for
all k € {1,...,n}, then {I}}_, are pairwise disjoint subsets of [a,c) such
that |f(xr + hi) — f(zx)| < €hy for all k € {1,...,n} and

A* ([a,c]\ U Ik> < Xla,c] \ X) + \* ((X\{c})\ U Ik> <0+6=04.
k=1 k=1
Let yo = a, zp41 = ¢, and y,, = x + hy, for all k € {1,...,n}. Then
A<y <r1 <Y1 < T2 <Y< <Xy < Yp < Tyl = C
Therefore, since
> Trgr — ykl = A (U [yk,xk+1)> = A" <[a76] \U Ik) <4,
k=0 k=0 k=1

we obtain by our choice of § via absolute continuity that

ST (@) — fluw)] < e
k=0

However, note in addition by our construction that

S ) = flan)] < S ehy < (e — a)e.
k=1 k=1
Therefore, by the triangle inequality,
1£(0) = F@)| < 0 [F(wn) = Fue)l + D 1F () — flan)] < (e —a+1)e.
k=0

k=1

Hence, since € > 0 was arbitrary, we obtain that f(c¢) = f(a). Therefore,
since ¢ € (a,b] was arbitrary, the result follows. ]
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Example 4.4.8. If f:[0,1] — [0, 1] is the Cantor ternary function, then f
is uniformly continuous on [0, 1] and of bounded variation, but not absolutely
continuous. Indeed f is non-decreasing and continuous by Lemma and
thus uniformly continuous [0, 1] and of bounded variation. The fact that f is
not absolutely continuous follows from Proposition along with the fact
that f is non-constant yet f’ = 0 almost everywhere.

To conclude this section, we desire to show that functions defined by
integrating against an Li-function are absolutely continuous and thus the
collection of absolutely continuous functions include those defined in a
‘Fundamental Theorem of Calculus’-like manner. This is achieved via the
following lemma.

Lemma 4.4.9. Let (X, A, 1) be a measure space and let f € L1(X, ). Then
for all € > 0 there exists a § > 0 such that if A € A and p(A) < 6 then

[ f1du<e.

Proof. Let € > 0 be arbitrary. Due to the definition of the Lebesgue integral
of | f| and the fact that [ [f|d\ < oo, there exists a simple function ¢ : R —
[0, 00) such that ¢ <|f] and

/]f\d)\g/god)\—i-f.
R R 2

Since 0 < ¢ < |f] and | f] is Lebesgue integrable, we obtain that ¢ is Lebesgue
integrable with f — ¢ > 0. Hence for all A € M(R) we obtain that

€
Jirtar= [ ear= [ (r1-p)ar< [(r1-g)ar<s,
Hence

/yf\dAg/cdef.
A A 2

for all A € M(R).

Since ¢ is a simple function, we can write ¢ = >"}'_; apx4, where n € N,
{ar}}i_; € [0,00), and {Ax}}_, are pairwise disjoint Lebesgue measurable
sets. Let

M = max({ag}j_y) < o0
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and let 0 = 5375. Then 6 > 0 and if A € M(R) is such that A\(4) < d, then

‘/mwgg+/¢w
A A

[0

= — Zak)\(AﬂAk)
2 k=1
€ n
<-4+ M MANA
<5+ 1;::1 ( k)

< g + M\ <U AN Ak) {AN A};_, are pairwise disjoint
k=1

€
< —4+ Mo
_2+

€ €
=—+M

2+ 2M +1

< €.

Hence, since € > 0 was arbitrary, the result follows. ]
Proposition 4.4.10. Let f € Li([a,b],\). If F : [a,b] — C is defined by

Fz)= [ fdx

[a,7]
for all x € [a,b], then F is absolutely continuous.

Proof. First notice that F' is well-defined as f € Li([a,b], A).
To see that F' is absolutely continuous, let ¢ > 0. Since f is Lebesgue
integrable, by Lemma there exists a § > 0 such that if A € M(R) and

A(A) < § then
/ﬂﬂdA<e
A
To see that this § satisfies the requirements of Definition let
{aktiz1, {bk}r=1 C [a, ]
be such that

n
a<ar<bh <aa<bh<---<a,<b, <b and Z|bk—akl<5.
k=1

Therefore, since

A (O [ak,bk]> = zn: |bk — ak] < 5,
k=1

k=1
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we obtain that

M=

S IR~ Fla)| = Y| [ far- tmﬂ
k=1 [a‘7bk] [aaak]

/]RfX[a,bk] = ['Xa,ax] dA’

>
Il
—_

I
M=

>
Il
MR

I
\E

[ Pt N

/ f d/\‘
1|7 [ak k]

<SS [
k=1 [a‘kzbk}

>
Il
—

I
[M]=

>
Il

= |f]dX < e.
Uzzl[alwbk]

Hence F' is absolutely continuous as desired. |

4.5 The Fundamental Theorems of Calculus

Due to the examples of absolutely continuous functions in Proposition [4.4.10
resembling the functions analyzed in MATH 2001 in relation to the Funda-
mental Theorems of Calculus, it is natural to ask what the derivatives of
the functions defined in Proposition [£.4.10] are and whether all absolutely
continuous functions are of the above form. Both of these questions will be
answered in this section thereby generalizing the Fundamental Theorems of
Calculus!
To begin, we note the following technical lemma.

Lemma 4.5.1. Let f € Li([a,b],\) be real-valued and define F' : [a,b] — R
by
F(z)= / fdAx
[a,7]

for all x € [a,b]. If F is non-decreasing, then f(x) > 0 for almost every x.

Proof. Let
X ={zela,b] | f(z) <0},

which is a Lebesgue measurable set since f is Lebesgue measurable. It suffices
to prove that A(X) = 0. To see that A(X) = 0, suppose for the sake of a
contradiction that A(X) > 0. Due to the regularity of the Lebesgue measure
from Proposition there exists a compact subset K C X such that
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A(K) > 0. Therefore, since f(z) < 0 for all x € K C X and as A(K) > 0,

we obtain that
/ fdx <.
K
Notice if V' = (a,b) \ K, then
F(b) — F(a) = F(b) :/ Fdr= / fd>\+/ fdx < / fdn.
[a,b] K 1% v

However, since V' is an open and a subset of (a,b), and since every open
subset of R is a countable union of disjoint open intervals, we may write

(G

V = (ax,br)

k=1

where (ag,b;) C (a,b) for all k € N and {(ax, by)}72, are pairwise disjoint.
Therefore, if fi, = fx for each k € N, then

ag 7bk)

/VfdA:/fovdA:/R’ifde.

Notice if Sy, = >}, fx for each n € N, then |S,| < |f|. Hence, since f is
Lebesgue integrable, we obtain by the Dominated Convergence Theorem

(Theorem [3.6.1)) that

since F' is non-decreasing. As this clearly is a contradiction, we obtain that
A(X) = 0 as desired. n

Corollary 4.5.2. Let f € Li([a,b], \) be real-valued and define F : [a,b] — R
by

Fz) = /[ I

for all x € [a,b]. If F(z) = 0 for all x € [a,b], then f = 0 A-almost

everywhere.
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Proof. Since F is constant, I’ is non-decreasing. Hence Lemma [4.5.1] implies
that f > 0 almost everywhere. Similarly, since —f is Lebesgue integrable
and since

0= (—F)() = /{M] —fadx

for all = € [a,b], —F is non-decreasing so Lemma implies that —f > 0
almost everywhere. Hence f = 0 A-almost everywhere. ]

Using all of the above, we arrive at our Fundamental Theorems of Calculus
which complete characterize absolutely continuous functions.

Theorem 4.5.3 (Fundamental Theorem of Calculus, I). Let f €
Li([a,b],\) be real-valued. If F': [a,b] — R is defined by

Flz)= [ fdx
[a,2]
for all x € [a,b], then F' exists almost everywhere and F'(x) = f(z) for
almost every x.

Proof. To begin, note F' is absolutely continuous (and thus Lebesgue mea-
surable) by Proposition Hence F’ exists A-almost everywhere and is
Lebesgue integrable by Corollary To demonstrate that F’ = f A-almost
everywhere we divide the proof into three cases.

Case 1: f is bounded. In this case there exists an M > 0 such that
|f(z)| < M for all x € [a,b]. For notational simplicity, for all ¢ > b define
F(t) = F(b). Furthermore, for each n € N, let F), : [a,b] — R be defined by

F.(z)=n (F (m + i) — F(x)) = n/[zaﬂr,ll] fdx

for all z € [a,b]. Clearly each F, is a Lebesgue measurable function by
Proposition [1.4.8| since F' is Lebesgue measurable. Furthermore, notice for
each n € N and z € [a,b] that

IFo ()] Sn/[ M1 §n<:lM> ~ M

T, x+ P

Since M|, is Lebesgue integrable, since lim,, oo Fy,(2) = F'(z) for almost
every x € [a,b], and since |F,| < MXx|q4), we obtain by the Dominated
Convergence Theorem (Theorem [3.6.1]) that

F'd\ = lim E, dX

[a,c] 700 Ja]

for all ¢ € [a, b]. Hence

1
Fdv=1lmn[ F (x + n) ~ F(z)dA(x)

n—oo [mc]
= lim n / Fd\— Fd\
n=00 " \Jleer ] aati]
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for all ¢ € [a, b].
We claim that

lim n/ Fd\ = F(c)
[c,c—i—%]

n—o0

for all ¢ € [a,b]. To see this, recall that F' is continuous since F is absolutely
continuous. Therefore, since ¢ € [a, b], for every € > 0 there exists an N, € N

such that |F(xz) — F(c)| < e for all z € {c, c+ N%} Hence for all n > N, we
obtain that

‘F(c) —-n /[c,c+}l] F(z)d\(x) /[C,H_H F(c) — F(z)d\(z)

<n F(c) — F(x)| d\(z
<nf PO -F@lae)
< n/c,c+}1 ed\(x) =e.

Hence the claim follows.
Therefore, by applying the above limit twice (once with ¢ = a), we obtain
for all ¢ € [a, b] that

F'd\ = F(c) — F(a) = F(c) = /[a i

[a,]

Therefore, since I’ and f are Lebesgue integrable, we obtain that

F'—fd\=0

[a,x]
for all x € [a,b]. However, since F’ — f is Lebesgue integrable, Corollary
implies that F’ — f = 0 A-almost everywhere. Hence F’ = f A-almost
everywhere as desired.

Case 2: f > 0. For each n € N, define f, : [a,b] — [0,n] by fn(z) =
min{f(z),n} for all € [a,b]. Note each f, is a Lebesgue measurable
function being the infimum of two Lebesgue measurable functions. Moreover
|fnl < m so f, is Lebesgue integrable, and lim,, o fn(z) = f(z) for all
x € [a,b].

We claim for all n € N that F’ > f,, almost everywhere. To see this, for
each n € N define F,, G, : [a,b] — R by

Fu(z)= [ fod\ and Gn(x):/[ T

[a,x]

for all « € [a,b]. Since f,, and f — f,, are Lebesgue integrable, we see that F),
and G, are well-defined and absolutely continuous, F' = F,,+ G, and F,, and
G, are differentiable almost everywhere. Furthermore, since f,, is bounded,
the first case of this proof implies that F| = f,, almost everywhere. Moreover,
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since f — f, > 0 by construction, G,, is non-decreasing so G}, (z) > 0 for
almost every z. Hence for almost every z € [a, b,

F'(z) = F(2) + G (2) = Fo(x) = fo(x)

as claimed.

Since F'(z) > fn(z) for almost every x and lim, o fn(z) = f(z) for
all © € [a,b], we obtain that F'(x) > f(z) for almost every x € [a,b].
Furthermore, since f(z) > 0 for almost every = € [a, b], we obtain that F’ > 0
and F' is non-decreasing on [a,b]. Therefore the Lebesgue Differentiation

Theorem (Theorem [4.2.2) implies

F(b) — F(a) > - Fdx > [ b]fd/\ = F(b) — F(a).

Hence F’ is Lebesgue integrable and

F' — fdx=0.
[a.)

Therefore, since F' — f > 0, the above integral implies that F’ = f A-almost
everywhere by Theorem [3.1.11
Case 3: f arbitrary. Recall that we may write

f=t—f

where f; and f_ are non-negative Lebesgue integrable functions. Therefore,
if Fy : [a,b] — R are defined by

Fy(x) = JxdA,

[a,7]

then Case 2 implies that Fy are well-defined functions such that F, = fy
almost everywhere. Since clearly F' = F} — F» by linearity, we obtain that

F'=F-F=H-fr=f
A-almost everywhere as desired. ]

Using a proof of the second Fundamental Theorem of Calculus as a model,
we obtain a Lebesgue measure theoretic version of the second Fundamental
Theorem of Calculus.

Theorem 4.5.4 (Fundamental Theorem of Calculus, IT). If F' : [a,b] —
R is absolutely continuous, then F' € Li([a,b],\) and

F(z) = F(a) + F'd\

[a,7]

for all x € [a,b].
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Proof. To begin, recall that if F' : [a,b] — R is absolutely continuous, then F'
is differentiable almost everywhere with F’ € L;([a, b], A) by Corollary
Define G : [a,b] — R by

Gz)= [ F'd\

[a,2]

for all z € [a,b]. Then G is absolutely continuous by Proposition 4.4.10| and
G' = F’ M-almost everywhere by the First Fundamental Theorem of Calculus
(Theorem [4.5.3). Thus F' — G is absolutely continuous and

(F-GQ)=F -G =0

almost everywhere. Hence Proposition [£.4.7 implies that F' — G is constant.
Therefore, as (F — G)(a) = F(a), we obtain that F(x) — G(z) = F(a) for all
x € [a,b] so

F(z)=F(a)+ [ Fd\

[a,7]

for all = € [a, b] as desired. ]
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Chapter 5

Signed Measures

We have seen that integrating Li-functions produces exactly the class of
absolutely continuous functions and integrating a positive measurable func-
tion against a measure yu produces a new measure v with specific properties
(see Corollary . Thus it is natural to ask, “What objects do we get by
integrating L,-functions against a measure ;7”7 Clearly such an object is a
function on a o-algebra that need not take only positive values and thus is
not a measure.

To resolve this situation, we will extend our notion of a measure in this
section. In particular, this section will focus on “real-valued measures” and
the class of “complex-valued measures” easily follows and will be left as
homework. After developing the theory of “real-valued measures”, we will
be able to completely describe the collection of “real-valued measures” that
can be obtained by integration against a real-valued Li-function. Moreover,
given any two o-finite measures p and v, we will demonstrate we can always
write v as a sum of a measure obtained by integrating a positive measurable
function against p and a measure that is “orthogonal” to u.

5.1 Signed Measures

To begin, we extend our notion of a measure to allow for negative values.
Since we allow measures to obtain the value co, we must allow our new
notion of measures to obtain the value —oo. However, since we desire a
notion of countably additivity, we will not permit both +co to be obtained.

Definition 5.1.1. Let (X,.A) be a measurable space. A function v : A —
[—00, 00] is said to be a signed measure on (X, A) if

2. the range of v is contained in either [—o0, 00) or (—o0, 00|, and
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154 CHAPTER 5. SIGNED MEASURES

3. if {An}52, C A are pairwise disjoint, then v (Up2; Ayp) = > 0o v(An)
in the following sense:

o If v(Up2; An) = £oo, then Y 02, v(A4,) diverges to +oo.

o If v (Up2y Ap)| < 0o, then > 0% v(A,) converges absolutely to
v (UnZi An)-

Remark 5.1.2. The reason we require “> >° ; v(A,) converges absolutely

to v (Upey An)” in the case that |v (Up2; Ay)| < oo is that series that do
not converge absolutely (i.e. converge conditionally) can be rearranged to
converge to any real number and can be rearranged to diverge to +o0o. As
such, we need Y o ; v(Ay) to converges absolutely in order to make sense of

v (UnZi An)-

Example 5.1.3. Clearly any positive measure is a signed measure. Similarly,
if pu1, ..., uy are finite positive measures on a measurable space (X,.4) and
al,...,on € R, then Y7, aguy is a signed measure on (X, .A).

Recall our motivation for signed measures is the following example.

Example 5.1.4. Let (X, A, 1) be a measure space and let f € L1(X, ) be
real-valued. Define v : A — [—00, 0] by

v(A) = /Afdu

for all A € A. We claim that v is a signed measure. Indeed clearly v()) =0
and v : A — (—00,00) since f € Li(X, u). Moreover, since the final property
in Definition [5.1.1] is precisely demonstrated in Corollary [3.6.4] the claim
follows.

Remark 5.1.5. Notice all of the above examples of signed measures are
obtained via linear combinations of positive measures. Indeed if v is the
measure from Example then

v(d) = [ ran= [ frdu— [ - du

for all A € A. Since piy,pu— : A — [0,00) defined by p4(A) = [, f+du
are positive measures by Corollary v is the difference of two positive
measures. This is not a coincidence as will be demonstrated in subsequent
sections.

5.2 The Hahn Decomposition Theorem

To begin our analysis of signed measure and decomposing them as a linear
combination of positive measures, notice in Remark that v was described
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as the difference of two positive measures. However, if P = {x | f(z) > 0}
and N = {z | f(x) < 0}, then for all A C P and B C N we see that
v(A) > 0 and v(B) < 0. Such sets are essential to understanding signed
measures and are described as follows.

Definition 5.2.1. Let (X,.A) be a measurable space and let v : A —
[—00, 00] be a signed measure on X. A set P € A is said to be positive for v
if v(B) > 0 whenever B € A and B C P.

Similarly, a set N € A is said to be negative for v if v(B) < 0 whenever
BeAand BCN.

Finally, a set A € A is said to be null for v if v(B) = 0 whenever B € A
and B C A (that is, a set is null if and only if it is both positive and negative).

Example 5.2.2. Clearly the empty set is a null set for every signed measure.

Example 5.2.3. Let X = [—m, 7] and define v : M(R) — (—o00,00) by

V(A) = /A sin(x) dA(z)

for all A € M(R). Then [0, ] is a positive set. Indeed notice sin(z) > 0 for
all z € [0, 7]. Therefore if B € M(R) and B C [0, 7] then

V(B) = /B sin(z) dA(z) > 0.

Similarly [—m,0] is a negative set. However, [—, 7| is not positive, negative,
nor null even though v([—m,7]) =0 as v([0,7]) > 0 yet v([—m,0]) <O0.

Example 5.2.4. More generally, let (X, A, 1) be a measure space and let
f € Li(X, ) be real-valued. By Example if we define v : A — [—00, 0]
by

v(A) = /Afdu

for all A € A, then v is a signed measure on (X,.A). It is not difficult to see
that P = {x € X | f(x) > 0}isapositiveset forv, N ={z € X | f(z) <0}
is a negative set for v, and {x € X | f(x) =0} is a null set for p.

Our first goal with respect to signed measures is to demonstrate that
there are ‘large’ positive and negative sets. In particular, notice if P and
N are as in Example , then PUN = X whereas PN N = (). The
Hahn Decomposition Theorem (Theorem will extend this idea to any
signed measure. However, first we need two lemmas; the first showing we
can combine positive sets to get a positive set, and the second showing we
can extract a positive set from a set of positive measure.

Lemma 5.2.5. Let (X, A) be a measurable space and let v be a signed
measure on (X, A). If {A,}°2, C A are positive sets for v, then o2 Ay, is
a positive set for v. Similarly, if {A,}22, C A are negative sets for v, then
Uney Ay is a negative set for v.
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Proof. Assume {A,,}22; C A are positive sets for v. To see that A = ;2| Ay,
is positive, let B € A be such that B C A. Let By = BN Ay and for each
n > 2 define

B, = (BNA,) (U Ak>

Clearly {Byj}}_, are pairwise disjoint elements of A such that B,, C A,, for
all n € Nand B = {J,2; By, (since B C A). Since each A,, is positive and
B, C A, for all n € N, we obtain that v(B) > 0 for all n € N. Therefore,
as {By}}_, are pairwise disjoint, we obtain that

:V<UBn>:ZVBn >0
n=1

Therefore, since B was arbitrary, we obtain that A is positive.
The proof in the case that {4, }72; C A are negative sets for v is obtained
by reversing all inequalities. n

Lemma 5.2.6. Let (X,.A) be a measure space and let v be a signed measure
on (X, A). If Ae Aand v(A) > 0, then there exists a positive set P C A
such that v(P) > 0.

Proof. Let A € A be such that v(A) > 0. If A is positive, then there is
nothing to prove. Hence we may assume that there exists a B € A such
that B C A and v(B) < 0. Clearly this implies there exists an m € N and
a B € A such that B C A and v(B) < —L. Hence there exists a least
natural number m1 € N such that there exists a B € A such that B CcCA
and v(B) < ——-. Choose B; € A such that B; C A and v(B;) < —m—l
Proceedlng recurswely7 assume we have constructed By,...,B, € A
and mi,...,m, € N such that m; € N is the least natural number such

that there exists a B € A such that B C A\ (Uf;il Bj> and v¥(B) < ——

mg’
By, C A\(U;"’;ll Bj), and v(By) < —mik forall k € {1,...,n}. Since {By}}_,

are pairwise disjoint, notice that

0<wm:w(A\Q;BQ>+yQ;BQ
(A\( )>+k§:y3

Therefore, since v(By) < 0 for all k € {1,...,n}, we obtain that

(1 (Un))>o0
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Therefore, if A\ (Uj—; Bx) is positive, the proof is complete. Otherwise there
exists a least natural number m, 1 € N such that there exists a B € A such
that B C A\ (U}, Bj) and v(B) < —=2—. Choose B,;1 € A such that

Mp41

Bt € A\ (Uiy By) and v(Bys1) < —p—.

The above recursive process thereby either completes the proof or produces
a collection {B,}>2; C A and a sequence (my)n>1 of natural numbers such
that m,, is the least natural number such that there exists a B € A such
that B C A\ (UpZi Bi) and »(B) < —:L, B, € A\ (U=} B;), and
V(By) < —5 forall m € N.

Let

Hence

0<I/(A):V(P)+V<Ej Bn).
n=1

Therefore, it must be the case that v ({;~; By) # —oo. Thus, since v(By,) <
0 for all n € N, it must be the case that > °°; v(Bj) converges absolutely
and

0<v(A)=v(P)+v (Ej Bn> =v(P)+ iV(Bk).
n=1 n=1

Moreover, since > o> ; v(By) converges absolutely and since v(B,,) < —m%l
for all n € N, we obtain that lim,, ,., m, = oo.

We claim that P is positive. To see that P is positive, suppose for the sake
of a contradiction that there exists a B’ € A such that B C P and v(B') < 0.

Since lim,,_, m, = 00, there exists an N € N such that v(B’) > — 1

my—1°
However, since my —1 <my and B C P C A\ (Ug:_f Bn), the inequality

v(B') < — le_l contradicts the fact that my is the least natural number such

that there exists a B € A such that B C A\ (Uff;ll Bk> and v(B) < —m—lN.
Therefore P is positive. [ |

Using the above, we obtain our first vital step towards understanding
signed measures.

Theorem 5.2.7 (Hahn Decomposition Theorem). Let (X, A) be a
measurable space. If v is a signed measure on (X, A), then there exists a
positive set P and a negative set N for v such that X = PUN and PNN = ().

Proof. Recall that if v is a signed measure on (X, .A), then —v is also a
signed measure on (X,.A). Furthermore, it is elementary to see that a set
A € A is positive (respectively negative) for v if and only if A is negative
(respectively positive) for —v. Therefore, by replacing v with —v if necessary,
we may assume that v : A — [—00,00).
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Let
a =sup{v(A4) | A e A, A positive for v}.

Since () is a positive set for u, we obtain that @ > 0 (i.e. the supremum is
not over an empty set).

Choose a sequence (Ay, ),>1 of positive sets for v such that lim,,_, ¥(Ay) =
a and let

P=J A
n=1

Then P is clearly an element of A that is positive for y by Lemma [5.2.5]
Hence v(P) < « by the definition of a. However, since for each n € N we
have

v(P\ A,) >0

as P\ A, C P and P is positive, we obtain that
v(P) =v(A,) +v(P\ An) > v(A,)

for all n € N. Therefore, since lim,,_,o ¥(A4;,) = @, we obtain that v(P) = «a.
Hence o # co.

Let N = X \ P. To complete the proof, it suffices to show that N is
negative. To see this, suppose for the sake of a contradiction that IV is not
negative. Hence there exists a B € A such that B C N and v(B) > 0. Since
v(B) > 0, Lemma implies there exists a Py € A such that Py C B,
v(Py) > 0, and Py is positive for v. Since Py C B C N, we see that PNPy = ()
and thus

v(PUPRy) =v(P)+v(P) >v(P) =q.

However, since PUP, is a positive subset for v by Lemma v(PUPy) > «
contradicts the definition of c. Hence it must have been the case that N is
negative as desired. [ |

5.3 The Jordan Decomposition Theorem

Using the Hahn Decomposition Theorem (Theorem [5.2.7)), it is now not diffi-
cult to completely characterize all signed measures using positive measures.

Theorem 5.3.1 (Jordan Decomposition Theorem). Let (X,A) be a
measurable space. If v is a signed measure on (X, A), then there exists
measures vy, v— : A — [0,00] such that v(A) = vi(A) — v_(A) for all
A€ A

Proof. Let v be a signed measure on (X, A). By the Hahn Decomposition
Theorem (Theorem [5.2.7)), there exists a positive set P and a negative set N
for v such that X = PUN and PN N = ().
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Define vy, v_ : A — [0, 00] by
vi(A)=v(ANP) and v_(A)=—-v(ANN)

for all A € A. Clearly v4(A),v_(A) € [0,00] for all A € A since P is a
positive set for v and N is a negative set for v. Furthermore, since X = PUN
and PN N = (), we see for all A € A that

v(A) = v((ANP)U (AN N)) = v(ANP) + v(ANN) = v, (A) — v_(A).

Finally the fact that v, and v_ are measures follows from the same
arguments as used in Example [1.1.15 ]

One question that arises from the Jordan Decomposition Theorem (Theo-
rem [5.3.1] is whether or not the decomposition obtained is unique. In general,
these measures need not unique (especially if the measure v has some nice
isolated set so we can add a value to v4 on this set). However, based on
their construction, the measures v have an additional property.

Definition 5.3.2. Let (X, .4) be a measure space. Two signed measures v,
and v, on (X, .A) are said to be mutually singular, denoted vy Lvs, if there
exists sets A1, Ay € A such that X = A1 U Ay, Ay N Ay = (0, Ay is null for
v1, and As is null for vs.

Remark 5.3.3. Since null sets for measures are just sets on which the
measure vanishes, we see that two measures v; and v2 on (X, .A) are mutually
singular if and only if there exists Ay, As € A such that X = A; U As,
Al N A2 = @, and 1/1(141) = Z/Q(AQ) = 0.

Example 5.3.4. Recall if v is a signed measure on (X, .A), then the proof
of the Jordan Decomposition Theorem (Theorem demonstrates that
there exists a positive set P and a negative set N for v such that X = PUN,
PNN=0,and if vy,v_ : A — [0,00] are defined by

vi(A)=v(ANP) and v_(A)=—-v(ANN)

for all A € A, then vy and v_ are measures. Since clearly v4(N) =0 =
v_(P), vy and v_ are mutually singular measures.

Example 5.3.5. Let z € R be arbitrary. Then d,, the point mass measure
at x from Example [I.1.12] and the Lebesgue measure are mutually singular
measure on the Lebesgue measurable sets since {x}, R\ {z} are Lebesgue
measurable sets that are disjoint with union R such that 0,(R\ {z}) =0 =

A({z}).

By adding the condition that the resulting measures in the Jordan
Decomposition Theorem (Theorem [5.3.1)) must be singular, we obtain the
decomposition produced is unique.
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Proposition 5.3.6. Let (X, A) be a measurable space. If v is a signed
measure on (X, A), then there exists a unique pair (v4,v_) of mutually

singular measures on (X, A) such that v(A) = vy (A) —v_(A) for all A € A.

Proof. Let v be a signed measure on (X, .4). By the Jordan Decomposition
Theorem (Theorem and Example there exists a pair (v4,v_) of
mutually singular measures on (X, A) such that v(A) = v (A) —v_(A) for
all A e A.

To see uniqueness, assume there exists a pair (v, v2) of mutually singular
measures on (X,.A) such that v(A4) = v1(A) —1»(A) for all A € A. By
assumptions, there exists sets P, N, B,C € A such that X = PUN = BUC,
PNN=BnNC =0, and

vi(N)=v_(P) =11(C) =12(B) =0.

We desire to show that vy = 11 and v_ = 1s.

To see that vy (A) = 11(A) and v_(A) = 1(A) for all A € A, first assume
A € Ais such that AC PN B. Then v_(A) =0 since A C P and 1»(4) =0
since A C B. Hence v_(A) = 15(A) and

vi(A) = vy (A) —v_(A) = v(A) = v (A) — 1n(A) = v1(A)

as desired.
Next assume A € A is such that A C PN C. Then v_(A) = 0 since
A C P and v1(A) =0 since A C C. Hence

V4 (A) = v (A) = v_(A) = v(4) = 11(A) - ra(A) = —va(A).

However, since vy(A) > 0 and —we(A) < 0, it must be the case that
vi(A) = 1n(A) = 0. Hence v1(A) = v4(A) = 0 = 1»(A) = v_(A) in this
case.

Next assume A € A is such that A C NN B. Then vy(A) = 0 since
A C N and v»(A) = 0 since A C B. Hence

v (A) = V4 (A) = v_(A) = 1(A) = 11(4) — 12(A4) = 11 (A),
0,

=v
However, since v1(A) > 0 and —v_(A4) < it must be the case that
v_(A) = 11(A) = 0. Hence v1(A) = v4(A) = 0 = 1»(A) = v_(A) in this
case.

Next assume A € A is such that A C NN C. Then vy(A) = 0 since
A C N and v(A) = 0 since A C C. Hence v4(A) = v1(A) and

v (A) = v4 (A) — v_(A) = V(A) = 11(4) — 12(A) = —1s(4)

as desired.
Finally, let A € A be arbitrary. Then

{ANPNB,ANPNC,ANNNB,ANNNC}
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are pairwise disjoint elements of A such that
A=(ANPNB)UANPNC)U(ANNNB)U(ANNNCQO).

Hence, by using the above four cases to each of these sets, we obtain that
vy (A)
=vi (ANPNB)+ v (ANPNC)+vi(ANNNB)+ v (ANNNC)
=vi(ANPNB)+u1i(ANPNC)+u1n(ANNNB)+ v (ANNNC)
= v1(4)

and
v_(A)
=v_(ANPNB)+v_(ANPNC)+v_(ANNNB)+v_(ANNNC)
=(ANPNB)+1n(ANPNC)+1n(ANNNB)+1n(ANNNC)
= VQ(A).

Therefore, since A € A was arbitrary, vy = v; and v_ = 15 as desired. n

Due to Proposition [5.3.6, we make the following definition.

Definition 5.3.7. Let (X, A) be a measurable space and let v be a signed
measure on (X,.A). The positive and negative parts of v, denoted vy and v_

respectively, is the unique pair of mutually singular measures on (X, .A) such
that v(A) = vy (A) —v_(A) for all A € A.

Example 5.3.8. Let (X, A, 1) be a measure space and let f € Lq(X, ) be
real-valued. Recall from Example that if we define v : A — (—o00, x0)
by

v(A) = [ fdn

for all A € A, then v is a signed measure on (X,.4). We claim that if we
define vy, v_ : A — [0,00) by

/f+ dp and v_ :/Af, dp

for all A € A, then vy and v_ are the positive and negative parts of v
respectively. To see this, first note that vy and v_ are finite measures by
Corollary and the fact that fi, f- € L1(X,u). Clearly v = vy —v_.
To see that v, and v_ are mutually singular, let

P={reX | f(x) >0} ={re X | fi(x) >0, f () =0}

Clearly P € A since f is measurable. Since
:/f_d,u:O and 1/+(X\P):/ frdu=0
P X\P

we obtain that v, and v_ are mutually singular as desired.

©For use through and only available at pskoufra.info.yorku.ca.



162 CHAPTER 5. SIGNED MEASURES

5.4 Finite Signed Measures

Based on the uniqueness of the Jordan Decomposition, given any signed
measure there is a very natural associated positive measure that reveals
substantial information about the signed measure.

Definition 5.4.1. Let (X, A) be a measurable space and let v be a signed
measure on (X, A). The total variation (or absolute value) of v, denoted |v/|,
is the positive measure on (X, A) defined by

v[(A) = vi(A) +v-(4)

for all A € A, where (v4,v_) are the positive and negative parts of v
respectively.

Example 5.4.2. Let (X, A, 1) be a measure space and let f € Li(X, u) be
real-valued. Recall from Example that if we define v : A — (—00, 00)
by

v(4) = /Afdu

for all A € A and we define vy, v_ : A — [0,00) by

vid) = [ fean and v = [ fodp

for all A € A, then v is a signed measure with positive and negative parts
vy and v_ respectively. It is clear that

) = [ fodus [ du= [ 171du
for all A € A.

The total variation of a signed measure has another description that can
be useful (especially with complex-valued measures).

Proposition 5.4.3. Let (X,.A) be a measurable space and let v be a signed
measure on (X, A). Let P denote all countable collections {An,}5>, of
pairwise disjoint measurable sets such that X = Uy—y An. Then for all

Aec A,

o0
lv|(A) = sup V(AN Ay
RELS

Proof. Since vy and v_ are mutually singular, there exists P, N € A such
that X = PUN, PN N =0, and v4(N) = v_(P) =0. Thus {P,N} € P
and

AN P+ (AN N)| = vy (A) + v_(4) = [V](4).
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Hence

lv[(A) > sup Z V(AN Ay
{An}Z"zlep n=1

Conversely, for any {A4,}°2, € P we have

i (AN A,)| = f: s (AN An) — v (AN Ay)]

n=1 n=1

< i vi(ANA,) +rv_(ANA,)

n=1
(5] - (94)
n=1 n=1
— V4 (A) + v (A) = [v](A).
Hence the inequality follows. |

The total variation of a signed measure immediately produces a bounded
for the value of the signed measure on a set.

