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Preface:

These are the first edition of these lecture notes for MATH 3021 (Algebra I).
Consequently, there may be several typographical errors, missing exposition
on necessary background, or unclear explanations. If you come across any
typos, errors, omissions, or unclear explanations, please feel free to contact
me so that I may continually improve these notes.
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Motivation for this Course

In MATH 2022 students were introduced to the notion of an abstract vector
space, specifically sets together with operations of vector addition and scalar
multiplication that have certain relations. Soon after, the focus was shifted
away from this abstractification to specific examples of vector spaces such as
R"™, C™, polynomials, matrices, and functions. However, studying abstract
vector spaces has merit as it produces results that can be applied to all
examples without the need to verify the results for each specific example.
The mathematical disciple that studies the general and specific properties of
sets equipped with operations is known as Algebra.

In this first course in Abstract Algebra, we will focus on sets equipped
with the simplest of operations: multiplication. Like with vector spaces, we
want to study objects where the multiplication has certain nice properties,
such as associativity, identity elements, and inverses. This leads us quickly
to the notion of a group.

By studying groups, students will be introduces to the ideas, structures,
and thought processes of the mathematical discipline of Algebra. After
examining the basic structures, properties, and examples of groups, we will
investigate other algebra constructs that apply for other algebraic structures,
such as subgroups, homomorphisms, and quotients. We will also examine
how groups can act on other objects and develop some powerful theory that
help us answer the question “How many groups with n elements are there?”



CONTENTS

©For use through and only available at pskoufra.info.yorku.ca.



Chapter 1

Groups: An Introduction

In this chapter, we will introduce the algebraic structure of a group. Specifi-
cally, groups are sets together with a multiplication that is associative, has
an identity element, and has inverses. We will show some very elementary
properties shared by all groups. More importantly, we will provide a plethora
of examples of groups to show that developing group theory can be applied
to a wide variety of situations.

1.1 Groups

In order to define the notion of a group, it first is necessary to formalize what
we mean by a “multiplication” operation. At a basic level, multiplication is
an operation that takes two elements of a set and produces a new element in
the set. This is mathematically formalized as follows.

Definition 1.1.1. Let S be a set. A binary operation on S is a function
x5 x § — §; that is, for every a,b € S there is an element a x b € S.

Of course, we are familiarly with many binary operations.

Example 1.1.2. The operations +, —, and X are binary operations on the
integers Z.

Of course, there are operations that are not binary operations.

Example 1.1.3. The operation = is not a binary operation on Z since the
division of two integers needs not be an integer.

Example 1.1.4. The operation = is not a binary operation on the real
numbers R since 1 = 0 is not a real number.

Note the above example fails simply because of one element. If we remove
this element, we do obtain a binary operation. Thus it is important to know
specifically what set we are working with when contemplating if an operation
is a binary operation.
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Example 1.1.5. The operation =+ is a binary operation on R\ {0}.

With our notion of a binary operation, we can introduce the main (and
really only) object of study in this course: groups. Specifically, a group is a
set and a ‘nice’ binary operation on the set that resembles multiplication.

Definition 1.1.6. A group is a pair (G, *) where G is a set and * is a binary
operation on G such that:

(i) (Associativity) for all a,b,c € G, (a*b) *xc=ax (bxc),

(ii) (Identity) there exists an element e € G such that a e = e*a = a for
all a € G, and

(iii) (Inverses) for all a € G there exists a b € G such that axb=>bxa =e.

The element e in (ii) is known as the identity element of G. We will always
use e to denote the identity element of a group.

For a € G, the element b in (iii) is known as the inverse of a in G and
will be denoted a~ 1.

Remark 1.1.7. Note in Definition that for (G, *) to be a group, we
require that * is a binary operation. Thus we must have that G is closed
under x; that is, if a,b € G then a x b € G. This is analogous to how vector
spaces (and subspaces of vector spaces) must be closed under vector addition
and scalar multiplication.

Remark 1.1.8. Note in Definition that we used the terms the identity
element and the inverse. A priori, it is not clear based on the definition of a
group that a group can only have one identity element and each element of a
group has exactly one inverse. The proofs of these facts will be presented in
Section [L.3| once we have provided some examples of groups. Consequently,
we will reserve the character e for the identity element of a group throughout
these notes.

1.2 A Microscopic Selection of Groups

Before we begin to examine common properties shared by groups and resolve
the use of the word ‘the’ for ‘the identity element’ and ‘the inverse’, we desire
some examples of groups. However, it is not possible to describe all possible
groups; there are just too many. In fact, it is conjectured that the number
of groups that have been written down by mathematicians is a minuscule
portion of all the groups in existence!

©For use through and only available at pskoufra.info.yorku.ca.
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1.2.1 Simple Examples of Groups

We begin with some simple examples of groups. As our motivation for a
group came from multiplication on a set, let us examine multiplication on
our common number systems and see if we have a group.

Example 1.2.1. The pair (Z, X) is not a group. Even through (Z, x) is
associative and has identity element 1, (Z, x) does not have inverses. Indeed,
note that 2 € Z but there is no element b € Z such that 2 x b=1=5b x 2.

Example 1.2.2. The pair (Q \ {0}, x) is a group. Indeed multiplication is
clearly associative. Moreover, the identity element is 1 since

axl=1xa=a
for all @ € Q\ {0}. Finally, for a € Q\ {0}, 1 is the inverse of a since

1
ax —=—-xa=1.
a a
Example 1.2.3. Note that (R \ {0}, x) and (C\ {0}, x) are groups by the

same argument as Example

Although we intended that groups are sets together with a ‘multiplication’,
it turns out that the some of the simplest examples a groups comes where
the ‘multiplication’ doesn’t look much like multiplication.

Example 1.2.4. The pair (Z,+) is a group. Indeed addition is clearly
associative. Moreover, the identity element is 0 since

a+0=0+a=a

for all a € Z. Finally, for a € Z, —a is the inverse of a since

Remark 1.2.5. By Example we have see in the group (Z,+) that
a~! = —a for all a € Z. In particular, 27! = —2 in this context, not % as
one might expect. Thus, in this course, one must always think of a~! as the
group inverse of a, even when % makes sense.

Example 1.2.6. Note that (Q,+), (R,+), and (C,+) are all groups by the
same argument as Example

In fact, it is often easier to see how addition produces groups than it is
to see that multiplication produces groups. To emphasize how we can tell an
object is not a group, consider the following example.

©For use through and only available at pskoufra.info.yorku.ca.
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Example 1.2.7. The pair (Z, —) is not a group for many reasons. First,
(Z, —) is not associative. To see this, we need only exhibit one counterexample.
Indeed note if a =1, b = 2, and ¢ = 3, then a,b,c € Z but

(a—b)—c=(1-2)-3=(-1)—-3=-4

whereas
a—(b—c)=1-(2-3)=1-1=0.

Thus — is not associative.
Moreover, (Z,—) does not have an identity element. To see this, suppose
for the sake of a contradiction that e € Z were an identity element. Then

a—e=a=e—a
for all @ € Z. Since 1 € Z, we can take a = 1 in the previous equation to get
l—e=1 and l=e—1.

The first equation implies e = 0 whereas the second equation implies e = 2.
Since 0 # 2, we obtain a contradiction. Hence (Z, —) has no identity element.

Since (Z, —) has no identity element, note it does not make sense to even
consider inverses in Definition

1.2.2 Integers Modulo n

Our next examples of groups come directly from MATH 1200. Specifically,
there are many important examples of groups that can be obtained by
considering the integers modulo n. Although we will reintroduce the basics
of the integers modulo n here, a mode in-depth reminder can be found in
Appendix Section [A-4 and Appendix Section

Definition 1.2.8. Given n € N and a € Z, it is said that n divides a,
denoted n|a, if there exists a b € Z such that nb = a.

Definition 1.2.9. Let n € N. Two integers a,b € Z are said to be equivalent
modulo n, denoted a = b mod n, if n|(b — a).

Recall for n € N that “equivalence modulo n” is an equivalence relation
and, for a € Z, the equivalence class of a, denoted [a], is

[a] ={b€Z | b=a mod n}.
These equivalence classes partition Z into disjoint sets.

Definition 1.2.10. Let n € N. The integers modulo n, denoted Z,, is the
set

Zn, =A{[0],[1],...,[n — 1]}.

©For use through and only available at pskoufra.info.yorku.ca.



1.2. A MICROSCOPIC SELECTION OF GROUPS 7

Remark 1.2.11. Recall by standard properties of divides, if n € N and
a,b,c,d € Z are such that

a=c modn and b=d mod n,

then
a+b=c+d modn and ab=cd mod n.