Lemma 5.4.4. Let (X, A) be a measurable space. If v is a signed measure
on (X, A), then |[v(A)| < |v|(A) for all A € A.

Proof. Let v be a signed measure on (X, .A) with positive and negative parts
v+ and v_ respectively. Clearly

v(A)| = [v4(4) —v-(A)| = vi(4) + v-(4) = |[v|(4)
for all A € A. [

We have seen some instances where o-finite measures are preferable over
arbitrary measures (with more instances to occur soon). Furthermore clearly
finite measures are even nicer. Thus we introduce the following.

Definition 5.4.5. Let (X,.A) be a measurable space. A signed measure v
on (X,.A) is said to be finite if |v(A)| < oo for all A € A.

Lemma 5.4.6. Let (X, A) be a measurable space and let v be a signed
measure on (X, A). The following are equivalent:

(1) v is finite.

(2) vy and v_ are finite.
(3) |v| is finite.

(4) v(X) # +o0.
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Proof. First we claim that (2) and (3) are equivalent. Indeed recall that
(X) = v (X) + v (X).
)V

Therefore, since |v[(X),v4(X),v_(X) € [0, 00], we see that |v|(X) < oo if
and only if v, (X),v_(X) < co. Hence |v| is finite if and only if v and v_
are finite. Thus (2) and (3) are equivalent.

Next assume that (3) holds. To see that (1) holds, notice by Lemma
b.4.4] that

v

(A)] < [vl(A) < [v|(X)
for all A € A. Hence v is finite by definition. Thus (3) implies (1).
Next assume that (1) holds. To see that (4) holds, recall that v; and
v_ are mutually singular so there exists P, N € A such that X = PU N,
PN N =0, and vy(N)=v_(P)=0. Since

vi(X)=vi(XNP)=v (XNP)—v_(XNP)=v(P)<|v(P)| < oo,
and since
v (X)=v_(XNN)=v_(XNN)—-vy(XNN)=—-v(N) < |v(N)| < o0,

we see that v(X) = v4(X) — v_(X) # too. Hence (4) holds.

Finally, to see that (4) implies (2), assume that (2) fails. Hence either
vi(X)=o0orv_(X)=o00. lf vy (X)=v_(X)=o0, then if P, N € A are
such that X = PUN, PN N = (), and v (N) = v_(P) = 0, we have that
v4(P) = o0 and v_(N) = co. Hence

v(P) = V4 (P) = v_(P) = v4(P) = %0
whereas
V(N) = V4 (N) = v_(N) = —v4(N) = —o0

which contradicts the fact that a signed measure can only take one value
from {£o0}. Otherwise, if v (X) = oo but v_(X) # oo, then v(X) = oo and
thus (4) fails. Similarly if v_(X) = oo but v (X) # oo, then v(X) = —c0
and thus (4) fails. Hence (4) implies (2) thereby completing the proof. m

In fact, the collection of finite signed measures has a nice normed linear
space structure.

Proposition 5.4.7. Let (X, A) be a measurable space and let
Meas(X, A) = {v | v a finite signed measure on (X,A)}.

Then Meas(X, A) is a vector space over R with the operations of pointwise
addition and scalar multiplication. Furthermore, if || || yjeas : Meas(X, A) —
[0,00) is defined by

11| Ageas = 1V1(X)

for allv € Meas(X, A), then || - || yeas %5 @ norm on Meas(X, A).
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Proof. 1t is elementary to see that if v1,vo € Meas(X,A) and A, A2 € R
then the signed measure Ajv; + Aorn defined by

()\11/1 + )\21/2)(14) =\ (A) + )\21/2(14)

is a finite signed measure. Hence Meas(X,.A) is a vector space over R (seeing
as it is a subspace of the vector space of all real-valued functions on A).

To see that || - ||yfeas 8 @ norm on Meas(X, A), recall that the zero element
of Meas(X, A) is the signed measure vy where 1p(A) = 0 for all A € A.
Clearly |vo|(X) = 050 ||o|lyfeas = 0- Furthermore, if v € Meas(X, A) is such
that ||v||yreas = 0, then |v|(X) = 0. Hence, by Lemma we see that

v(A)] < [v[(4) < [v[(X) =0
for all A € A. Therefore v = 1 as required.
Next let v € Meas(X,.A) and o € R be arbitrary. If a > 0, clearly
(av)y = avy and (av)—- = av_ so
e[ pfeas = (@) (X)) + (o) - (X)
=avy(X)+av_(X)
= afy[(X)
= |Oé| ”V”Meas :
Alternatively, if a < 0 then clearly (av)y = —av_ and (av)_ = —av; so
o[ yfeas = (av)4(X) + (av) (X)
=—av_(X) —avy(X)
= —aly|(X)
= |Oé| ||V||Meas .

Hence ||av||yjoas = 1] |V]|peas i a1l cases as required.
Finally, to see that |- ||y, Satisfies the triangle inequality, let v, €
Meas(X,.A) be arbitrary. Then

vty = +74) — (- +7-).
Consider (v 4+ )+ and (v + y)_. Since (v + )+ and (v + 7)_ are mutually
singular, there exists P, N € A such that X = PUN, PN N = (), and
(v+79)+(N) = (v+~v)-(P) =0. Then
v +7)+(X) = (v +7)+(P) + (v +7)+(N)
= (v+7)+(P)
= +7)+(P) = (v +7)-(P)
= (¥ +)(P)
= (v (P) +7+(P)) = (v-(P) +7-(P))
S vy (P) +74(P)
< v (X) + 74 (X).
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Similarly
v +7)-(X) =¥ +7)-(P)+ (¥ +7)-(N)
— (W) (N)
— W+ 7)) — (v +7)4 (V)
— ()
— (V- (N) 1= (V)) — (4 (N) + 74 (V)
<v_(N)+~v-(N)
< v (X) +7-(X).
Therefore
HV + 7”Meas = (V + 7)+(X) + (V + 7)—(X)
< (e (X) +71(X) + (v (X) +17-(X))
= [[¥[lnteas + 17l vteas
as desired. n

Moreover, we have the following.

Theorem 5.4.8. If (X, A) is a measurable space, then (Meas(X, A), || - || 1yeus)
is a Banach space.

Proof. To see that (Meas(X,A), || - |l\ieas) s @ Banach space, let (vy,)n>1 be
an arbitrary Cauchy sequence in (Meas(X,A), || - ||\ieas)- Notice by Lemma
[b.4.4] that

[vn(A) = vm(A)] = |[(vn — vm)(A)]
< |vn = vim[(A)
< |vn = vi[(X)
= ||VT7« - VmHMeas
for all A € A and n,m € N. Hence (v,(A))p>1 is Cauchy in R for all A € A.
Therefore, since R is complete, lim,_,~ v, (A) exists for all A € A.
Define v : A — R by v(A) = lim,, 0o vp(A) for all A € A. We claim that

v is a finite signed measure on (X, .A) and that (v,),>1 converges to v with
respect to || - ||yeas- L0 see these claims, first notice that

v(0) = lim v,(0) = lim 0= 0.

n—o0 n—o0

Furthermore, we claim that v is finitely additive. Indeed if {Ax}4_; is a
finite pairwise disjoint collection of elements of A, then clearly

N N N N
v <U Ak> = lim v, (U Ak> = lim Zl/n(Ak) = Z Un(Ag).
k=1 e k=1 e k=1
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Next we desire a bound on v. Since (vp)p>1 is Cauchy, (vy)n>1 is
bounded with respect to || - ||yjeas- Hence there exists an M € N such that
1n ]l peas < M for all n € N. Hence for all A € A

v (A)] < [vn|(A) < [va|(X) < M.

Therefore, since v(A) = lim,, o0 v (A) for all A € A, we obtain that |v(A)| <
M for all A € A. Note this demonstrates that v will be a finite signed measure
provided we can demonstrate that v is a signed measure.

Before proceeding to show that v is a signed measure, we claim that

lim sup{|v(4) —v,(A)| | A€ A} =0.

n—o0

To see this, recall from the above computation that notice for all m > n and
A € A that

’Vm(A) - VTL(A)‘ S Hy’ﬂ - l/mHMeas .
Hence for all A € A
|V(A) — vp(A)| = limsup |vm(A) — vp(A)| < limsup |Vn — Vil yieas -
m—00

m—0o0

Hence
sup{|V(A) —vn(A)| | A€ A} <limsup||vn — Vm | \eas -
m—00

However, since (v,),>1 is Cauchy, we see by the definition of a Cauchy
sequence that

lim sup lim Sup 1 — Vmllpeas = O-

Hence the claim is complete.

To see that v is countably additive, let {A,}72; be an arbitrary collection
of pairwise disjoint subsets of A. First we must demonstrate that > 72, v(A)
converges absolutely. To see this, note for all N € N and n € N that

N N N
D lon(AR)l < D7 vnl(Ak) = vl (U Ak:) <M.
k=1 k=1 k=1

Hence
N
Z Ak|—hmZ|VnAk|<M

for all N € N so 72, v(Ak) converges absolutely.

To see that v (UrZ; Ak) = >peq v(Ag), let € > 0 be arbitrary. Since
(Vn)n>1 is Cauchy there exists an Ny € N such that ||, — vimnl|yeas < § for
all n,m > Nj. Furthermore, since

Jim sup{(4) ~vu(4)] | Ae.A}=0,
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there exists an Ny € N such that |[v(A) — v, (A)| < § for all A € A and
n > Ny. Let N = max{Nj, Na}. Since vy (Ujeq Ak) = Yopey vn(Ag) and
since > p—; ¥(Ay) converges absolutely, there exists an M € N such that

UN ( U Ak) = Z v < £
k=M k=M 4
and -
Z Z/(Ak) < i
k=M

Hence, since v has been verified to be finitely additive,

(58] e
9@ 3 ()

1Al—1 M—-1 00
UN ( U Ak> Z (Ak> Z V Ak Z 14 Ak
k=1

k=1 k=1

+

o) M—1
Si-f- ZVN(Ak)+VN<U ) (UAk>—|—
k’ M k=1
€
Z+4+4+Z

Therefore, since € > 0 was arbitrary, we obtain that v (Ur—; Ax) = > peq v(Ak)
as desired. Hence v € Meas(X, A).

Finally, to see that (vy,),>1 converges to v with respect to || - ||yjeas fiX
m € N. Since v — v, is a signed measure, there exists P, N € A such that
X=PUN,PNN=0,and (v —vpn)+(N) = (v — ) —(P) = 0. Therefore

1V = Vil peas = [V = vm[(X)
= (V= vm) 4 (X) + (v = vim) - (X)
= (v = vm)+(P) + (v = vm)-(N)
= (V= vm)(P) — (v —vm)(N)
= nh_{go [(Vn = Vi) (P) = (Vn — vin) (V)

!
< limsup |(vn, — Vm) (P)| + |(Vn — vm) (V)]
n—oo
< limsup v — v |(P) + |[vn — vim|(N)
n—oo
< lim sup 2|vy, — v |(X)
n—oo
<limsup 2 |[vn — Vm|lyfeas -
n—oo

Therefore, since m was arbitrary and since lim sup,, o 2 [|[Vn — Vm ||pjeas tends
to zero as m tends to infinity as (vy,),>1 is Cauchy, the result follows. n
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5.5 The Radon-Nikodym Theorem

In this section, we will prove one of the most important theorems for finite
signed measures, the Radon-Nikodym Theorem (Theorem . The Radon-
Nikodym Theorem will completely characterize which measures can be
obtained by integrating Li-functions against another fixed measure via the
following condition (which was precisely the additional property we observed

in Corollary [3.2.6)).

Definition 5.5.1. Let (X, A, ) be a measure space and let v be a signed
measure on (X,.A). It is said that v is absolutely continuous with respect to
u, denoted v < p, if A € A and p(A) = 0 implies v(A) = 0.

Remark 5.5.2. In fact, if (X, A, u) is a measure space and v is a signed
measure that is absolutely continuous with respect to u, then if A € A is
such that p(A) = 0 then A is a null set for v. To see this, assume A € A
is such that pu(A) = 0. To see that A is null for v we simply observe since
v < p that if B € Aand B C A then u(B) =0so v(B) =0.

Example 5.5.3. Let (X, A, 1) be a measure space and let f € Li(X, u) be
real valued. Recall from Example that if we define v : A — [—00, o0]
by

v(A) = [ 1
for all A € A, then v is a signed measure. Since A € A and p(A) = 0 implies

V(A) :/ Fdu =0,
A
we see that v < pu.

Perhaps unsurprisingly, the notion of absolute continuity of measure plays
well with respect to the positive and negative parts of signed measures.

Lemma 5.5.4. Let (X, A, u) be a measure space and let v be a signed
measure on (X, A). Then v < p if and only if v < p and v— < L.

Proof. Clearly if vy < pand v_ < p then v < pu. Conversely, assume that
v < p. Since vy and v_ are mutually singular, there exists P, N € A such
that X = PUN, PN N =0, and v4 (N) = v_(P) = 0. To see that vy <
and v_ < p, let A € A be such that p(A) = 0. Then u(AN P) =0 so, since
v,
0=v(ANP)=vi(ANP)—v_(ANP)=rvi(A).
Similarly, since u(A N N) = 0 we obtain that
0=v(ANN)=v,(ANN)—-v_(ANN) =—-v_(A).

Hence, since A € A with pu(A) = 0 was arbitrary, we obtain that vy <
and v_ < p. |
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We arrive at the centrepiece to understanding the relations between
absolutely continuous measures.

Theorem 5.5.5 (The Radon-Nikodym Theorem). Let (X, A) be a
measurable space. If u and v are measures on (X, A) such that u is o-finite
and v < p, then there exists a measurable function f: X — [0,00] such that

v(A) = [

for all A € A. Furthermore, if g : X — [0,00] is a measurable function such
that

v(A) = / gdp
A
for all A € A, then f = g almost everywhere.

The proof of the Radon-Nikodym Theorem (Theorem|5.5.5)) is not a simple
one. The idea is to build up the measurable function f from knowledge
of v and the fact that v < p. Since measure theory only works well for
countable collections of sets, we must build up f using countable collections.
The following lemma is our first step.

Lemma 5.5.6. Let (X,.A) be a measurable space and let Q@ C R be a
countable set. Assume {Aq}qeq C A are such that if ¢1,q2 € Q and ¢1 < ¢2

then Ay, C Ag,. There exists a measurable function f : X — [—o00,00] such
that f(z) > q for all x € Ay and g € Q and f(z) < q for all v € Ay and

qE€ Q.
Proof. Define f: X — [—o00, 00| by
flz)=inf{g e Q | x € Ay}

Clearly f is well-defined. Moreover, if z € X and z € A, for some ¢ € Q,
then clearly f(z) < ¢ by definition. Furthermore, if z € X and z € Af for
some ¢ € @, then x ¢ Ay for all ¢ < g so f(xz) > ¢. Thus, to complete the
proof, it suffices to show that f is measurable.

To see that f is measurable, it suffices to show that

{reX | flz)<tjed
for all t € R. However, since clearly

{reX | f(z) <t} = UAq,

q€qQ
q<t

we see the desired sets are measurable as { A }qseq C A and @ is countable. m
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Next we extend Lemma thereby weakening the conditions required to
construct our function at the cost of only having a bound almost everywhere
(which we do not care about if we are going to integrate the function).

Lemma 5.5.7. Let (X, A, ) be a measure space and let Q C R be a countable
set. Assume {Ag}qeq C A are such that if g1,q2 € Q and q1 < qo then

:U(Am \AQ2) =0.

There exists a measurable function f : X — [—00,00] such that, for all ¢ € Q,
f(z) > q for p-almost every x € Ay and for all ¢ € Q and f(x) < q for
p-almost every x € Ag.

Proof. Let
Z = U Afh \AQQ'

q1,92€Q
q1<q2

Then Z € A since {A;}4e0 € A and @Q x @ is countable. Furthermore, by
the assumptions on {A4,}scq C A, we see that

OSM(Z)S E N(AII1\AQ2):0-
q1,92€Q
q1<q2

For each g € Q, let B, = A, U Z. Notice if q1,¢q2 € Q and ¢; < g2 then
By = AqUZ = (AgyNAg,)U(Ag \Ag,)UZ = (AgNAG,)UZ C AgUZ = By,.

Therefore, by Lemma there exists a measurable function f : X —
[—00, 0c] such that f(z) > ¢ for all # € B; and ¢ € Q and f(x) < g for all
x € By and g € Q.

We claim that f satisfies the desired properties. Indeed if ¢ € @ and
x € Ay then x € By so f(r) < ¢q. Furthermore, if ¢ € Q and x € A7\ Z,
then, since

we see that f(x) > ¢. Therefore, since u(Z) = 0, we obtain that if ¢ € Q
then f(z) > g for almost every x € A7 as desired. N

Proof of the Radon-Nikodym Theorem (Theorem . The proof will pro-
ceed by first assuming that p is finite. We will then use the finite case to
prove the o-finite case. Finally, we recall the uniqueness claim is precisely
Proposition [3.2.4]

Case 1: p is finite. We desire to use Lemma [5.5.7 to construct the desired
function. To do so, we will need to construct the appropriate sets.

For each ¢ € Q, notice that v — qu is a signed measure since v is positive
and p is finite (i.e. the value —oco cannot be obtained). Hence, by the Hahn
Decomposition Theorem (Theorem there exists P;, N, € A such that
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P, is a positive set for v — qu, N, is a negative set for v — qu, X = P,U N,
and P, N N, = (). For the case ¢ = 0, we take Py = X and Ny = ). Note we
are interested in P, and N4 as v > qu on P, and v < qu on IN,.

Assume ¢, € Q are such that ¢ < r. Then, since N, is a negative set for
v — qu, we see that

v(Ng \ Nr) = qu(Ng \ Np) = (v — qu)(Ng \ Ny) < 0.

Therefore
v(Ng \ Np) < qu(Ng \ Ny) < qu(X) < oo.

Furthermore, since N, \ N, € Nf = P, and P, is a positive set for v —rpu,
we see that

V(N \ N,) = ra(N, \ Ny) = (v = r) (N \ ;) > 0.

Hence by combining the two inequalities above and by using the fact that
v(Ng \ N;) < 0o, we see that

v(Ng \ Ny) — qu(Ng \ Ny)

0 < v(Ng \ Nr) = ru(Ng \ Ny)
= (r—q)u(Ng \ N;) <0

However, since ¢ < r and as y is positive, this implies that pu(N; \ N,) = 0.

Since pu(Ng \ N;) = 0 for all ¢, € Q with ¢ < r, Lemma implies
there exists a measurable function f : X — [—00, 00] such that for all ¢ € @
we have f(z) > ¢ for almost every x € P, whereas f(x) < ¢ for almost every
x € Ny. We claim this is the function we are search for.

To begin, recall with ¢ = 0 that No = 0 and Py = X. Hence f(z) > 0 for
almost every € X. Thus we may assume that f: X — [0, o0].

Before we proceed with the proof, we require an observation that is the
crux of the proof. Assume ¢, € Q are such that ¢ < r. If A € A and
A C P,N N, then A C P, so, since P, is a positive set for v — qu,

0< (v —qu)(A) =v(A) — qu(A),
and A C N, so, since N, is a negative set for v — rpu,
0> (v - r)(A) = v(A) - ra(A).

Hence
qu(A) < v(A) < rp(A)

whenever A C P, N N,.. Similarly, if A € Aand A C P, N N, then f(z) > ¢
for almost every z € A as A C P, and f(z) < r for almost every x € A as
A C N,.. Therefore

qu(A) < /A fdp < ruA).
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The remainder of the proof is some simple analysis to show that we can
squeeze these quantities to show that v(A) = [, f du for every A € A.
To complete this case of the proof, let A € A be arbitrary. For each fixed

m € N, let
Amm—Aﬂ(NnJrl\( Nk))GA
m k:O m

for all n € NU {0}. Furthermore, let

Ao = A\ |J A = A\ |J Nz € A.

Hence {Ap, oo} U{Am 0} is a pairwise disjoint collection of elements of A

such that -
A=A, U (U Am,n> .

n=0
Consider A, « and the case that (A, ) > 0. In this case, notice if
T € Ao then x € N& = Pn for all n € Nso f(z) > 2 for all n € N and
thus f(z) = oco. Therefore, since p(Am o) > 0 and f is non-negative, we

obtain that
o= [ fdu< [ pan<o.
Am,oo A

On the other hand, since A,, o € N% = Pz for all n € N, the above

m

computations show that v(A, ) > %/T(Amoo) for all n € N. Hence, since

p(Amoo) > 0, V(Am o) = 00, which clearly implies v(A) = oo. Therefore, if
p(Aso) > 0 then

V(A):oo:/Afdu

and the proof would be complete.

Thus to complete the proof, we may assume that (1(Ay, ) = 0. Since
v < p, this implies that v(A,, ) = 0. Therefore, since (A, ) = 0, we
see that

/ fdp=0=v(Anc).
Am,oo

Furthermore, for each n € NU {0} we see that A, ,, C Pn N Na+1 so by the
previous computations "

n n+1
E#(Am,n) < v(Amp) < TN(Am,n)
and n n+1
EM(Am,n) < /Am,n fdp < (A n)-
Hence )
v(Amn) — /Am,n fdu| < EN(Am,n)'
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Therefore, either both v(A) and [, fdu are infinite, or otherwise all terms
in the following computation are finite:

v(A) —/Afdﬂ‘ - u(Am,oo>+§Ov<Am,n> —/Amwadﬂ—g:o/mnfdu
_ iy(Am,n)—i/Amfdu

IA
|
=
s

Therefore, since the above holds for all m € N and as p(X) < oo, we obtain
that

V(A):/Afdﬂ-

Therefore, since A € A was arbitrary, the proof is complete in this case.
Case 2: u is o-finite. Since p is o-finite, Remark @ implies there
exists a pairwise disjoint collection {X,,}>°; C A such that X = ;2 Xy,
and p(X,) < oo for all n € N.
For each n € N, define p,, v, : A — [0,00] by

pn(A) = n(ANXy,) and vn(A) =v(AN X,)

for all A € A. Clearly u, and v, are well-defined measures on (X,.A).
Furthermore, since

pn(X) = p(Xy) < oo,

{in, is a finite measure. Moreover, if A € A and py,(A) = 0, then u(ANX,) =0
so vp(A) =v(ANX,)=0as v < u. Hence v, < pip.

By the previous case, for each n € N there exists a measurable function
fn: X — [0, 00] such that

) = [ fudan

for all A € A. Notice by the definition of i, and the definition of the integral

that
/ fndpn = / fn d,u
A ANX,
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for all A € A (i.e. clearly holds for all characteristic functions, thus simple
functions, and thus non-negative measurable functions).

Let f: X — [0, 00] be defined by

f@) =3 falz)xx, (2)
n=1

for all x+ € X. Then f is a measurable function by Proposition [2.1.22
Furthermore, we see for all A € A that

V(A)ZV(D AﬂXn>

n=1

)

v(ANX,)

i
L

vn(A)

|P”18

n=1

i‘l/Afndun

n=

= nd
3 o, B
oo

=3 [ Fuxx, du
n=1 A

:/ Z anXn d,u
An:l

= [ ran

(where the second last inequality follows from Corollary |3.2.5). Hence the
proof of existence of an f is complete. [ |

Using our knowledge of signed measures, we can extend the Radon-
Nikodym Theorem (Theorem [5.5.5)) to signed measures.

Corollary 5.5.8. Let (X, A, ) be a o-finite measure space. If v is a finite
signed measure on (X, A) such that v < p, then there exists a unique
real-valued function f € L1(X,p) such that

v(A) = [ fdn
for all A € A.

Proof. Since v is a finite signed measure on (X,.A) such that v < u, we see
that v; and v_ are finite positive measure on (X,.A4) that are absolutely
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continuous with respect to p by Lemma and Lemma Hence by the
Radon-Nikodym Theorem (Theorem [5.5.5)) there exists positive measurable
functions f1, fa : X — [0, 00] such that

zmmzAﬁw and L4M=Ahw

for all A € A. Since v; and v_ are finite, we see that

/ | f1l dp :/ fidp=vi(X) <oo
X X
and
[ paddi= [ frdp= v () < o0
X X
so f1, fo € L1(X, p). Hence f; — fo € L1(X, ). Therefore, since

/fl*f2dM=/f1—f2dM:u(A)
A A

for all A € A, the existence proof is complete.
For uniqueness, notice if g € L1(X, ) is such that

/Afduz/Agdu

for all A € A, then as fi, f—,g+,9- € L1(X, u) we obtain that

/f++g—du=/g++f—du
A A

for all A € A. Hence Proposition [3.2.4] implies that fi +g¢_ = g4 + f_ almost
everywhere. Therefore, since fi, f—, g+,9- € L1(X, p) implies f4, f—, g4, 9—
are finite almost everywhere, we obtain that f = f, — f- =g+ —g_ =g
almost everywhere. ]

Example 5.5.9. To see why the assumption that p is o-finite is required in
the Radon-Nikodym Theorem, let © be the counting measure on R restricted
to the Lebesgue measurable sets and let v = A\. We claim that A < u. Indeed
if A e M(R) is such that p(A) =0, then A =0 so A(A) = 0.

To see that the Radon-Nikodym Theorem fails in this setting, suppose for
the sake of a contradiction that there exists a Lebesgue measurable function
f:R — [0, 00] such that

AA) = [ Fd
A
for all A € M(R). Then

0=l = [ fdn= f@nlia)) = S
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for all x € X. Hence f =0 so
AM):/jdu:O
A

for all A € M(R), which is absurd. Hence the Radon-Nikodym Theorem
potentially fails when p is not o-finite.

Due to the uniqueness portion of the Radon-Nikodym Theorem (Theorem
5.5.5)), we make the following definition.

Definition 5.5.10. Let (X, A, 1) be a o-finite measure space and let v be
either a measure or a finite signed measure on (X,.A) such that v < p. The
Radon-Nikodym derivative of v with respect to p, denoted g—”, is the unique
measurable function (positive if v is a measure and in Lq (X, p) if v is finite)
such that p
v
v(A) = o du

for all A € A.

Unsurprisingly, there is a connection between measures that are absolutely
continuous with respect to the Lebesgue measure and absolutely continuous
functions.

Proposition 5.5.11. Let F : R — R be non-decreasing function with the
limit conditions required by Ezample and let A\ denote the Borel-
Stieltjes measure associated to F (the restriction of the Lebesgue-Stieltjes
measure to B(R)). Then F is absolutely continuous on every closed interval
i R if and only if \p < A. Furthermore, if F is absolutely continuous, then
Dr — .

Proof. To begin, assume F' is absolutely continuous on every closed interval
in R. Therefore, since F' is non-decreasing, F” exists on R and F’ > 0 by the
Lebesgue Differentiation Theorem (Theorem [4.2.2).

Define v : B(R) — [0, co] by

mm:AFw

for all A € B(R). Clearly v is a well-defined measure by Corollary [3.2.6, To
see that A\p < X\ and that ‘2‘—{ = F’, it suffices by the uniqueness portion of
the Radon-Nikodym Theorem (Theorem to show that v = Ap.

To begin, notice for all (a,b] € R that

Ar((a,b]) = F(b) — F(a) = i F'd\ = v((a,b])

by the second Fundamental Theorem of Calculus (Theorem [4.5.4). Hence,
by taking the limit as a — —oo or as b — oo, we obtain that Ap(A4) = v(A)

©For use through and only available at pskoufra.info.yorku.ca.



178 CHAPTER 5. SIGNED MEASURES

for all A € F where F is defined as in Example Therefore, since v
is a measure, we obtain that Ap = v by the uniqueness portion of Example
.o .10

Conversely, assume that Ap < A. Therefore, by the Radon-Nikodym
Theorem there exists a Borel function g : R — [0, oo] such that

Ae(4) = [ gax

for all A € B(R). Since F(x) € R for all x € R, we see that
[ lolar= [ gdh=e((o.) = () - Fla) < o0
a,b a,b

so g € L1([a,b],\) for all a,b € R. Therefore, since for all z,a,b € R with
a < x < b we have that

f«z)—-fKa)=:AF<«ua1>=:/;aﬂgdA7

we see that F' is absolutely continuous [a, b] by Proposition 4.4.10 n

In fact, the Radon-Nikodym derivative allows an extension of ‘integration
by change of variables’.

Proposition 5.5.12. Let (X, A, u) be a o-finite measure space and let v be
a measure on (X, A) such that v < p. If f: X — [0,00] is measurable, then

| pav= | f—du

Proof. First, since v < u, we know that 2 is a well-defined, non-negative

measurable function on (X, .A4) by the Radon-Nikodym Theorem.
To begin, assume f = x4 for some A € A. Then clearly
dv

/XXAdV:V(A): o

dp = / XA*dM

Hence, by linearity, we obtain that

[ = f—du

for all simple functions f. Therefore, since every measurable function is the

increasing limit of simple functions and since g—; is non-negative, we obtain

by two applications of the Monotone Convergence Theorem that

Jorav= [ f—du
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for all measurable functions f : X — [0, co].
Now assume f : X — C is measurable. Since the above demonstrates

that J J
1% v
e an= [0 au= [ 1fian
x| du x " dp X

we clearly see that f is integrable with respect to v if and only if f
integrable with respect to u.

Finally, assume that f : X — C is measurable and integrable with
respect to v. Thus we can write f = Y 3_; i¥ fp where fi : X — [0, 00) are

dv

als

measurable functions that are integrable with respect to v. Hence fkg—z are
all integrable with respect to p so the above implies
4 .k 4 -k dV dl/
[orar=3i [ peav=3" [ S an= [ s du
X =1 X o x g x " dp
as desired. n

Combining the above two results, we have the following.

Corollary 5.5.13. Let F' : R — R be non-decreasing with the limit conditions
required by Ezample that is absolutely continuous on every closed
interval and let A\p denote the Borel-Stieltjes measure associated to F. If
f:X —[0,00] is Lebesque measurable, then

/Rfd/\F:/RfF’d)\.

5.6 The Lebesgue Decomposition Theorem

To conclude this chapter, we demonstrate that given two o-finite measures p
and v on a measurable space, we can always decompose v into a portion that
is absolutely continuous with respect to p and a portion that is orthogonal
to p.

Theorem 5.6.1 (The Lebesgue Decomposition Theorem). Let (X, .A)
be a measurable space. If i and v are o-finite measures on (X, .A), then there
exists a unique pair of measures (Vg,vs) on (X,.A) such that v, < p, vsLu,
and v = vy + vs.

Proof. Let p and v are o-finite measures on (X,.4). We claim that u + v
is o-finite. Indeed since p and v are o-finite, there exist {X,,}>2; C A and
{Yn}o2, € A such that X = Uy2 Xy, = Upe—y Yo and pu(Xy), v(Yim) < 00
for all n,m € N. For each n,m € Nlet Z,, ,, = X,, NY,,. Then

{Znm | n,meN}
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[e.9]

is a countable collection of elements of A such that X = U;,,—1 Znm and

(1 + V) (Znm) = W(Znm) + V(Znm) < (Xy) +v(Yin) < 00

for all n,m € N. Hence p + v is o-finite.

Notice if A € A and (u + v)(A) = 0 then clearly u(A) = 0. Hence
1 <€ i+ v. Therefore, since p 4 v is o-finite, the Radon-Nikodym Theorem
(Theorem implies there exists a measurable function f : X — [0, o0]
such that

p) = [ Fdiu+v)

for all A € A.
Let

P={zxe X | f(x) >0} and N ={z | f(x)=0}.

Clearly P, N € A are such that PN N = () and PUN = X. Furthermore, P
is a positive set for y and N is a null set for u by Example
Define v,,vs : A — [0, 00] by

ve(A) =v(ANP) and vs(A) =v(ANN)

for all A € A. We claim that (v,,vs) are the pair of measures we are
looking for. Clearly v, and v, are measures on (X,.4) by Example [1.1.15]
Furthermore, as PN N = () and PUN = X, we see for all A € A that

v(A) =v(ANP)+v(ANN) =v,(A4) + vs(A)

SO vV = v, + Vs as desired.
To see that v, < u, let A € A such that u(A) = 0 be arbitrary. Then

O:u(AﬁP):/ Fd(u+v).

ANP

However, since f(z) > 0 for all z € P, the above equation implies (u+v)(AN
P) = 0. Therefore v4(A) = v(ANP) = 0. Hence, since A € A such that
1(A) = 0 was arbitrary, v, < p.

To see that v, notice that

W) = [ Fdu+v) =0
as f(x) =0 for all x € N and
vs(P)=v(ANNNP)=v(d) =0.

Therefore since P, N € A are such that PN N = () and PUN = X, the
claim existence claim follows.
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To see uniqueness of the pair (v, vs), assume ( v, 5) is a pair of measures
on (X,A) such that v} < p, v,Llu, and v = v}, + v.. Since v is o-finite,
Remark implies there exists a pairwise disjoint collection {Y;,}72, C A
such that X = (U~ Y, and v(Y;,) < oo for all n € N. Therefore, since
vV = Vg + Vs = 1, + VL, we obtain for all n € N and A € A that

V(ANY,) — v (ANY,) =V (ANY,) —vs(ANY,)

as all terms are finite.
Since vs Ly and v, Lpu, there exists N, B € A such that

vo(N) = u(N) = 0 = u(B) = v,(B°).

Hence, if Y = BUN € A, then v5(Y°) = v.(Y°) = u(Y) = 0. Hence, for all
Ac AandneN

VI(ANY,) —vs(ANY,) =v.(ANY,NY) —v(ANY,NY)
= er((A N Y) N Yn) - Vs((A N Y) N Yn)
=1, ((ANY)NY,) —v.(ANY)NY,)=0.

Hence V.(ANY,) = vs(ANY,) and thus v,(ANY,) = v,(ANY,) for all
A e Aand n € N. Therefore, for all A € A we have that

<nL:JYmA>

Z va(Y, N A)
n=1
=Y v (YanA)
n=1
(U (Y, N A) ) V. (A)
and similarly vs(A) = v,(A). Hence v, = v, and v, = v, as desired. ]

There are several quick corollaries to the Lebesgue Decomposition Theo-

rem (Theorem [5.6.1)).

Corollary 5.6.2. Let F': [0,1] — [0,1] denote the Cantor ternary function
(with F(x) = 0 if x < 0 and F(z) = 1 if x > 1) and let \p denote the
Borel-Stieltjes measure associated to F'. Then Ap L.

Proof. To see this, note that Ap and A are o-finite measures on (R, B(R)).
Thus the Lebesgue Decomposition Theorem (Theorem implies that
there exists a unique pair of measure (v, vs) on (R, B(R)) such that v, < A,
vsl A, and A\p = v, + vs.
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By the Radon-Nikodym Theorem (Theorem [5.5.5)) there exists a measur-
able function f: R — [0, 00] such that

va(4) = [ 1A

for all A € B(R). However, if A € B(R) and A is a subset an interval in the
complement of the Cantor set, we see that

0= Ap(A) = vs(A) + /A .

Hence [, f dX\ = 0 for all such A. Therefore we obtain that f|cc = 0 A-almost
everywhere. Therefore, since A(C) = 0, we obtain that f = 0 A-almost
everywhere. Hence v, = 0 so Ap = v, is mutually singular to A as desired. m

Corollary 5.6.3. Let (X, A, n) be a o-finite measure space. If v is a finite
signed measure on (X, A), then then there exists a unique pair of finite signed
measures (Vq,Vs) on (X, A) such that v, < pu, vsLu, and v = v, + vs.

Proof. Since v is a finite signed measure, vy and v_ are finite measures by
Lemma m Therefore, the Lebesgue Decomposition Theorem (Theorem
5.6.1) implies there exists measures vy o,V 5,V 4 and v_ 5 on (X, .A) such
that vy g, v_ o < p, Vg s Ly, v_ s Ly, vy = vy g +vig,and v = v o +v_ .
Furthermore, since vy and v_ are finite measures, we see that v, 4, v4 s, v_ 4
and v_ s are all finite measures.

Let vy = vy q—v_q and vy = vy s — v_ ;. Clearly v, and v, are finite
signed measures on (X, .A) such that v = v, + vs5. To see that v, < pu, let
A € A be an arbitrary element such that p(A) = 0. Then, as vy 4,v_ o < 1,
we clearly have v,(A) = 0. Hence, since A € A was arbitrary, v, <
p. Similarly, since v4 oLy and v_ gLy there exists N,B € A such that
vy s(N€) = pu(N) =0=pu(B) =v_4B°. Hence, if Y = BUN € A, then
vy s(Y¢) = v_o(Y°) = u(Y) = 0. Hence v4(Y°) =0 = p(Y) so vsLp as
desired.

Finally, the proof of uniqueness may be repeated verbatim from the
proof of uniqueness used in the Lebesgue Decomposition Theorem (Theorem
5.6.1)). [
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Chapter 6

Product Measures and
Fubini’s Theorem

One idea from undergraduate studies that has yet to be discussed in the
context of measure theory is integrating functions of multiple variables. Of
course, we have discussed arbitrary measure spaces so we have a notion of
integrating functions on R™ with respect to A,,. However, we do not have any
nice methods for computing integrals of functions on R™ with respect to A,
other than definitions. It seems like \,, should be related to A and we should
be able to integrate functions on R™ with respect to \,, by performing some
integrals using A; that is, we should have a Fubini’s Theorem to compute
the integrals by integrating over the variables one at a time.

Thus the focus of this chapter is to develop and prove a version of
Fubini’s Theorem in the measure-theoretic context. Before we can do that,
we need to discuss how to construct measures on a product of measure spaces.
Subsequently, we will be able to prove Fubini’s Theorem and a theorem
by Tonelli, which is often first necessary to use in order to invoke Fubini’s
Theorem.

6.1 Product Measures

To begin, given two measure spaces (X, A, u) and (Y, B, v), we desire a notion
of the product of p and v so that the measure of a Cartesian product an
element A € Aand B € B is u(A)v(B) (i.e. the measure of a rectangle is
the products of the measures of the length and width). This is also exactly
what we need to study independence in probability theory; that is, the joint
probability measure of two independent random variables will be this product
of the two individual probability measures. Moreover, the hope is then that
the product of n-copies of A is A\,,. In order to define such a measure, we first
need to construct a o-algebra. Since we want A x B to be measurable for all
A € A and B € B, a natural place to start is the following.
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184 CHAPTER 6. PRODUCT MEASURES AND FUBINI'S THEOREM

Definition 6.1.1. Let (X,.A) and (Y, B) be measurable spaces. The set of
measurable rectangles of (X, A) and (Y, B), denote R(A x B), is the set of
all subsets of X x Y of the form A x B where A € A and B € B. Elements
of R(A x B) are called measurable rectangles.

There is a natural algebra (not o-algebra) once we have the measurable
rectangles.

Lemma 6.1.2. Let (X, A) and (Y, B) be measurable spaces and let
AAXxB)={EC X xY | E is a finite union of elements of R(A x B)}.

Then A(A x B) is an algebra on X x Y. Furthermore, if Z € A(A x B),
then there exists a pairwise disjoint collection {Ry}}_; € R(A x B) such

Proof. To see that (A x B) is an algebra on X x Y, first notice that
D=0x0eR(AxB) CAAxXxB)and X xY € R(A x B) CA(A x B) by
definition. Furthermore, clearly 2(.A x B) is closed under finite unions by
definition.

To see that A(A x B) is closed under complements and thus an algebra
on X x Y, we first claim that (A x B) is closed under finite intersections.
Indeed R(A x B) is clearly closed under intersections as

(Ax B)N (A x B') = (AN A") x (BN B).

Therefore de Morgan’s laws implies that (A x B) is closed under finite
intersections.
Next notice if A € A and B € B then

(A x B)® = (A° x B) U (A x B%) U (A° x B) € A(A x B).

To complete the claim that 2A(A x B) is closed under complements, let
Z € A(A x B) be arbitrary. Then we may write Z = (J}_; Ax x By, where
{Ai}_; € Aand {By}}_; C B by the definition of 2A(A x B). Therefore

2° = () (A5 % Bi) U (Ay x BY) U (A5 x BY))
k=1

Hence, since A and B are closed under complements and since A(A x B) is
closed under finite unions and intersections, we obtain that Z¢ € A(A x B)
as desired. Hence (A x B) is an algebra.

For the other claim, let Z € (A x B) be arbitrary. Hence we may write
Z = Uj—1 A x By, where {A;}}_; € Aand {By}}_; C B by the definition
of A(A x B). We will proceed by recursion on m to show that i, Ax x B
can be written as a disjoint union of elements of R(A x B). Clearly the case
m = 1 is trivial.
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Assume it has been demonstrated for some m > 1 that UpL; Ax X By =
UM, A} x Bl where { A} x Bi}M | are pairwise disjoint elements of R (A x B).
To see that U,Z”:Jrll A X By can be written as a disjoint union of elements of
R(A x B), consider

X1 = (Amt1 X Buy1) \ (A7 x By).

By the above computations, the set X; can be written as the disjoint union
of at most three measurable rectangles, namely

R = (Apmy1 \ All) X (BN Bi)
Ry = (Amy1 N AY) X (Bmg1 \ By)
R3 = (Amy1 \ A1) X (Bmy1 \ By).

Then, for each k € {1,2, 3}, consider
Xoj = Ry \ (A5 x By).

Hence, for each k, X5} can be written as the disjoint union of at most
three measurable rectangles, and the collection of all measurable rectangles
obtained over all k € {1,2,3} is pairwise disjoint as Rj, Rs, and R3 are
pairwise disjoint. Therefore, by repeating this process ad nauseum, we
obtain that Uznjll Ay X By can be written as a disjoint union of elements of

R(A x B). ]

In order to prove our definition of a measure on the algebra 2A(A x B) is
indeed a measure, we will need the following.

Lemma 6.1.3. Let (X, A, p) and (Y, B,v) be measure spaces and let AX B €
R(Ax B). If {Ar x B }32, are pairwise disjoint elements of R(A x B) such
that

AXB:UAkXBk,
k=1

then
W(AW(B) = 3 (A (By).
k=1

Proof. To begin, notice for each (x,y) € A x B that (z,y) is contained in
exactly one element of {Ay x By }?2 . Therefore, for each x € A

B= U By
k such that z€ Ay,

Therefore, since for each z € A the collection

{By | k€{1,...,n} is such that z € A}
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186 CHAPTER 6. PRODUCT MEASURES AND FUBINI'S THEOREM

is pairwise disjoint and since v is a measure, we obtain that

v(B) = > v(Bk)

k such that x€Ay

Hence

v(B)xa(z) = Y v(Br)xa, (@)
k=1

for each z € A. However, since Ay, C A for all k£ € N, we obtain that
oo
v(B)xa = Y_ v(Br)xa,

as functions on X. Therefore, since all terms are positive, we obtain by
Corollary [3.2.5] that

as desired. m
We now can construct a pre-measure.

Lemma 6.1.4. Let (X, A, u) and (Y,B,v) be measure spaces. Then there
exists a unique pre-measure - v on the algebra A(A x B) from Lemma
such that

(- v)(A x B) = u(A)v(B)

forall Ae A and B € B.

Proof. We desire to define - v : 2A(A x B) — [0, 00] such that (- v)(0) =0
and

(1-)(Z) =S 1A x Br) = 3" u(Aw(By)
k=1 k=1

whenever Z € (A x B) and {A;, x Bi}7_; € R(A x B) are pairwise disjoint
such that Z = |J;_; Ak X B. However, since there are multiple ways to write
an element Z € A(A x B) as a disjoint union of elements of R(A x B), it is
necessary to show that the above definition of (u-v) is well-defined. However,
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since p - v is clearly well-defined on elements of R(A x B) by Lemma
we see that u - v is well-defined on 2A(A x B).

To see that u-v is a pre-measure on A(Ax BB), we first see that (u-v)(0) = 0.
Furthermore, if {Z,}5°, C 2A(A x B) are pairwise disjoint such that Z =
Uiz, Zn € A(A x B), we easily see via the definition of - v and Lemma
that

o)

(u-v)(2) =) (n-v)(Zy).

n=1

Hence p - v is a pre-measure on 2A(A x B).

To see uniqueness, assume 7y : A(A x B) — [0, 00] is a pre-measure on
A(A x B) such that v(A x B) = pu(A)v(B) for all A x B € R(A x B).
If Z € A(A x B) is arbitrary then Lemma implies pairwise disjoint
collection {Ay x B}}_; € R(A x B) such that Z = |J;_; Ar x Bj. Hence,
since v is a pre-measure,

n n
Y(Z) = Ak x Br) = > u(Ax)v(By) = (- v)(Z).
k=1 k=1
Therefore, since Z € A(A x B) was arbitrary, v = u - v as desired. ]

Using Chapter [I we obtain the measure we are looking for.

Definition 6.1.5. Let (X, A, ) and (Y,B,v) be measure spaces. The
product measure of 1 and v, denoted p X v, is the Carathéodory extension
of the pre-measure - v on the algebra 2A(A x B) from Lemma The
collection of y1 X v measurable sets is denoted M (u x v).

Remark 6.1.6. Recall from the Carathéodory-Hahn Extension Theorem

(Theorem that
R(AXxB) CA(Ax B) C M(uxv)

and that
(1 x V)(A x B) = (1 v)(A x B) = p(A)v(B)

for all A € A and B € B. Furthermore, since u x v is a Carathéodory
Extension, u x v is automatically complete by Proposition [1.2.14]

Example 6.1.7. We claim that A x A = Ag; that is, the product measure
of two one-dimensional Lebesgue measures is the two-dimensional Lebesgue
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measure. Indeed recall by construction that for all Z € R x R = R? we have

el
g

= inf {Z MA)NB,) ’{An,Bn};;O:1 CM(R),Z C fj A, x B,

n=1

Mg

‘{Z baz1 © AM(R) x M(R)), Z

3
Il
—

N
(@

N
——

1

8ﬁ

‘{ ninz1 © RIM(R) x M(R)), Z

i
I

N
(@

N
——

n=1

——

However, since

mf{i

we see that

(A-X"(2)
mf{z A, ‘{In,J }o°, open intervals, Z C U I, x Jy }
n=1
= N(%)

by the deﬁnition of the two-dimensional Lebesgue outer measure from Defi-
nition Hence both (A - A)* and Aj are the outer measure associated to
the pre-measure A- A on the algebra A(M(R) x M(R)). Therefore, since A-\
is clearly o-finite in the sense of the Carathéodory-Hahn Extension Theorem
(Theorem , the Carathéodory-Hahn Extension Theorem implies that
M(A x A) is the two-dimensional Lebesgue measurable sets and A x A = Ay
as desired.

Remark 6.1.8. It is not difficult to see that the operation of taking the
product of measures is associative in the sense that if {(X, Ak, i)} i,
are measure spaces, then M((u1 X p2) x puz) = M(pu1 x (u2 X p3)) and
(1 X p2) X ps = 1 X (pe X ps). Indeed if

Ql:{ZgXlxXgXXg Z:UZkWhereZkEAlengg}
k=1

then 2( is an algebra by similar arguments to those used in Lemma By
using our knowledge of product measures, it is possible to extend Lemma
to triples (i.e. take one measure in the assumptions of Lemma to
be a product measure) and then extend Lemma to construct a unique
pre-measure i - po - 43 on 2 such that

(p1 - p2 - p3)(Ar X Az X Ag) = p1 (A1) p2(A2)ps(As)
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6.2. TONELLI’S AND FUBINI'S THEOREM 189

for all Ay € Ag. Then, by similar arguments to those used in Example [6.1.7
it is possible to see that both (u; x p2) X ps and py X (u2 X ps) are the
Carathéodory Extension of pq - o - 3. In particular, by extending the proof
of Example[6.1.7] one can see that

AXAX - X A=A\,
—_— —m———

n times

Not only are product measures automatically complete, product measures
inherit properties from their underlying measures.

Proposition 6.1.9. Let (X, A, ) and (Y,B,v) be measurable spaces. If
both 1 and v are finite, then u X v is finite. Similarly, if both u and v are
o-finite, then p X v is o-finite.

Proof. Notice if A € A and B € B are such that u(A),v(B) < oo, then
(1 x v)(A x B) < oo. Therefore, clearly u x v is finite if 4 and v are finite.

Assume p and v are o-finite. Then there exists collections {A,}52; C A
and {B,}>2, C B such that

X = U A, Y=1{) B, and u(A,),v(B,) <o
n=1

P

for all n € N. For each n,m € N, let
Znm = Ap X Bp,.

Clearly {Znm}55m=1 18 a countable collection of elements of M(u x v) such
that (u x v)(Znm) < oo for all n,m € Nand X x Y = ;7,1 Zn,m- Hence
@ X v is o-finite as desired. [

6.2 Tonelli’s and Fubini’s Theorem

In this section, we will state our two main theorems. The proofs will be
postponed until the next section in order to provide examples to see why all
of the conditions are necessary.

Theorem 6.2.1 (Fubini’s Theorem). Let (X, A, u) and (Y,B,v) be com-
plete measure spaces. If f € L1(X XY, u x v), then:

1. for u-almost every x € X the function f : Y — C defined by f.(y) =
flx,y) for all y € Y is a well-defined element of L1(Y,v) and for v-
almost every y € Y the function f, : X — C defined by f,(z) = f(x,y)
for all x € X is a well-defined element of L1(X, ),

2. the function ® : X — C defined by ®(x) = [y fodv is a well-defined
element of L1(X, pn) and the function ¥ :' Y — C defined by ¥(y) =
Jx fydp is a well-defined element of L1(Y,v), and
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8. Jxxy fdlpxv)= [y ®du= [, Vdv; that is

/Xxyfd(uxu /(/fxydu )du
—/(/fxydu dv(y
)

Theorem 6.2.2 (Tonelli’s Theorem). Let (X, A, u) and (Y,B,v) be com-
plete, o-finite measure spaces. If f : X xY — [0,00] is p X v-measurable,
then:

1. for p-almost every x € X the function f, :' Y — [0,00] defined by
fz(y) = f(z,y) for ally € Y is a well-defined v-measurable function
and for v-almost every y € Y the function f, : X — [0, 00| defined by
fy(x) = f(z,y) for all x € X is a well-defined p-measurable function,

2. the function ® : X — [0,00] defined by ®(x) = [y fadv is a well-
defined p-measurable function and the function U :Y — [0, 00] defined
by U(y) = [x fydp is a well-defined v-measurable function, and

8. Jxxy fdlpxv)= [y ®du= [, Vdv; that is

/Xxyfd(uxy /(/fxydy ) w(x)
z/y</Xf(x,y)du(m)> dv(y).

Remark 6.2.3. It is clear that Fubini’s Theorem (Theorem is more
general that Tonelli’s Theorem (Theorem except for positive functions
that integrate to infinity. So what is the point of Tonelli’s Theorem? The
main use of Tonelli’s Theorem is to show that the assumptions of Fubini’s
Theorem holds; that is, to check that f € Li(u x v), one generally verifies
that

[ If1dGexv) < oo
XxXY

using Tonelli’s Theorem!

To see why all of the conditions are necessary in Fubini’s Theorem
(Theorem [6.2.1)) and Tonelli’s Theorem (Theorem [6.2.2]), we exhibit the

following three examples.

Example 6.2.4. Let X =Y = N and let 4 and v be the counting measure
on N. Consider the function f: N x N — R defined by

1 ifn=m
fh,m)=<—-1 ifm=n+1.

0 otherwise
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Then

/X (/y fn,m) d”(m>) dp(n) = /X 0du(n) =0

(since for any n, m obtains the values n and n+1 as m varies over N) whereas

/Y < /X f(n,m) du(n)) dv(m) = /Y Yo di(m) = 1

(i.e. if m = 1 then n takes the value m once and does not take the value
m — 1 as n varies over N, whereas if m > 2 then n takes the values m and
m — 1 exactly once each as n varies over N). Hence the final conclusions of
Fubini’s Theorem (Theorem and Tonelli’s Theorem (Theorem
do not hold in this setting.

To see why this does not contradict the theorems, notice Tonelli’s Theorem
does not apply as f is not positive. To see why Fubini’s Theorem does not
apply, first notice by the properties of the product measure that p x v is the
counting measure on N x N. Therefore

[ 1ftd(uxv) = oc
XxY

as | f(n,m)| = 1 for infinitely many (n,m) € N2. Hence f ¢ L1(X x Y, u x 1)
so Fubini’s Theorem does not apply.

Example 6.2.5. Let X =Y =[0,1], let u = A, and let v be the counting
measure on Y. Consider the function f: X x Y — R defined by

1 ife=y

f(z,y) :{

0 otherwise

Then
/X (/Y flx,y) du(y)) du(z) = /X ldu(z) =1

(since v is the counting measure and since for each x € X there exists a
unique y € Y such that f(z,y) # 0 in which case f(z,y) = 1) whereas

/Y (/X f(z,y) du(@) dv(y) = /Y()dy(y) —0

(since f(x,y) = 0 for M-almost every = for each y € Y). Hence the final
conclusions of Fubini’s Theorem (Theorem and Tonelli’s Theorem
(Theorem do not hold in this setting.

To see why this does not contradict the theorems, notice Tonelli’s Theorem
does not apply since v is not o-finite on Y. To see why Fubini’s Theorem
does not apply, first notice that f = ya where

A={(z,x) | z€]0,1]}.
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We claim that
(1 % V)(A) = oo

which implies f ¢ L1(X x Y, u x v) so Fubini’s Theorem does not apply. To
see the claim recall that

(1 x v)(A) = inf {Z 1A )v(By)
n=1

ACJY | AnXBn, }

{ARIRL EMR) B} CP([0,1])

Assume {A4,}2°; € M(R) and {B,}>2; C P([0,1]) are arbitrary collections
such that A C [J;2; A, x By,. Then for each = € [0,1] we have

(a;,:c)EAQUAann

n=1

so there exists an n € N such that = € A,,NB,,. Therefore [0, 1] C Uy~ (4,N
B,,). Therefore, since

1= A(0,1)) € 3 A (A0 Ba),

n=1

it must be the case that there exists an ng € N such that \*(A4,, N By,) > 0.
This implies A(Ay,) > 0 and B,, is infinite. Hence A(Ay,)u(Bp,) = 0.
Therefore, since {4,,}°2, and {B,}5°; were arbitrary, the claim is complete.

Example 6.2.6. Let X =Y = [0,1] and let 4 = v = X on [0, 1]. By the
Well-Ordering Principle and by assuming the Continuum Hypothesis (i.e. so
the cardinality of [0, 1] is the first uncountable cardinal R;), there exists a
well-ordering < on [0, 1] such that {z € [0,1] | z < y} is countable for all
y € [0, 1] except for the one corresponding to N;.

Let Z = {(z,y) € [0,1]? | 2 < y} and let f = xz. Then

[ ([ san)) au = [ Aty 0.1 2 < ghyauta)
Z/deﬂ(w)zl

(since {y € [0,1] | =z < y} contains all but a countable number of elements
of [0, 1] for A-almost every x) whereas

([t du@) dvtw) = [ Ate e 0.1) | 2 = g) avty)
v \JXx Y
= / 0dv(y) =0
Y
(since {x € [0,1] | x < y} is countable for all but one y € [0,1]). Hence the
final conclusions of Fubini’s Theorem (Theorem [6.2.1)) and Tonelli’s Theorem
(Theorem [6.2.2)) do not hold in this setting.
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It turns out that Z is not a measurable set for A x A (and thus not two-
dimensional Lebesgue measurable by Example . Indeed suppose for the
sake of a contradiction that Z is measurable. Since A x A is a finite measure
on [0, 1] by Proposition [6.1.9) (A x A)(Z) < co and thus f = xz € L1(A x A).
Since A is complete, all the assumptions of Fubini’s Theorem then holds
thereby contradicting the above computations. Hence Z is not a measurable
set for A x A.

Thus this really isn’t an example of why the hypotheses of Fubini and
Tonelli’s Theorem must be satisfied, but another method of constructing a
set that is not measurable.

6.3 Proof of Tonelli’s and Fubini’s Theorem

In this section we will prove Fubini’s Theorem (Theorem and Tonelli’s
Theorem (Theorem . Since the proofs are long and complicated, we
will divided the proofs into several lemmata. The idea of the proof is to first
prove the results for the characteristic functions of specific sets, then the
characteristic functions of all sets. This gives that the results hold for all
simple function from which we will obtain the full results.

To reduce assumptions, we will assume throughout that we are working
on fixed complete measure spaces (X, A, 1) and (Y, B,v) and we establish
the following notation.

Notation 6.3.1. Given Z C X x Y,z € X, and y € Y, denote
Zy={weY | (z,w) € Z} and Zy={z€ X | (»,9) € Z}.

Similarly, given a function f : X XY - C,z € X,andy e Y,let f,: Y = C
and f, : X — C denote the functions such that

fo(w) = f(z,w) and  fy(2) = f(2,9)

for all z € X and w € Y. Finally, let

RU(AXB):{ZQXXY

Z is a countable union
of elements of R(AxB)

Ros(Ax B) = {2 C X x v | 235 fsnuntatie jereetion |
Note since R(A x B) C M(u x v) and since M(u X v) is a o-algebra that
R(AXxB) CAA X B) C Ry(Ax B) C Rys(Ax B) C M(puxv).
Lemma 6.3.2. If Z € R,5(A X B), then Z, is v-measurable for every x € X.

Proof. The proof will be divided into three cases of increasing generality.
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Case 1: Z € R(A x B). In this case, we may write Z = A x B for some
A€ A and B € B. Therefore, for each z € X,

0 ifzxgA
B ifze A’

r =

Since (), B are elements of B and thus v-measurable, Z, is v-measurable in
this case.

Case 2: Z € Ry(A x B). In this case, we may write Z = ;2 Ry, for
some collection {R,}>2; C R(A x B). Since

for each = € X, and since (R,), € B for all n € N and x € X by Case 1, we
see that Z, € B for all x € X and thus Z, is v-measurable in this case.

Case 3: Z € Ry5(A x B). In this case, we may write Z = ;2 Z, for
some collection {Z,,}22; C R,(A x B). Since

for each x € X, and since (Z,,), € B for all n € N and = € X by Case 2, we
see that Z, € B for all z € X and thus Z, is v-measurable. Since this is the
most general case, the proof is complete. ]

Lemma 6.3.3. Let Z € Rys be such that (p x v)(Z) < oo and define
g: X —[0,00] by g(x) =v(Zy) for all x € X. Then g is pu-measurable and

[ogdn=(uxv)2) = [ xzduxv)
X XxY

In particular v(Z,) < oo for u-almost every x € X.

Proof. First notice that g is well-defined since Z, is v-measurable for all
x € X by Lemma Furthermore, the equality

(nx)(2) = [ xzd(uxv)
XxY
is trivial.
The remainder of the proof will be divided into three cases of increasing
generality.
Case 1: Z € R(A x B). In this case, we may write Z = A x B for some
A e Aand B € B. Since

7 _ 0 ifxgA
" \B ifzeA
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for all z € X, we see that

9(x) = v(Zz) = v(B)xa(z)

for all x € X. Hence g is clearly u-measurable and

[ gdn=v(B) [ xadu=u(Aw(B) = (1 x1)(2)
X X

as desired.

Case 2: Z € Ry(A x B). In this case, we may write Z = U,~; R, for
some collection {R,}72; C R(A x B). Since 2(A x B) is an algebra con-
structed by taking all finite unions of elements of R(A x B), we notice
the proof of Lemma [6.1.2] implies that we may assume that the collection
{Rn}5°; C R(A X B) is pairwise disjoint. Hence {(R,),}32, C B is pairwise
disjoint for all x € X. Therefore

9(@) = U(Zs) = v (G <Rn>m> =S U(Ba))

n=1 n=1

for all x € X. Therefore, by Case 1, g is a countable sum of non-negative
p-measurable functions and hence is p-measurable by Proposition [2.1.22

Moreover, by Corollary
[ oan= [ i V(R)a) di(z)
_ nzl/ (z)
E:: ©X V)
(i x v ([’j Rn>

= (nxv)(2)
as desired.
Case 3: Z € Rgg(A X B). In this case, we may write Z = (,—, Z, for
some collection {Z,}22; € R,(A x B). Since (1 x v)(Z) < o0, the deﬁnition

of 1 x v implies there ex1sts a {Cn}o2, € A(A x B) such that Z C |J,~

and
o0

(1 x 1)(Z) < 3 (1 x v)(Cr) < .

n=1
Therefore, if Z) = 1 Cn, then Z) € Ry (A x B) and (1 x v)(Zp) < 0.
Moreover, since the 1ntersect10n of any two elements of R(A x B) is an
element of R(A x B) (i.e. (A1 x B1) N (A2 X By) = (A1 N Az) x (B1 N By)),
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since each element of R, (A x B) is a countable union of elements of R(A x B),
and since the countable union of countable sets is countable, we note that if

Z\ = 2Z,nZ

for all n € N, then {Z],}2° C R, (A X B), Z =20 Z), (ux v)(Z}) < o0,
and Z], C Z] _, for all n € N.

For each n € NU {0}, define g, : X — [0, 00] by gn(x) = v((Z),),) for all
x € X. Clearly each g, is y-measurable by Case 2. Moreover, Case 2 implies
that

0< [ v(Zp)a)duta) = [ gndn = (ux )(Zh) < 0

and thus v((Z));z) < oo for p-almost every z. In addition, notice that
Zy = o2y (Z]), for all © € X and, since Z), C Z/_, for all n € N, that
(Z1)e C (Z],_1) for all n € N and z € X. Therefore, we obtain by the
Monotone Convergence Theorem for Measures (Theorem that

n

limy g, (@) = lim v((Z)).) = v(Z:) = 9(a)

n—o0

for p-almost every x. Therefore, since p is complete, Corollary [2.1.28] implies
that g is p-measurable.
Next, since (Z)), C (Z], 1), for all n € N and z € X, we see that

n
gn(z) < go(z) for all z € X. However, since go is non-negative and p-

measurable, we see by Case 2 that

/ godp = (nx v)(Zy) < oo
X

and thus gy € L1(X, u). Therefore, by the Dominated Convergence Theorem
(Theorem [3.6.1]) and Case 2, we obtain that

n—oo

/gduz lim [ gpdp
X X

— 1im [ v((Z}).) dule)
X

n—oo
— 3 /
= lim (u x v)(Zy,).

However, since (u X v)(Z)) < oo, Z, C Z!,_, foralln € N, and Z = 72, Z/,,
we obtain by the Monotone Convergence Theorem for Measures (Theorem
1.1.23) that
— 3 / —
gdu=lim (i xv)(Z,) = (uxv)(Z)

as desired. Since this is the most general case, the proof is complete. ]

Note Lemma m proves the desired result (i.e. Fubini’s Theorem
(Theorem ) for all characteristic functions of elements of R,s. To
extend this to all characteristic functions, we will require the following two
lemmata.

©For use through and only available at pskoufra.info.yorku.ca.



6.3. PROOF OF TONELLI’S AND FUBINI'S THEOREM 197

Lemma 6.3.4. If Z € M(u x v) is such that (u X v)(Z) < oo, then there
exists an G € Rys(A x B) such that Z C G and (p x v)(G\ Z) = 0.

Proof. Fix ¢ > 0. By the definition of p x v there exists a collection
{Ch}52 CA(A x B) such that Z C |J;2; C), and

> (xv)(Cn) < (pxv)(Z) +e
n=1

Since each element of (A x B) is a finite union of elements of R(A x B),
since the countable union of countable sets is countable, and since u x v
is subadditive, there exists a collection {R,}52; C R(A x B) such that
Z C Uy Ry, and

Y (nxv)(Ra) < (uxv)(Z) +e
n=1

Let Ge =UpZ; Ry € Ry(A x B). Then clearly Z C G, and

o0

(ux v)(Z) < (uxv)(Ge) < Y (ux v)(Ra) < (ux v)(Z) +e.

n=1

Let G = (721 G1 € Rys(A x B). Clearly Z C G as Z C G for all
n € N. Moreover, clearly

(4 )(2) < (0 x (@) < (uxv) (Gs) < (ux v)(Z) +

for all n € N. Hence
(1 % ¥)(Z) = (1 x V)(G).
Therefore, since (1 X v)(Z) < oo and Z C G, we obtain that
(4 x V)(G\ Z) =0
as desired. m

Lemma 6.3.5. If Z € M(u x v) is such that (u x v)(Z) = 0, then Z, is
v-measurable with v(Zz) = 0 for p-almost every x € X.

Proof. By Lemma there exists an G € R,5(A x B) such that Z C G
and (u x v)(G\ Z) = 0. Hence (u x v)(G) = 0.

Recall from Lemmal6.3.3|that if we define g : X — [0, 00] by g(z) = v(Gy)
for all z € X, then g is y-measurable and

/ gdp = (pxv)(G)=0.
X
Therefore 0 = g(x) = v(G,) for p-almost every x € X. Since Z C G

so Z, C G, for all z € X and since v is complete, we obtain that Z, is
v-measurable with v(Z;) = 0 for u-almost every z € X. ]
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Lemma 6.3.6. If Z € M(u xv) is such that (ux v)(Z) < oo, then Fubini’s
Theorem (Theorem holds for the function f = xz.

Proof. Fix Z € M(u x v) such that (4 x v)(Z) < co. By Lemma there
exists an G € Ry5(A x B) such that Z C G and (u x v)(G\ Z) = 0.
Notice for all x € X that

Ly = (Gx) \ (G \ Z)x-

Since (1 x v)(G) = (u x v)(Z) < oo we know that G, is v-measurable for all
x € X by Lemma Moreover, since (u X v)(G \ Z) = 0, we know that
(G\ Z), is v-measurable for py-almost every x € X by Lemma m Hence

we obtain that Z, is v-measurable for p-almost every = € X. Moreover, by

Lemma [6.3.5]
v(Z:) = v(Ga) = v((G\ Z)z) = v(Ga).

for p-almost every x € X.
Let f = xz and notice that f, : Y — [0, 00] is defined by

fe(y) = flz,y) = xz(z,y) = xz,(y)-

Therefore, since Z, is v-measurable for p-almost every x € X, f, is v-
measurable for p-almost every x € X. Moreover

/ fadv = / Xz, v =v(Zy) = v(Gy)

% %

for p-almost every = € X. However, by Lemma [6.3.3]
[ v(Ga)duta) = (u x 1)(6) < o

so that v(G,) < oo for p-almost every z € X. Hence [y fodv < oo for
p-almost every x € X so f, € L1(Y,v) for u-almost every x € X as desired.
Next recall that ® : X — [0, 00| is defined by

B(z) = /Y fodv = v(Zy) = v(Gy)
for all x € X. Therefore, by Lemma [6.3.3] ® is y-measurable and
/ ®dp = / V(G du(z) = (1 x V)(G) < oo.
X X

Hence ® € Li(X, ) as desired.
Finally, by Lemma [6.3.3]

| ®di=(ux)(@) = (ux)(2) = [ xzd(uxv)
X X XY

as desired. The remainder of the proof of Fubini’s Theorem (Theorem [6.2.1))
in this case holds by symmetry (i.e. repeat Lemmata [6.3.2] [6.3.3] and [6.3.5
with y in place of z, and p and v interchanged). N
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Finally, we can complete the proof of Fubini’s Theorem (Theorem [6.2.1]).

Proof of Fubini’s Theorem (Theorem M) To begin, note Lemma m
implies Fubini’s Theorem holds for characteristic functions of finite (u x v)-
measure. Therefore, since simple functions are linear combinations of simple
functions, it is elementary to see that Fubini’s Theorem holds for simple
functions which vanish off a set of finite (x x v)-measure.

Next recall that every element of L;(u x v) is a linear combination of
four non-negative elements of Lj(u x v). Therefore, since it is elementary to
see that if Fubini’s Theorem holds for a finite set of functions then Fubini’s
Theorem holds for all linear combinations of those functions, we may assume
without loss of generality that f is non-negative.

Since f is non-negative, Theorem implies there exists a sequence
(¢n)n>1 of simple functions on (X x Y, u x v) such that ¢, < ¢, for
all n € N and (¢p,)n>1 converges to f pointwise. Hence the Monotone
Convergence Theorem (Theorem implies that

lim gpnd(,uxu):/ fd(pxv) < oo.
n=0 JX xY XxY

Moreover, since 0 < ¢,, < f, we see that ¢, € L1(X x Y, u x v). Therefore,
the proof of Theorem implies that each ¢,, vanishes off a set of finite
(1 x v)-measure and thus Fubini’s Theorem holds for each ¢,.