Therefore, the binary operations +, X : Z,, X Z, — Z,, defined by
[a] + o] =[a+0]  and  [a] x [b] = [ab]
for all a,b € Z are well-defined operations.

Like the integers, the following demonstrates that the integers modulo n
form a group when equipped with addition.

Example 1.2.12. Let n € N. The pair (Z,,+) is a group. To see that
(Zy,, +) is associative, note for all a,b, c € Z that

Remark 1.2.13. Note the fact that (Z,,+) is a group seems to follow
because (Z,+) is a group. This will be explored further in Section

If we want to consider Z,, as a group with respect to multiplication, we of
course have to remove the zero element since the zero element cannot have
an inverse. Is this enough? Unfortunately no.

Example 1.2.14. The pair (Zg \ {[0]}, %) is not a group. Indeed, notice
that [2], [3] € Zg \ {[0]} yet

[2] x [3] = [6] = [0] ¢ Ze \ {[0]}

so X is not a binary operation on Zg \ {[0]}.

©For use through and only available at pskoufra.info.yorku.ca.
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However, for specific values of n, we do indeed have (Z, \ {[0]}, X) is a
group! Note this differs greatly from the integers as the integers are not a
group with respect to multiplication as demonstrated in Example

Example 1.2.15. Let p be a prime number. The pair (Z, \ {[0]}, x) is a
group. To see that (Z, \ {[0]}, x) is closed under multiplication, assume
[a] # [0] and [b] # 0. Thus a,b # 0 mod p so p does not divide a nor b and
thus is not part of the prime decomposition of @ and b. Hence p is not part
of the prime decomposition of ab so ab # 0 mod p so [a] x [b] # 0. Thus x
is a binary operation on Z, \ {[0]}.

To see that (Z, \ {[0]}, x) is associative, note for all a, b, c € Z that

([a] x [b]) x [¢] = [ab] x [¢]
= [(ab)]
= [a(bc)]
= [a] x [b]
= [a] x ([b] x [])
The identity element is [1] since
[a] x [1] = [1] x [a] = [q]

for all a € Z.

Finally, to see that (Z, \ {[0]}, x) has inverses, let [a] € Z, \ {[0]}
be arbitrary. Since [a] # [0], we know that ¢ # 0 mod p. Therefore
ged(a,p) = 1. Hence, by the Euclidean Algorithm (Theorem , there
exists s,t € Z such that as 4+ pt = 1. Therefore

l=as+pt=as+0(t) =as modp
[a] x [s] = [s] x [a] = [1].

Note that [s] # [0] for otherwise [a] x [s] = [0] # [1]. Hence [s] € Z, \ {[0]}
so [s] is the inverse of [a] in Z, \ {[0]}.

Building on Example|1.2.15] we can resolve the issue from Example
by removing the correct set of elements.

Example 1.2.16. Let n € N and let
Z) ={la] | a € Z and ged(a,n) = 1}.

The pair (Z), x) is a group. To see that x is a binary operation on Z, let
a,b € Z be such that ged(a,n) =1 and ged(b,n) = 1. Therefore, every prime
that divides n does not divide a and does not divide b. Hence no prime that

divides n divides ab (since if p is prime and p|(ab) then p|a or p|b; this was

©For use through and only available at pskoufra.info.yorku.ca.



1.2. A MICROSCOPIC SELECTION OF GROUPS 9

proved in MATH 1200 to prove the Fundamental Theorem of Arithmetic) so
ged(ab,n) = 1. Hence [a] x [b] = [ab] € Z,:. Thus x is a binary operation on
Zy.

To see that (Z), x) is associative, note for all a,b, ¢ € Z that

(la] x [b]) % [c] = [ad] x [c]
= [(ab)c]
= la(bc)]
= la] x [bq]
= la] x ([b] x [c])
The identity element is [1] since
[a] x [1] = [1] x [a] = [q]

for all a € Z.

Finally, to see that (Z,, x) has inverses, let a € Z be such that ged(a,n) =
1. By the Extended Euclidean Algorithm, there exists s,t € Z such that
as +nt = 1. Therefore ged(s,n) =1 (since if p|s and p|n then p|(as + nt) so
p|1 and thus p = £1), and

l=as+nt=as+0(t) =as modn

[a] x [s] = [s] x [a] = [1].

Hence [s] € Z) and [s] is the inverse of [a] in Z).

Note the groups in this subsection are very different from those from
the previous section. Specifically, the groups in this subsection have a finite
number of elements whereas the groups from the previous subsection all
have an infinite number of elements. As this is an important distinction, we
encapsulate this with the following definition.

Definition 1.2.17. A group (G, *) is said to be finite if G contains a finite
number of elements. The number of elements of G is called the order of G
and is denoted |G|.

A group (G, %) that is not finite is said to be infinite and is said to have
infinite order, denoted |G| = oco.

Remark 1.2.18. In general, for a finite set X, we will use |X| to denote
the number of elements in X.

Remark 1.2.19. All groups in the previous subsection are easily seen to be
infinite groups. Note the groups (Z,,+) and (Z, \ {[0]}) in this section are
finite groups with |Z,| = n whereas |Z, \ {[0]}| =p — 1.

©For use through and only available at pskoufra.info.yorku.ca.



10 CHAPTER 1. GROUPS: AN INTRODUCTION

The number of elements in (Z, x) is an interesting mathematical object
in number theory.

Definition 1.2.20. The function ¢ : N — N defined by ¢(1) = 1 and
p(n) =1Zy| =|{m € {1,...,n} | ged(m,n) = 1}|
for all n > 2 is called the Euler totient function.

Note ¢(p) = p — 1 for all prime numbers p. We will leave the study of
the Euler totient function for MATH 3141, but we will obtain an interesting
property directly from group theory in Corollary

Remark 1.2.21. Similar to how in MATH 2022 one quickly restricted to
finite dimensional vector spaces, we will often restrict our attention to finite
groups. Much of our theory will hold for all groups, but perhaps some of the
most interesting results in this course are specifically for finite groups.

1.2.3 Matrix Groups

More examples of groups can be obtained by considering matrices. For n € N,
we will use M,, to denote all n X n matrices with real entries. Unsurprisingly,
matrices equipped with addition forms a group.

Example 1.2.22. The pair (M,,+) is a group where + denotes matrix
addition. Indeed, matrix addition is associative, the identity element is the
zero matrix, denoted 0, and for A € M,,, —A (the matrix where every entry
in A is multiplied by —1) is the inverse of A.

How about matrix multiplication when we remove the zero element? For
A, B € M,, let A x B denote matrix multiplication from MATH 1021.

Example 1.2.23. The pair (M, \ {0,}, xX) is not a group when n > 2.
Indeed, if E1 ,, is the n x n matrix with a 1 in the (1, n)-entry and 0Os in every
other entry, then

El,n X El,n = On
so X is not a binary operation on M, \ {0,}.

The above should not be surprising since we expect the identity element
I, to be the identity element with respect to multiplication, and and if
A € M, is a matrix, MATH 1021 studied when there exists a matrix B € M,
such that A x B =B x A = 1I,. Recall A € M, is invertible under matrix
multiplication if and only if det(A) # 0. Let GL,, denote all invertible n x n
matrices.

©For use through and only available at pskoufra.info.yorku.ca.



1.2. A MICROSCOPIC SELECTION OF GROUPS 11

Example 1.2.24. The pair (GL,, X) is a group. To see this, first note that
G Ly, is closed under matrix multiplication since if A and B are invertible
n X n matrices, then A x B is invertible with inverse B! x A~!. Moreover,
recall matrix multiplication is associative. Moreover the identity matrix,
denoted I,, is an element of GL,, and is the identity element. Finally, if
A € GL,, then the matrix inverse of A, denoted A™!, is an element of GL,,
and is the inverse of A in (GLy,, x). Hence (GLy,, X) is a group.

Definition 1.2.25. For n € N, the pair (GL,, x) is call the general linear
group.

Note that (GLy,, x) is very different from the groups we had previously
constructed. Indeed note for all previous groups (G, *) that we considered, if
a,b € G then a*xb = bxa. However, for A, B € GL,, it need not be true that
A x B = B x A. This is an important property of groups that we should
consider and thus we make the following definition.

Definition 1.2.26. A group (G, *) is said to be abelian (or commutative) if
axb=">bxa for all a,b € G. A group (G, *) that is not abelian is said to be
a non-abelian group.

Remark 1.2.27. All groups in the previous subsection are easily seen to be
abelian groups. Note (GL,, X) is an infinite non-abelian groups.

1.2.4 The Quaternion Group

Based on the previous section, it is natural to ask whether there is a finite
non-abelian group. In this section, we will produce one example of a finite
non-abelian group using an extension of a group we can construct using the
complex numbers.