To see that f, is v-measurable for p-almost every x € X, notice by
construction that

lim (¢n)2(y) = lim on(@,y) = f(z,y) = fo(y)

n—oo

for all (z,y) € X x Y. Therefore, since v is complete and since y — (¢n)(y)
is v-measurable for p-almost every z € X, we obtain by Proposition [2.1.22]
that f, is v-measurable for p-almost every z € X. Furthermore since
©n < @p+1 implies that (¢,)2(y) < (@n+1)z(y), the Monotone Convergence
Theorem (Theorem implies that

@(m):/ fedv = lim [ (pn)zdv
Y n—oo Jy

for p-almost every x € X. Hence, since 6,, : X — [0, oco| defined by

On(a) = | (P

is p-measurable for every n, Proposition 2.1.22]implies that ® is p-measurable.
Moreover, since @, < ¢,+1 implies that 6,, < 6,1 for all n € N and since
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limy, 00 o () = ®(x) for p-almost every z € X, we again obtain that

/ ®dy = lim / 0, dp by the Monotone Convergence Theorem
X X

n—oo

= lim (/Y(son)x(y) dV(y)) dp(z)

n—oo Jx

= lim ond(p x v) as Fubini’s Theorem holds for ¢,

n—oo XxY

= / fd(p xv) by the Monotone Convergence Theorem.
XXY

Therefore, since [y, fd(p x v) < oo, we see that & € Li(X,pn). Since
® € Li(X, p) implies that ®(x) < oo for u-almost every z € X, we see that
[y fzdv < oo for p-almost every € X. Hence f, € L1(Y,v) for p-almost
every x € X as desired.

The proof is then completed by interchanging x and y and interchanging
p and v to obtain the results for f, and W. ]

Proof of Tonelli’s Theorem (Theorem . To begin, note that all simple
functions which vanish off a set of finite (u x v)-measure are non-negative
elements of Li(u x v) so Fubini’s Theorem (Theorem holds for them.
Hence it is elementary to see that Tonelli’s Theorem holds for simple functions
which vanish off a set of finite (@ X v)-measure.

Let f be as in Tonelli’s Theorem. Since f is non-negative, Theorem [2.2.4
implies there exists a sequence (¢,)n>1 of simple functions on (X X Y, u x v)
such that ¢, < ¢,y for all n € N and (¢p)n>1 converges to f pointwise.

Notice that if each ,, vanishes off a set of finite (i X v)-measure, then
the proof of Fubini’s Theorem (Theorem carries forward verbatim to
complete the proof. Hence it suffices to show we can take each ¢, to vanish
off a set of finite (u X v)-measure.

Since p and v are o-finite, u x v is o-finite by Proposition [6.1.9] Hence
Remark [I.1.21] implies there exists {Z,}52; C M(A x B) such that X xY =
Uney Zn and Z,, C Z,,4; for all n € N.

For each n € N let ¢, = ¢nXxz,. Then (,)n>1 is a sequence of simple
functions on X x Y each of which vanishes off a set of finite (1 X v)-measure
such that, by construction, ¢, < ¢4+ for all n € N and (¢,)n>1 converges
to f pointwise. Hence the proof of Fubini’s Theorem (Theorem carries
forward verbatim to complete the proof. ]
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Chapter 7

Riesz Representation
Theorems

In this final chapter, analyze various the Banach space structures of the
objects we have seen in this course. In particular, we desire to better
understand all L,-space even though we have mainly studied L; (X, p). One
reason why one might be interested in understanding L,-spaces is that the
p-norms are very natural norms and occur with regularity in analysis.

In order to better understand L,-spaces and the p-norms, we turn to
some ideas from functional analysis. By understanding the continuous linear
functionals on a Banach space, one can understand many structural properties
and behaviours of the Banach space. Thus in this chapter we will describe
the collection of bounded linear functionals on L,-spaces. This will lead to
an alternate yet highly useful description of the p-norms.

7.1 Dual Spaces

In this section, we will recall some necessary facts pertaining to continuous
linear functionals on Banach spaces. For some detailed proofs, we refer the
reader to Appendix [C] Recall that K denotes either R or C.

Definition 7.1.1. Let (X, - || ») be a normed linear space over K. A linear
functional on (X, || -|| ;) is a linear map T': X — K.

Remark 7.1.2. It is not difficult to see that a linear functional 7" on a
normed linear space (X, | -||) is continuous if and only if there exists an
M > 0 such that |T'(Z)| < M whenever £ € X and ||Z]|, < 1 (see Theorem
[C.3.24). In particular, if T is a continuous linear functional and we define

1T = sup{[T(D)] | € X, [[Z]y <1}

then ||T'|| < co and
I T(@)] < [T 2]

201
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for all ¥ ¢ X.

Definition 7.1.3. Let (X, | - || y) be a normed linear space over K. The dual
space of (X, || -] 5), denoted X*, is the set of all continuous linear functional
on (X, [| -] )-

Theorem 7.1.4. If (X,||-||y) s a normed linear space over K, then the
dual space X* is a Banach space with respect to the norm || -] : X* — [0, 00)
defined by

1T = sup{|T'(Z)| | ¥€ X, [|Z]], <1}
forall T € X*.

Proof. See Theorem [

Example 7.1.5. Let (X, d) be a compact metric space, let C(X,R) denote
continuous, real-valued functions on X', and let v be a finite signed measure
on the Borel subsets of X'. Recall that C(X,R) is a normed linear space with
respect to the norm || - || : C(X,R) — [0, 00) defined by

1/l = sup{[f(z)] | z € X}

for all f € C(X,R).
Define T': C(X,R) — R by

T(f):/)(fdu:/)(fdu—/xfdy_

for all f € C(X,R). To see that T is well-defined recall that v is finite so
vy and v_ are finite Borel measures on (X, d) by Lemma [5.4.6, Therefore,
since every continuous function on a compact metric space is bounded by the
Extreme Value Theorem and since bounded functions are integrable with
respect to any finite measure, T is well-defined. Furthermore, it is clear that
T is a linear functional.

We claim that 7" is continuous. To see this, notice for all f € C(X,R)
that

1= | [ fave = [ san-

< [ 1rldve+ [ 1s1dv-

S oo v (X) + 1 fllo v (X)
= [1F Nl 11l -

Therefore T is continuous with | 7] < ||v||.
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Example 7.1.6. Let (X, A, 1) be a o-finite measure space, let p,q € [1, o0]
be such that % + é =1, and let g € Ly(X, ). Define W, : L,(X, ) — C by

Y, (f) = /X fgdu

for all f € Ly(X,pn). To see that T is well-defined, notice since g € Ly (X, p1)
and %—i—% = 1that fg € L1(X,p) for all f € L,(X,pn) by Holder’s Inequality
(Theorems [3.7.8| and |3.7.22)). Hence V¥, is well-defined. Furthermore, clearly
U, is linear.

To see that ¥, is continuous, notice for all f € L,(X, ) that

w0l =| [ s9au] < [ 15gldie <171, o,

by Holder’s Inequality. Hence U, € L,(X, p)* with [|¥,[| < {|g]|,.
We claim that ||¥,]| = ||g[|,. To see this, we divide the discussion into
three cases.

Case 1: ¢ = 1. In this case p = co. Consider f : X — C defined by

9@l if g(x) #0
r) =sgn(g)(x) = () g
f(x) = sgn(g) (=) {19 it g(x) = 0

for all x € X. It is not difficult to see that f is measurable with |f(x)| =1
for all z € X and thus f € Loo(X, p) with [|f]|,, = 1. Therefore, since

‘I’g(f)z/xfgduz/xlglduzHng,

we see that [|[¥4|| > ||g||; and thus |[|[¥4]| = ||g||; as desired.

Case 2: 1 < g < co. In this case 1 < p < co. Let f = sgn(g)]g]%. Clearly
f is a well-defined measurable function since 1 < p,q < co. We claim that
f € Ly(X,p). To see this, notice

(L ‘pdﬁ‘); = (/, ’giqdu)’l’ — llgl < oo

g
since [sgn(g)| = 1 and g € Ly(X, ). Hence f € Ly(X, u) with | ], = llgllZ-
Therefore, since

1 1
—+-=1 = gJrlzq
P q P
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we see that

q
P
q

= llgllg llgll
= llgllg 1711, -

If f = 0 then clearly ¢ = 0 and the result follows. Otherwise if h = T le f
P

then h € Ly(X, p1), [|h]|, = 1, and the above computation implies that

Wy(h) =gl -
Therefore [|U,[| > [|g[, and thus [[¥4]| = ||g]|, as desired.

Case 3: ¢ = oco. In this case p = 1. Notice the previous cases did not
require p to be o-finite whereas we will need to use o-finiteness here. To
begin, since p is o-finite there exists a collection {X,}5°; C A such that
w(Xp) <ooforallmeN, X =2, X,, and X,, C X, for all n € N by
Remark [LT.2T]

Let € > 0 be arbitrary and let

Ac={z e X | [g(z)] > [lglloc — €}
Since g € Loo(X, 1), we know that u(A¢) > 0. For each n € N let B,, =
AcNX,. Then clearly Ac = U,~ By and B,, C B,y for all n € N. Therefore
w(Ae) = limy, o0 11(By,) by the Monotone Convergence Theorem for Measures

(Theorem [1.1.23). Moreover, since 0 < u(B,) < u(X,) < oo for all n € N,
there exists an N € N such that

0 < p(Bn) < o0.
Let [ = ﬁXBngn(g). Then f is clearly measurable with

1
Jontdn= s [ o du=1.

Therefore, since

U, (f) = /X fodu
1

= d

1
> —e€)d
> ey [ X (19l =€)
= llglleo — ¢
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as By C A, we obtain that | ¥y]| > [|g||,, —€. Hence, as € > 0 was arbitrary,
the result follows.

Remark 7.1.7. Notice as a direct corollary Example [7.1.6| that if (X, A, u)
is a o-finite measure space and p, g € [1, 00| are such that 5+ % =1, then

loll, =121l =sup{| [ Fodu|| 7 € Lo, 151, < 1}

for all g € Ly(X, ). This alternative way to compute the norm can be useful
on occasion.

7.2 The L,-Riesz Representation Theorem

In the previous section, we saw various continuous linear functionals on both
C(X,R) and L,(X, p). In this section, we will completely characterize the
continuous linear functionals on L, (X, i) (for p # oo) and thereby develop
a method for verifying a function is in L,(X, u). In particular, our main
goal is to prove the following which shows that L,(X, x) and Lq(X, ) are
‘dual’ to each other and serves as demonstrating that the continuous linear
functionals on L, (X, ) from Example are all the continuous linear
functionals there are.

Theorem 7.2.1 (Riesz Representation Theorem for L,-Spaces). Let
(X, A, 1) be a o-finite measure space, let 1 < p < oo, and let 1 < g < oo be
such that %—&—% =1. If U € L,(X, pn)* then there exists a unique g € Ly(X, 1)
such that

U(f) = /X fgdu

for all f € Ly(X,pn). Moreover ||¥[ = |gl,- In particular, Ly(X,pu)* =
Lq(X>,U)

First note that the norm estimates in the Riesz Representation Theorem
for L,-spaces (Theorem immediately follow for Example Thus it
suffices to prove given a continuous linear functional on L, (X, i) that there
is one and exactly one element of L, (X, p1) that, via Example[7.1.6] produces
the continuous linear functional.

To begin, we desire to reduce to the setting that our functions are real-
valued. Thus, let L,(X, u)r denote the real-valued p-integrable functions
and consider the following.

Lemma 7.2.2. Let (X, A, u) be a o-finite measure space, let 1 < p < oo,
and let U € L,(X,n)*. Then there exists continuous functions

P1,09  Lp(X, p)r — R
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such that 11 and 2 are (real-)linear and

U(f) = v1(Re(f)) + i1 (Im(f)) + ivp2(Re(f)) — 2(Im(f))
forall f € Ly(X,p).

Proof. Given a function f € L,(X, p), recall the complex conjugate of f,
denoted f, is an element of L,(X, u). Define 1,12 : Ly,(X, u)r — R by

1(f) =Re(¥(f))  and  ¢o(f) = Im(¥(f))

for all f € Ly(X,p)r. Since ¥ is complex linear and continuous, it is
elementary to see that ¥; and 9 are real linear and continuous. Moreover,
the equation

U(f) = v1(Re(f)) + i1 (Im(f)) + ivh2(Re(f)) — ¢2(Im(f))
for all f € L,(X, p) is then trivial to verify. n

Next we require a method for verifying that a function is in Ly (X, 1)
based on knowledge of its integral against elements of L,(X, ). This is
achieved via the following two lemma (one for p € (1,00) and one for p = 1).
Note this has significance outside the proof of the Riesz Representation
Theorem (Theorem as it enables us to deduce a function is in L, (X, p)
and obtain a bound on its norm based on integration.

Lemma 7.2.3. Let (X, A, 1) be a finite measure space, let 1 < p < oo, and
1 < g < oo be such that % + % =1, and let g € L1(X, p)r. If there exists an
M € R such that

‘/gwdu‘ < M |lell,

for all measurable functions ¢ : X — R of finite range, then g € Lqo(X, 1)
with [|g|l, < M.

Proof. Since |g|? is a measurable function, Theorem implies there exists
an increasing sequence (@5, )n>1 of simple functions that converges to |g|?
pointwise. For each n € N let

1

Uy = phsgn(g).

Since g is real-valued so sgn(g) obtains a finite number of values, it is
elementary to see that each 1, is a measurable function of finite range.
Moreover, notice for all n € N that

feal, = (/, wpdu)’l’ ([ e du)’lj
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and
1 1 1 1

0 < on = proh < @hlgl = pRsen(g)g = Yng.
Therefore, for all n € N

1
p

OS/(Pndﬂf/g@/)ndNSMHwan:M(/ Sondﬂ)
X X X

Since p is finite so all simple functions are integrable, we know that

/gondu<oo
X

for all n € N. Hence the above equation implies that

(o) = (o)

However, by the Monotone Convergence Theorem

1 1
q a . q
(felorae)” = (i, foonn) <
and thus g, < M. Hence g € Ly(X, j1) as desired. ]

Lemma 7.2.4. Let (X, A, u) be a finite measure space, and let g € L1 (X, p)g.
If there exists an M € R such that

‘/gwdu’ < M |l

for all measurable functions ¢ : X — R of finite range, then g € Loo(X, p)
with [lg]l., < M.

Proof. Let € > 0 be arbitrary. Consider the set
Ac={z e X | |g(x)| > M + €}.

Clearly A, is measurable. Hence

(M +u(A) < [ lgldn

= / sgn(g)x 4.9 du
X

< M ||sgn(g)xa.ll;
= Mu(Ae)

since sgn(g)x 4, is a measurable function of finite range (as g is real-valued).
Therefore epu(Ae) < 0 so p(Ae) = 0. Therefore, since € > 0 was arbitrary, we
obtain that g € Loo(X, ) with [|g||,, < M. ]
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Proof of the Riesz Representation Theorem for L,-Spaces (Theorem .
Recall from Example that if U, : L,(X, u) = C is defined by

Y, (f) = /X fgdu

for all f € Ly(X,p), then Wy € Ly(X, )" and [[¥,]| = [|g|,. Furthermore,
notice if g1, g2 € Lq(X, 1) are such that ¥, = ¥,,, then

0=‘1’gl(f)—\1’gz(f)=/ng1dﬂ—/xfgzdu=/Xf(gl—gz)duz‘I’gl—gQ(f)

forall f € Ly(X, pu). Therefore 0 = || Wy, _g,[| = [|g1 — 92|, s0 g1 = g2. Hence,
to complete the proof, it suffices to show that if ¥ € L,(X, 1t)* then there
exists a g € Ly(X, p) such that ¥ = ¥, (as the above produces the value of
the norm and uniqueness).

Fix U € L,(X, pn)*. Recall by Lemma that there exists continuous
real-linear functions 1,5 : L, (X, p)r — R such that

U(f) = P1(Re(f)) + i1 (Im(f)) +ivhe(Re(f)) — 2 (Im(f))

for all f € L,(X, p). If we demonstrate that there exists g1, g2 € Lq(X, p)r
such that

¢1Uw:=l[;hgldu and ¢200:=l[;hgzdu

for all h € Ly(X, u)r, then we obtain (using complex linearity) that

WWZAﬂmHMW

for all f € L,(X, ), which would complete the proof as g1 +ig2 € Lqy(X, p).
Therefore, it suffices to show that if ¢ : L,(X, u)r — R is continuous and
real-linear then there exists a g € Ly(X, )r such that

U(f) = /X fadu

for all f e Ly(X,p).

To see the above claim, we will divide the proof into two cases.

Case 1: p is finite. Since p is finite, x4 € Ly(X, p) for all A € A. Hence
define v : A — R by

v(A) = ¥(xa)

for all A € A. We claim that v is a finite signed measure that is absolutely
continuous with respect to p. To see this, first notice that

v(0) = ¥(xo) = ¥(0) =0
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as v is linear. Moreover, clearly v does not obtain the values oo by
definition.

To see that v is countably additive, let {A;}7°, C A be pairwise disjoint
and let A = Jp=; Ak. Since p is a finite measure,

w(A) = 3 u(A) < oo.
k=1

Hence -
Jim Z u(Ag) = 0.
k=n
Therefore
1
n o0 E
i = 3| = i (S utan) o
=n

k=1 »

Hence x4 = Y721 x4, as a sum of vectors in L,(X, ). Therefore, since )
is a continuous linear functional, we obtain that

v(A) =9(xa) = D vxa) = D v(A).
k=1 k=1

Thus v is countably additive. However, to show that v is a signed measure,
it is necessary to show that the sum converges absolutely.

For each n € N let ¢, = sgn(v(4,)) and let f,, = >} ckxa,. Then for
alln,m € Nwithn >m

n
1 fn = fiull, = ‘ > rxa,

k=m+1

B

n

= > u(Ap)

k=m-+1

(i M(Ak)> ~
k=m

IN

Therefore, since limy, 00 (O oe ,u(Ak))% =0, (fn)n>1 is Cauchy in L,(X, p).
Since L,(X, p) is complete by the Riesz-Fisher Theorem (Theorems [3.7.12

and [3.7.21)), there exists an f € L,(X,u) such that f = lim, o f, in
Ly(X, p). Therefore, since 1 is a continuous linear functional, we obtain that

n—0o0

Y(f) = lim $(fn) = lim > [v(Ay)].
k=1

©For use through and only available at pskoufra.info.yorku.ca.



210 CHAPTER 7. RIESZ REPRESENTATION THEOREMS

Therefore, since ¥(f) € R, we see that the sum converges absolutely.
To see that v is finite, notice since p is finite that for all A € A

()] = [0l < 10 Ixall, = 4] n(4) < oo.

Hence v is finite. Finally, to see that v is absolutely continuous with respect
to p, notice if A € A is such that pu(A) =0, then x4 = 0 as an element of
L,(X,p) and thus

v(A) =1(xa) =4(0) =0

as ¢ is linear. Hence v is a finite signed measure that is absolutely continuous
with respect to p.

By the Radon-Nikodym Theorem for signed measures (Corollary [5.5.8|)
there exists a real-valued function g € Ly (X, p) such that

¥(xa) = v(A) = /A gy = /X axady

for all A € A. Using the linearity of the integral and of v, we obtain for any
measurable function ¢ : X — R with finite range that

Y(p) = /X pgdp.

However, this implies that

[ eod| = ol < Wl

for all measurable functions ¢ : X — R with finite range. Hence Lemma

or Lemma implies that g € Ly(X, p)r.

Since

U(p) = / Py dp
X
for all simple functions in L,(X, i), we obtain by linearity that
v(p) = / ey dp
X

for all ¢ which are linear combinations of simple functions in L, (X, u).
Therefore Theorem |3.7.24| (along with continuity) implies that

Y(f) = /X fadu

for all f € L,(X, p) as desired.
Case 2: p is o-finite. By Remark [1.1.21] there exists {X,,}5°; C A such
that X = U2 Xp, pu(Xp) < oo for all n € N, and X,, C X,,41 for all n € N.
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For each n € N, let

and let p, = p]a,. It is elementary to verify that A, is a o-algebra on X,
and that p, is a measure on (X, A,). Notice if f € L,(X,, pn), we can
view f as an element of L,(X, i) by extending f to be zero on X. Hence,
for each n € N, we can define v, : L,(X,,, 1) — R by

Un(f) = o(f)

for all f € Ly(Xp,pn) € Lp(X, p). It is elementary to verify that i, is a
continuous linear functional on L, (X, tn,) with norm at most ||| as the
norms on Ly(Xp, un) and Ly(X, ) agree on elements of Ly (X, ).

Since (X, An, pin) is a finite measure space, the first case of this proof
implies there exists a unique function g, € Ly(Xp, ptn) such that

/ fgndﬂnzwn(f):d](f)
Xn

for all f € Lyp(Xy, ptn). Moreover HgnHLq(Xn,un) = [[¥nll < 1l
Extend each g, to be zero on X5. Hence g, € Ly(X, p) for all n € N,

= /X fandp

for all f € L,(X,,, n). Moreover, notice for all n € N and f € L,(Xy,, ptn) C
LP(Xn+1a fin+1) that

19011 2 (0 1) = lgnllg> a0

/fgn+1du VYnr1(f) /fgnd,u,

Therefore, due to the uniqueness of g,, we obtain that g,+1|x, = gn.
Define g : X — R by g(z) = gn(z) whenever x € X,,. Since gn+1|x, = n
and since X = U,2; Xp, g is well-defined up to a set of measure zero
and defines a measurable function (as it is the pointwise limit of (g, )n>1)-
If ¢ = oo then, since [|gnll,, < [[¢]| for all n € N, we easily see that
9]l o < lI¥]] < 00 and thus g € Loo (X, ). Otherwise, if ¢ # oo, notice that
as |gn| < |gn+1| for all n € N and as (g )n>1 converges to g pointwise almost
everywhere, the Monotone Convergence Theorem (Theorem implies

that ) )
([ 1ol an)" = tim ([ lant7dn)” < ] < .
X n—00 X

Hence g € Ly(X, p).
:/ fgdp
X

Finally, to see that
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for all f € L,(X,pn), let f € L,(X, ) be arbitrary and for each n € N let
o = FIP <SP

and (|fn — f|P)n>1 converges to zero almost everywhere. Therefore, since
|fIP € Li(X,pu), the Dominated Convergence Theorem (Theorem
implies that lim, 0 ||f — fnll » = 0. Since ¢ is continuous and since f,gn, =
fng for all n € N; we have that

U(f) = Jim ¥(f) = lim ¥u(f) = Jim [ fugudi= lim [ fugdn.

However, since (fng)n>1 converges pointwise to fg and since |f,g| < |fg| €
Ly (X, p) by Holder’s Inequality (Theorems and [3.7.8)), the Dominated
Convergence Theorem (Theorem [3.6.1]) implies that

¢(f) = lim / fngduz/ fgdp
as desired. m

To conclude this section, we formally show (using only the Riesz Repre-
sentation Theorem (Theorem [7.2.1))) that a function can be verified to be in
Ly(X, i) via only integrals against L,(X, p) functions.

Corollary 7.2.5. Let (X, A, n) be a o-finite measure space and let p,q €
[1,00] be such that %0 + % =1landq#1. If

sup { | [ fodn] | 1 € L. 171, < 1 < oc,

then g € Ly(X, p).

Proof. Define U : L, (X, u) — R by

U(f) = /X fgdu

for all f € L,(X, p). By the assumptions in the statement, we easily see that
U is a well-defined continuous linear functional on L, (X, ). Therefore, by the
Riesz Representation Theorem there exists an unique function h € Ly (X, p)
such that

w(f) = /X fhdy

for all f € Ly(X,p). In particular, for all f € L,(X, ) and A € A we see
that

/AfngZ/X(fXA)ngZ‘P(fXA)Z/X(fXA)hduz/Afhdu.
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Therefore, since p is o-finite, by the Radon-Nikodym Theorem (Theorem
we obtain that fg = fh for all f € L,(X, ).

Since p is o-finite, there exists {X,,}°2; C A such that X = ;2| Xy,
u(Xyp) < oo foralln e N, and {X,,}>2, are pairwise disjoint. Since u(X,) <
00, Xx, € Lp(X,n) for all n € N. Hence the above implies that

9xx, = hxx,

for all n € N. Therefore, since X = [J;2; X,,, we obtain that ¢ = h €
L,(X, p) as desired. []

7.3 Other Riesz Representation Theorems

To conclude our course, we mention there are several other versions of the
Riesz Representation Theorem we could analyze in the context of measure
theory. Here are two which describe the dual spaces of two very natural
collections of functions seen in this course.

Theorem 7.3.1 (Riesz Representation Theorem for L.). Let (X, A, u)
be a o-finite measure space. If U € Loo(X, u)r — R is a continuous linear
functional, then there exists a unique ‘bounded, finitely additive’ signed
measure v such that v is absolutely continuous with respect to p and

)= [ sav

for all f € Loo(X, ). Moreover ||¥| = |v|(X).

Theorem 7.3.2 (Riesz-Markov Theorem). Let X be a locally compact
Hausdorff space, let Co.(X) denote the continuous complex-valued functions
of compact support on X, and let ¥ : Co(X) — C be such that ¥(f) > 0
whenever f € C.(X) and f > 0. Then there exists a unique reqular measure
w on the Borel o-algebra associated to X such that pu(K) < oo for all compact
subsets K of X and

()= [ fan
for all f € Co(X).

Remark 7.3.3. It is not difficult to demonstrate that if X is a locally
compact Hausdorff space then every continuous linear functional on C.(X)
is a linear combination of four linear functional satisfying the hypotheses of

Theorem [7.3.2
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Appendix A

Review of the Riemann
Integral

In this appendix chapter, we will recall the construction and properties
of the Riemann integral presented in undergraduate analysis. The formal
definition of the Riemann integral is modelled on trying to approximate the
area under the graph of a function. The idea of approximating this area
is to divide up the interval one wants to integrate over into small bits and
approximate the area under the graph via rectangles. Thus we must make
such constructions formal. Once this is done, we must decide whether or not
these approximations are good approximations to the area. If they are, the
resulting limit will be the Riemann integral.

A.1 Partitions and Riemann Sums

In order to ‘divide up the interval into small bits’, we will use the following
notion.

Definition A.1.1. A partition of a closed interval [a, b] is a finite list of real
numbers {t}}_, such that

a=to<ti <ta<---<tp_1<t,=0

Eventually, we will want to ensure that |ty — tx_1| is small for all k in
order to obtain better and better approximations to the area under a graph.
To obtain a lower bound for the area under a graph, we can choose our
approximating rectangles to have the largest possible height while remaining
completely under the graph. This leads us to the following notion.

Definition A.1.2. Let P = {t;}}_, be a partition of [a,b] and let f :
[a,b] — R be bounded. The lower Riemann sum of f associated to P,
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denoted L(f,P), is

n

Z k(tk — th-1)

where, for all k € {1,...,n},

my = inf{f(x) | € [tr—1,tx]}

Example A.1.3. If f:[0,1] — R is defined by f(z) = z for all x € [0, 1]
and if P = {t;}}_, is a partition of [0,1], it is easy to see that

P) = ti1(ty —tp—1)
k=1

as f obtains its minimum on [tg_1,tg] at tx_q.
If it so happens that t, = % for all k € {0,1,...,n}, we see that

LGP =S k;l(ﬁ_k;l)

k=1

3

L)

ln

n—1
7j=1
Inmn-1) 1-1

n2 2 2

3‘;-;

where the fact that Z” 1J = ”(n_l) follows by an induction argument.

Clearly, as n tends to infinity, L(f, ) P) tends to 1 for this particular partitions,
which happens to be the area under the graph of f on [0,1].

Although lower Riemann sums accurately estimate the area under the
graph of the function in the previous example, perhaps we also need an upper
bound for the area under the graph. By choose our approximating rectangles
to have the smallest possible height while remaining completely above the
graph, we obtain the following notion.

Definition A.1.4. Let P = {t;}}_, be a partition of [a,b] and let f :
[a,b] — R be bounded. The upper Riemann sum of f associated to P,
denoted U(f,P), is

n

P)=> My(ty — ti—1)

where, for all k € {1,...,n},
My = sup{f(z) | = € [tp—1,ts]}.
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Example A.1.5. If f:[0,1] — R is defined by f(z) = z for all = € [0, 1]
and if P = {t;}7_, is a partition of [0,1], it is easy to see that

U(f,P)= zn:tk(tk —t-1)
k=1

as f obtains its maximum on [t;_1, ;] at tf.
If it so happens that t = % for all k € {0,1,...,n}, we see that

=k (E 5

n

>
Il
—_

e
Il
—

I Il
= TMs
e HL
oy

3[\)‘ —_
[\
\)

where the fact that > p_, k = w follows by an induction argument.
Clearly, as n tends to infinity, U(f, P) tends to % for this particular partitions,
which happens to be the area under the graph of f on [0, 1].

Although we have been able to approximate the area under the graph of
f(x) = x using upper and lower Riemann sums, how do we know whether
we can accurate do so for other functions? To analyze this question, we must
first decide whether we can compare the upper and lower Riemann sums of a
function. Clearly we have that L(f,P) < U(f,P) for any bounded function
f i [a,b] — R and any partition P of [a, b]. However, if Q is another partition
of [a, b], is it the case that L(f, Q) < U(f,P)? Of course our intuition using
‘areas under a graph’ says this should be so, but how do we prove it?

To answer the above question and provide some ‘sequence-like’ structure
to partitions, we define an ordering on the set of partitions.

Definition A.1.6. Let P and Q be partitions of [a,b]. It is said that Q is a
refinement of P, denoted P < Q, if P C Q; that is Q has all of the points
that P has, and possibly more.

It is not difficult to check that refinement defines a partial ordering

(Definition [B.1.4) on the set of all partitions of [a,b] (see Example |B.1.5)).

Furthermore, the following says that if Q is a refinement of P, then we
should have better upper and lower bounds for the area under the graph of
a function if we use Q instead of P.

Lemma A.1.7. Let P and Q be partitions of [a,b] and let f : [a,b] — R be
bounded. If Q is a refinement of P, then

L(f,P) < L(f,Q) <U(f,Q) <U(f,P).
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Proof. Note the inequality L(f, Q) < U(f, Q) is clear. Thus it remains only
to show that L(f,P) < L(f,Q) and U(f, Q) < U(f,P). Write P = {tr}}_,
where

a=ty<ti <ty <.+ <tp_1<t,=n

To show the desired inequalities, we will first show that adding a single point
to P does not decrease the lower Riemann sum and does not increase the
upper Riemann sum. As there are only a finite number of points one needs
to add to P to obtain Q, the proof will follow.

To implement the above strategy, assume Q = P U {t'} where t’ € [a, b]
is such that ¢, < t' < t4 for some g € {1,...,n}. Forallk € {1,...,n}, let

my = inf{f(z) | v € [tp—1,tk]} and My =sup{f(z) | € [tp—1,tx]}-

Therefore

n

n
Z tk—tk 1 and Z tk—tk 1

Moreover, if we define

ml, = f{f(2) | @ € [ty_1,¢]},
mll = mf{f(z) | @ € [t 1]},
M, = sup{f(z) | @ € [ty_1,t]}, and
MY = sup{f(2) | @ € [t 1]},

then we easily see that m, < mjg,my, that My, M) < M,, and that

L(f,Q): (t_tq l)+m t _t katk_tkl and
k#q
U(f,Q) = Mj(t' —tq_1) + M (ty—t') + Z M (s — ti—1).
k=1
k#q
Therefore

L(f,Q) — L(f,P) = my(t' —tq1) + mj(tg — t') — mqg(tq — tq—1)
> mq(tl —tg—1) +mg(ty — tl) - mq(tq —tg-1) =0

so L(f,P) < L(f, Q). Similarly

U(f7 ) (fa ) = (t — g 1) + MH( ,) - Mq(tq - tq—l)
< Mq(t - tqfl) + Mq( q— ) - Mq(tq - tqfl) =0

so U(f, Q) <U(f,P). Hence the result follows when Q =P U {t'}.
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To complete the proof, let Q be an arbitrary refinement of P. Hence we
can write @ = P U {t} }}*, for some {t; }}*; C (a,b). Thus, by adding a
single point at a time, we obtain that

L(f,P) < L(f, PU{ti}) < L(f,PU{t,t5}) < -+ < L(f, Q)
and

U(f,P) Z U(f,PU{tll}) 2 U(f,PU {tllvt/Z}) Z Z U(f, Q),
which completes the proof. n

In order to answer our question of whether L(f, Q) < U(f,P) for all
partitions P and Q, we can use Lemma provided we have a partition
that is a refinement of both P and Q: that is, there is a least upper bound
of P and Q.

Definition A.1.8. Given two partitions P and Q of [a,b], the common
refinement of P and Q is the partition P U Q of [a, b].

Remark A.1.9. Clearly, given two partitions P and Q, P U Q is a partition
that is a refinement of both P and Q. Consequently, if f : [a,b] — R is
bounded, then Lemma implies that

L(f,P) < L(f,PUQ) <U(f,PUQ) <U(f, Q).

Hence any lower bound for the area under a curve is smaller than any upper
bound for the area under a curve.

A.2 Definition of the Riemann Integral

In order to define the Riemann integral of a bounded function on a closed
interval, we desire that the upper and lower Riemann sums both better and
better approximate a single number. Using the above observations, we notice
that if f : [a,b] — R is bounded, then

sup{L(f,P) | P a partition of [a, b]}
<inf{U(f,P) | P a partition of [a, b]}.
Therefore, in order for there to be no reasonable discrepancy between our
approximations, we will like an equality in the above inequality, in which

case the value obtained should be the area under the graph. Unfortunately,
this is not always the case.

Example A.2.1. Let f:[0,1] — R be defined by

_J1 ifzeQ
f(x)_{o itz eR\Q
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for all x € [0,1]. Since each open interval always contains at least one element
from each of Q and R\ Q, we easily see that L(f,P) =0 and U(f,P) =1
for all partitions P of [0, 1]. Hence

sup{L(f,P) | P a partition of [0,1]}
# inf{U(f,P) | P a partition of [0, 1]}.

So what should be the area under the graph of this function?

Consequently we will just restrict our attention to the following type of
functions.

Definition A.2.2. Let f : [a,b] — R be bounded. It is said that f is
Riemann integrable on |a, b] if

sup{L(f,P) | P a partition of [a, b]}
= inf{U(f,P) | P a partition of [a, b]}.

If f is Riemann integrable on [a, b], the Riemann integral of f from a to b,
denoted ff f(z)dz, is defined to be
b
/ f(z)dz = sup{L(f,P) | P a partition of [a, b]}
= inf{U(f,P) | P a partition of [a,b]}.

Remark A.2.3. Notice that if f is Riemann integrable on [a, b], then

L(f,P) < /b " fe)de <U(S.P)

for every partition P of [a,b] by the definition of the Riemann integral.

Clearly the function f in Example is not Riemann integrable.
However, which types of function are Riemann integrable and how can we
compute the value of the integral? To illustrate the definition, we note the
following simple examples (note if the first example did not work out the
way it does, we clearly would not have a well-defined notion of area under a
graph using Riemann integrals).

Example A.2.4. Let ¢ € R and let f : [a,b] — R be defined by f(z) = ¢

for all « € [a,b]. If P = {tx}}_, is a partition of [a,b], we see that

L(f,P)=U(f,P) = Z c(ty —te—1) = Cztk_tk—l = c(tp—to) = c(b—a).
k=1 k=1

Hence f is Riemann integrable and | f f(z)dx = ¢(b—a). (Was there any
doubt?)
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Example A.2.5. Let f:[0,1] — R be defined by f(z) =z for all z € [0, 1].

For each n € N, note Example demonstrates the existence of a partition
1— 1

Pp such that L(f,P,) = —5*. Hence

1-1 1
sup{L(f,P) | P a partition of [a,b]} > limsup no_ -

n—o0 2 2

Similarly, for each n € N, Example demonstrates the existence of a

partition Q,, such that U(f, Q,) = 1—;5. Hence

1+1 1
inf{U(f,P) | P a partition of [a,b]} < linnl)ior.}f ; no— 3

Therefore, since
sup{L(f,P) | P a partition of [a, b]}
<inf{U(f,P) | P a partition of [a, b]},

the above computations show both the inf and sup must be % Hence f is
1
5.
Example A.2.6. Let f: [0,1] — R be defined by f(z) = 22 for all z € [0, 1].
We claim that f is Riemann integrable on [0, 1] and fol 2? dz = £. To see this,
let n € N and let P, = {t;}7_, be the partition of [0, 1] such that t; = £

n
for all n € N. Then, by an induction argument to compute the value of the

sums, L(fjp):zn:(k_l)z(k_k—l)

n? n n

Riemann integrable on [0, 1] and fol rdr =

1L (n—=1Dn)2n-1)+1) 2n°>-3n%24+n

n3 6 6n3

and

1
1 nn+1)(2n+1)  2n+43n’+n
n3 2 B 6n3 '
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2n3—3n24+1 _ 1. 2n34+3n2+41 1
6n3 = limy 00 6n3 -3

Hence, since lim,, , we see that

< sup{L(f,P) | P a partition of [a,b]}

Wl =

< inf{U(f,P) | P a partition of [a,b]} <

Wl

Hence the inequalities must be equalities so f is Riemann integrable on [0, 1]
by definition with fol 2?dr = %

Note in the previous two examples, the functions were demonstrated
to be Riemann integrable on [0, 1] via partitions P such that L(f,P) and
U(f,P) were as closes as one would like. Coincidence, I think not!

Theorem A.2.7. Let f : [a,b] — R be bounded. Then f is Riemann
integrable if and only if for every € > 0 there exists a partition P of [a, b]
such that

OSU(faP)_L(faP)<€

Proof. Note we must have that 0 < U(f, P) — L(f,P) for any partition P
by earlier discussions.

First assume that f is Riemann integrable. Hence, with I = | f f(z)dx,
we have by the definition of the integral that

I =sup{L(f,P) | P a partition of [a, b]}
= inf{U(f,P) | P a partition of [a, b]}.
Let € > 0 be arbitrary. By the definition of the supremum, there exists a
partition P; of [a,b] such that
€

I — 5 < L(f,Pl).

Similarly, by the definition of the infimum, there exists a partition Py of
[a, b] such that

U(f, Ps) <I+§.

Let P = P1 U Py which is a partition of [a,b]. Since P is a refinement of
both P; and P, we obtain that

by Lemma [A1.7 Hence

U(f,P) = L(f,P) < U(f,P2) = L(f,P1)

= (U P) =D+ (= L P)
<3t3-
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Therefore, since € > 0 was arbitrary, this direction of the proof is complete.
For the other direction, assume for every € > 0 there exists a partition P
of [a,b] such that
0<U(f,P)— L(f,P) <e.
In particular, for each n € N there exists a partition P, of [a, b] such that

0= U(fPa) = LU Pa) <

Let
L =sup{L(f,P) | P a partition of [a,b]} and
U =inf{U(f,P) | P a partition of [a, b]}.
Then L,U € R are such that L < U. Moreover, for each n € N

0<U~L<UP~ L P) <

Therefore it follows that U = L. Hence f is Riemann integrable on [a, b] by
definition. m

Remark A.2.8. Using Theorem there is an easier method for ap-

proximating the Riemann integral of a Riemann integrable function. Indeed

suppose P = {t}}_, is a partition of [a,b] with
a=ty<t1 <ty < - <th_1<t,=0b

and let f : [a,b] — R be bounded. For each k, let xj € [ty_1,tx] and let

RULP {endly) = 3 Flan)(th — tir).

k=1
The sum R(f,P,{xr}}_,) is called a Riemann sum.
Clearly

by definitions. Hence, if f is Riemann integrable, we obtain via Theorem
that for any € > 0 there exists a partition P’ of [a, b] such that

L(f,P') < /b " f@)de <U(F.P) < L(FPY +e
and thus ,
/a @) dz — R(F, P {an i y)| < e

for any choice of {z}}}_;. Consequently, if one knows that f is Riemann
integrable, one may approximate |, f f(z) dz using Riemann sums oppose to
lower /upper Riemann sums. This is occasionally useful as convenient choices
of {z,}}_, may make computing the sum much easier.

Of course, our next question is, “Which types of functions are Riemann
integrable?”
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A.3 Some Integrable Functions

If the theory of Riemann integration will be of use to us, we must have a
wide variety of functions that are Riemann integrable. It is easy to show
some functions are Riemann integrable.

Proposition A.3.1. If f : [a,b] — R is monotonic and bounded, then f is
Riemann integrable on [a,b].

Proof. Assume f : [a,b] — R is monotone and bounded. In addition, we will
assume that f is non-decreasing as the proof when f is non-increasing is
similar.

Let € > 0. Since

there exists an N € N such that
1
0< (b= a) () — fla)) <
Let Py = {tx}_, be the partition such that

tr=a+ —=(b—a)

2| =

for all k € {0,...,N}. Notice ty —ty_1 = 1(b—a) for all k (and thus we call

n
P the uniform partition of [a,b] into N intervals). Since f is non-decreasing,

if for all k € {1,...,N}

my = inf{f(z) | = € [tx_1,tx]} and My =sup{f(z) | = € [tp—_1,tk]|},

then
mig = f(tk—1)  and My = f(ty).

Hence

N N

= Z My (tg — tp—1) — Z my(tk — tr—1)
k=1 k=1

= kzz:lf(tk)ﬁ(b —a)— kz::lf(tk—l)ﬁ(b —a)

— F{tn) 3 (0~ @) = Flto) (b~ )

(b—a)(f(b) = f(a)) <e.

Therefore, since € > 0 was arbitrary, Theorem[A.2.7implies that f is Riemann
integrable on [a, b]. N
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Of course, if continuous functions were not Riemann integrable, Riemann
integration would be worthless to us. The fact that continuous functions on
closed intervals are uniformly continuous is vital int he following proof.

Theorem A.3.2. If f : [a,b] — R is continuous, then f is Riemann
integrable on [a,b].

Proof. Assume f : [a,b] — R is continuous. Therefore f is bounded by
the Extreme Value Theorem. Hence it makes sense to discuss whether f is
Riemann integrable.

In order to invoke Theorem to show that f is Riemann integrable,
let € > 0 be arbitrary. Since f : [a,b] — R is continuous, f is uniformly
continuous on [a,b]. Hence there exists a § > 0 such that if 2,y € [a,b] and
[z —y| < then |f(z) — f(y)| < 555

Choose n € N such that 1 < §. Let P be the uniform partition of [a, b]
into n intervals; that is, let P = {t;}}'_, be the partition such that

k
tr = —(b—
k CH'n( a)
for all k € {0,...,n}. For all k € {0,...,n}, let

my = inf{f(x) | € [ty—1,tk]} and My =sup{f(z) | € [tp—1,tk]}-

Since |ty — ty—1| = = < § so [z —y| < & for all z,y € [ty_1, 1], it must
be the case that My —my, = |My —my| < 3 forall k € {1,...,n}. Hence

0<U(f,P)-L My, —my) (te — te—1)

(te — tr—1)

g
i

= pb-a) =

Thus, since € > 0 was arbitrary, f is Riemann integrable on [a, b] by Theorem

n

Of course, not all functions we desire to integrate are continuous. How-
ever, many functions one sees and deals with in real-world applications are
continuous at almost every point. In particular, the following shows that if
our functions are piecewise continuous, then they are Riemann integrable.

Corollary A.3.3. If f : [a,b] = R is continuous on [a,b] except at a finite

number of points and f is bounded on [a,b], then f is Riemann integrable on
[a,0].
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Proof. Assume f : [a,b] — R is continuous except at a finite number of
points and f([a,b]) is bounded. Let {a;}}_, contain all of the points for
which f is not continuous at and be such that

a=ap<a <ay<---<ag=>h

The idea of the proof is to construct a partition such that each interval of the
partition contains at most one ay, and if an interval of the partition contains
an ay, then its length is really small.

Let € > 0 be arbitrary. Since f([a,b]) is bounded, there exists a K > 0
such that |f(z)] < K for all z € [a,b]. Therefore, if

L =sup{f(z) — f(y) | z,y € [a, ]},

then 0 < L < 2K < o0.

Let
0= < >0
20+ 1)(L+1) ~
By taking a and b together with endpoints of intervals centred at each aj of

radius less than 3, there exists a partition P’ = {tk}iq;)l with

a:to<t1<t2<-~-<t2q+1:b

such that tory1 — top < d for all k € {0,...,q} and top < ag < tops for all
ke{l,...,q—1}. Forall k € {1,...,2¢ + 1}, let

my = inf{f(z) | = € [ty—1,tx]} and My =sup{f(z) | x € [tp-1,tk|}

Thus My, —my < L for all k € {1,...,2¢ + 1}.

Since f is continuous on [tox_1,tor] for all k € {1,...,q}, f is Riemann
integrable on [tog_1, tox] by Theorem Hence, by the definition of
Riemann integration, there exist partitions Py of [tog_1, tor] such that

0 < U(f,Pr) — L(f, Py) < %

Let P =P'U (Uj_; Pi). Then P is a partition of [a,b] such that

q q

= > (U(f,Pr) = L(f, Pr)) + Y _ (Mapy1 — mops1)(tars1 — tor)-
k=1 k=0

(that is, on each [tox_1, tox] the partition behaves like Py and thus so do the
sums, and the parts of the partition remaining are of the form [tox, tox1]
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each of which contains at most one a;). Hence

q € q
<> =+ > L6
24 (=

k=1

IN
N AN ™

(g+1)Lé

M

+
€
+ + - =€

WDl T S22

Thus, as € > 0 was arbitrary, f is Riemann integrable on [a,b] by Theorem

n

Using the similar ideas to those used to prove Corollary [A:3.3] it is
possible to show that some truly bizarre functions are Riemann integrable.

Example A.3.4. Let f:[0,1] — R defined by

if z is irrational
ifxz=0

fz) = :
if z = ¢ where a € Z\ {0}, b € N, and gcd(a,b) =1

= = O

Clearly f is bounded.

We claim that f is Riemann integrable on [0, 1]. To see this, let € > 0 be
arbitrary. Choose N € N such that % < 5.

By the definition of f, let {a}{_, be the finite set of z € [0, 1] such that
f(z) < % and

O=ay<ar<ay<---<ag=1
Let
€

§=—">0.
2(q+1)

By taking 0 and 1 together with endpoints of intervals centred at each ay of
radius less than %, there exists a partition P = {tk}ifgl with

O=tg <ty <to < - <tygy1 =1

such that topy1 — tor < d for all k € {0,...,q} and tor < ap < tor1 for all
ke{l,...,q—1}.
For all k € {1,...,2¢ + 1}, let

my = inf{f(z) | © € [ty—1,tx]} and My =sup{f(z) | € [tp—1,tk]}-

Since 0 < f(z) < 1 for all z € [0, 1], we see that M} — my < 1 for all
ke{l,...,2q+1}. Moreover, since to, < ap < tor11 forallk € {1,...,¢—1},

we have that 1
€
i < — — —
My, — moy, < N 0< 5
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for all k € {1,...,q}. Therefore

q q

> (Mo — mog)(tae — tok—1) + Y (Mot — maks1) (b1 — tor)
k=0

B
Il
—_

q
(tor — tor—1) + »_ 10
k=0

IN
— N ’—‘MQ
1 e

e
I

IN

(tor — tor— 1)+(CJ+1)5

IN
NN DN ™

—~

—0)+(¢g+ 1)

L
20q+1) ~ 2 2
Thus, as € > 0 was arbitrary, f is Riemann integrable on [0, 1] by Theorem
A.2.7

<-+(g+1) =e

A.4 Properties of the Riemann Integral

Now that we know several functions are Riemann integrable, we desire to
derive the basic properties of the Riemann integral just as we did for limits
of sequences and functions. We begin with the following that enables us to
divide up a closed interval into a finite number of closed subintervals when
considering Riemann integration.

Proposition A.4.1. Let f : [a,b] — R be bounded and let ¢ € (a,b). Then
f is Riemann integrable on [a,b] if and only if f is Riemann integrable on
[a,c] and [c,b]. Moreover, when f is Riemann integrable on |a,b], we have

that X . b
/a f(x)d:c:/a f(x) da:—i—/c () do

Proof. To begin, assume that f is Riemann integrable on [a,b]. To see that
f is Riemann integrable on [a, ¢] and [c, b], let € > 0 be arbitrary. Since f
is Riemann integrable on [a, b], Theorem implies that there exists a
partition P of [a,b] such that
L(f,P) <U(f,P) < L(f,P) + e
Therefore, if Py = P U {c}, then Py is a partition of [a,b] containing ¢ that
is a refinement of P. Therefore, by Remark [A.2.3] and Lemma [A1.7]
HE P S UG
U(f,P)
< L(,P)+
< L(f,Po) + €.
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Let
P1="PoN]a,c and Py =PyN]c,b.

Then P; is a partition of [a,c] and P is a partition of [¢, b]. Furthermore,
due to the nature of these partitions and the definitions of the upper and
lower Riemann sums, we easily see that

L(f,Po) = L(f,P1) + L(f,P2)  and  U(f,Po) = U(f,P1) + U(f, Pa).

Hence

0<(U(f,P1)—L(f,P1))+(U(f, P2) = L(f,P2)) =U(f,Po) — L(f,Po) < ¢

Therefore, since 0 < U(f,P1) — L(f,P1) and 0 < U(f, P2) — L(f, P2), it must
be the case that

OSU(f7P1)_L(f7P1)§E and OSU(f7P2)_L(f7P2)§€

Hence f is integrable on both [a, ] and [, b] by Theorem

To prove the converse and demonstrate the desired integral equation,
assume that f is Riemann integrable on [a,c| and [c,b]. To see that f is
Riemann integrable on [a,b], let € > 0 be arbitrary. Since f is Riemann
integrable on [a, c] and [c, b], Remark together with Theorem
imply that there exists partitions P; and P of [a, c] and [c, b] respectively
such that

and

(P < [ @) de <UGPY < DU + 5

Let P = P; U P,. It is elementary to see that P is a partition of [a, b].
Moreover, due to the nature of these partitions and the definitions of the
upper and lower Riemann sums, we easily see that

L(f;P) = L(f;P1) + L(f,P2)  and  U(f,P) =U(f,P1) + U(f, P2).

Hence

U(f,P)—L(f,P)

( (fsP1) +U(f, P2)) + (L(f, P1) + L(f, P2))
= (U(f,P1) = L(f,P1)) + (U(f, P2) — L(f, P2))
<3+3

2
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Therefore, since € > 0 was arbitrary, f is Riemann integrable on [a,b] by
Theorem [A.2.7 Moreover, we have for all € > 0 that

[ s@ydet [ s de < 150+ 1P

/f ) da
<U(f,P)

—U(f,P1)+U faPQ)

/f d:c+/f )dx + €.
az)dm—f—/cbf(x)d:c—/abf(az)dx

Therefore, since € > 0 was arbitrary, we obtain that

/abf(x)da::/acf(x)dx—i—/cbf(x)da:

as desired. n

Hence

< €.

Of course, integrals behave well with respect to many of the same arith-
metic properties that limits satisfy as the following result shows. Unfortu-
nately, notice that multiplication is absent from this result.

Proposition A.4.2. Let f,g: [a,b] = R be Riemann integrable functions
on [a,b]. The following are true:

a) If « € R, then aof is Riemann integrable on [a,b] and

[en@ir=a [ i@

b) f+ g is Riemann integrable on [a,b] and

[ ro@ar= [ s [ g a

c) If f(x) < g(x) for all x € [a,b], then

/abf(x)dx < /abg(x)d:):

d) If m < f(x) < M for all x € [a,b], then
m(b—a) < /bf(x) dr < M(b—a).
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Proof. a) Assume f : [a,b] — R is a Riemann integrable function and « € R.
To see that af is Riemann integrable, consider an arbitrary partition P of
[a, b].
Notice if @ > 0 then sup(aAd) = asup(A) and inf(ad) = ainf(A) for all
subsets A C R. Therefore, if a > 0, we have that
L(af,P) = aL(f,P) and Ulaf,P)=aU(f,P)

Furthermore, since if A is a bounded subset of R then inf(—A) = —sup(A),
it follows that if oo < 0 then

L(af,P)=aU(f,P) and U(af,P)=aL(f,P)

Since f is Riemann integrable on [a, b], we obtain by the definition of the
Riemann integral that

b
/ f(x)dx =sup{L(f,P) | P a partition of [a,b]}
= inf{U(f,P) | P a partition of [a, b]}.
Therefore, the previous above computations we obtain that
b
a/ f(z) dx = sup{L(af,P) | P a partition of [a, b}
= inf{U(af,P) | P a partition of [a,b]}.

Hence af is Riemann integrable on [a, b] with

/ab(af)(x) dr = oz/abf(ac) dx.

b) Let f,g : [a,b] — R be Riemann integrable. To begin the proof,
consider an arbitrary partition P of [a, b]. Since

sup{f(z)+g(z) | € [c,d]} <sup{f(z) | = € [c,d]}+sup{g(z) | € [c,d]}
and
inf{f(z) + g(z) | = € [e,d]} > inf{f(z) | = € [¢,d]} +inf{g(x) | = € [c,d]}
for all ¢,d € [a, b] with ¢ < d, we obtain that

L(f,P)+ L(g9,P) < L(f +9,P) <U(f+9,P) <U(f,P) + U(g,P)

by the definition of the Riemann sums.
To prove that f + g is Riemann integrable and obtain the desired integral
equation, let € > 0 be arbitrary. Since f is Riemann integrable on [a, b],
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Remark[A.2.3|together with Theorem[A.2.7)imply that there exists a partition
Py of [a,b] such that

b

LFP) < [ f@)de SUGLPY < LULP) +5.

Similarly, since ¢ is Riemann integrable on [a, b], Remark together with
Theorem imply that there exists a partition Py of [a, b] such that

b
L(g,P2) < / g(x)dx < U(g,P2) < L(g,P2) + %

Let P = P; UP;y. Then P is a partition of [a,b] that is a refinement of both
Py and P,. Therefore, Remark [A-2:3] together with Lemma [A71.7) imply that

b
meslfmmsvmm
<U(f,P1)
< L(f,P1)
SL(f,P)+§

and similarly

L. P) < [ ole)de < U9, P) < Lo, P) + 5.

a

Hence, since we know that
L(f.P)+ L(g,P) < L(f +9,P) SU(f +9.P) SU(f,P) + Ul(g, P)

we obtain that

L(f,P) + L(g,P) < L(f +9,P) <U(f + 9, P) < L(f,P) + L(g, P) + e.

Hence 0 < U(f +g,P) — L(f + g,P) < e. Therefore, since € was arbitrary,
Theorem implies that f + ¢ is Riemann integrable on [a, b]. Moreover,
by repeating the above now knowing that f + ¢g is Riemann integrable on
[a, b], we obtain that for all € > 0 there exists a partition P such that

b b
(Af@ﬂx+Lg@ﬁm—e§Lﬁjﬂ+M%P)
<L(f+g,7P)

[+

<U(f+g,P)
<U(f,P)+Ul(g,P)

g/abf(:n)d:c+/abg(a:)d:z+e.
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Hence

<e.

/abf(ir)d:n+/abg(33)dx—/Clb(f+g)(x)dx

Therefore, as € > 0 was arbitrary, we obtain that

[Uro@ar= [ 1w [ o)

as desired.

c) Let f,g : [a,b] = R be Riemann integrable and assume f(z) < g(z)
for all x € [a,b]. To see the desired result, let € > 0 be arbitrary. Remark
[A-2.3] together with Theorem [A-2.7) imply that there exists a partition P of
[a, b] such that

DUP) < [ @) de <UGP) < L0 P) e
However, since f(z) < g(z) for all = € [a,b], we know that
inf{f(z) | z € [¢,d]} < inf{g(z) | = € [¢,d]}

for all ¢,d € [a, b] with ¢ < d. Therefore L(f,P) < L(g, P). Hence
b b
| f@)do — e < L(5.P) < Lig. P) < [ gl do.
Hence, for all € > 0, we have that
b b
/ f(z)dx < / g(x)dzr + €.

Therefore, we have (“by sending € to 0”) that

/abf(:c)dx < /abg(a:)dx

as desired.
d) By part ¢) and Example we have that

b b b
m(b—a):/md:vg/f(a:)dxg/MdaJ:M(b—a)
as desired. m

Remark A.4.3. Note that Proposition does not produce a formula for
the Riemann integral of the product of Riemann integrable functions. Indeed
it is almost always the case that f;(fg)(x) dx # (ff f(x) dac) (f;’g(:c) d:c).
For example, using Examples [A.2.5| and [A.2.6] we see that

1 1 1 2 1
/ 22dr = = whereas ( / T d:):) = —.
0 3 0 4
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In lieu of the above remark, it is still possible to show that if f and g
are Riemann integrable on [a,b], then fg is Riemann integrable on [a, b]. To
begin this proof, we first must deal with the case that f = g.

Lemma A.4.4. Let f : [a,b] — R be a Riemann integrable function on [a,b].
The function f? : [a,b] — R defined by f?(x) = (f(x))? for all x € [a,b] is
Riemann integrable on [a,b].

Proof. Since f is bounded by the definition of Riemann integrable,

K =sup{|f(z)| | = € [a,b]} < 0.

To see that f? is Riemann integrable, let € > 0 be arbitrary. Since f
is Riemann integrable on [a, b], Theorem implies that there exists a
partition P of [a, b] such that

1

< — L ————¢€.
Write P = {t; }}_, where

a=ty <t <ty < - <th_1<t,=0.

For each k € {1,...,n} let

mi(f) =inf{f(z) | z € [tp—1, ]},

My(f) = sup{f(2) | = € [tk—1,tx]},
my(f%) = inf{(f(z))? | = € [tp_1,tx]}, and
My (f?) = sup{(f(2))? | = € [te—1,ta]}-

Notice for all x,y € [a, b] we have that

|(f(@))? = (FW))?| = |f (=) + FW)IIf(x) = f(y)l
< ([f @)+ [f@DIf(x) = f(y)]
< (K + K)|f(z) = f(y)| = 2K[f(x) = f(y)].

Hence we obtain that

My(f?) — my(f?) < 2K (My(f) — mi(f))

for all k € {1,...,n}. Therefore

1
<U(f*P)— L(f*P) <2K - L <2K :
0 U(fP) = L P) S 2K(U(f.P) = LS, P)) < 2K g e < e
Hence f? is Riemann integrable by Proposition ]
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Using the above and a clever decomposition of functions, we obtain the
product of Riemann integrable functions is Riemann integrable.

Proposition A.4.5. Let f,g : [a,b] = R be Riemann integrable functions
on la,b]. Then fg: [a,b] — R is Riemann integrable on [a,b].

Proof. Since

F)g(@) = 5 ((F) + 9@)?  f(&)? — o))

and since f + g, f2, g%, and (f + ¢g)? are Riemann integrable by Proposition
and Lemma it follows by Proposition that fg is Riemann

integrable. ]

To complete our section on the properties of the Riemann integral, we
have one more useful result. The main reason why this result is useful in
analysis is that it plays the same role for integrals as the triangle inequality
plays for sums.

Proposition A.4.6. Let f : [a,b] — R a Riemann integrable function on
[a,b]. Then the function |f] : [a,b] — R defined by |f|(z) = |f(x)| for all
x € [a,b] is Riemann integrable on [a,b] and

< [r@)a.

Proof. Let € > 0 be arbitrary. By Theorem [A.2.7] there exists a partition P
of [a, b] such that

x)dx

Write P = {t;}}_, where

a=th<ti <to<---<tp_1<t,=0

For each k € {1,...,n} let

my(f) = inf{f(2) | = € [tp—1,tx]},

My(f) =sup{f(z) | = € [tp—1,tx]},
mi(|f]) = nf{[f(2)[ | © € [ty—1, L]}, and
M (|f1) = sup{[f(2)| | ® € [tr—1, Lk}

We claim that
M (1) = ma(If]) < Me(f) — me(f)

for all k € {1,...,n}. Indeed notice if x,y € [ty_1, tx] are such that:
« f(x), f(y) =2 0, then
[f@)| =)l = (@) = fly) < Mi(f) — ma(f).
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« f(x) 20> f(y), then

F@ =Wl < f(2) = fy) < Mp(f) = ma(f)-

e f(y)>0> f(z), then
[F@) = 1f Wl < fly) = f(2) < Mp(f) = mi(f).

o f(z), f(y) <0, then

[f (@) = [f )] = fy) = f(2) < Mi(f) = ma(f)-

By considering the supreme of the above equations over x followed by the
infimum of the above equations over y, we obtain that

Mi(1F1) = ma(1f]) < Mi(f) = mi(f)-

Hence

Il
NE

U(lf1,P) = L{f1,P) (M ([f1) = me([FD) (= te—1)

=
Il
—

IA
M=

(Mp(f) = mu(f))(tr — th—1)

I
ST

(f,P)— L(f,P) <e.

Therefore, since € > 0 was arbitrary, |f| is Riemann integrable on [a, b] by

Theorem [A2.7]
Since |f| is Riemann integrable, Proposition implies that —|f] is

Riemann integrable. Moreover, since

—|f(@) < f(z) < [f(2)]
for all z € [a, b], Proposition also implies that

[l [ s@ar< [ 1)

Hence

[ s@ar| < [ 1s)an

which completes the proof. n
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Appendix B

Cardinality

One important question in analysis is, “Given a set, how large is it?” One
idea to solve this problem would be to ‘count’ the number of elements. For
finite sets, this enables us to determine whether two sets have the same
number of elements or whether one set has more elements than the other.
The problem is, “How do we count the number of elements in an infinite
set?”

B.1 Equivalence Relations and Partial Orders

In order to determine when two sets have the same size and when one set
is larger than another, we need generalize the notions of equality and of
ordering. Both of these notions are a type of relation:

Definition B.1.1. Given two non-empty sets X and Y, a relation between
X and Y is a subset of the product X x Y. Given a relation R, we write
xRy if (x,y) € R. In the case that Y = X, we call R a relation on X.

Using a specific type of relation, we can generalize the notion of equality.

Definition B.1.2. Let X be a set. A relation ~ on the elements of X is
said to be an equivalence relation if:

1. (reflexive) x ~ x for all x € X,
2. (symmetric) if z,y € X and = ~ y, then y ~ z, and
3. (transitive) if x,y,2z € X, x ~ gy, and y ~ z, then = ~ z.

Given an x € X, the set {a € X | a ~ z} is called the equivalence class of x
and is denoted [x].

Notice that [z] N [y] # 0 if and only if  ~ y. Thus by taking an index
set consisting of one element from each equivalence class, the set X can be
written as the disjoint union of its equivalence classes.
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Example B.1.3. Let V be a vector space and let W be a subspace of V. It
is elementary to check that if we define Z ~ ¥ if and only if Z—¢ € W, then ~
is an equivalence relation on V. Note that the equivalence classes of V' then
become a vector space, denoted V/W, with the operations [Z] + [y] = [Z + 9]
and «afZ] = [aZ]. Note the necessity of checking that these operations are
well-defined; that is, for addition to make sense, one must show that if
Z1 ~ T2 and g1 ~ 3> then Z1 + 1 ~ T2 + 1.

Similarity, specific types of relations produce orderings on elements of a
set.

Definition B.1.4. Let X be a set. A relation < on the elements of X is
called a partial ordering if:

1. (reflexivity) a < a for all a € X,

2. (antisymmetry) if a,b € X, a < b, and b < a, then a = b, and

3. (transitivity) if a,b,c € X are such that « < b and b < ¢, then a < c.
Clearly < is a partial ordering on R. Here is another example:

Example B.1.5. Given a set X, the relation < on P(X) defined by
Z <Y if and only if ZCY
is an equivalence relation on P(X).

The partial ordering in the previous example is not as nice as our ordering
on R. To see this, consider the sets Z = {1} and Y = {2}. Then Z A Y
and Y A Z; that is, we cannot use the partial ordering to compare Y and
Z. However, if z,y € R, then either z < y or y < z. Consequently, a partial
ordering is nicer if it has the following property:

Definition B.1.6. Let X be a set. A partial ordering < on X is called a
total ordering if for all z,y € X, either x <y or y < x (or both).

B.2 Definition of Cardinality

Let us return to the question of how to count the number of elements in a set
and try to determine reasonable equivalence relations and partial orderings
to compare the size of sets. One way to compare the number of elements
in a set is to use functions. For example, one way to see that {1,2,3} and
{5,m,42} have the same number of elements is that we can pair up the
elements via {(1,5), (3,7), (2,42)} for example. However, we can see that
{1,2,3} and {5,7,42,29} do not have the same number of elements since
there is no such pairing.
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Remark B.2.1. Saying that there is such a pairing is precisely saying that
there exists a bijection from one set to the other. Consequently, we define a
relation ~ on the ‘collection’ of all sets by X ~ Y if and only if there exists
a bijection f: X — Y. Notice that ~ ‘is’ an equivalence relation. Indeed, to
see that ~ satisfies the properties in Definition [B.1.2] first notice that X ~ X
as the function f: X — X defined by f(z) = z for all x € X is a bijection.
Next, if f: X — Y is a bijection, then f~!:Y — X is a bijection so X ~ Y
implies Y ~ X. Finally, if X ~Y and Y ~ Z, then there exists bijections
f:X—=>Yandg:Y — Z. If we define h : X — Z to be the composition of
g and f then it is not difficult to see that h is a bijection (either check h is
injective and surjective directly, or check that h™' = f~log™!)so X ~ Z

Consequently, given a set X, we will use | X| to denote the equivalence
class of X under the above equivalence relation. Oppose to always referring
to this equivalence relation, we make the following definition.

Definition B.2.2. Given two sets X and Y, it is said that X and Y have
the same cardinality (or are equinumerous), denoted | X| = |Y|, if there exists
a bijection f: X — Y.

Example B.2.3. Notice that the sets X = {3,7,7,2} and Y = {1, 2, 3,4}
have the same cardinality via the function f:Y — X defined by f(1) = 3,

f2)=m, f(3)=2,and f(4) =T.

Example B.2.4. We claim that |[N| = |Z| (which may seem odd as N C Z).
To see this, define f: N — Z by

f(n) {—g if n is even
n)=

2=l ifpisodd

It is not difficult to verify that f is a bijection.

Using bijections gives us a method for determining when two sets have
the same size. However, we do not have any techniques for determining if
two sets have the same cardinality other than explicitly writing a bijection
(e.g. do N, @, and R all have the same cardinality?). Thus it is useful to ask,
how can we determine when one set has fewer elements than another?

We have already seen that {1,2,3} and {5,7,42,29} do not have the
same number of elements. We know that {1,2,3} has fewer elements than
{5,m,42,29}. One way to see this is that we can define a function from
{1,2,3} to {5, m,42,29} that is optimal as possible; that is, we try to form a
bijective pairing, but we only obtain an injective function as we cannot hit
all of the elements of the later set. Consequently:

Definition B.2.5. Given two sets X and Y, it is said that X has cardinality
less than Y, denoted | X| < |Y|, if there exists an injective function f: X —
Y.
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Note the above is a ‘relation’ on the equivalence classes used in Definition
Furthermore, it is not difficult to see that | X| < |X| and if | X| < |Y|
and |Y'| < |Z| then | X| < |Z| (as the composition of injections is an injection).
However, it is not clear whether or not the relation in Definition is
antisymmetric, which must be demonstrated in order to show that this is a
well-defined partial ordering. Let us postpone this question for now for the
purpose of some examples.

Example B.2.6. Let n,m € N be such that n < m. Then {1,...,n} has
cardinality less than {1,...,m} as f: {1,...,n} — {1,...,m} defined by
f(k) = k is injective.

Example B.2.7. Since the function f : N — Q defined by f(n) = n is
injective, we see that |N| < |Q|. More generally, if X C Y, then |X| < |Y].
Thus |Q| < |R|.