Example 1.2.28. Let G = {1, —1,4, —i} where 7 is the complex number such
that 72 = —1. Then (G, x) is a group where x denotes the multiplication of
complex numbers. Indeed, consider the following multiplication table:

| x [ 1 [-1]d[—i]
11| —1] d | —
—1 1] 1 | —i]| i
i || i | =i | -1 1
—i | =i | i | 1|1

Note this multiplication table shows that G is closed under x. It is clear
(G, x) is associative since the multiplication on the complex numbers is
associative. Moreover it is clear that 1 is the identity element of (G, x)
and every element has an inverse. Thus, to show that (G, x) is a group, it
remains only to show that (G, x) is associative. It is not difficult to see that
G is abelian. Hence (G, X) is a finite abelian group with |G| = 4.

©For use through and only available at pskoufra.info.yorku.ca.



12 CHAPTER 1. GROUPS: AN INTRODUCTION

By adding some more elements to Example [1.2.28 and defining multipli-
cation in a certain way, we can construct a very interesting group.

Example 1.2.29. Let Qs = {1,—-1,i,—14,5, —j,k,—k}. Consider the fol-
lowing multiplication table for a binary operation x on Js subject to the
rules

1 xi=—1 jxj=-1 kxk=-1
i1xj=k Jxi=—k Ixk=1
kxj=—i kExi=j iXk=—j

and minuses work as one would expect:

| x 1 [-1[i [—i]j [—5]k[—FK]
1 [ 1 [ =1] 4 |=i]j |—=j] k| -k

“1 -1t [ =i [ =55 [=k| k
i || @ | =i | -1 1 |k | —k|—j| j

It is clear that 1 is the identity element of (Qg, x) and every element has an
inverse. Thus, to show that (Qg, x) is a group, it remains only to show that
(Qs, x) is associative. Since to show

(axb)xc=ax(bxc)

for all a,b, ¢ € G requires 8 options for each of a, b, and ¢, and thus 83 = 512
computations, we leave the details as an exercise. Alternatively, we will see
a better way for checking that (Qg, x) is a group in Section

It is not difficult to see that (Qg, x) is a finite non-abelian group (since,
for example, i x j # j x i) with |Qs| = 8.

1.2.5 Symmetric Groups

There are many more finite non-abelian groups that we can construct. One of
the most important examples comes from looking at composition of invertible
functions on finite sets. Thus we require some function theory introduced in
MATH 1200. Although we will reintroduce some of the basics here, a mode
in-depth reminder can be found in Appendix Section

Recall a function f : X — Y is bijective if and only if f is one-to-one
and onto if and only if f has an inverse under composition f~:Y — X.

©For use through and only available at pskoufra.info.yorku.ca.



1.2. A MICROSCOPIC SELECTION OF GROUPS 13

Example 1.2.30. Let X be a non-empty set and let
G={f:X — X | fis bijective}.

Then (G, o) is a group where o denotes the composition of functions.
To see this, first note that the composition of bijective functions produces
bijective functions and composition of functions is associative with

((Fog)oh)(z) = (fog)(h(z)) = f(g(h(x))) = f((goh)(x) = (fo(goh))(x)

forall x € X and f,g,h € G. Thus
(feg)oh=fo(goh)

for all f,g,h € G. Moreover, the identity map id : X — X defined by
id(z) = x for all z € X is clearly the identity element. Finally, for f € G,
the group inverse of f is the inverse f~! of f under composition since

(Flof)@=Ff"f@) == (@)= (fof")@
so flof=id= fo f~ L

One of the most important examples of groups follows from Example

1.2.30] for specific sets X.
Definition 1.2.31. Let n € N and let

Sp={c:{1,...,n} = {1,...,n} | o is bijective}.

The group (Sy, o) is called the symmetric group of degree n (or the permuta-
tion group of degree n).

Remark 1.2.32. Elements of (S,,0) are called permutations as if o :
{1,...,n} = {1,...,n} is in S, then o(1),0(2),...,0(n) is a reordering
(or permutation) of the numbers 1,...,n. Thus it is more natural to call
(Sn, o) the permutation group of degree n. Unfortunately, it is far more
common in the mathematics literature to call (Sy, o) the symmetric group
of degree n so we will stick with this terminology.

Example 1.2.33. The group (S2,0) has two elements {01, 02} where the
value of ok (m) is as follows:

Lk [or() [ on(2) |
1 1 2
2| 2 1

Note o1 = id and o9 0 09 = id. Clearly (S3,0) is abelian.
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14 CHAPTER 1. GROUPS: AN INTRODUCTION

Example 1.2.34. The group (S3,0) has six elements {01, 09,03, 04,05, 06}
where the value of o (m) is as follows:

’ k H or(1) ‘ or(2) ‘ or(3) ‘
1 1 2 3
2 1 3 2
3 2 1 3
4 2 3 1
5 3 1 2
6 3 2 1

Note o1 = id. However, since

(02 003)(1) = 02(03(1)) = 02(2) =3
whereas

(03002)(1) = 03(02(1)) = 03(1) =2
we see that o3 0 09 # 09 0 03. Hence (S3,0) is not abelian.

Remark 1.2.35. By a similar argument to that used in Example [1.2.34] it
is not difficult to see that (S, o) is not abelian for all n > 3.

Remark 1.2.36. Given a permutation o : {1,...,n} — {1,...,n}, it is
more natural to write o as

o — 1 2 3 - n
S \e(@) o(2) o(3) -+ o(n)
For example, the permutation o5 from Example [1.2.34] is written as

(123
%= 13 1 2

to represent that o5 sends 1 to 3, 2 to 1, and 3 to 2.

Using this notation, it is easy to determine the order of (S, o). Indeed,
note there are n options for the value of o(1), after which there are n — 1
options for the value of o(2), after which there are n — 2 options for the value
of 0(3), and so on. Hence |S,| = nl.

Remark 1.2.37. The above notation is also very useful when it comes
to group operations. First, note that the identity element is always easily

identified as
gt 23
=l 23 0 on)e

Next, composition of group elements is easily read off this notation. For
example, in (S5, 0), let

(12345 i (12345
7713 51 2 4 . T=\2 35 1 4)°
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1.2. A MICROSCOPIC SELECTION OF GROUPS 15

How can we write ¢ o 7y in this notation? That is,
_ (1 2 3 4 5),
7°7= 2 2 2 2 2)

First we would want to determine (o 0 )(1) = o((1)). Thus we can read
off the notation for v that (1) = 2, and then we can read off the notation
for o that o(2) = 1:

ot 2345\ (12345 (12345
7°7=\3 5 1 2 4 2935 1 4] \5 72 2 2 2]

By repeating this procedure, we see that

o 23 4 5) (12 5\ (123 45
g = 5 1 2 2 3 1) = \5 1 9"

Finally, inverses of group elements can be easily obtained via this notation.
For example, again consider

(123 45
773 15 2 4)°
Since o(1) =3, 0(2) =1, 0(3) = 5, 0(4) = 2, and o(5) = 4 and since we
know that o~! undoes what o does, we know that 1 = ¢~1(3), 2 = o~ 1(1),
3=015),4=0"12), and 5 = 071(4). This can be obtained via the
notation for o by flipping the two rows, and then reordering the columns in
the correct order:

_(t 2345\ (3 2 4\ 2 3 4 L
771315 2 4 1 4 5 415 -7

However, there is a more compact and convenient way to write elements
of (Sp,0). This method is obtained by examining certain special elements of
Sh.

Definition 1.2.38. Let n € N. An element o € 5, is said to be a cycle if

there exists an m € N and distinct elements a1, ag, ..., a, € {1,...,m} such
that

o(ay) = ay

o(ag) = as

o(am—1) = am

olam) = ay,

©For use through and only available at pskoufra.info.yorku.ca.



16 CHAPTER 1. GROUPS: AN INTRODUCTION

and o(b) =0bforallbe {1,...,n}\{a1,...,an}. We denote this cycle by

(a1 [0 am>.

Such a cycle is called a cycle of length m or an m-cycle.
Example 1.2.39. In S5, the element
(123 45
7“3 5124
is not cycle. To see this, note that no element of {1,2,3,4,5} is fixed by o.
Thus, if o were a cycle, we would need to be able to order {1,2,3,4,5} as
{a1,a2,as3,a4,a5} such that o(ax) = ag4q for k = 1,2,3,4 and o(as) = a;.

However, since o(1) = 3 and ¢(3) = 1, we see that there is no way to do this.
Note this shows that not every element of .S, needs to be a cycle.

Example 1.2.40. In S5, the element
(123 45
77315 2 4
is a b-cycle. Indeed note that o(1) =3, 0(3) =5, 0(5) =4, 0(4) = 2, and

0(2) = 1. Hence
a:(1 35 4 2).