Observe that when determining that {1,2,3} has fewer elements than
{5,m,42,29}, we could have thought of things in a different light. In par-
ticular, we could define a function from {5,7,42,29} to {1,2,3} that was
onto. This should imply that {5, 7, 42,29} has more elements than {1,2,3}.
In order to show this, we require one of the ‘optional’ axioms of set theory.

Axiom B.2.8 (Axiom of Choice). Let I be a non-empty set. For each
i €I let A; be a non-empty set. Then there exists a function f: I — U;cr A;
such that f(i) € A; for alli e 1.

Note the Axiom of Choice says that for any collection of non-empty sets,
we can always choose an element from each set. This may seem natural,
but it is not one of the necessary axioms of Zermelo-Fraenkel set theory and
many mathematicians examine what happens when this axiom is removed.
However, for the purposes of analysis, the Axiom of Choice should be included
for otherwise arguments become substantially more complicated and some
results actually fail. One example argument using the Axiom of Choice
is the following that shows surjective functions give us information on the
cardinality of sets.

Proposition B.2.9. Let X and Y be non-empty sets. If f : X = Y is
surjective, then |Y| < |X|.

Proof. For each y € Y, let
Ay = 1 {yd)

Since f is surjective, A, # 0 for all y € Y. By the Axiom of Choice (Axiom
B.2.8)) there exists a function g : Y — U,ey Ay C X is such that g(y) € Ay
forally € Y.
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We claim that g is injective. To see this, assume y1,y2 € Y are such that
9(y1) = g(y2). Let x = g(y1) = g(y2) € X. By the properties of g, it must be
the case that x € A, and x € A,,. Since z € A,,, we must have f(z) =y
by the definition of A,,. Similarly, since x € A,,, we must have f(z) = y».
Therefore y1 = yo as desired. ]

B.3 Finite and Infinite Sets

Before we attempt to determine whether the relation in Definition is a
partial ordering, let us first formalize the notions of finite and infinite sets.

Definition B.3.1. A non-empty set X is said to be finite if there exists an
n € N such that |X| = |{1,...,n}|. In this case, we write | X| = n.
A non-empty set X is said to be infinite if X is not finite.

We intuitively know which sets are finite and which are infinite. However,
there is a nicer characterization of infinite sets. To develop this characteriza-
tion, we begin with the following.

Lemma B.3.2. If X is an infinite set, there exists an injection f: N — X.

Proof. Since X is non-empty, the power set of X is non-empty. By the Axiom
of Choice (Axiom there exists a function f: P(X)\ {0} — P(X) such
that f(A) € A for all A € P(X)\ {0}.

Let a1 = f(X). Since |X| # 1, X \ {a1} is non-empty. Hence define
ay = f(X \ {a1}). By construction a2 € X \ {a1} so az # a;. Similarly,
since | X| # 2, we may define ag = f(X \ {a1,a2}) so that as ¢ {a1,as}.
Repeating this process, we obtain a sequence {a, },>1 of distinct elements of
X. Therefore the function g : N — X defined by g(n) = a,, is an injection. n

Using the above, we can prove the following.

Proposition B.3.3. If X is an infinite set, then there exists a Y C X such
that Y # X yet |Y| = |X|.

Proof. By Lemma [B.3.2] there exists an injection f : N — X. For each n € N
let a,, = f(n). Furthermore, let Y = X \ {a1}. Clearly Y C X and Y # X.
To see that |Y| = |X|, define g : X — Y by

- {2 EeI
any1 txz=ay,

for all x € X. It is clear that g is a bijection and thus |Y| = |X| by
definition. m
Since it is clear that any finite set is not equinumerous to a proper subset,

we obtain the following.

Corollary B.3.4. A non-empty set X is infinite if and only if X is equinu-
merous to a proper subset.
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B.4 Cantor-Schroder-Bernstein Theorem

To show that < from Definition is a partial ordering, we must show
that < is antisymmetric. To begin, let us first consider the following. In
Example it was shown that |N| < |Q|. However, notice if

m ..
P = { ‘ m > 0,n > 0,m and n have no common d1v1sors}
n

m
N = { ‘ m < 0,n > 0,m and n have no common divisors} ,
n

then PN N = () and P U N = Q. Furthermore, we may define f: Q — N by

1 ifm=0
fl@)=42m3" ifm>0andn>0
5 ™7 ifm<0andn>0

where ¢ = 7 is the unique way to write ¢ as an element of P or N. Using the
uniqueness of prime factorization, we see f is an injective function. Hence
Q| < N

Since |N| < |Q| and |Q| < |N|, is |Q| = |N|? It is seems difficult to
construct a bijective function f : N — Q, so what hope do we have?

To answer this question, we have the following result (alternatively, we
could construct such a function, but it is not nice to define). Notice that
if X and Y are sets such that there exists injective functions f : X — Y
and ¢ : Y — X, then we may invoke the following theorem with A = g(Y")
and B = f(X) to obtain that |X| = |Y|. Thus the following theorem
demonstrates that < is indeed a partial ordering and eases the verification
that two sets have the same cardinality (as one need only find two injections
instead of one bijection, with the former far easier to construct).

Theorem B.4.1 (Cantor-Schroder—Bernstein Theorem). Let X and
Y be non-empty sets. Suppose A C X and B CY are such that there exists
bijective functions f : X — B and g:Y — A. Then |X| =Y.

Proof. Let Ay = X and A; = A. Define h = go f : Ay — Ag by h(x) =
g(f(z)). Notice h is injective since f and g are injective.

Let Ay = h(Ag). Notice
Az = h(Ao) = g(f(Ao)) = g(B) C g(Y) = Ar.
Hence Ay C A; C Ag. Next let Az = h(A;). Then
Az = h(A1) C h(Ap) = As.

Consequently, if for each n € N we recursively define A,, = h(A,_2), then,
by recursion (formally, we should apply the Principle of Mathematical In-
duction),

An = h(Aan) c h(Anf?)) = Anfl
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for all n € N.
We claim that |A| = |X|. To see this, notice that

X =Ap= (Ao \ A1) U (A1 \ A2) U (A \ A3) U (A3 \ Ag) U <ﬂ )

A:A1:(Al\AQ)U(AQ\Ag)U(Ag\A4) (A4\A5 <ﬂA)

Furthermore, notice that any two distinct sets chosen from either union have
empty intersection since A, C A, 1 for all n € N.
Since h is injective

h(Agp \ A2nt1) = h(A2p) \ h(A2n+1) = Aonsa \ Aonts

for all n € NU{0}. Therefore, since the sets in the union description of X
are disjoint, we may define hg : Ag — A1 via

if v e Ny2) An
if v € Agp—1 \ Agy, for some n € N
h(z) if z € Agy \ Agpt1 for some n € N

X
x

Since
o ho maps Agy, \ Aopt1 to Agpio \ Aopts bijectively for all n € N,
o ho maps Agy, 1\ Agy, to Agy—1\ Agy, bijectively for all n € N, and
o ho maps (o—; An to No2; Ay, bijectively,

we obtain that hg is a bijection. Hence |A| = | X| as claimed.
However |A| = |Y| since g : Y — A is a bijection. Hence |Y| = |X]| as
having equal cardinality is an equivalence relation. ]

Since we have shown |[N| < |Q| and |Q| < |N|, we have by the Cantor-
Schroder—Bernstein Theorem (Theorem [B.4.1)) that |[N| = |Q|; that is N and
Q have the same number of elements! Thus, is it possible that |Q| = |R|?

B.5 Countable Sets

One nice corollary about |[N| = |Q| is that we can make a list of all rational
numbers; that is, as there is a bijective function f : N — Q, we can form
the sequence of all rational numbers (f(n))n>1. Consequently, sets that are
equinumerous to the natural numbers are particularity nice sets as we can
index such sets by N. This leads us to the study of such sets.

Definition B.5.1. A non-empty set X is said to be
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o countable if X is finite or | X| = |N|,
o countably infinite if | X| = |N|,
o uncountable if X is not countable.

A natural question is, “Under what operations is the countability of sets
preserved?” The following demonstrates that subsets (and thus intersections)
of countable sets are countable.

Lemma B.5.2. If X is a countable set, then any subset of X must also be
countable.

Proof. Let X be countable and let Y C X. If Y is finite, then clearly Y is
countable. Otherwise Y is infinite. Hence |Y'| > |N| by Lemma [B.3.2] Since
Y is infinite, X is infinite. Thus, since X is countable, there exists a bijection
f : X — N. Hence restricting f to Y produces an injection from Y to N.

Thus |Y| < |N| so |[Y| = |N| and thus Y is countable. ]

The following, which simply stated says the countable union of countable
sets is countable, is an nice example of why it is useful to be able to write
countable sets as a sequence.

Theorem B.5.3. For each n € N, let X,, be a countable set. Then X =
Uney Xy, is countable.

Proof. We first desire to restrict to the case that our countable sets are
disjoint. Let B; = X7 and for each k > 2 let

k—1
B = X\ (U Xj) .
j=1

Clearly By N Bj =0 for all j # k and X = ;2 By. Since B,, C X, for all
n, each B, is countable by Lemma Consequently, for each n € N, we
may write

Bn = (bn,lv bn,27 bn,S, .. )
We desire to define a function f: X — N by
f(bn,m) - 2713171'

Note such a function is well-defined since By N Bj = () for all j # k. Since f
is injective by the uniqueness of the prime decomposition of natural numbers,
we obtain that |X| < |N|. Hence X is countable. [

Corollary B.5.4. If X and Y are countable sets, X |JY is a countable set.

Proof. Apply Theorem where X1 = X, Xo =Y, and X,, = () for all
n > 3. [ |
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We briefly mention a few examples of countable sets.

Example B.5.5. The set N x N is countable. To show that N x N is
countable, it suffices by Lemma to show that there exists an injective
function f: N x N — N. Define f : N x N = N by

f(n,m)=2"3"

for all n,m € N. Since f is injective due to the uniqueness of the prime
decomposition, the claim is complete.

Example B.5.6. A real number « is said to be algebraic if there exists a

non-zero polynomial p(x) with integer coefficients such that p(a) = 0. It

turns out that the set of algebraic numbers is countable (and thus, as we

will shortly see that R is uncountable, most numbers in R are not algebraic).
To begin, for each n € NU {0}, consider the set

A, ={(an,an-1,...,a1,a0) | ax € Z}.

Notice that Ag = Z so Ag is countable. Furthermore, for each n € N we may
view A, as a countable union of copies of A,,_1; that is,

U Ap1~ Ay
keZ

where for all (ay,_1,...,a0) € A,_1 the k" copy of (an_1,...,a0) maps to
(k,an—1,...,a0). Hence A, is countable for all n € NU {0}.

For each n € NU{0} and for each (an, an—1,...,a1,a0) € A\{(0,...,0)},
let

Blayan_1,.a1,a0) = {a eR | apa™ + 1™ P4 faa+ag= 0}.

Since a non-zero polynomial of degree n has at most n roots (by, for example,
the division algorithm), each Blay,an_1,..,a1,a0) has at most n elements and
thus is countable. Hence, if

_ ana™+an_1a" 14+ 4ara+ap=0
Cn = {Oé €R for some (an,an71,...,a1,ao)elA,,L\{(O,...,O)}}
then C), is a union over A, \ {(0,...,0)} of finite sets and thus is countable

as Ap \ {(0,...,0)} is countable.
Finally, let
U ={a € R | «a is algebraic}.

Since ¥ = [J,,en Cn, ¥ is a countable union of countable sets and thus is
countable.

The question of whether Q and R are equinumerous is equivalent to the
question of whether R is countable or not. To show that R is not countable,
we begin with the following.
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Theorem B.5.7. The open interval (0,1) is uncountable.

Proof. The following proof is known as Cantor’s diagonalization argument
and has a wide variety of uses. Suppose that (0, 1) is countable. Then we
may write (0,1) = {z,, | n € N} and there exists numbers {a;; | i,j €
N} € {0,1,...,9} such that

L 5]
Lj = Z 10k
k=1

for all j € N. Note that the sequence (a j)r>1 in the above expression for
x; represents the decimal expansion of x;; that is

zj = 0.a1,502 ja3 ja4, 5055 - - .

Consequently, this representation need not be unique due to the possibility
of repeating 9s (and this is the only possibility).
For each k € N, define

. 3 ifak,k:7
Yk = 7 otherwise

and let y = >732 {%. It is not difficult to see that y € (0,1). Furthermore
y # x,, for all n € N (as y and x,, will disagree in the n'® decimal place and
this is not because of repeating 9s). Therefore, since (0,1) = {z,, | n € N},
we must have that y ¢ (0,1), which contradicts the fact that y € (0,1). m

Proposition B.5.8. A set containing an uncountable subset is uncountable.

Proof. Let X be a set such that there exists an uncountable subset Y of
X. Suppose X was countable. Then Y would be countable by Lemma
[B:5:2 which contradicts the fact that Y is uncountable. Hence X must be
uncountable. ]

Combining Theorem and Proposition [B.5.8] R is uncountable.
In fact |R| = |(0,1)| as the function f : (0,1) — R defined by f(z) =

tan (mz — 7) is a bijection. Furthermore we have the following.

Corollary B.5.9. The irrational numbers R\ Q is an uncountable set.

Proof. Suppose R\ Q is a countable set. Since Q is countable and R =
QU (R\ Q), it would need to be the case that R is countable by Theorem
B.5.3] Since R is uncountable by Proposition we have obtained a
contradiction so R\ Q is an uncountable set. [

One additional set that is important in analysis and measure theory is
the following.

©For use through and only available at pskoufra.info.yorku.ca.



B.6. COMPARABILITY OF CARDINALS 247

Theorem B.5.10. The Cantor set is uncountable.

Proof. Recall by Lemma that every element of the Cantor set C has a
unique ternary representation using only Os and 2s. Define f : C — [0, 1] as
follows: If € C has ternary representation z = Y 2 §» with a, € {0,2},
for all n € N let b, = % € {0,1} and define f(z) = 30°, bz, Clearly f
is a surjective function so |C| > |[0,1]| by Proposition [B.2.9] Hence, since
C C[0,1] so |C| < [0, 1]], we obtain that |C| = |[0, 1]| so C is uncountable. m

One question we may ask since R is whether R the ‘smallest’ set larger
than N? In particular:

Question B.5.11 (The Continuum Hypothesis). If X C R is uncount-
able, must it be the case that | X| = |R|?

The Continuum Hypothesis was originally postulated by Cantor whom
spent many years (at the cost of his own health and possibly sanity) trying
to prove the hypothesis. Consequently, we will not try. In fact, the reason
for Cantor’s difficulty is that there is no proof. However, nor is there any
counter example. Like with the Axiom of Choice, the Continuum Hypothesis
is independent of Zermelo—Fraenkel set theory, even if the Axiom of Choice
is included. Most results in analysis do not require an assertion to whether
the Continuum Hypothesis is true of false. Thus we move on.

B.6 Comparability of Cardinals

Using the Cantor-Schréder—Bernstein Theorem (Theorem [B.4.1)), we saw
that cardinality gives a partial ordering on the size of sets. However, is it a
total ordering (Definition ? That is, if X and Y are non-empty sets,
must it be the case that | X| <|Y]|or [Y| < |X]|?

The above is a desirable property since it makes the ordering nicer.
However, when given two sets, it is not clear whether there always exist
an injection from one set to the other. The goal of this subsection is to
develop the necessary tools in order to answer this problem in the subsequent
subsection. The tools we require are related to partial ordering, so the
following definition is made.

Definition B.6.1. A partially ordered set (or poset) is a pair (X, <) where
X is a non-empty set and < is a partial ordering on X.

For examples of posets, we refer the reader back to Section Our
main focus is a ‘result’ about totally ordered subsets of partially ordered
sets:

Definition B.6.2. Let (X, <) be a partially ordered set. A non-empty
subset Y C X is said to be a chain if Y is totally ordered with respect to =;
that is, if a,b € Y, then either a < b or b < a.
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Clearly any non-empty subset of a totally ordered set is a chain. Here is
a less obvious example.

Example B.6.3. Recall from Example that the power set P(R) of R
has a partial ordering < where

A=<B <+« ACB.

Iy ={A4,}>2, CP(R) are such that A, C A, for alln € N, then Y is a
chain.

Like with the real numbers, upper bounds play an important role with
respect to chains.

Definition B.6.4. Let (X, <) be a partially ordered set. A non-empty
subset Y C X is said to be a bounded above if there exists a z € X such that
y < z for all y € Y. Such an element z is said to be an upper bound for Y.

Example B.6.5. Recall from Example that if Y = {A4,}°2, CP(R)
are such that A, C A, for all n € N, then Y is a chain with respect to the
partial ordering defined by inclusion. If

A= A,
n=1

then clearly A € P(R) and A,, C A for all n € N. Hence A is an upper
bound for Y.

Recall there are optimal upper bounds of subsets of R called least upper
bounds which need not be in the subset. We desire a slightly different object
when it comes to partially ordered sets as the lack of a total ordering means
there may not be a unique ‘optimal’ upper bound.

Definition B.6.6. Let X be a non-empty set and let < be a partial ordering
on X. An element z € X is said to be mazimal if there does not exist a
y € X \ {z} such that = < y; that is, there is no element of X that is larger
than x with respect to <.

Notice that R together with its usual ordering < does not have a maximal
element. However, many partially ordered sets do have maximal elements.
For example ([0, 1], <) has 1 as a maximal element although ((0,1), <) does
not.

For an example involving a partial ordering that is not a total ordering,
suppose X = {x,y, z, w} and < is defined such that a < aforalla € X,a <b
for all a € {z,y} and b € {2z, w}, and a £ b for all other pairs (a,b) € X x X.
It is not difficult to see that z and w are maximal elements and x and y
are not maximal elements. Thus it is possible, when dealing with a partial
ordering that is not a total ordering, to have multiple maximal elements.

The result we require for the next subsection may now be stated using
the above notions.
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Axiom B.6.7 (Zorn’s Lemma). Let (X,=) be a non-empty partially
ordered set. If every chain in X has an upper bound, then X has a mazximal
element.

We will not prove Zorn’s Lemma. To do so, we would need to use the Ax-
iom of Choice (Axiom[B.2.§)). In fact, Zorn’s Lemma and the Axiom of Choice
are logically equivalent; that is, assuming the axioms of Zermelo—Fraenkel
set theory, one may use the Axiom of Choice to prove Zorn’s Lemma, and
one may use Zorn’s Lemma to prove the Axiom of Choice.

Before using Zorn’s Lemma to demonstrate that the ordering on cardinals
is a total ordering, we analyze a simpler example.

Example B.6.8. Let V be a (non-zero) vector space. We claim that V'
has a basis; that is, a linearly independent spanning set. To see this, let
L denote the collection of all linearly independent subsets of V' (which is
clearly non-empty) and define a partial ordering on £ by A < B if and only
if A C B (clearly this is a partial ordering on £).

To invoke Zorn’s Lemma, we need to demonstrate that every chain in £
has an upper bound. Let {A,}acr be a chain in £ and let

A= A

ael

We claim that A € L. To see this, assume ¥y, ..., 7, € Aand a101+- - - ap¥, =
0 for some scalars ay. By the definition of A and the fact that { Ay }acr is a
chain, there exists an i € I such that #1,...,9, € A; (that is, each ¥} is in
some A, and as the A, are totally ordered, take the largest). Hence, since A;
is a linearly independent set, a1 + - - - apv, = 0 implies a1 = --- = a,, = 0.
Hence A € L. Since A is clearly an upper bound for {A, }aer, ever chain in
L has an upper bound.

By Zorn’s Lemma there exists a maximal element B € £. We claim that
B is a basis for V. To see this, suppose for the sake of a contradiction that
span(B) # V. Thus there exists a non-zero vector ¥ € V' \ span(B). This
implies that B U {7} is linearly independent. However, since B < B U {7}
and B # B U {7}, we have a contradiction to the fact that B is a maximal
element in £. Hence it must have been the case that span(B) =V and thus
B is a basis for V.

Onto demonstrating the ordering on cardinals is a total ordering.

Theorem B.6.9. Let X and Y be non-empty sets. Then either | X| < |Y|
or Y] < |X].

Proof. Let

F={(A,B,f) | ACX,BCY,f:A— B is a bijection}.
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Notice that F is non-empty since, by assumption, there exists an x € X and
ay €Y so we may select A = {z}, B = {y}, and f: A — B defined by
f(z)=y.

Given (Al, Bl, fl), (Ag, BQ, f2) S f, define (Al, Bl, fl) = (AQ, BQ, f2) if
and only if

Ay C Ay, B CBy, and  fo(z) = fi(x) for all z € A;.

It is not difficult to verify that < is a partial ordering on F.

We desire to invoke Zorn’s Lemma (Axiom in order to obtain a
maximal element of F. To invoke Zorn’s Lemma, it must be demonstrated
that every chain in (F, <) has an upper bound. Let

C={(An,Ba, fo) | € €I}
be an arbitrary chain in (F, <). Let

A:UAa and B:UBQ.

acl ael

We desire to define f : A — B such that f(x) = fo(z) whenever z € A,.
The question is, “Will such an f be well-defined as each x could be in
multiple A,?” To see that f is well-defined, assume z € A; and = € A;
for some 4,j € I. Since C is a chain, either (A4;, B;, fi) < (4;, By, fj) or
(Aj, Bj, f;) = (Ai, By, fi). If (A, By, fi) = (Aj, By, fj), then A; € Aj and <
implies that f;(x) = fi(x). Since the case that (A;, By, f;) = (Ai, By, fi) is
the same (reversing ¢ and j), we obtain that f is well-defined.

In order for (A, B, f) to be an upper bound for C, we must first demon-
strate that (A,B,f) € F. Clearly AC X, BCY,and f: A— Bisa
function. It remains to check that f is a bijection.

To see that f is injective, assume x1, z9 € A are such that f(z1) = f(x2).
Since A = Uyer Aa, there exists 4, j € I such that x; € A; and z; € A;. Since
C is a chain, we must have either (A;, By, fi) < (A, Bj, f;) or (4;, Bj, f;) =
(Ai, Bi, fi). In the former case, we obtain that f;(z1) = f(z1) = f(x2) =
fj(xz2). Therefore, since f; is injective, it must be the case that z1 = z.
Since the case that (A4;, By, f;) = (Ai, Bi, fi) is the same (reversing ¢ and j),
we obtain that f is injective.

To see that f is surjective, let y € B be arbitrary. Since B = {J,c; Ba,
there exists an ¢ € I such that y € B;. Since f; is surjective, there exists an
x € A; such that f;(z) =y. Hence z € A and f(z) = fi(x) = y. Therefore,
as y was arbitrary, f is surjective. Hence f is a bijection and (A, B, f) € F.

Since (A, B, f) € F, it is easy to see that (A, B, f) is an upper bound for
C by the definition of (A, B, f) and the partial ordering <. Hence, since C
was an arbitrary chain, every chain in F has an upper bound. Thus Zorn’s
Lemma implies that (F, <) has a maximal element.
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Let (Ao, Bo, fo) € F be a maximal element. We claim that either Ay = X
or By =Y. To see this, suppose for the sake of a contradiction that Ag # X
and By # Y. Therefore, there exist g € X \ Ag and yo € Y \ By. Let
A= Ao U{xo}, B'=BoU{yo}, and g : A — B’ be defined by g(zo) = yo
and g(x) = fo(z) for all x € Ay. Clearly g is a well-defined bijection
by construction so (A, B’,g) € F. However, it is elementary to see that
(Ao, Bo, fo) = (A", B’, g) and (Ag, By, fo) # (A, B, g). Since this contradicts
the fact that (Ao, Bo, fo) € F is a maximal element, we have obtained a
contradiction. Hence either Ag = X or Bp =Y.

If Ag = X, then fo: X — B CY is injective so | X| < |Y| by definition.
Otherwise, if By =Y, then fo: Ag — Y is surjective. Thus |Y| < |A4p| < |X]|
by Proposition ]

B.7 Cardinal Arithmetic

One natural question to ask is, “If X and Y are disjoint sets and we know
| X| and |Y|, can we determine | X UY|?” Of course if X and Y are finite
sets, then | X UY| = |X|+ |Y|. Thus determining the cardinality of X UY
from the cardinality of X and Y really is a form of cardinal arithmetic.

As we already know the answer when both sets are finite, we will focus
on the case where at least one set is infinite. Furthermore, since we know if
|X| = |Y| = |N| then | X UY| = |N| by Theorem [B.5.3] we need not study
this case.

We begin with the case that one set is finite. To show that adding a finite
set to an infinite set does not change the cardinality, we prove the following.

Theorem B.7.1. Let X be an infinite set and let Y be a finite subset of X.
Then | X \ Y| =|X]|.

Proof. Assume X is an infinite set and Y is a finite subset of X. Then Z =
X \'Y is an infinite set. Since Z is infinite, there exists an infinite countable
set W C Z by Lemma [B.3.2] Write W = {an}nen and Y = {y1,...,ym} for
some m € N. Define f: Z — X by

z ifz¢ W
fz)=<yn if z = a, for some n < m .

Ap—m if z = a, for some n >m

It is elementary to see that f is a well-defined bijection. Hence |X| = |Z| =
[X\Y "

To deal with the case that both sets are infinite, we will develop the
following idea: “If X is an infinite set, then X can be divided into two
disjoint subsets of the same cardinality”. Seeing this idea is true in the case
that X is countably infinite is rather trivial.
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Lemma B.7.2. Let X be a countably infinite set. There exists two disjoint
infinite countable sets Y and Z such thatY U Z = X.

Proof. Let X be a countably infinite set. Hence there exists a bijection
f:N—= X. Let

Y ={f(2n) | ne N} and Z={f2n—-1) | neN}.

Since f is a bijection, it is elementary to verify that Y and Z have the desired
properties. [ |

The extension of Lemma [B.7.2] to uncountable sets is more involved.

Lemma B.7.3. Let X be an infinite set. There exists two disjoint sets' Y
and Z such thatY UZ = X and | X| =1|Y| = |Z].

Proof. If X is countable, the result follows from Lemma, Thus suppose
X is an uncountable set. Define

o A,BWCX, f:W—A and g:W — B bijections,
F = {(W A, B, f,9) ’ ANB=0,W=AUB }

For two elements (W1, Ay, By, f1,91), (Wa, Az, Ba, fa,g2) € F, define

(W1, A1, By, fi,91) = (Wa, Aa, Ba, fa,92)

if W1 € Wa, Ay € Ag, By C Bs, and fo(w) = fi(w) and ga2(w) = g1(w) for
all w € Wy. It is not difficult to verify that =< is a partial ordering.

We desire to invoke Zorn’s Lemma (Axiom . To do this, first we
must verify that F is non-empty. Since X is uncountable, by Lemma
there exists a W C X such that W is infinite and countable. By Lemma[B.7.2]
there exists A, B C W such that ANB =0, W = AUB, and |A| = |B| = |W|.
As the later implies the existence of bijections f: W — Aand g: W — B,
we obtain that F is non-empty.

Next let C = {(Wa, Aw, Bas fas ga) | @ € I} be an arbitrary chain in F.
Let

W =[] Wa, A= Aa, B =] B,
ael acl acl

and define f: W — Aand g: W — B by f(w) = fa(w) and g(w) = go(w)
for all w € W,. By the proof of Theorem [B.6.9] f and g are well-defined
bijections. Furthermore, we claim that ANB = (). To see this, suppose for the
sake of a contradiction that x € AN B. Hence there exists a, § € I such that
x € Ay and x € Bg. Since C is a chain, either a < 8 or 8 < o. Hence if ¢ =
max{a, #} we obtain that x € A, N B, as C is a chain. Since this contradicts
the definition of F, we obtain that ANB = (). Since it is clear that W = AUB,
we see that (W, A, B, f,g) € F. Since (Wy, Aa, Ba, fasga) = (W, A, B, f,9)
forall « € I, (W, A, B, f,g) is an upper bound for C. Therefore, as C was
arbitrary, every chain in F has an upper bound.
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By Zorn’s Lemma F has a maximal element. Let (W, Ao, Bo, fo,90) be
a maximal element of F. We claim that X \ W} is finite. To see this, suppose
for the sake of a contradiction that X \ Wy is infinite. Thus there exists
a countable subset Z C X \ Wy. By Lemma there exists countable
subsets A" and B’ such that A’N B’ =( and A’ U B’ = Z. Thus there exist
bijections f': Z — A" and ¢’ : Z — B'.

Let W=WyUZ, A= AyUA’, and B = ByUB’. Define f: W — A
and g: W — B by

~folw) ifwe Wy n ) — go(w) if we W
f(w)_{f/(w) fweZz 4l )_{g’(w) fwez =

Since WoNZ = AgNA"= BynNB' =1, f and g are well-defined bijections.
Clearly (W, A, B, f,g) € F and (Wy, Ao, Bo, fo,90) =< (W, A, B, f, g), which
contradicts the fact that (Wy, Ao, Bo, fo,g0) was a maximal element. Hence
X \ Wy is finite.

By the above, we have that AgNBy = @, Wy = AgUBy, ’W0| = ’A0| = ’Bo‘,
and C' = X \ Wy is finite. Therefore, if we let Y = Ay U C and Z = By,
then |X| = [Wy| = |Z| = |Ao| = |Y| by Theorem [B.7.1 Y N Z = (), and
X =Y U Z as desired. ]

Finally, we obtain the following demonstrating that the cardinality of the
union of two infinite sets is the larger of the cardinalities of the individual
sets.

Theorem B.7.4. Let X and Y be non-empty sets with X infinite. If
Y| <|X| then | X UY| =|X]|.

Proof. Let X be an infinite set and let Y be a set such that |Y| < |X|. Let
Z=Y\Xsothat XNZ =0 and X UZ = X UY. Hence it suffices to
show that | X U Z| = |X|. Since X C X U Z, we clearly have | X| < | X U Z]|.
For the other inequality, notice that Z C Y so |Z| < |Y]| < |X|. By Lemma
there exists two disjoint sets S and T such that SUT = X and
|S| = |T'| = | X|. Since |Z]| < |S], there exists an injective function f: Z — S.
Similarly, since | X | = |T'|, there exists a bijective function g : X — T'. Define
h:XUZ — X by

g(q) ifgeX

Since Z N X = (), h is a well-defined function. Furthermore, since f and g
are injective and since SNT = (), h is injective. Hence |X U Z| < |X| so
| X| = |X U Z| as desired. n

ha :{f(q) ifgeZ

As a corollary of the proof of Theorem [B:7.4] we note the following result
which improves upon Theorem
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Corollary B.7.5. Let X be an infinite set. Let {X,}nen be a countable
collection of infinite sets such that | X,| < |X| for alln € N. If Y =;2; Xy,
then Y] < |X|.

Proof. By repeating the same argument as in Theorem [B.5.3] we may assume
that the X,, are pairwise disjoint.

Since X is infinite, Lemma implies there exists two subsets of X,
denoted Y; and Z; such that Y1 U Z; = X and |Y1| = |Z1| = |X|. Since Y}
is infinite, Lemma implies there two subsets of Y7, denoted Y3 and
Zy such that Yo U Zy = Y] and |Ya| = |Z2| = |Y1| = | X|. By repeating this
argument ad infinitum, there exists a collection {Z,, },en of pairwise disjoint
subsets of X such that |Z,| = |X| for all n € N.

Since | X,,| < |X| =1|Z,| for all n € N, there exists an injective function
fo: Xn — Z,. Define f : Y — X by f(x) = fn(x) whenever z € X,,.
Notice that f is well-defined since {X,, }en are pairwise disjoint with union
Y. Furthermore, since {Z, },en are pairwise disjoint and since each f,, is
injective, f is injective. Hence |Y| < |X| as desired. N

To conclude this appendix chapter on cardinality, we note that there are
many other results pertaining to cardinality that we may study. For example,
we can study how cardinality behaves under infinite unions, products, and
exponentials. This would lead us to a rich notion of cardinal arithmetic. To
be rigorous in this study would take substantial time and distract us from
studying the main objects of focus in this course. Thus we mention the
following two results.

Theorem B.7.6 (Cantor’s Theorem). If X is an non-empty set, then
[ X[ < [PX)] but [X] # [P(X)].

Proof. To see that | X| < |P(X)|, define f : X — P(X) by f(z) = {«}.
Clearly f is injective so | X| < |P(X)| by definition.

To see that | X| # |P(X)|, we return to a Russell’s Paradox-like argument.
Suppose for the sake of a contradiction that there exists a function f: X —
P(X) that is bijective (in particular, f is surjective). Consider the set

U={eeX | g [(@)).

Since f is surjective, there exists a z € X such that f(z) = V.

If z € U then, by the definition of ¥, it must be the case that z ¢ f(z) = U,
which is a contradiction. Hence it must be the case that z ¢ ¥. Therefore,
by the definition of ¥, it must be the case that z € f(z) = ¥, which is also a
contradiction. Hence we have a contradiction to the existence of such an f
and thus | X| # |[P(X)]. n
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Example B.7.7. Let X = [[72,{0,1}. The cardinality of X is denoted by
2INl (as we are taking a |N| product of {0,1} which has cardinality 2). We
claim that 2N = |R|. To see this, first define f : X — [0,1] by

e}

f((an)n>1) = Z

n=1

2a,
3n

We claim that f is injective. To see this, we notice that f((an)n>1) is a
ternary expansion of a number in [0,1]. Since the ternary expansion of
a number in [0, 1] is unique up to repeating 2s (i.e. Y02, 2% = 1), and
changing repeating 2s either changes a 1 to a 2 or a 0 to a 1, each number in
[0, 1] that can be expressed using ternary numbers only involving Os and 2s
can be done so in a unique way. Hence f is injective so | X| < |[0,1]| < |R|.

For the other direction, define g : (0,1) — X as follows: for each z € (0,1)
write a binary expansion of z, say = >_77 ;| §# where a,, € {0,1}, and define
g(x) = (an)n>1 (this is valid by the Axiom of Choice). Clearly g is well-
defined. Furthermore, ¢ is injective since if two numbers have the same

binary expansion, they are the same number. Hence |[R| = |(0,1)| < | X]| so
2N = |R| by Theorem as desired.
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Appendix C

Banach Spaces

In this appendix, we briefly review many important definitions, concepts,
and results relating to Banach spaces that are important to this course.

C.1 Metric and Normed Linear Spaces

Definition C.1.1. Let X be a non-empty set. A metric on X is a function
d: X x X —[0,00) such that

1. for z,y € X, d(z,y) = 0 if and only if z =y,
2. d(z,y) = d(y,z) for all z,y € X, and

3. (Triangle Inequality) d(z,y) < d(x, z) + d(z,y) for all z,y,z € X.

Definition C.1.2. A metric space is a pair (X, d) where X’ is a non-empty
set and d is a metric on X.

Example C.1.3. For any ¢ > 0, define d : R x R — [0,00) by d(z,y) =
clx —y|. Then (R, d) is a metric space. In particular, there are many metrics
that may be placed on a given set.

Example C.1.4. The usual notion of measuring the distance between two
points in a plane is a metric. Indeed define ds : R? x R? — [0,00) by
do((71,91), (z2,92)) = /(21 — 72)2 + (31 — y2)2. Then (R?,ds) is a metric
space and the metric dy is called the Fuclidean metric.

Example C.1.5. Define d : C x C — [0,00) by d(z,y) = |x — y|. Then
(C,d) is a metric space.

Example C.1.6. Given n € N, define d; : C" x C" — [0, 00) by

di((z1, -5 2n), (W1, ... wy)) = Z |z — wy]
k=1

for all (z1,...,2n), (w1,...,w,) € C". Then it is easy to verify that (C",d;)
is a metric space.
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In fact, given any set, it is possible to place a metric on the set.

Example C.1.7. Let X’ be a non-empty set. Define d : X x X — [0, 00) by

d(z,y) 0 ifx=y
x,y) = .
Y 1 ifx#y

It is elementary to verify that d is a metric, which is called the discrete or
trivial metric.

Although the above gives several examples of metrics, not all metrics
were created equal. In particular, we desire to study special types of metric
spaces. These metric spaces come from specific functions on vector spaces
that behave like the absolute value does on R and C. Consequently, we will
restrict to vector spaces where the scalars are either the real or the complex
numbers. Consequently, it will be convenient to use K to denote either R or

C.

The following is our generalization of the absolute value to vector spaces.

Definition C.1.8. Let V be a vector space over K. A norm on V is a
function || -] : V' — [0, 00) such that

1. for € V, ||0]] = 0 if and only if 7 = 0,

2. ||ad|| = |a|||7|| for all « € K and ¢ € V, and

3. (Triangle Inequality) ||+ @|| < ||9]| + ||| for all ¥,w € V.
Definition C.1.9. A normed linear space is a pair (V.|| - ||) where V is a
vector space over K and || - || is a norm on V.

As our motivation for generalizing the absolute value was to induce a
metric, we note the following.

Proposition C.1.10. If (V.|| - ||) is a normed linear space, then V' is a metric
space with the metric d:V x V. — [0,00) defined by d(, W) = ||U — @||. We
call d the metric induced by || - ||.
Proof. It suffices to show that d is a metric. Clearly d: V x V — [0,00).
Furthermore notice d(v,w) = 0 if and only if || — | = 0 if and only if
¥ — @ = 0 if and only if ¥ = .
Next notice for all v, € V that
d(¥, @) = ||t = || = [[(=1) (& = )| = | = 1} |0 — 7]| = d(, 7).
Finally, to see that d satisfies the triangle inequality, notice for all ¥, W, 7 € V
that
d(7, %) + d(Z, @) = |

> |3 - 2) + (7 — )|

|

7 — || = d(7, ).

U= 2|+ |7 - o

Hence d is a metric. n
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Remark C.1.11. Notice in the proof of the triangle inequality in Proposition
C.1.10|that using @ = 0 produced |7 — Z||+||Z]| > ||&]| for all 7,2 € V. Hence
191 = 1|21 < |17 — ]|
for all ¥,z € V. Thus, by interchanging ¢ and Z, we obtain that
HFl = [IZ1] < |7 = 2]

for all ¥, 2 € V. This potentially useful inequality is often called the reverse
triangle inequality.

Clearly the absolute value on K is an norm on K. Furthermore, the
metric induced by this norm is exactly the metric introduced in Examples
C.1.3]and [C.T.5] In fact, some of the other metrics we have seen come from
norms.

Example C.1.12. For n € N, define || - ||; : K" — [0, 00) by

n
Gz, 2n)ll = Dl
k=1

for all (z1,...,2,) € K" It is elementary to verify that || - ||, is a norm on K"
that induces the metric d; as in Example We call || - [|; the 1-norm.

Example C.1.13. Define || - ||, : R? — [0,00) by

1, 9)lly = /2 + |y

for all (z,y) € R% It is possible to verify that | - ||, is a norm on R? that
induces the Euclidean metric as in Example We call || - ||, the Fuclidean
norm or the 2-norm.

However, some of the metrics we have seen are not norms. For example,
if V' is a vector space over K, the trivial metric cannot be induced by a norm
since if a norm (and thus its induced metric) takes the value 1, then it takes
all values in [0, 00).

There are many more useful norms. In fact, there are several norms we
can place on K”.

Example C.1.14. For n € N, define || - | : K® — [0, 00) by

1(z15 s 2n)llog = sUD |24 ]
1<k<n
for all (z1,...,2,) € K. It is elementary to verify that |- ||, is a norm on
K". We call || - ||, the sup-norm or the co-norm.
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Using the idea of the co-norm, we can develop a norm on vector spaces
we have yet to consider.

Example C.1.15. Let Cla,b] denote the set of all real-valued continuous
functions on a closed interval [a,b]. Then Cfa,b] is a vector space over R
under the operations of pointwise addition and scalar multiplication. Define
I lloe = Cla, b] = [0,00) by

[fllse = sup |f(z)|

z€[a,b]

for all f € Cla,b]. Note || ||, does take values in [0,00) by the Extreme
Value Theorem. It is elementary to see that || - ||, is a norm on Cf[a,b]. We
call || - ||, the sup-norm or the co-norm.

Of course, the sup-norm works perfectly well if we restrict the set of
continuous functions to, for example, the polynomials. In particular, this
holds true in more generality.

Proposition C.1.16. Let (V.| -||) be a normed linear space and let W be a
subspace of V.. The restriction of || - || to W is a norm on W.

There are many more norms we can place on K™. In particular, we can
generalize the Euclidean norm.

Example C.1.17. For n € N, define || - ||, : K" — [0, 00) by

12155 2n)lly = < sup |Zk|2>
1<k<n

for all (z1,...,2,) € K*. Then |- ||, is a norm on K" called the Fuclidean
norm or the 2-norm.

[V

Example C.1.18. For n € N and a fixed p € (1,00), define |- [, : K" —
[0, 00) by

n v
H(Z17 R Zn)”p = <Z |Zk‘p>
k=1

for all (21,...,2,) € K". Then |||, is a norm on K" called the p-norm.

C.2 Topology on Metric Spaces

In this section, we will analyze the notion of convergent sequences in metric
spaces. Of course we could jump right in and define the convergence of
a sequence using our distance function. However, in doing so we will not
obtain too much information about the structure of our spaces and of the
subsets of our spaces. Thus we will begin with another view of how to define
a sequence to converge thereby permitting a deeper discussion of types and
properties of subsets of metric spaces.
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C.2.1 Open and Closed Sets

One way to interpret the notion of a convergence sequence of real numbers
without a notion of distance is to say that a, € (L —¢,L +¢€) for all n > N.
Thus for (an)n>1 to be ‘close’ to L means that each element in (ay,)p>1 must
eventually be in any fixed open interval containing L. Thus if we can analyze
the essential properties of open intervals and generalize these to metric spaces,
we may generalize the notion of a convergent sequence. If fact, we want a
concept slightly more general than an open interval.

Definition C.2.1. Let X be a non-empty set. A collection 7 C P(X) is
said to be a topology on X if

1. 0,XeT,
2. if{Uy | « €I} CT,then Uyer Ua € T, and
3. ifneNand Uy,...,U, € T, then N U; € T.
The elements of 7 are called the open sets of the topology.
There are many examples of topologies we may place on a set.

Example C.2.2. Let X be a non-empty set. The set T = {X,0} is a
topology on X known as the trivial topology.

Example C.2.3. Let X be a non-empty set. The set 7 = P(X) is a
topology on X known as the discrete topology.

Of course, the above topologies may not be the best topologies for a
metric space as we desire a topology related to the metric. Thus we begin

with the following definitions.

Definition C.2.4. Let (X,d) be a metric space. Given an x € & and an
r > 0, the open ball of radius r centred at z, denoted B(x,r), is the set

B(z,r)={y e X | d(z,y) < r}.

Similarly, given an « € X and an r > 0, the closed ball of radius r centred at
x, denoted B[x,r], is the set

Blz,r]={y e X | d(z,y) <r}.

Example C.2.5. In R with the absolute value metric, B(z,r) = (x—r,z+7)
and Blz,r] =[x — r,z + ] for all x € R and r > 0.

©For use through and only available at pskoufra.info.yorku.ca.



262 APPENDIX C. BANACH SPACES

Example C.2.6. For R?, the following diagram illustrates B(0, 1) for various
p-norms:

(R

- 11y

Example C.2.7. Let X be a non-empty set and let d be the discrete metric
on X. Then, for all x € X,

B(z,r1) = Blz,re) = {z} ifr; <1andry <1, and
B(xz,r1) = Blz,re) =X ifr; >1and ry > 1.

Unsurprisingly, to obtain a desirably topology on a metric space, we will
use our open balls to construct the open sets.

Theorem C.2.8. Let (X, d) be a metric space. Let T be the set of all subsets
U of X such that for each x € U there ezists an € > 0 such that B(x,e) C U.
Then T is a topology on X.

Proof. To see that T is a topology, we must verify the three properties in
Definition It is clear by definition that (), X € T.

Suppose {Uq}acr is a set of elements of 7. To see that J,e;Ua € T,
let © € JyerUa be arbitrary. Then there must be an ¢ € I such that
x € U;. Since U; € T, there exists an € > 0 such that B(z,e) C U;. Hence
B(z,€) CU; CUperUa- As © € Uyer Ug was arbitrary, Uyer Ua € T

Finally, suppose Uy,...,U, € T. To see that (-, U; € T, suppose
x € (izy Ui be arbitrary. Hence x € U; for all i € {1,...,n}. Since each
U; € T, there exists an ¢; > 0 such that B(z,¢;) CU; for alli € {1,...,n}.
Let € = minj<j<, ¢; > 0. Notice for each i € {1,...,n} that

B(.CL‘,G) g B(w,ei) Q Ui.

Hence B(z,¢) € N, Ui. As x € ML, U; was arbitrary, ()i—; U; € T as
desired. m

Definition C.2.9. Let (X,d) be a metric space. The topology 7 from
Theorem is called the metric space topology on (X, d). Unless otherwise
specified, given a metric space (X, d) the topology on X will always be the
metric space topology and the elements of 7 will be referred to as open sets.
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Of course, it is useful to be able to determine which sets are open. It
should not be a surprise that our open balls are indeed open sets. In fact, it
is not difficult to see that the metric topology is the smallest topology where
every open ball is an open set.

Proposition C.2.10. Let (X,d) be a metric space. Every open ball in X is
an open set.

Proof. Consider the open ball B(x,€) for some x € X and € > 0. To see that
B(x,€) is open, let y € B(x,€) be arbitrary. Thus d(x,y) < e.

Let § =€ —d(z,y) > 0. We claim that B(y,d) C B(z,€). To see this, let
z € B(y,0) be arbitrary. Then d(z,y) < d so, by the triangle inequality,

d(z,z) < d(z,y) +d(y,z) <d+d(y,z) =e.

Therefore, since z € B(y, d) was arbitrary, B(y,d) C B(x,€). Hence B(z,¢€)
is open as y € B(z, €) was arbitrary. ]

We also note the following complete description of open subsets of R.

Proposition C.2.11. Every open subset of R is a countable union of open
intervals

Proof. Let U be an arbitrary non-empty open subset of R. Define a relation
~ on U by x ~ y if and only if whenever x < z < y or y < z < x then
z € U. We claim that ~ is an equivalence relation on U. To see this first
notice that if z € U, then x ~ « trivially. Furthermore, clearly if x ~ y then
z € U whenever ¢ < z < y or y < z < x, and thus y ~ x. Finally, suppose
x,y,w € U are such that ¢ ~ y and y ~ w. To see that x ~ w, we divide
the discussion into five cases:

Case 1: z <y < w. In this case, we have x < z < y implies z € U and
y < z < w implies z € U. If z is such that x < z < w, then either z < z < ¥,
y <z <w,ory =z Asall of these imply z € U, we have £ ~ w in this
case.

Case 2: w < y < z. This case follows from Case 1 by interchanging  and

w.
Case 3: y < x < w. In this case, we have y < z < w implies z € U. Thus

ifx <z<wtheny<z<wsoze€U. Hence z ~ x in this case.

Case 4: y < w < z. This case follows from Case 3 by interchanging  and
w.

Case 5: z <w <y or w <z < y. This case follows from Cases 3 and 4
by reversing the inequalities.

Thus, in any case x ~ w. Thus ~ is an equivalence relation.

Next we claim that each equivalence class is an open interval. To see
this let € U be arbitrary and let E, denote the equivalence class of x with
respect to ~. To see that F, is an open interval, let

oy = inf(E;) and B = sup(Ey).
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We claim that E, = (o, Be).

First, we claim that o, < .. To see this, notice that x € E, C U. Hence,
as U is open, there exists an € > 0 such that (z — e,z +¢) C U. Clearly
y~azforally € (z—ex+e)so

a <zr—€e<x+e<pf,.

To see that (g, 5:) C Ey, let y € (ay, fz) be arbitrary. Since o, <y <
Bz, by the definition of inf and sup there exists 21, zo0 € F, such that

az§21<y<z2§ﬁm-

Since 21, 22 € E;, we have z; ~ x and 29 ~ x. Thus z; ~ 22 so [21,22] CU.
Hence y € (21, 22] C U. Therefore, as y € (ay, B;) was arbitrary, (ay, fz) C
E,.

To see that E, C (ag,Bz), note that F, C (g, 8:) U{ag, Bz} by the
definition of a, and (.. Thus it suffices to show that oy, 8, ¢ E,. Suppose
Bz € E, (this implies 3, # o0). Then (3, € U so there exists an € > 0 so
that (8; — €,z +€) C U. Hence 3, + %e ~ By ~ x (as By € E;). Hence
Bz + %e € E,. However 3, + %e > B, 80 By + %(—: € E, contradicts the fact
that 8, = sup(F,). Hence we have obtained a contradiction so 8, ¢ E,.
Similar arguments show that «, ¢ E,. Hence E, = (o, 3,) as desired.

To complete the proof, first notice that clearly

U=J E.

zeU

so U is a union of open intervals. It remains to be verify that the above
union can be made countable. Since each E, is an open interval, E, NQ # (.
Hence, as each E, N Q is non-empty, by the Axiom of Choice there exists a
function f: {E, | z € U} — Q such that f(FE,) € E, for all z € U. Hence,
as B, NE, =0if E; # E,, f is an injective function. Hence {E, | z € U} is
countable. Thus the union U = |J,¢y £ can be made into a countable union
by choosing one representative from each equivalence class (or, alternatively,

U =Ueqf ™ ({a}))- u

Remark C.2.12. Note that Definition only requires that a finite
intersection of open sets is open. To see why this is required, note that in R
that U, = (-2, 1) is an open subsets of R for all n € N yet 72, U, = {0}
is not an open set.

Remark C.2.13. Although we have many norms on K", each metric space
topology we have seen on K" agrees. To see this, fix n € N. If p € [1, 00] let
7T, denoted the topology on K" induced by the p-norm.

©For use through and only available at pskoufra.info.yorku.ca.



C.2. TOPOLOGY ON METRIC SPACES 265

To see that 7, = T for all p € [1,00) (and thus 7, = 7, for all
p,q € [1,00]), first notice for an arbitrary & = (x1,...,z,) € K" that

|Z||%, = sup{|zx? | 1 <k < n}
n
<3 fagl?
k=1
= || Z||

n
<> EIE,
k=1

=n|Z|~, .

Hence |||, < |17, < n¥ ], for all # € K.

To show that 7, = Ts we must show that every open subset of K™ with
respect to either norm is open with respect to the other norm. For notational
simplicity, we will use BP(Z, ) to denote the open ball centred at & of radius
r with respect to the p-norm and we will use B> (Z,r) to denote the open
ball centred at # of radius r with respect to the oco-norm

To begin, let U € 7, be arbitrary. To see that U € T, let x € U be
arbitrary. Since U € T, there exists an r > 0 such that BP(Z,r) C U. As
B> (*, 11r> C BP(Z,r) C U by the above norm estimates, and as z € U

nb

was arbitrary, we obtain that U € T. Hence T, C T.

For the other inclusion, let U € 75 be arbitrary. To see that U € 7,
let x € U be arbitrary. Since U € T there exists an » > 0 such that
B>®(Z,r) CU. As BP (Z,r) C B*(Z,r) C U by the above norm estimates,
we obtain that U € 7,. Hence 7o C T,. Thus 7o = T, as desired.

Although we have been interested in open sets in relation to convergent
sequences, the complements of open sets will be of incredibly interest.

Definition C.2.14. Let T be a topology on a set X. A subset F' C X is
said to be closed if F¢ is open.

Example C.2.15. Let (X, d) be a metric space. Then () and X are both
closed and open sets.

Example C.2.16. In R with the absolute value metric, (a,b] is neither
open nor closed. Indeed (a,b] is not open as there is no open ball around b
contained in (a, b, and (a, b] is not closed as (a, b]® = (—o0, a] U (b, 00) is not
open since there is no open ball around a contained in (a, b]°.

Example C.2.17. In R with the absolute value metric, [a, b] is closed for
all a,b € R since [a, b]® = (—o0,a) U (b, 00) is a union of open sets and thus
open.
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Proposition C.2.18. Every closed ball in a metric space (X,d) is a closed
set.

Proof. Let x € X and r > 0. We claim that B[z, r|° is open. To see this, let
y € Bz, r]¢ be arbitrary. Then d(z,y) > r. Let € = d(x,y) —r > 0. Notice
if z € B(y, €) then

d(z,y) < d(z,z)+d(z,y) < d(xz,z)+e=d(z,z) +d(z,y) —r

which implies » < d(x,z). Hence B(y,e) C Blz,r]°. Therefore, as y €
Blz,r]¢ was arbitrary, B[z, r]¢ is an open set. Hence B[z, ] is closed. ]

Example C.2.19. Let d be the discrete metric on a non-empty set X'. Then
every open ball is closed and every closed ball is open.

Like with open sets, there are set operations we may perform on closed
sets.

Proposition C.2.20. Let T be a topology on a set X, let I be an non-empty
set, and for each o € I let F, be a closed subset of X. Then

o Naer Fao is closed in X, and
o Uner Fao is open in X provided I has a finite number of element.

Proof. Since De Morgan’s Laws imply

(nFa>C:UF5 and (UFa>C:ﬂF§,

acl acl acl a€el

the result follows by the definition of a closed set along with the definition
of a topology. [ |

Remark C.2.21. Complementing the fact that a countable intersection of
open sets need not be open, a countable union of closed sets need not be
closed. Indeed A = (J;2 {1} is a countable union of closed sets in R that is
not closed since 0 € A® yet (—e,e) € A€ for all € > 0 (we will see later that
AU{0} is a closed set). Furthermore, there exist closed subsets of R that
are not countable unions of closed intervals.

Of course, the most important property of a closed set is related to
convergent sequences (see Theorem [C.2.32)).

C.2.2 Convergence of Sequences

By modelling the notion of a convergent sequence in R, we have finally
arrived at defining when a sequence in a metric spaces converges.
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Definition C.2.22. Let (X,d) be a metric space and let (z,)p,>1 be a
sequence in X. The sequence (z,)n>1 is said to converge in X' to an element
zo € X if for all € > 0 there exists an N € N such that d(x,, zg) < € for all
n > N. In this case zg is said to be a limit of the sequence (z,),>1 and we
write zg = limy,, o0 Tp,.

Of course, like in previous courses, the ‘< €’ in Definition [C.2.22] can be
replaced with ‘< € without changing the definition. Furthermore, as we
have seen examples of convergent sequences in R in previous courses, we will
examine some more exotic examples.

Example C.2.23. Let d be the discrete metric on a non-empty set X'. If
(n)n>1 is a sequence in X, then (x,),>1 converges to a point xp € X if and
only if there exists an N € N such that x,, = zg for all n > N; that is, the
sequence is eventually constant.

Example C.2.24. Let m € N and p € [1,00]. For each n € N, let &), =
(21, 2mn) € K™ Given & = (21,...,2,) € K™, the following are
equivalent:

1. (#n)n>1 converges to & with respect to the p-norm.
2. limp o0 |20 — 26| =0 for all k € {1,...,m}

Indeed notice |zgn — 2x| < |7 — &[,- Thus (1) implies (2). For the other
direction, notice if |z, — z;x| < e for all k € {1,...,m} then

m 5 m % .
|2, — 2|, = Z|zk,n—zk|p < Zep = mPre.
k=1

k=1

1
As m is fixed, m»e may be made as small as desired thereby completing the
equivalence.

Example C.2.25. Repeating the same arguments in Example for
K =R and p =2, if (2,),>1 is a sequence in C, z € C, and ay,,b,,a,b € R
are such that z = a+bi and z, = a, +byi for all n € N, then z = lim,, o0 2n
if and only if a = limy, o0 @, and b = limy, o0 by,

Example C.2.26. Given a sequence (f,)n>1 of elements of C|[a, b], notice
that (f,)n>1 converges to an element f € Cla, b] with respect to | - ||, if and
only if for all € > 0 there exists an N € N such that |f,(z) — f(z)| < € for
all z € [a,b] and n > N. This is precisely the notion of uniform convergence
of functions discussed in previous analysis courses.

In the case of normed linear spaces, the notion of convergent sequences
behaves well with respect to vector space operations.
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Proposition C.2.27. Let (X,| | y) be a normed linear space over K. If
(Zn)n>1 and (Yn)n>1 are sequences that converge to & and § respectively, then

o (Zp, + Yn)n>1 converges to T + ¢, and
o (afp)n>1 converges to af for all o € K.

Proof. Let € > 0. Since

(@ + Fn) = (F = )| < |70 = Z]| + [|gn — ¢l and
oy — aZ|| < |af |2, — Z|

for all n and since we may chose N sufficiently large so that the right-hand
sides of both inequalities is less than €, the result follows. ]

As the statement “d(x,,z¢) < €” is equivalent to saying that x, €
B(xzg,€), we directly have a connection between convergence of sequences
and topology.

Proposition C.2.28. Let (X,d) be a metric space. A sequence (Zy)n>1
converges to an element xg € X if and only if for every open set U of X such
that zog € U there exists an N € N such that x,, € U for alln > N.

For general topological spaces (i.e. a space with a topology), the notion
of convergence is defined via Proposition [C.2.28] One thinks of each open
set as a ‘neighbourhood’ around a point and for a sequence to converge to
a point, it must eventually inside every open set. This becomes a problem
for a general topological space due to examples like the trivial topology for
which two or more points are contained in the same open sets and thus are
both limits of the same sequences. In metric spaces, we do not have this
problem.

Proposition C.2.29. Let (X,d) be a metric space and let (xn)n>1 be a
sequence in X. If xg = limy, 00 Tn and yo = lim, o Ty, then o = yo.

Proof. Suppose xg = lim,, o Ty and yg = lim,,_, o . Let € > 0 be arbitrary.
Since g = limy_,o =y, there exists an N7 € N such that d(z,,zg) < € for all
n > Nj. Similarly, since yg = lim,, .o =, there exists an Ny € N such that
d(zy,yo) < € for all n > Ny. Therefore, if N = max{Nj, Na}, we obtain that

0< d(xo, yo) < d(wo,l'N) + d(l‘N,yo) < 2e.

Since the above inequality holds for all € > 0, we obtain that d(xg,yo) = 0.
Hence z¢ = yo by property (1) of Definition N

Given a sequence, it is often useful to be able to construct other sequences
by removing elements. This leads to the following notion.
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Definition C.2.30. Let (X,d) be a metric space. A subsequence of a
sequence (xy),>1 of elements of X' is any sequence (yp)n>1 such that there
exists an increasing sequence of natural numbers (ky,)p>1 so that y, = zy,
for all n € N.

Unsurprisingly, if a sequence converges to a point, so does every subse-
quence.

Proposition C.2.31. Let (X,d) be a metric space and let (z)n>1 be a
sequence that converges to x € X. Every subsequence of (xy)n>1 converges
to x.

Proof. Let (z, )n>1 be a subsequence of (z,)p>1. Let € > 0. Since z =
lim,, o0 Zp, there exists an N € N such that d(z,,z) < € for all n > N.
Since (kn)n>1 is an increasing sequence of natural numbers, there exists an
Ny € N such that k,, > N for all n > Ny. Hence d(zy,,, ) < € for all n > Np.
Therefore, as € > 0 was arbitrary, we obtain that lim, ., zx, = = by the
definition of the limit. m

Of course, convergent sequences can be used to characterize closed sets.

Theorem C.2.32. Let (X,d) be a metric space and let A C X. Then A is
a closed set if and only if whenever (an)p>1 is a sequence of elements of A
that converge to an element x € X, then x € A.

Proof. Suppose that A is a closed set. Suppose to the contrary that there
exists a sequence (an)n>1 of elements from A such that x = lim,,_, a,, and
x € A°. Since A is closed, A€ is open so there exists an ¢ > 0 such that
B(z,e) C A°. However, since x = lim,,_,o a,, there exists an N € N such
that a, € B(z,e) C A° for all n > N. Notice this is a contradiction as
an € A for all n € N. Therefore one direction is complete.

To see the converse, suppose that whenever (ay)n>1 is a sequence of
elements of A that converge to an element x € X', then z € A. Suppose to
the contrary that A is not closed. Therefore A€ is not open. Thus there
exists an « € A° such that B(z,e) N A # (0 for all € > 0. For each n € N
choose a,, € B(z,2)N A. Clearly (an)n>1 is a sequence of elements of A that
converges to x so, by assumption, x € A. As this contradicts the fact that
x € A° the proof is complete. ]

C.3 Continuity

In this section we will focus on studying continuous functions as these are
functions that are very well-behaved with respect to the topological properties
of metric spaces. In particular, continuous functions are those that preserve
convergent sequences. Furthermore, continuous functions interact in a very
specific and useful way with the metric space topology.
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C.3.1 Continuity and Topology

To generalize the notion of a continuous function on R to a function between
metric spaces, we begin by recalling the e-d notion of continuity.

Definition C.3.1. Recall a function f : R — R is said to be continuous
at a € R if for all € > 0 there exists a § > 0 such that |z — a| < § implies

[f(z) = fz)] <e

It is clear that to generalize the notion of continuity to functions between
metric spaces, we need only insert the appropriate notion of distance.

Definition C.3.2. Let (X, dy) and (Y, dy) be metric spaces. It is said that
a function f : X — ) is continuous at a point zg € X if for all € > 0 there
exists a 0 > 0 such that if dy(z,z9) < d then dy(f(x), f(zo)) < €. Otherwise
it is said that f is discontinuous at xg.

The set of continuous functions from X to ) is denoted C(X,)).

Remark C.3.3. Note that the ‘<’ in both the ‘< ¢’ and ‘< € portions of
Definition may be replaced by ‘<’ Indeed this follows since for all
x e X and r > 0,

1 1
B (:U, 27“) CB [ZL', 27“} C B(z,r).

Definition C.3.4. Let (X,dx) and (), dy) be metric spaces. It is said that
a function f: X — ) is continuous (on X) if f is continuous at each point
in X.

We have already seen several continuous functions on R in previous
courses (e.g. polynomials, trigonometric functions, exponentials, etc.). Here
are some more unusual examples.

Example C.3.5. Let (X,dy) and (Y,dy) be metric spaces. If dy is the
discrete metric, then any function f : X — Y is continuous. If dy is the
discrete metric, then a function f : X — ) is continuous at xg if and only
if there exists a neighbourhood U of zy such that f is constant on U. In
particular, if X = R and dy is the discrete metric, f : X — ) is continuous
if and only if f is constant.

As with continuous functions on R, continuity of functions between metric
spaces may be characterized via preservation of convergent sequences. Fur-
thermore, continuity can also be characterized using topological properties.

Theorem C.3.6. Let (X,dy) and (Y,dy) be metric spaces, let f: X — Y,
and let xg € X. The following are equivalent:

(1) f is continuous at xg.
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(2) For every sequence (xp)n>1 in X that converges to g, the sequence
(f(@n))nz1 converges to f(xo).

(3) For every neighbourhood V' of f(xo), f~1(V) is a neighbourhood of xq.

Proof. To see that (1) implies (2), suppose f is continuous at xy and that
(Zn)n>1 1s a sequence in X that converges to zg. To see that (f(zn))n>1
converges to f(zg), let € > 0. Since f is continuous at x¢, there exists a § > 0
such that if dy(z,z¢) < ¢ then dy(f(z), f(z0)) < €. Since xg = lim,_,o0 T,
there exists an N € N such that d(z,,z9) < ¢ for all n > N. Hence
d(f(zy), f(xo)) < € for all n > N. Since € > 0 was arbitrary, we obtain that
f(zo) = limy, 00 f(2p) as desired.

To see that (2) implies (3), suppose to the contrary that there exists a
neighbourhood V' of f(z¢) such that f~1(V) is not a neighbourhood of z.
Since zg € f~(V) this implies that B (xo, %) N(f~1(V))¢ #0 for all n € N.
For each n € N choose an element

2 € B (0,0 ) 0 (V)"

Hence (z,,)n>1 converges to xg. So, by the assumption of (2), we obtain that
f(zo) = limy—yo0 f(xy,). Since V is a neighbourhood of f(xg), this implies
f(x,) € V for some n € N which implies x, € f~1(V). As x,, € (f~1(V))¢,
we have obtained a contradiction. Hence (2) implies (3).

To see that (3) implies (1), let € > 0 be arbitrary. Since B(f(zo),€) is a
neighbourhood of f(z0), f~'(B(f(xg),€)) is a neighbourhood of zg by the
assumption of (3). Hence there exists a 6 > 0 such that

B(wo,8) € fH(B(f(w0), €)).

Thus, if d(z, x¢) < 0 then
€ B(x0,0) C [~ (B(f(x0), €))

so f(x) € B(f(x0),€) and thus d(f(x), f(xo)) < €. Hence f is continuous by
definition. []

In addition to the above we obtain the following characterization of
continuity using open sets. As the following characterization makes no use of
the metric, one may generalize this result to obtain a definition of continuous
functions between any two sets with given topologies.

Proposition C.3.7. Let (X,dy) and (V,dy) be metric spaces. A function

f: X = Y is continuous if and only if f~1(V') is open (in X ) for every open
subset V of ).
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Proof. If f=1(V) is open (in &) for every open subset V of ), then the fact
that f is continuous at each point in X" follows from the proof of (3) implies

(1) in Theorem

Suppose f: X — Y is continuous and let V' be an open subset of ). Let
U= f~Y(V) and let x € U be arbitrary. Since f(z) € V and since V is open,
there exists an € > 0 such that B(f(z),e) C V. Since f is continuous, there
exists a 6 > 0 such that if y € B(x,0) then f(y) € B(f(x),e) C V. Hence
B(z,0) C U. Therefore, since x was arbitrary U is open as desired. [

Corollary C.3.8. Let (X,dx) and (),dy) be metric spaces. A function
f: X = Y is continuous if and only if f~(F) is closed (in X) for every
closed subset F of ).

Proof. Since f~1(A¢) = (f~1(A))¢, the result follows from Proposition
|

As with continuous functions on R, composition continuous functions
preserves continuity.

Proposition C.3.9. Let (X,dy), (V,dy), and (Z,dz) be metric spaces, and
let f: X =Y and g:Y — Z be continuous functions. Then go f: X — Z
18 continuous.

Proof. Let x € X be arbitrary. To see that g o f is continuous at x, let
(n)n>1 be a sequence in X' that converges to . Therefore, by Theorem

f(z) = limy,_yo0 f(zy) as f is continuous and thus ¢g(f(z)) = lim,— 00 g(f(zn))
as g is continuous. Hence g o f is continuous at z by Theorem [C.3.6] As
x € X was arbitrary, the proof is complete. ]

C.3.2 Useful Continuous Functions

In this section we will describe some useful continuous functions and the
existence of certain continuous functions on metric spaces. All of these results
we be related to the following notion.

Definition C.3.10. Let (X,d) be a metric space and let A C X be a
non-empty set. Given z € X, the distance from x to A, denoted dist(z, A),
is defined to be

dist(z, A) = inf{d(z,a) | a € A}.

Example C.3.11. If A = {a} then clearly d(z, A) = d(z, a). Furthermore,
if X is a normed linear space, then d(z, A) = ||z — al|.

As a further example and to exhibit some important properties of
dist(z, A), we note the following.
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Lemma C.3.12. Let (X,d) be a metric space and let A C X be a non-
empty set. For each v € X, dist(x, A) = 0 if and only if v € A (the set
of all points that are limits of sequences of points from A). Consequently
dist(x, A) = dist(z, A) for all x € X.

Proof. First suppose x € X is such that dist(z, A) = 0. Therefore for all
n € N there exists an a,, € A such that d(z,a,) % Hence x = lim,, o0 ap,

sox € A.

Conversely, suppose z € A. Hence there exists a sequence (a,)n>1 of
elements of A such that x = lim, o a,. Thus lim, o d(z,a,) = 0 so
dist(z, A) = 0.

For the second part, note clearly A C A so dist(x, A) < dist(x, A)
for all € X. To see the other inequality, fix x € X. Let ¢ > 0 be
arbitrary. By the definition of the distance, there exists an y € A such that
d(z,y) < dist(z, A) + e. However, since y € A there exists an a € A such
that d(y,a) < e. Hence

d(z,a) < d(z,y) + d(y,a) < dist(z, A) + 2e.