Example 1.2.41. In S5, the element
(1 2 3 45
7“4 21 35

is a 3-cycle. Indeed note that o(1) =4, 0(4) = 3, and ¢(3) = 1, whereas
o(k) =k for all k ¢ {1,3,4}. Hence

o=(1 4 3).

Example 1.2.42. In Sg, the element
(1 2 3 45 6
“46 215 3
is not cycle. To see this, note that the only element of {1,2,3,4,5,6} that is
fixed by o is 5. Thus, if ¢ were a cycle, we would need to be able to order
{1,2,3,4,6} as {a1, az,as,a4,as} such that o(ar) = axyq for k = 1,2,3,4
and o(as) = a;. However, since (1) = 4 and o(4) = 1, we see that there is

no way to do this.
Note this shows that not every element of S, needs to be a cycle.
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1.2. A MICROSCOPIC SELECTION OF GROUPS 17

Remark 1.2.43. Note due to the ‘cyclic’ nature of cycles, there need not
be a unique way of writing a cycle. For example, note in S5 that

(1 4 3), (4 3 1), and (3 1 4)

all represent the permutation that fixes both 2 and 5 and sends 1 — 4 —
3—1—>4—3— ---. However, note that

(13 4)

is a different cycle since it sends 1 to 3, not 4.

Remark 1.2.44. Recall from Example [1.2.39| that in S5, the element

(12345
77\ 35 1 2 4

is not cycle. However, if we consider the cycles 7 = (1 3) and v =
(254),then
oot 2345\ (12345
TeTT\3 21 45)°\1 53 24
(12345
S \3 5 1 2 4)°

Hence o is the product of cycles.

Note the above shows that the product of cycles need not be a cycle.
However, this non-cycle element of Sy is a product of cycles. Thus it is
natural to ask, “Is every element of (S, 0) is a product of cycles?”

It turns out that the answer to this question is yes thereby letting us
describe all elements of (.5, o) using products of cycles. In fact, we can show
that we can take the cycles in the product to have a specific property, which
we define as follows.

Definition 1.2.45. Let n € N. Two cycles
(a1 ag - am) and (b1 by - bg)
in Sy, are said to be disjoint if a; # b; foralli € {1,...,m} and j € {1,...,¢}.
In particular, our goal is to prove the following:

Theorem 1.2.46. Fvery element of S, can be written as a product of disjoint
cycles.
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18 CHAPTER 1. GROUPS: AN INTRODUCTION

The reason we like disjoint cycles is that the they commute even though
(Sp, ) is a non-abelian group.

Lemma 1.2.47. Let n € N and let
o= (al as - am) and T = (bl by --- bg)
be two cycles in Sy. If o and T are disjoint, then coT =To0.

Proof. Since o and 7 are disjoint, a; # b; for all i € {1,...,m} and j €
{1,...,¢}. Note this implies that o(b;) = b; for all j € {1,...,¢}, 7(a;) = a;
for alli € {1,...,m}, n > m+ k, and there exists

Cly++ yCp—m—t € {1,...,5}
such that
{a1,...;am,b1,...,bg, 1y o Crm—rv} ={1,...,n}.

Note since ¢; # a; and ¢ # b; for all ¢, j, k, we have that o(c;) = ¢; and
T(cg) = ¢ for all k € {1,...,n—m—{}. Moreover, to show that coT = 700,
it suffices to show that

o((ai)) = 7(0(ai))
for all i € {1,...,m}, that

for all j € {1,...,¢}, and that
o(7(ck)) = 7(o(cx))

for all k € {1,...,n —m — ¢}. However, notice for all i € {1,...,m} that

o(7(ai)) = o(ai) = aiy1 = 7(aip1) = 7(o(ai))
(where a1 = aq), for all j € {1,...,¢} that

o(7(bj)) = o (bj41) = bjr1 = 7(bj) = 7(o(b)))
(where by = b1), and for all k € {1,...,n —m — ¢} that

o(r(cx)) = olck) = ek = 7(cx) = 7(0(ck))

as desired. m

Before we attempt to prove Theorem let us first write down a
specific, complicated permutation, and see if we can write it as a product of
cycles. This example will provide a roadmap to the proof,
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1.2. A MICROSCOPIC SELECTION OF GROUPS 19

Example 1.2.48. In 515 consider

6
7 1 3 11 10 4

(123 4 5
- 12 5 9 6

7T 8 9 10 11 12
2 8

If we start with 1 and see what repeated applications of o does, we see that
o sends 1 - 7 — 2 — 1. Thus we expect

(17 2)

to be part of the decomposition of ¢ into disjoint cycles. Next, we see
that 2 was already the previous cycle, so we can move on. Subsequently,
we see that 3 is fixed by o so we can either use the cycle (3), or we
can ignore 3 as any product of disjoint cycles that do not contain 3 will
automatically fix the number 3. We arrive at the number 4 and see that o
sends 4 -+ 11 -9 — 12 — 6 — 4. Thus we expect

(4 11 9 12 6)

to be part of the decomposition of ¢ into disjoint cycles. Finally, we see that
the only numbers we have not considered are 5, 8, and 10 where o fixes 8
and sends 5 — 10 — 5. So we expect

(17 2)0(3)o(4 11 9 12 6)o(5 10)0(8)
to be part of the decomposition of ¢ into disjoint cycles. One can easily
check that this product of cycles is in fact ¢ since it sends each element of
{1,...,12} to the correct element.
As a matter of notation, we remove all 1-cycles as they are just the
identity element of S,,. Moreover, to make notation easier, we omit all of
the o’s. Hence we simply write

o=(1 7 2)(4 119 12 6)(5 10).

Again, note that this decomposition is not unique as
i) we can cycle the entries in any cycle as in Remark [1.2.43| and

ii) we can write the disjoint cycles in any order since they commute by

Lemma

Remark 1.2.49. Example [1.2.48| implies that there is a simple algorithm to
write any permutation o € 5, as a product of disjoint cycles:

(1) Take 1 and apply o over and over again until we reach the number 1.

(2) Write down the cycle that Step (1) produces.
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20 CHAPTER 1. GROUPS: AN INTRODUCTION

(3) Look at the first number k € {1,...,n} that is not in any previously
produced cycle and repeat Steps (1) and (2) with k replacing 1.

(4) Once all numbers in {1,...,n} are in some cycle, then o is the product
of the cycles produced.

There are a few technical aspects of this algorithm that we will need to
ensure do not produce a problem; namely:

(I) How do we know for all permutations o € S,, and k € {1,...,n} that
eventually 0™ (k) = k for some m € N (where ¢™ is o composed with
itself m times)?

(IT) How do we know that o € S,, and k € {1,...,n} that if m € N is the
smallest natural number such that ¢™(k) = k, then k, o(k), o%(k),
.oy a™7H(K) are distinct?

(III) How do we know that cycles produced in Step (3) are disjoint?
(IV) How do we know that the product of the cycles is the permutation?

If we can resolve all of these possible issues, then the algorithm give us a
decomposition of ¢ into a product of disjoint cycles thereby completing the
proof.

Proof of Theorem[I.2.70. Let n € N and let o € S,,. First, we claim that if
k€ {1,...,n} then there exists an m € N such that ¢ (k) = k. To see this,
consider the numbers

k,o(k),o%(k),c(k),....

Since each of these infinite number expressions is in {1,...,n} and since
{1,...,n} has a finite number of elements, two of these numbers must be
the same. Thus there exists an £,p € N such that ¢ < p and

ol(k) = oP (k).
By composing with o~! on the left exactly /-times, this implies that
k= o~ (k).

Since p — ¢ € N, the claim is complete (note this resolves (I) from Remark

1.2.49).
Next, for k € {1,...,n}, let my € N be the smallest natural number such
that o™ (k) = k. We claim that
k,o(k),o%(k),...,o™ (k)
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are distinct elements of {1,...,n}. To see this, suppose for the sake of a
contradiction that there are ¢,p € {0,1,...,my — 1} such that ¢ < p and

ol (k) = o (k).
By composing with ¢~! on the left exactly /-times, this implies that
k= o (k).

However, since ¢,p € {0,1,...,my — 1}, we have that p — ¢ € N is such that
p — £ < my. Since this contradicts the fact that my is the smallest natural
number such that ¢™* (k) = k, we have our contradiction. Hence

k,o(k),o%(k),...,c™ (k)

are distinct elements of {1,...,n} (note this resolves (II) from Remark
1.2.49).
Now, assume g € {1,...,n} is such that

q ¢ {k,o(k),c%(k),...,a™ L(k)}.

By repeating the above with ¢ in place of k, there exists a smallest natural
number m, € N such that ¢™4(q) = ¢ and
¢,0(q),0°(a),---,a™ " (q)

are distinct elements of {1,...,n}. We claim that

ko(k),a?(k), ... (k),q,0(q),0%(q), ... (q)

are distinct elements of {1,...,n}. To see this, suppose for the sake of
contradiction that there exists p,¢ € N such that

oP(k) = o*(q).
By composition with o on the left exactly (m, — ¢)-times, this implies that
o (k) = o™ (q) = g

Let m € {0,...,my — 1} be such that m = p+my —¢ mod my,. Thus, since
p +mg — € > 0, there exists a d € N such that p + my — ¢ = m + dmy,.
Therefore, since 0™k (k) = k, we see that

g =o"*" (k) = (o™ o (™)) (k) = o™ (),

which contradicts our first assumption on ¢. Hence the result follows (note
this resolves (III) from Remark [1.2.49).

Finally, since (I), (II), and (III) from Remark we can apply
steps (1), (2), and (3) of the algorithm to obtain a collection of disjoint
cycles containing every number from {1,...,n}. Since every number r from
{1,...,n} is contained in exactly one cycle and since the cycle containing r
sends r to o(r), it must be the case that the product of cycles is o thereby
completing the proof. ]
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Example 1.2.50. Multiplication of permutations using the cycle decom-
position is no more difficult that using our earlier notation. Indeed, in o7
consider the permutations

o=(1 4 7)(25 and r=(13)(26 47 5).
(147)(25)( 3)(2647 5

is NOT a decomposition of ¢ o 7 into a product of disjoint cycles since the
cycles in this product are not disjoint.

To write o o 7 as a product of disjoint cycles, we need only apply the
algorithm from Remark [1.2.49] by reading what the cycles do to elements
from right to left (after all, the right-most cycle is the first that is applied
under composition).

To begin, let us see what this product does to 1. Note the right-most
cycle does not modify 1, then the next cycle sends 1 to 3, and the last two
cycles don’t modify 3. Thus far we have

(1a7)(25)(3)(26475=0 3

Next, we see what the product of cycles does to 3. Note the right-most cycle
doesn’t affect 3, then the next cycle sends 3 to 1, the next cycle doesn’t
modify 1, and the last cycle sends 1 to 4. Thus we have

(1 47)(25)( 3)(26475 =034

Next, we see what the product of cycles does to 5. Note the right-most cycle
sends 4 to 7, then the next two cycles don’t modify 7, and the last cycle
sends 7 to 1. Thus we have have completed our first cycle in the product:

(1 4a7)(2s5)(3)(26475=(134(C

Continuing this process, we obtain that

(1a7)25)(13)(26475=>1234(25¢67)

(Note 5 does to 2 and then goes back to 5 in the product).

Note

To understand how we can compute the inverse of a disjoint product of
cycles, we first must understand how we can compute the inverse of a cycle.

Remark 1.2.51. It is much easier to find the inverse of a cycle using the
cycle notation that it is using our old notation. Indeed, if o € S, is the cycle

g = (al a2 .. am>
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then we claim that

ot = (am m—1 **° al) .

Indeed, this immediately follows since

o(a1) = az — ar =o' (az)
—

U(a2) = das

o(m—1) = am — am-1 =0 Yan)
—

olam) = aq Am = 0_1(a1)7

and o(b) = b and thus b= o~(b) for all b€ {1,...,n} \ {a,...,am}.

Remark 1.2.52. Computing inverses of cycle using the decomposition of
permutation into disjoint cycles is then easy. We claim that to take the
inverse of a permutation decomposed into a product of disjoint cycles, we
need only take the inverse of each cycle and reverse the order. For example,
in o7 consider the permutation

o=(13)(2 647 5).

It is not difficult to see that
0*1:(5 74 6 2)(3 1).

To prove the general claim, we could just apply Remark provided
we know the inverse of a product is the product of the inverses in the reverse
order. This is is a fact that does not just hold in S,,, but holds for any group!
Thus, instead of just proving this fact for S, it is time we proved some facts
about all groups.

1.3 Elementary Properties of Groups

Now that we have a (minuscule) collection of groups, it is time to develop
the most elementary proprieties shared by all groups. All results obtained
in this section are proved using the most basic of algebraic operations and
techniques, and generalize results for invertible matrices seen in MATH 1021.
To begin, we resolve the ‘the’ issue from Definition by showing that
every group has exactly one identity element.

Proposition 1.3.1. Let (G,*) be a group. If a € G is such that a xb =
bxa="0 for allb e G, then a =e. That is, a group has exactly one identity
element.
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Proof. Assume a € G is such that axb = b*a = b for all b € G. In particular,
by taking b = e, we obtain that e x a = e. However, by the properties of the
identity element, we know that e * a = a. Hence

e=exa=a

as desired. m

Similarly, we can show that the ‘the inverse’ in Definition [1.1.6] was
grammatically correct.

Proposition 1.3.2. Let (G,*) be a group and let a € G. If byc € G are
such thataxb=bxa=e andaxc=cx*xa=e, then b =c. That is, every

group element has a unique inverse. In particular, e ' = e.

Proof. Let a € G. Assume b,c € G are such that a xb = b+ a = e and
axc=cx*xa=-e. Then

b=bxe (identity element)
=bx (ax*c) (e=axc)
=(bx*a)x*c (associativity)
—exc (bxa=¢e)
=c (identity element)

as desired. Moreover, since e *x e = e by the properties of the identity element,
we obtain that e™! = e. [ |

Using Proposition|1.3.2] we can demonstrate that in any group the inverse
of the inverse is what one would expect.

Corollary 1.3.3. Let (G, *) be a group. If a € G, then (ail)_l =a.
Proof. Let a € G. Due to the existence of inverses, a~! € G has the property
that a xa™! = e = a~! * a. Therefore, since Proposition implies

every element has a unique inverse, a must be the inverse of a~!; that is,
_1\—1
(™} =a. n

Moreover, inverses of products behave just like they do for invertible
matrices. Note this completes the description of inverses of elements of
(Sp, o) using the cycle decomposition in Remark |[1.2.52
Corollary 1.3.4. Let (G, *) be a group. Ifa,b € G, then (axb)™' = b~ txa~!,
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Proof. Let a,b € G. Thus b~ xa~! € G. To apply Proposition notice
that

(bfl * cfl) s (axb)=b"1x (afl * (a * b)) (associativity)
=b 1« ((a_1 * Q) * b) (associativity)
=blx(exD) (inverses)
=blxb (identity)
=e (inverses).

By a similar computation, (a * b) * (b=! * a~!) = e. Hence Proposition
implies that b~ xa™! = (a xb) 71 ]

Remark 1.3.5. By the associativity properties of groups and by similar
arguments to those used in Corollary [I.3:4] one can just remove brackets
when multiplying multiple elements of groups. For example, instead of

(ax(bxc))*(d* ),

we will just write

axbxcxdx f.

Using inverses (and noting that multiplication is not commutative so
orders matter), we can solve equations involving group elements.

Corollary 1.3.6. Let (G,*) be a group and let a,b € G. The equations
axx =0 andy*a=>b have exactly one solution in G, namely x = a~ ' *b
andy =bxa~ "

Proof. Let a,b € G. To see that the equation a * x = b has a solution in G,
we note that a=! % b is a well-defined element of G such that

ax(atxb)=axa lxb
=exb (inverse)
=b (identity).
Hence a1 % b is a solution to a x x = b in G.

To see that a~! * b is the only solution to a x x = b in G, assume z € G
is such that a x x = b. Thus

atxb=a"tx(axx) (b=axx)
=a txaxx
=exzx (inverse)
=7 (identity).

Hence a~! % b is the unique solution to a * z = b in G.
The proof that bxa~! is the unique solution to y*a = b in G is similar. m
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Again using inverses, we can ‘cancel off” a variable if it appears (correctly
position) on both sides of an equation.

Corollary 1.3.7. Let (G, %) be a group and let a € G. If x,y € G are such
that axx = axy, then x = y. Similarly, if x,y € G are such that xxa = y=*a,
then x = y.

Proof. Let a € G. Assume z,y € G are such that a x x = a xy. Then

T=exx (identity)
=a txaxzx (inverse)

:afl*(a*a;)

=alx(axy) (axx=axy)
—a lxax Y

=exy (inverse)

= (identity)

as desired.
The proof that x = y under the assumption = * a = y * a is similar. n

Remark 1.3.8. It is important to note that in a non-abelian group (G, %),
if a * £ = y % a, it may not be the case that x = y. Indeed in (Qs, X), note
that i x j = k = (—j) x i, but j # —j. Thus the order of the terms in an
equation matter if one wants to cancel off a term.

Finally, it turns out that if we know (G, %) is a group and we are searching
for the inverse of an element, we only need to check that multiplication on
one side produces the identity. Note this is the same result for matrices seen
in MATH 1021.