Hence, as a € A,
dist(x, A) < dist(z, A) + 2.

Therefore, as € > 0 was arbitrary, dist(x, A) < dist(z, A) thereby completing
the proof. n

Next we demonstrate the continuity of the distance function to a set. In
particular, by applying the following to the examples contained in Example
[C310] we obtain that the distance to a point in any metric space and the
norm in any normed linear space are continuous functions.

Theorem C.3.13. Let (X,d) be a metric space and let A C X be a non-
empty set. The function F : X — R defined by F(x) = dist(z, A) for all
x € X s continuous.

Proof. To see that F' is continuous, let =,y € X be arbitrary. By the
definition of the distance function, given any § > 0 there exists an a € A
such that d(z,a) < dist(x, A) + §. Therefore

dist(y, A) < dist(y,a) < d(x,y) + d(x,a) < d(x,y) + dist(x, A) + 9.

As the above inequality holds for all § > 0, we obtain that F(y) < F(x) +
d(x,y). By reversing the roles of z and y, we obtain that F'(z) < F(y)+d(z,y)
and hence |F(z) — F(y)| < d(z,y).

To see now that F' is continuous, fix g € X and let € > 0. Let § =€ > 0.
Therefore, if y € X is such that d(xg,y) < ¢ then |F(zo) — F(y)| < d(zo,y) <
0 = €. Hence F' is continuous at xg. Therefore, as g was arbitrary, F' is
continuous as desired. [
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To conclude this section, we note the following result that ‘separates’
closed subsets of a metric space using continuous functions.

Theorem C.3.14 (Urysohn’s Lemma). Let (X, d) be a metric space and
let B and C be two non-empty disjoint closed subsets of X. There exists a
function f: X — [0,1] such that f(x) =0 ifx € B, f(z)=1ifz € C, and
0< f(r)<lifx¢ BUC.

Proof. Consider the function f: X — R defined by

B dist(z, B)
J) = dist(z, B) + dist(z, C)’

for all x € X. We claim that f is well-defined; that is, the denominator

never vanishes. To see this, suppose there exists an x € X such that

dist(z, B) + dist(x, C') = 0. Thus dist(x, B) = dist(z,C) = 0 so by Lemma

r€B=DBandx € C =C as B and C are closed. Therefore, as

BN C =, we have obtained a contradiction. Hence f is well-defined.
Clearly f(z) > 0 for all z € X. Since

0 < dist(z, B) < dist(z, B) + dist(z, C)

we see that f: X — [0, 1]. Furthermore, by Theorem and elementary
properties of continuous functions, f is continuous (i.e. use part (2) of Theo-
rem together with Proposition to show the sum of continuous
functions is continuous).

To complete the proof, first notice that f(x) = 0 if and only if dist(z, B) =
0 if and only if z € B = B by Lemma Similarly f(z) = 1 if and
only if dist(z, B) = dist(z, B) + dist(x, C) if and only if dist(z,C') = 0 if and
only if x € C = C by Lemma Since f : X — [0, 1], we obtain that
0 < f(x) <1 for all x ¢ BU C thereby completing the proof. N

C.3.3 Metric Spaces of Continuous Functions

Unfortunately, the set of continuous functions between two metric spaces
need not be a ‘nice’ metric space. Of course we may place the discrete metric
on any set, but for continuous functions we would like a non-trivial metric
such that the distance between two functions is related to the pointwise
distance between the functions. To do this, we will need to restrict the
collection of continuous functions. To do so, we define the following.

Definition C.3.15. Let (X, d) be a metric space and let A C X. It is said
that A is bounded if there exists an x € X such that

sup{d(z,a) | a € A} < 0.
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Remark C.3.16. Since for all y € X we have
d(y,a) < d(y,z) + d(z, a),

the choice of & does not matter in Definition Hence, if X is a normed
linear space, we may choose x = 0 to obtain that A is bounded if and only if

sup{|lally | a € A} < 0.

Definition C.3.17. Let (X,dx) and (), dy) be metric spaces. A function
f:X = Y issaid to be bounded if f(X') is a bounded set in ). The set of
all bounded continuous functions f : X — ) is denoted Cy(X,)).

Example C.3.18. If ¥ = N and Y = K, then Cy(X,)) =l (N, K).

Theorem C.3.19. Let (X,dx) and (Y, dy) be metric spaces. Then Cp(X,))
is a metric space with the metric

d(f,g) = sup{dy(f(x),g(z)) | = € X}.

Proof. First, given f,g € Cp(X,)), to see that d(f,g) < oo, we note there
exists an a € y such that

sup{dy(f(z),a) | € X} <oo and sup{dy(g(z),a) | z € X} < .

From this it clearly follows from the triangle inequality on dy that d(f, g) < oo.
The remaining properties of a metric are trivial to verify. ]

Of course, with continuous functions on R, the sum of continuous functions
is continuous and a scalar multiple of continuous functions is continuous.
This means that continuous functions on R are a vector space. To repeat
these ideas for Cp(X,)) is only possible if ) is a normed linear space. This
yields the following thereby generalizing the sup norm on C|a, b].

Theorem C.3.20. Let (X,dx) be a metric space and let (] -||y) be a
normed linear space over K. Then Cy(X,Y) is a normed linear space over K
with the operations of pointwise addition and scalar multiplication, and the
norm

[flloe = sup{l[f(2)lly | = € A}

The norm || - ||, is called the supremum norm or the infinity norm.

o0

Proof. If f,g : X — Y are continuous functions, then one can verify that
f+gand af are continuous for all & € K by using part (2) of Theorem
together with Proposition If f and g are bounded, the properties
of || [|5, easily imply that f + g and af are bounded. Hence Cy(X,)) is a

vector space over F. The fact that |- || is a norm easily follows (with the
proof that it is finite following as in Theorem |C.3.19)). ]
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C.3.4 Continuous Linear Maps

To complete this section, we desire to analyze continuity in the context of
normed linear spaces. In particular, the ‘nice’ maps between vector spaces
are the linear maps as these are precisely the functions that preserve the
vector space operations. Thus we desire to study when a linear map between
normed linear spaces is continuous. To do this, as linear maps will clearly
not be bounded as defined above, we modify the definition of boundedness.

Definition C.3.21. Let (X, -[/y) and (), || [l;)) be normed linear spaces
over K. A linear map T : X — ) is said to be bounded if

sup{||T(Z)y | € X, [|Z]|, <1} < oo.
If T is bounded, then we write
1T = sup{[|IT(D)[ly, | T€ X, [|Z], <1}

The quantity ||7'|| is called the operator norm of T'. Furthermore, the set of
bounded linear maps from X to Y is denoted B(X,)).

To see that the operator norm is indeed a norm, we note that the only
non-trivial property of Definition to verify is that if ||T'|| = 0, then T
is the zero linear map. Note the following lemma yields the result.

Lemma C.3.22. Let (X, - y) and (3, | - |ly)) be normed linear spaces over
K and let T € B(X,Y). Then

1T(@) |y < TN 117]]
forall ¥ € X.

Proof. Since HT(@)H)} = Hﬁ”){ = 0, the result holds when # = 0. If # # 0,
then ||Z||, # 0. Consequently, as

we obtain from the definition of the operator norm that

1
_ T< L )
. ER

Therefore || T'(Z)[ly, < | T ]l » as desired. [

1

[

-
HDCHX

7] =1,

1

171

IT @)y = HHIHXT () <7

y

Theorem C.3.23. Let (X, ||-|y) and (V,||-|ly) be normed linear spaces
over K. Then B(X,Y) is a normed linear space over K with the operator

norm as defined in Definition [C.53.21]
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The reason we have been analyzing bounded linear maps in reference to
continuous function is that B(X,)) is all continuous linear functions from

X to ).

Theorem C.3.24. Let (X, |- |ly) and (Y, |- |ly) be normed linear spaces
over K and let T : X — Y be linear. The following are equivalent:

(1) T is continuous.
(2) T is continuous at 0.

(3) T is bounded.

Proof. Clearly (1) implies (2). To see that (2) implies (3), let e = 1. Since T’
is continuous at 0, there exists a § > 0 such that if ||| < ¢ then | T(Z)| < 1.
Therefore, if ¥ € X is such that ||Z]| < 1, then [|§Z]] < 6 so

ST @) = oT(@)]| = T(D)] < 1.

Hence ||Z]| < 1 implies | T(Z)|| < 6~! so T is bounded by definition.

To see that (3) implies (1), let ¥y € X be arbitrary. To see that T is
continuous at x, let ¢ > 0. Let § = ﬁ > 0. If ¥ € X is such that
| — Zo|| < 9, then Lemma |C.3.22| implies that

€

IT(Z) = T(Zo)|| = IT(Z = Zo)|| < T |Z = Zol| < TN 777 <€
1T +1
Therefore T is continuous at Zp as € > 0 was arbitrary. Therefore, as Zp € X
was arbitrary, 1" is continuous on X. ]

C.4 Cauchy Sequences

In order for a sequence to converge, given any € > 0 all the elements of the
sequence must be within e of their limit. In particular, this means that the
terms in the sequence must eventually be within 2¢ of each other. This leads
us to the following concept previously seen for sequences in R.

Definition C.4.1. Let (X, d) be a metric space. A sequence (zp)n>1 is said
to be Cauchy if for all € > 0 there exists an N € N such that d(z,, ) < €
for all n,m > N.

Remark C.4.2. There exists sequences (zy)n>1 such that
nh—>H<}o d(l'nv xn—i—l) =0

that are not Cauchy. Indeed let z, = Y }_; + for all n € N. Clearly
d(Tp, Tpi1) = n%rl yet (zy)n>1 is not Cauchy as for all m € N

1
sup d(zp,ZTy) = sup Z L =

m— 00 m— 00 k

©For use through and only available at pskoufra.info.yorku.ca.



278 APPENDIX C. BANACH SPACES

There are immediately sequences we can deduce are not Cauchy.
Lemma C.4.3. Every Cauchy Sequence in a metric space is bounded.

Proof. Let (xy)n>1 be a Cauchy sequence in a metric space (X,d). Since
(xn)n>1 is Cauchy, there exists an N € N such that d(z,,z,) < 1 for all
n,m > N.

Let M = max{d(z1,zn),...,d(zny_1,2N),1}. Using the above para-
graph, we see that d(z,,zy) < M for all n € N. Hence (xy,),>1 is
bounded. ]

Furthermore, we have already seen several examples of Cauchy sequences.
Lemma C.4.4. Every convergent sequence in a metric space is Cauchy.

Proof. Let (z)n>1 be a convergent sequence in a metric space (X, d). Let
xo = limy, o0 . To see that (x,)n>1 is Cauchy, let € > 0 be arbitrary.
Since xg = limy, 00 Tn, there exists an N € N such that d(xy,zg) < § for all
n > N. Therefore, for all n,m > N,

d(a:n,mm) < d(xn; x()) + d(l'(),xm) < % + % EX

Thus, as € > 0 was arbitrary, (z,),>1 is Cauchy by definition. ]

Corollary C.4.5. FEvery convergent sequence in a metric spaces is bounded.

Of course, it would be nice if the converse Lemma [C.4.4] were true as this
would enable us to deduce the convergence of a sequence by checking it is
Cauchy without any knowledge of the limit. Thus we make the following
definition.

Definition C.4.6. A metric space (X,d) is said to be complete if every
Cauchy sequence converges.

Any metric space with the discrete metric is complete as any Cauchy
sequence with respect to the discrete metric is eventually constant. Further-
more R is complete. We will quickly recall the proof that R is complete by
beginning with the following result which holds in any metric space.

Lemma C.4.7. Let (zp)n>1 be a Cauchy sequence in a metric space (X,d).
If a subsequence of (xy)n>1 converges, then (Tyn)n>1 converges.

Proof. Let (x,)n>1 be a Cauchy sequence with a convergent subsequence
(g, )n>1 and let z¢g = limy, o0 x,. We claim that lim, oo 2, = x0. To
see this, let € > 0 be arbitrary. Since (x,)n>1 is Cauchy, there exists an
N € N such that d(zy,z,) < § for all n,m > N. Furthermore, since
wo = limy 00 T, , there exists an k; > N such that d(z;, z0) < 5. Hence, if
n > N, then

d(xn, xo) < d(fﬁn, $kj) + d(xk].,xo) < % + g = €.

Thus, as € > 0 was arbitrary, (z,),>1 is converges to xg by definition. N
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In addition, recall the following theorem.

Theorem C.4.8 (Bolzano-Weierstrass Theorem). Fvery bounded se-
quence of real numbers has a convergent sequence.

Theorem C.4.9 (Completeness of the Real Numbers). Every Cauchy
sequence of real numbers converges.

Proof. Let (x,,)n>1 be a Cauchy sequence of real numbers. Thus (z,)n>1
is bounded by Lemma Therefore (xy,)n>1 has a convergent sequence
by the Bolzano-Weierstrass Theorem. Hence (z,)n>1 converges by Lemma

€47 ]
For other examples of complete metric spaces, we turn to the following.
Corollary C.4.10. For every p € [1,00] and n € N, (K", [|-||)) is complete.

Proof. To see that (R", || - [|,,) is complete, let (Z));>1 be an arbitrary Cauchy
sequence in (R, |[-],). Write &% = (zp1,...,2kn). Since for all k,m € N
we have

[k — Tl < Tk — Tl

it is elementary to see that (xj ;)r>1 is a Cauchy sequence in R for all
j €{1,...,n}. Since R is complete, for each j € {1,...,n} there exists an
xj € R such that x; = limp_,o0 @1 j. If & = (21,...,2y), then & = limy_, o T,
in (R, [[-[[,) by Example Therefore, as (Zy)r>1 was arbitrary,
(R™ |- |l,,) is complete.

To see that (C™,||-|,), it suffices by the same arguments to show that
(C,|-]) is complete. To see that (C,|-|) is complete, let (z;)r>1 be an
arbitrary Cauchy sequence in C. For each k, write zp = ap + iby where
ag, b € R. Since for all k, m € N we have

lag — aml, |bx — bm| < |2k — 2ml,

it is elementary to see that (ax)r>1 and (bg)r>1 are Cauchy sequences in
R. Since R is complete, a = limg_,oo ar and b = limy_ o b exist. Hence

z = a+ bi, then z = limy_, 2 by Example [C.2.25] Hence, as (2x)r>1 was
arbitrary, (C,|-|) is complete. ]

Using our knowledge of complete metric spaces, we can construct addi-
tional examples.

Theorem C.4.11. Let (X,d) be a complete metric space and let A C X be
non-empty. Then (A,d) is complete if and only if A is closed in X.

Proof. Suppose (A, d) is complete. To see that A is closed, let (a,)n>1 be
an arbitrary sequence of elements from A that converges to some element
x € X. Since (ap)p>1 converges in X, (an)n>1 is Cauchy in & by Lemma
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and therefore is Cauchy in (A, d). Hence (a,)n>1 converges in A to
some element a € A as (A, d) is complete. Since limits in metric spaces are
unique (Proposition , a = x. Hence x € A so A is closed by Theorem
C.2.32

For the converse, suppose A is closed in X'. To see that (A, d) is complete,
let (an)n>1 be an arbitrary Cauchy sequence in (A,d). Hence (ap)n>1 is
a Cauchy sequence in (X, d). Since (X, d) is complete, (ap)p>1 converges
to some element z € X. Since A is closed in X', Theorem [C.2.32] implies
that x € A. Hence as (an)n>1 was an arbitrary Cauchy sequence, (A,d) is
complete. ]

Corollary C.4.12. Every closed subset of K™ is a complete metric space.

Notice that one direction of the proof of Theorem did not require
(X, d) to be complete. Thus we obtain the following.

Corollary C.4.13. Let (X,d) be a complete metric space and let A C X be
non-empty. If (A,d) is complete, then A is closed in X.

C.5 Banach Spaces

The above produced several examples of complete metric spaces including
many that were not normed linear spaces. As complete normed linear spaces
are incredibly nice and important for the remainder of the course, and as
saying/typing complete normed linear spaces is rather cumbersome, we make
the following definition.

Definition C.5.1. A Banach space is a complete normed linear space.

Corollary [C.4.10] produced for us a collection of Banach spaces. For
the remainder of this subsection, we will note several of the normed linear
spaces we have seen previously are Banach spaces. Furthermore, via Theorem
we obtain any closed vector subspace of these Banach spaces is also
a Banach space (and any closed subset is a complete metric space).

As we go through the following, note there is a similar theme to the
proofs.

Proposition C.5.2. For each p € [1,00], (£,(N,K), [|-||,,) is a Banach space.

Proof. Note the proof of this proposition is very similar to that of Proposition
except for the complication that convergences entrywise need not
imply convergence in (£,(N,K), || - [[,,). To bi-pass this problem, we will invoke
a technique that will be used repeatedly in this section.

Fix p € [1,00] and let (#,)n>1 be an arbitrary Cauchy sequence in
(6p(N,K), [ -][,). For each n € N, write &, = (znx)k>1. Since for all
m,j, k €N,

T — 2 k] < ([T — Tl
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we see that for each k € N the sequence (2, %)n>1 is Cauchy in (K,|-|).
Therefore, as (K, |-|) is complete, y; = limy, o0 zp k exists in (K,|-|) for
each k € N.

Let ¥ = (yn)n>1. To complete the proof, it suffices to verify two things:
that ' € £,(N,K), and that limy, o [|§ — &, = 0. We will only discuss the
case p # oo and the case p = oo is similar. For p # oo notice for all m € N
that

1
P

m % m
—z1.P] = lim Tt — L1 k[P < limsup ||Z,, — Z1]|.. .
(;‘yk 1kl ) Jim <;| nk — T1k| ) < n_mpH n— T,

Since (T )n>1 is Cauchy in (€,(N,K), || -[,); (Zn)n>1 is bounded in (£,(N, K), | -

since Cauchy sequences are bounded. Hence limsup,,_, ||%, — Z1]|,, is finite.
Therefore, by taking the limit as m tends to infinity, we obtain that

- 5
(S ovar) < s 5, - .
=1 n— oo

Hence Z = (yr, — 21%)k>1 € {p(N,K). Therefore, as § = 7+ 21, we obtain
that ¢ € ¢,(N,K) by the triangle inequality.

To see that lim;, e | — Zn ||, = 0, let € > 0 be arbitrary. Note the above
proof also shows for all j € N that

15 = Zjll,, < Timsup [|Z, — Z5]],-
n—oo

Since (Z,)p>1 is Cauchy in (£,(N,K),[[-[|,), there exists an N € N such
that [|Zm — Zj[[, < € for all m,j > N. Hence if j > N, the above im-
plies [|§— Zj||, < e. Therefore, as e > 0 was arbitrary, we obtain that
limy, o0 | — @], = 0. Hence (%5)n>1 converges in (£,(N,K), || -||,,) so, as
(Zn)n>1 was arbitrary, (¢,(N,K),[-[,) is complete. ]

To discuss Banach spaces consisting of functions, we first note the fol-
lowing types of convergence and a lemma which guarantees certain limits
are continuous. This lemma is the generalization to metric spaces of a result
that is a cornerstone of any first course in analysis.

Definition C.5.3. Let (X,dy) and (),dy) be metric spaces. For each
n € Nlet f, : X = Y. Given f: X — ), it is said that the sequence (fy,)n>1

o converges pointwise to f if lim, o fn(z) = f(x) for all z € X.

o converges uniformly to f if (fn)n>1 converges to f with respect to the
uniform metric (provided it makes sense); that is, for all € > 0 there
exists an N € N such that dy(f(z), fn(x)) < € for all n > N and for
all z € X.
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Theorem C.5.4. Let (X,dx) and (V,dy) be metric spaces and let f : X —
Y. If (fn)n>1 is a sequence of continuous functions from X to ) that converge
to f uniformly, then f is continuous.

Proof. To see that f is continuous, let zg € X be arbitrary. To see that
f is continuous at zo let € > 0 be arbitrary. Since (fy)n,>1 converges to f
uniformly, there exists an N € N such that dy(f(z), fv(z)) < § forallz € X.
Since fy is continuous at zg, there exists a 6 > 0 such that if dx(z,x0) < 0
then dy(fn(z), fn(zo)) < §. Hence if x € X and dx(z,29) < J, then, by
the triangle inequality,

dy(f(x), f(x0)) < dy(f(x), fn(2)) + dy(fn (@), fn(20)) + dy(fn(20), f(20))

<6+6+e
-+ -4+ - =c
3 3 3

Hence, as € > 0 was arbitrary, f is continuous at xg. Thus, as xy was
arbitrary, f is continuous on X. ]

Using the above, we obtain the following result for metric spaces.

Theorem C.5.5. Let (X,dy) and (Y, dy) be metric spaces. If Y is complete,
then (Cp(X,Y),dx) is a complete metric space.

Proof. Let (fn)n>1 be an arbitrary Cauchy sequence in (Cy(X,)), ds). For
each x € X, notice

dy (fn (@), fm(2)) < doo(fn, fm)

for all n,m € N. Hence it is elementary to see that (f,(z))n>1 is a Cauchy
sequence in Y for all x € X. Therefore, since ) is complete, for each
x € X there exists an f(z) € ) such that f(x) = lim, o fn(x). Clearly the
function x — f(z) defines a function f: X — ).

To complete the proof, it suffices to verify three things: that f: X — )Y
is continuous, that f is bounded, and that lim,, o doo(f, fr) = 0. For the
first, we claim that (fy,)n>1 converges to f uniformly on X. To see this, first
notice for all x € X and m € N that

dy(f(x), fm(x)) = nlggo dy(fn(2), fm(z)) < limsup doo (fn, fin)-

n—oo

Since (fn)n>11s Cauchy in (Cp(X,)), doo), (fn)n>1 is bounded in (Cp(X, V), dso)
since Cauchy sequences are bounded. Hence lim sup,,_, .o doo(fn, frm) is finite.
Therefore, by taking the supremum over all x € X, we obtain that

sup{dy(f(z), fm(x)) | z € X} < hffiso%p doo(frs fm)

for all m € N. Thus, by taking m = 1 and using the fact that f; is bounded,
we easily see that f is bounded.
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To see that f is continuous, we will show that (f,),>1 converges uniformly
to f using the above. Thus let € > 0 be arbitrary. Since (fy)n>1 is Cauchy
in (Cp(X,Y),dx), there exists an N € N such that doo(fj, fm) < € for all
m,j > N. Hence if m > N, the above implies

sup{dy(f(2), fun(@)) | 2 € X} <.

Thus (fn)n>1 converges to f uniformly on X. Hence f is continuous by
Theorem

As the above shows that limy,, o0 doo (f, fm) = 0, (fn)n>1 converges to
fin (Co(X,)),ds). Thus, as (fn)n>1 was an arbitrary Cauchy sequence,
(Cp(X,)),ds) is complete. [

Since Cp(X,)) is a normed linear space provided ) is, we obtain the
following.

Corollary C.5.6. Let (X,dx) be a metric space and let (Y, || -y,) be a
Banach space. Then (Cp(X,D), |- |l,,) is a Banach space.

Corollary C.5.7. Let (X,dx) be a metric space. Then (Cyp(X,R), |||
a Banach space.

) 18

Finally, returning to bounded linear maps between normed linear spaces,
we obtain the following.

Theorem C.5.8. Let (X, ||| x) and (Y, || |ly) be normed linear spaces. If
Y is a Banach space, then (B(X,)),]-||) is a Banach space (where || - || is
the operator norm).

Proof. Let (T},)n>1 be an arbitrary Cauchy sequence in (B(X,Y), | -||). For
each ¥ € X, notice

[T (%) = Ton (D) [y < 1T = T 17|

for all n,m € N. Hence it is elementary to see that (7},(Z))n,>1 is a Cauchy
sequence in Y for all ¥ € X. Therefore, since ) is complete, for each ¥ € X
there exists an 7'(Z) € Y such that T(Z) = limp 00 15 (%).

To complete the proof, it suffices to verify three things: that T : X — Y
is linear, that 7" is bounded, and that lim,_, ||7" — 75, || = 0. To see that T’
is linear, notice for all #1,Z2 € X and « € K that

T(afl+fg) = nlLH;O Tn(afl—FfQ) = T}nglo aTn(fl)+T)n(fg) = OzT(fl)—l-T(fg).

Hence T is linear.
To see that T' is bounded, notice for all ¥ € X with |7, <1andm e N
that

IT@) = Tl @)y = Jim [1Ta(@) = Ty < limsup [T, — T
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Since (T, )n>1 is Cauchy in (B(X,Y), || - ||), (Tn)n>1 is bounded in (B(X, V), | - )
since Cauchy sequences are bounded. Hence limsup,,_, ||77, — T is finite.
In particular, we obtain that there exists a constant K such that

IT@y < 1@y + K < |Thl| + K

for all ¥ € X with ||Z]|, < 1. Hence T' is bounded with ||T|| < ||T} ]| + K.

To see that lim,_,« [|T" — T,|| = 0, let € > 0 be arbitrary. Since (T7,)n>1
is Cauchy in (B(X,Y), || -|), there exists an N € N such that || T, — T}|| <€
for all m,j > N. Hence if j > N, the above implies ||T'(Z) — T;(Z)|| < €
for all ¥ € X with ||Z]|, < 1. Therefore, as € > 0 was arbitrary, we obtain
that lim, o ||T" — 15| = 0. Hence (T},)n>1 converges in (B(X,)),] - ||) so,
as (Ty,)n>1 was arbitrary, (B(X,)), ]| -|) is complete. ]

C.6 Absolute Summability

The above has painstakingly demonstrated that several of the space we
naturally desire to consider are Banach spaces. Thus, as we have several
Banach spaces and complete metric spaces, it is nice to determine what
additional properties these spaces have beyond the convergence of all Cauchy
sequences. In this section, we will analyze one of these properties.

One important property of the real numbers is the convergence of specific
types of series. In particular, every ‘absolutely summable’ series converges.
We can generalize these concepts to metric spaces as follows.

Definition C.6.1. Let (X, | - ||) be a normed linear space. A series Y ~> | @y,
is said to be summable if the sequence of partial sums (sy),>1 converges
(where s, = Y11 Tk).

A series Y o7 | T, is said to be absolutely summable if >">° | || @] < 0.

Theorem C.6.2. Let (X, ||-||) be a normed linear space. Then X is complete
(i.e. a Banach space) if and only if every absolutely summable series is
summable.

Proof. Suppose (X, || - ||) is complete. Let >~° ; &), be an absolutely summable
series. To see that > >°, ), is summable, let ¢ > 0 be arbitrary. Since
Yomeq || Zn]| < 0o, there exists an N € N such that Y02 v ||Zy]| < €. There-
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fore, if k,m > N and, without loss of generality, m > k, then

[8m — skl =

I
8
3

N
(]
=

n=k+1

oo
Z |Zn |l < e.
n=N

IN

Therefore, as € > 0 was arbitrary, the sequence of partial sums (sp)n>1 is
Cauchy. Hence (s;,),>1 converges as X' is complete. Thus, as Y ;> | &), was
arbitrary, every absolutely summable series in X’ is summable.

For the converse, suppose every absolutely summable sequence in X
is summable. To see that X is complete, let (Z,),>1 be an arbitrary
Cauchy sequence. Since (%, )n>1 is Cauchy, there exists an n; € N such that
|Zn — ;|| < % for all m,j > ny. Similarly, since (%,),>1 is Cauchy, there
exists an ny € N such that ny > ny and ||, — || < 5 for all m,j > no.
By repeating the above process, for each k£ € N there exists an n; € N such
that ny < ngyq for all k and ||z, — 5| < 2% for all m, j > n.

For each k € N let 4, = Ty, ,, — Tn,. By the above paragraph, we see

that
o o0 1
Z 9] < Zﬁ < 0.
k=1 k=1

Hence Y 72 ¥i is an absolutely summable series in X'. Therefore, by the
assumptions on X, 372 ¥k is summable in X.

Let & = @, + Y11 Yk We claim that (&, )r>1 converges to . To see
this, let € > 0 be arbitrary. Then there exists a M € N such that if m > M
then

o0 m
DGk — > Uk|| <e
k=1 k=1
Therefore, if m > M,
(o, ¢] m m
|‘f_fnm+1|| S ng_zgk + fnl _fnm+1 +ng
k=1 k=1 k=1

m
Tny = Tpyyq + E :mnk“ — Ty
k=1

<€+
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Therefore, as € > 0 was arbitrary, (Z,, )x>1 converges to &. Hence (Z,)n>1
converges to ¥ by Lemma Therefore, as (Zp)n>1 was an arbitrary
Cauchy sequence, X is complete. ]

As an immediate corollary, we obtain the following result pertaining to
convergence of series of continuous functions.

Corollary C.6.3 (Weierstrass M-Test). Let (X, d) be a metric space and
let (fn)n>1 be a sequence of functions from Cy(X,R). Suppose there exists
an M € R such that 302 || fnlloo < M. Then > 02 fn converges uniformly
on X to a continuous function.
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2-norm, [260]

Lo-space, [T19]
L,-space,
oo-norm, [259] 260}, [275]
o-algebra, [I]

o-algebra, generated by a set,
p-integrable, [T10]

p-norm, [IT2] 260

1-norm, [259

absolute value, signed measure, [162
absolutely continuous, functions, [I40]
absolutely continuous, measures, [169
absolutely summable,

algebra, [T9]

almost everywhere,

Axiom of Choice, 240]

Banach space, [280
Bolzano-Weierstrass Theorem, 279
Borel o-algebra,

Borel sets, [3]

Borel-Stieljtes measure,

bounded above, general,
bounded function, metric space,
bounded set, metric space,
bounded variation,

bounded, linear map, [276

Cantor set, [3]]

Cantor ternary function,

Cantor’s Theorem, Cardinality, 254]
Cantor-Schréder—Bernstein Theorem, [242
Carathéodory extension of a measure, 23]
Carathéodory-Hahn Extension Theorem,
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cardinality, [239]

cardinality, less than or equal to, 239
Cauchy sequence,

chain, [247]

characteristic function,
closed ball, 267

closed set,

common refinement, 219

complete,

complete, measure space, [I§]
Completeness of R,
continuous function, 270]
converge, sequence, [267]
countable, [244]

countably infinite,

derivative, [I3]]

diameter,

differentiable function, [I31]
discontinuous,

discrete metric, 25§]

discrete topology,

distance to a set, 272

Dominated Convergence Theorem, (108

dual space, 202]

equinumerous, 239
equivalence class, 237]
equivalence relation,
essentially bounded, [TT§|
Euclidean metric,
Euclidean norm, [260]

Fatou’s Lemma,

finite signed measure, [163|

Fubini’s Theorem, [189

function, imaginary part, @

function, negative part,

function, positive part, [62]

function, real part,

Fundamental Theorem of Calculus, I,
Fundamental Theorem of Calculus, II,

Holder’s Inequality, [113]
Hahn Decomposition Theorem,

©For use through and only available at pskoufra.info.yorku.ca.



INDEX 289

Hausdorff dimension, [47]
Hausdorff measure, [46]

indicator function,

inner regular, [36]

inner regular measure,
integrable function, [07]
integral, complex function,
integral, positive function, [82]
integral, simple function,

Jordan Decomposition Theorem, functions of bounded variation, [I3§]
Jordan Decomposition Theorem, signed measures, [158

Lebesgue Decomposition Theorem,
Lebesgue Differentiation Theorem, [131
Lebesgue integrable, [02]

Lebesgue integral,

Lebesgue integral, positive function, [82]
Lebesgue measurable sets,

Lebesgue measure, [17]

Lebesgue measure, n-dimensional,
Lebesgue outer measure, [13|

Lebesgue outer measure, n-dimensional,
Lebesgue-Stieljtes measure, [27]

limit, sequence,

linear functional, 207]

Lusin’s Theorem,

Lusin’s Theorem, Lebesgue measure on R, [73]
Lusin’s Theorem, locally compact, [74]

maximal element, [248]

measurable function,

measurable rectangles, [184]
measurable sets,

measurable space, [I]

measurable, extended real-value function,
measurable, real-valued function, [52]
measure, [3]

measure space, [4]

measure, o-finite, [7]

measure, counting, [

measure, finite, [7]

measure, outer, [[2]

measure, point-mass, [
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measure, probability, [6]

metric, [257]

metric outer measure, [40]

metric space, [257]

Minkowski’s Inequality,

Monotone Convergence Theorem, integrals, [36]
Monotone Convergence Theorem, measures,
mutually singular measures,

negative set, signed measure, [L55
norm, [258]

normed linear space, [258

null set, signed measure, [I55]

open ball,
open set, [26]]

operator norm, [276|

outer measurable, [14]

outer measure, associated to a function,
outer regular, [36]

outer regular measure,

partial ordering, [23§]

partially ordered set,
partition, [215]

pointwise convergence, [28]]
poset, [247]

positive set, signed measure, [155
pre-measure, [19]

probability space, []

product measure, [187]

Radon-Nikodym derivative,
Radon-Nikodym Theorem, [T70]
refinement,

regular measure, [69]

relation,

Reverse Triangle Inequality, [259]
Riemann integrable,

Riemann sum, 223

Riemann sum, lower, [215

Riemann sum, upper, 210]

Riesz Representation Theorem, L,
Riesz Representation Theorem, L,, 205
Riesz-Fisher Theorem, Lo,
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Riesz-Fisher Theorem, L,
Riesz-Markov Theorem, 213]

set, finite, [247]

set, infinite, 241

signed measure, [153|

signed measure, negative part,

signed measure, positive part, @

simple function,

simple function, canonical representation, @

step function,
subsequence, [269

summable, 284
sup-norm, 50, [0} 273

Tietze’s Extension Theorem - R,
Tonelli’s Theorem, [I90]

topology,

total ordering, 23§

total variation, [L38

total variation, signed measure, [162]
Triangle Inequality, metric,
Triangle Inequality, norm, 258
trivial metric, [258

trivial topology, [261]

uncountable,

uniform convergence, 267}
uniform partition,

upper bound, arbitrary, 248
Urysohn’s Lemma,

Vitali covering,
Vitali Covering Lemma, [12§]

Weierstrass M-Test, [280]
Young’s Inequality, [I13]

)
Zorn’s Lemma, 249]
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