Corollary 1.3.9. Let (G, *) be a group and let x,y € G. If y* x = e, then

r=y tandy=a"1

Proof. Since y x x = e, Corollary with @ = y and b = e implies that
r=a"t+b=y xe=y ! Similarly, since y * x = e, Corollary with
a=x and b= e implies that y =bxa~! =exax™' = 27! as desired. ]

1.4 Product Groups

Now that we know the elementary properties shared by all groups, it is time
to... construct more groups. In particular, we will demonstrate that if we
have two groups then there is a way to construct a new group that ‘contains’

both groups.
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Definition 1.4.1. Let (G, *) and (H,*) be groups. The (direct) product of
G and H is the pair (G x H,-) where

GxH={(g9,h) | ge G,h e H}
is the Cartesian product of G and H, and - : (Gx H) x (Gx H) - G x H
is defined by

(91, 1) - (92, h2) = (g1 * g2, ha * h2)
for all g1,92 € G and hi,he € H.

Of course, we should verify that the product group is indeed a group.
Theorem 1.4.2. If (G,x) and (H,*) are groups, then (G x H,-) as in
Definition is a group.

Proof. First note that - as defined in Definition is a well-defined binary
operation since g1 *x g € G and h1 xhy € H for all g1,92 € G and hy,hs € H.

To see that - is associative, notice for all (g1, h1), (92, h2), (93, h3) € GX H
that

((g91,h1) - (92, h2)) - (g3, h3)
= (91 * g2, h1 % ha) - (g3, h3)
(91 * g2) * g3, (h1 * ha) * h3)
g1 * (g2 * g3), h1 * (ha x h3)) since * and x are associative
91,h1) - (92 * g3, ha x h3)
91, 1) - ((g92, ha) - (g3, h3))-
Hence - is associative.
To see that (G x H,-) has an identity element, let e € G and ey € H be
the identity elements of G and H respectively. Note e = (eq,en) € G x H

by definition. We claim that e is the identity element of (G x H,-). To see
this, let (g, h) € G x H be arbitrary. Then

= (
= (
= (
= (

(g,h)-e=(g*xeg,hxemg) =(g,h) = (eg*g,eg xh) =e-(g,h).
Therefore, since (g,h) € G x H was arbitrary, e is the identity element of
(G x H,-).

Finally, to see that (G x H, ) has inverses, let (g, h) € G x H be arbitrary.
Let g~! € G be the inverse of g in (G, *) and let h~! € H be the inverse of
hin (H,x). Then (g7, h7!) € G x H and

(g:h)- (g7 W) =(g*g " hxh™)

(ereH)
= (g xg, b xh)
= (g7 p71) - (g, h).

Hence (¢!, h™1) is the inverse of (g,h) in (G x H,-). Therefore, since
(g,h) € G x H was arbitrary, (G x H,-) has inverses and thus is a group. =
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Remark 1.4.3. Given two groups (G, *) and (H,*), it is easy to see that
|G x H| = |G||H| (where |G||H| = oo whenever |G| = 0o or |H| = o), and
that G x H is abelian if and only if G and H are abelian.

By considering product groups, we obtain more examples of groups. In
particular, our first example is very similar to an example from MATH 1021.

Example 1.4.4. Consider the group (R, +) and the product group R x R.
Note

R xR=R*={(z,y) | z,y € R}
and the product operation on R x R is
(@1, 91) + (2, 92) = (w1 + 2,91 + ¥2).

This is the same vector space addition defined on R? in MATH 1021. Thus
R? is a group with respect to vector addition.

Product groups can also be used to construct a group of order 4 that will
be a significant example moving forward.

Example 1.4.5. Consider the group (Zsa,+) and the product group Zsg X Zs.
Note that Zs X Zo is an abelian group with four elements:

e = (]0],[0]) a = ([1],[0])
b= ([0}, [1]) c= ([1],[1])

Since [1] + [1] = [0] in Z2, we can easily obtain the following multiplication
table:

- llefalb]c]

ellelal|b|c

allalel|lc|bd

bllb|lclela

cllc|lblale

The group (Zgy X Zsa,-) is called the Klein four group.
If one stares at the multiplication tables of the Klein four group and of
(Z4,+), one will notice differences. More on this later.

Remark 1.4.6. Although our two illuminating examples of product groups
given above are both for a product of a group and itself, one can always for
G x H for two different groups G and H. For example, the product of the
groups (Za,+) and (Z3,+) is a abelian group with 6 elements.

Of course, we need not stop at only allowing two groups in a product
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Definition 1.4.7. Let n € N and let (G1,%1), ..., (Gn,*y,) be groups. The
(direct) product of G1,...,G, is the pair (G1 x G2 X -+ x Gp,+) where

G1xGox - xGn={(91,92,---,9n) | 1 € G1,92 € Ga,..., 9, € GN}
is the Cartesian product of G1,...,G,,and

(G x Gy X+ X Gp) X (G X Gy X -+ X Gp) = G X Gy x - xXGy
is defined by

(91,92, ,9n) - (R, ha, ... hy) = (g1 %1 b1, g2 %2 ha, ..., Gn *n hin)
for all (gl,gg,...,gn),(hl,hQ,...,hn) € Gy xGgx-xGy

Remark 1.4.8. By repeating the proof of Theorem by replacing pairs
with n-tuples, it is not difficult to see that (G} x Ga X --- Gy, ) is a group.
Moreover, if ey is the identity element of Gy for all k € {1,...,n}, then the
identity element of (G x G x --- Gy, -) is

e= (e, e, ..., en)

and if (g1,92,...,9n) € G1 X G2 X -+- X G, then

(91,92, 9n) = (g7 05 gn ).

1.5 Subgroups

Recall from our motivation for product groups that the product group
(Gx H,-) of (G, *) and (H,*) was supposed to be a group that contains both
(G,*) and (H, ). So what exactly do we mean by ‘contains’ in this context?

This leads us back to an concept from MATH 2022, namely subspaces.
Recall that a subspace of a vector space V is a smaller vector space inside
of V' with respect to the same operations of vector addition and scalar
multiplication. We can study a similar concept for groups, which we define
as follows.

Definition 1.5.1 (PMath Definition of a Subgroup). Let (G, ) be a
group. A subset H C G is said to be a subgroup of G, denoted H < G, if H
is a group with respect to the binary operation .

Remark 1.5.2. Note Definition may seem foreign based students’
thoughts of what a subspace is either due to how their instructor in MATH
2022 defined a subspace, or due to the natural inclination of students to forget
the actual definition and memorize how one checks they have a subspace:
contains the zero vector and is closed under vector addition and scalar
multiplication. However, Definition is the correct way to think of what
a subspace is and will be of use in this course. That is not to say that there
isn’t another way to verify that one has a subgroup similar to how one verifies
they have a subspace. :)
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Remark 1.5.3. Let (G, *) be a group and let H C G. Since (G, *) is a
group, we know that (a *b) xc = ax (bxc) for all a,b,c € G. However,
since H C G, we automatically have (a *b) xc = ax (b*c) for all a,b,c € H.
Thus one benefit for considering subgroups is that one need not check the
associativity property for (H,x*) as one already knew associativity for (G, ).

Remark 1.5.4. Let (G, *) be a group and let H < G. By “H is a group
with respect to the binary operation *”, we mean that if we restrict the
domain of * : G x G — G to H x H, then * is binary operation on H meaning
x : Hx H — H. Thus, for H to be a subgroup of H, we require that
axbe H for all a,b € H; that is, H is closed under the operation .

Remark 1.5.5. Let (G, *) be a group and let H < G. Since groups have an
identity element, H must have an identity element and thus H is non-empty.

Let e be the identity element of G and let er; be the identity element
of H. Must it be the case that ey = eg?

Since e is the identity element of H, we know that ey x e = ey by the
group properties of H. However, since eq is the identity element of G and
since ey € H C G, we know that ey = ey * eg by the group properties of
G. Hence

EH * eg = eq * eq
in G. However, since G is a group and has cancellation by Corollary

we obtain that ey = eg. Thus the identity element of a subgroup must be
the identity element of the group.

Remark 1.5.6. Let (G,x*) be a group, let H < G, and let a € H. Since
both (G, x) and (H, *) are groups, a has an inverse in both H and G. Note
the inverse of a in H is also an inverse of a in G since H and G share the
same identity element by Remark . Therefore, since inverses in (G, *)
are unique by Proposition the inverse of a in H must agree with the
inverse of a in G.

Using the above, we arrive at another definition of what a subgroup is
that is analogous to the three property ‘definition’ of a subspace of a vector
space.

Definition 1.5.7 (Practical Definition of a Subgroup). Let (G, *) be a
group. A subset H C G is said to be a subgroup of G, denoted H < G, if

(i) (contains identity) e € H,
(ii) (closed under products) a xb € H for all a,b € H, and

(iii) (closed under inverses) a=! € H for all a € H.
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Remark 1.5.8. It follows immediately from Remark [1.5.4] Remark[I.5.5] and
Remark that if H satisfies Definition then H satisfies Definition
Conversely, if a subset H of a group (G, *) has the three properties
listed in Definition then (H,*) is a group as

e x is a binary operation on H since H is closed under products,
e x is associative on H since * is associative on G,
e H has an identity elements since e € H, and

e every element in H has an inverse since H is closed under inverses,
and thus H satisfies Definition [.5.1]

The benefit of Definition [[.5.1] over Definition [[.5.7 often occurs when
trying to prove certain results such as the following.

Corollary 1.5.9. Let (G, %) be a group. If H < G and K < H, then K < G.

Proof. Note, by Definition H < G implies (H, %) is a group, and thus
K < H implies (K, %) is a group. Therefore K < G. ]

Of course Definition [1.5.7] can also be easier to use depending on the
context. For example, Definition [1.5.7] it much easier to apply compared to
Definition to show the following.

Corollary 1.5.10. Let (G,*) be a group and let {H;};,cr be a non-empty
collection of subgroups of (G,*). Then ey Hi < G.

Proof. To see that (,c; H; < G, we need only verify the three properties
from Definition

First, to see that [;c; H; contains the identity, note since H; < G for all
i € I that e € H; for all i € I. Hence e € (;c; H; as desired.

Next, to see that (;c; H; is closed under products, let a,b € (;c; H; be
arbitrary. Thus a,b € H; for all ¢ € I. Therefore, since H; < G for all i € I,
we obtain that a b € H; for all ¢ € I and thus a xb € (;c; H;.

Finally, to see that ;< H; is closed under inverses, let b € (,c; H; be
arbitrary. Therefore, since H; < G for all i € I, we obtain that b~ € H; for
all i € I and thus b~! € N;c; H;.

Therefore, since we have verified the three properties from Definition

Nicr Hi < G as desired. ]
In fact, Definition [I.5.7] can be further simplified to the following.

Theorem 1.5.11 (Subgroup Criterion). Let (G,*) be a group and let
H CG. Then H < G if and only if

o H#0 and
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e axb '€ H foralla,bec H.

Proof. First, assume H < G. Thus e € H by Definition [1.5.7|so H is non-
empty. Moreover, if a,b € H, then b=! € H as H is closed under inverses
and thus a * b~! € H as H is closed under products. Hence one direction of
the proof is complete.

Conversely, assume H # () and a xb~! € H for all a,b € H. To see that
H < G, we need only verify the three properties from Definition [I.5.7}

First, to see that H contains the identity, note since H # () that there
exists an element a € H. Therefore, e = a * a~' € H by the assumptions of
this direction (i.e. with b = a).

Next, to see that H is closed under inverses, let b € H be arbitrary.
Therefore, since e € H, we have that b™! = e xb~! € H by the assumptions
of this direction (i.e. with a = e).

Finally, to see that H is closed under products, let a,b € H be arbitrary.
Then b~! € H as we have already demonstrated that H is closed under
inverses. Therefore

axb=ax(b ) leH

by Corollary and the assumptions of this direction (i.e. with b=! in
place of b).

Therefore, since we have verified the three properties from Definition
H < G as desired. [ |

1.6 A Microscopic Selection of Subgroups

Using Definition we can construct many examples of subgroups of the
groups constructed in Section [I.2] and thus many more examples of groups.
1.6.1 Silly Subgroups

It turns out that there are always some subgroups of every group and these
groups are a little silly.

Example 1.6.1. Let (G, *) be a group. Then (G, %) is a subgroup of (G, ).
Indeed G C G and all three properties from Definition [I.5.7] are trivially
satisfied.

As often we don’t want to consider a group as a subgroup of itself, we
will use the following terminology.

Definition 1.6.2. A subgroup H of a group (G, %) is said to be a proper
subgroup, denoted H < G, if H < G and H # G.

There is one more silly subgroup we should mention.
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Example 1.6.3. Let (G, *) be a group. Let H = {e}. Then H < G. Indeed,
clearly e € H,exe=¢e € H, and e”! = e € H. Thus H satisfies all three
properties from Definition and thus is a subgroup of G.

As we often want to exclude this singleton subgroup, we can make use of
the following terminology.

Definition 1.6.4. A subgroup H of a group (G, %) is said to be a non-trivial
subgroup if H < G, H # {e}, and H # G.

1.6.2 Subgroups of Standard Number Systems

Now that we have the silly subgroups out of the way, we can look at more
interesting subgroups. We begin with our groups obtain via addition and
multiplication on our common number systems.

Example 1.6.5. In the group (R, +), we claim that Q is a subgroup of
(R,+). To see this, first note that 0 is the identity element of (R, +) and
0 € Q since 0 is rational.

Next, to see that Q is closed under products (i.e. the group operation,
which is addition in this setting), let a,b € Q be arbitrary. Then a +b € Q
since the sum of rational numbers is rational. Hence Q is closed under the
group products.

Finally, to see that Q is closed under inverses, let a € Q be arbitrary.
Then, in (R, +),

a = —a.

Therefore, since —a € Q, we obtain that = € Q. Hence Q is closed under
inverses. Thus Q is a subgroup of (R, +) by Definition m

Example 1.6.6. Let n € N. In the group (Z, +), consider the set
nZ ={nk | k € Z}.

We claim that nZ is a subgroup of (Z,+). To see this, first note that 0 is
the identity element of (Z,+) and 0 € nZ since 0 = n(0) (i.e. take k = 0).

Next, to see that nZ is closed under products (i.e. the group operation,
which is addition in this setting), let a,b € nZ be arbitrary. Since a,b € nZ,
there exists m, k € Z such that a = nm and b = nk. Then

a+b=nm+nk=n(m+k).

Therefore, since m + k € Z, we obtain that a + b € nZ. Hence nZ is closed
under the group products.

Finally, to see that nZ is closed under inverses, let a € nZ be arbitrary.
Since a € nZ, there exists a k € Z such that a = nk. Then, in (Z,+),

al=—a=—nk=n(-k).
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Therefore, since —k € Z, we obtain that a~! € nZ. Hence nZ is closed under
inverses. Thus nZ is a subgroup of (Z, +) by Definition m

Example 1.6.7. In the group (R \ {0}, x), Q\ {0} is a subgroup. Indeed
both R\ {0} and Q\ {0} are groups with respect to x by Example and
Example [1.2.3] Hence Q \ {0} is a subgroup of (R \ {0}, x).

Similarly, both R\ {0} and Q \ {0} are subgroups of (C\ {0}, x).

For a more exotic subgroup, we consider the following.

Example 1.6.8. In the group (C\ {0}, x), consider the set
T={z€C| |z/=1}

(note T stands for ‘torus’). We claim that T is a subgroup of (C\ {0}, x).
To see this, first note that T C C\ {0}. Moreover, note that 1 is the identity
element of (C\ {0}, x) and 1 € T since |1| = 1.

Next, to see that T is closed under products, let z,w € T be arbitrary.
Since z,w € T, we know that |z| =1 and |w| = 1. Thus

|z x w| = |z||Jw| =1(1) = 1.

Therefore z x w € T. Hence T is closed under the group products.
Finally, to see that T is closed under inverses, let z € T be arbitrary.
Since z € T, we know that |z| = 1. Then, in (C\ {0}, %),

and

_ 1
zl=2
z

Therefore 2~ € T. Hence T is closed under inverses. Thus T is a subgroup
of (C\ {0}, x) by Definition [1.5.7}

Example 1.6.9. In the group (C\ {0}, x), consider the set
H=1{1,-1,i,—i}.

We claim that H is a subgroup of (C\ {0}, x). To see this, recall the
multiplication table from Example [T.2.28}

[ x [ 1 [-1]d[—i]
T[T -1] ]~

= A
i | @ | —i | -1] 1

—1i || —t 1 1] -1

From this table, we see that H is contains 1, which is the identity element of
(C\ {0}, x), is closed under products, and is closed under inverses. Thus H
is a subgroup of (C\ {0}, x). Similarly, H is a subgroup of (T, x) with T as
defined in Example
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1.6.3 Subgroups of Matrix Groups Systems

By considering subgroups of (GL,, X), we can obtain groups consisting of
matrices that have applications and significant throughout mathematics. We
begin with the following.

Example 1.6.10. Let n € N. In the group (GL,, x), consider the set
SL,={A € GL, | det(A) =1}.

We claim that SL, is a subgroup of (GL,, x). To see this, first note I, is
the identity element of (GL,, x) and I, € SL,, since det([,) = 1.

Next, to see that SL, is closed under products, let A,B € SL, be
arbitrary. Since A, B € SL,, we know that det(A) = 1 and det(B) = 1.
Thus

det(A x B) = det(A) det(B) = 1(1) = 1.

Therefore A x B € SL,,. Hence SL,, is closed under the group products.

Finally, to see that SL,, is closed under inverses, let A € SL, be arbitrary.
Since A € SL,, we know that det(A) = 1. Then, in (GL,, x), A~! is the
matrix inverse of A and

1 =det(I,) = det(A x A7) = det(A) det(A™1) = 1(det(A™1) = det(A™Y).

Therefore A~! € SL,,. Hence SL,, is closed under inverses. Thus SL,, is a
subgroup of (GLy, x) by Definition [1.5.7]

Definition 1.6.11. For n € N, the pair (SL,, x) from Example [1.6.10] is
called the special linear group.

We can take the special linear group one step further by restricting the
entries allowed in the matrices.

Example 1.6.12. Let n € N. In the group (SL,, x), consider the set
SL,(Z) = {[a; ;] € SLy, | a;j; € Zfor all 1,5 € {1,...,n}}.

We claim that SL,(Z) is a subgroup of (SLy,, x). To see this, first note I,
is the identity element of (SL,, x) and I,, € SL,(Z) since every entry of I,
is an integer.

Next, to see that SLy(Z) is closed under products, let A, B € SL,(Z)
be arbitrary. Since A, B € SL,(Z), we know that the entries of A and
B are integers. Thus the entries of A x B are also integers. Therefore
A x B € SL,(Z). Hence SL,(Z) is closed under the group products.

Finally, to see that SL,(Z) is closed under inverses, let A € SL,(Z) be
arbitrary. Since A € SL,(Z), we know that det(A) = 1 and the entries of A
are all integers. Then, in (SL,, x), A~! is the matrix inverse of A and the
entries of A~ must also be integers since A~! will be the classical adjoint
of A (see MATH 2022). Therefore A=t € SL,(Z). Hence SL,(Z) is closed
under inverses. Thus SL,(Z) is a subgroup of (SLy, x) by Definition [L.5.7]
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More important matrix groups can be constructed using the notion of
orthogonality and inner products.

Example 1.6.13. Let n € N. In the group (GLy, x), consider the set

On) ={Q eGL, | Q7' =Q"}

(where, for a matrix A, A is the transpose of A). We claim that O(n) is a
subgroup of (GLy,, x). To see this, first note [,, is the identity element of
(GLy, x) and I,, € O(n) since I, =1, = IL.

Next, to see that O(n) is closed under products, let A, B € O(n) be
arbitrary. Since 4, B € O(n), we know that A~! = A’ and B~! = B?. Thus

(AxB)'=B"1'x A1 =B x A" = (A x B)..

Therefore A x B € O(n). Hence O(n) is closed under the group products.

Finally, to see that O(n) is closed under inverses, let A € O(n) be
arbitrary. Since A € O(n), we know that A~! = A?. Then, in (GL,, x), A~!
is the matrix inverse of A and

(Afl)fl — A= (At)t — (Afl)t.

Therefore A~! € O(n). Hence O(n) is closed under inverses. Thus O(n) is a
subgroup of (GL,, x) by Definition [1.5.7]

Definition 1.6.14. For n € N, the pair (O(n), x) from Example [1.6.13]is
called the orthogonal group.

In fact, one of our more complicated previous groups (Qs, X) can be
realized as a subgroup of GL,, as the following example demonstrates. In
particular, recall that it was difficult to show that (Qgx) was a group in
Example since it required us to check up to 8 = 512 cases in order to
show that the multiplication is associated. Therefore, by realizing (Qs, X)
as a subgroup of GL4, we automatically obtain that the multiplication is
associative without the need to do 512 computations. This is one of the
powers of subgroups!

Example 1.6.15. In (GLy, x), let

1000 00 -1 0
0100 00 0 -1
A=10 0 1 0 B=109 0 o
0 0 0 1 01 0 |
0 0 0 -1 [0 1 0 0]
0 0 1 0 -1 00 0
“=lo -1 0 o D=14 00 21
1 0 0 0 (0 0 1 0]

and let H = {A,—A,B,—B,C,—C,D,—D}. One can check the following
multiplication table for H:
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A A|-A| B |-B| C |-C| D |-D
—-A|-A| A |-B| B |-C| C |-D| D
B B | -B|-A] A D |-D|-C| C
—-B | -B| B A | -A|-D| D c | -C
C ¢ |-C|-D| D |-A]| A B | —-B
—C|-C| C D |-D| A |-A|-B| B
D D |-D|C |-C|-B| B |-A| A
-D|\-D| D |-C| C B |-B| A | -A

From this table, we see that H is contains I, which is the identity element
of (GLy4, x), is closed under products, and is closed under inverses. Thus H
is a subgroup of (G Ly, X).

Note that H is has the same multiplication table as the Quaternions as
presented in Example with A+ 1, B« i, C < j, and D < k. Thus
this proves (Qs, X) is a group without verifying the associativity property
and shows that (Qs, x) can be viewed as a subgroup of (GLy, X).

Remark 1.6.16. Note there is a much easier way to write (Jg as matrices
provided we allow complex entries. Indeed one can view (Qs, X ) as a subgroup
of the 2 x 2 matrices with complex entries where

=l 5-s 2]
ol O IS C

In this course, we will stick with matrices with real entries as all group theory
examples involving complex matrices can be given using real matrices.

1.6.4 Dihedral Groups

By considering the geometry of a regular n-gon, we can construct some exotic
subgroups of (Sy, o). Instead of trying to construct all these groups at once,
we will begin with the n = 3 and n = 4 cases to motivate the general case.

Example 1.6.17. Consider an equilateral triangle and all of the symmetries
of the triangle; that is, all ways we can move the triangle that cause it to
end up in the exact same spot. There are 6 such symmetries that we can
visualize as follows where we have numbered the vertices just to emphasize
the way in which we moved the triangle:
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1 1
A - A e
2 3 2 3
1 3
Rotate 2{ radians
counterclockwise
2 3 1 2
1 2
Rotate %’ radians
counterclockwise
2 3 3 1
1 1
A — A Horizontal Reflection
2 3 3 2
1 2
Reflection across perpendicular
2 3 1 3
1 3
Reflection across perpendicular
2 3 2 1

Note each of these symmetries corresponds to a unique permutation in S
on the labelling of the vertices of the triangle. Since |S3| = 3! = 6 and
since there are 6 symmetries, we have recognized all the elements of S via
symmetries on a equilateral triangle.

However, there is another way to present these symmetries. First we can

let p be the rotation by %’T radians counter-clockwise; that is

p:(l 2 3)

(this is because 1 is going to the second spot on the triangle, 2 is going to the
third spot on the triangle, and 3 is going to the first spot on the triangle). It
is then not difficult to see that

p? = (1 3 2)
is the rotation by %“ radians counter-clockwise, and p? is the rotation by
6

% radians counter-clockwise and thus p? = e. Next let 7 be the horizontal
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reflection; that is
T = (2 3) .

It is not difficult to see that the reflection across the perpendicular through
the vertex 3 can be realized by applying the horizontal reflection followed
by a rotation by 2% radians counter-clockwise (i.e. po7) and the reflection
across the perpendicular through the vertex 2 can be realized by applying the
horizontal reflection followed by a rotation by %’T radians counter-clockwise

(i.e. p?o 7). Thus we can write

53 - {6707,02777007792 07_}'

Using this way of presenting S3, we must ask how do we multiply group
elements in this form? We already know that p? = e so we know how to
multiple elements of the form p*. For example ,

pPop’=pt=po(p’)=poe=np.

Next we note that 72 = e since if we apply the horizontal reflection twice we
end up back where we started. Finally, it is not difficult to see via geometric
operations that 7 o p is the same as the reflection across the perpendicular
through the vertex 2; that is,

Top=plor=plor

Using these rules, we can easily multiply all elements in the above presentation
of S3. For example,

To(p*or)=(rop)o(por)

= (PP or)o(por)
= pPo(rop)or

In particular, we have the following multiplication table for S3 in this pre-
sentation:

o | e [ p | PP | 7 [por[pior

e e p p° T pot | pPor

P p PE e poT | pPort T

p? PE e 0> | pPor T poT

T T p’or | port e PE p
poT || porT T ploT P) e PE
ploT | pPor | por T PE p e
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Example 1.6.18. Consider an square and all of the symmetries of the
square; that is, all ways we can move the square that cause it to end up in
the exact same spot. There are 8 such symmetries that we can visualize as
follows where we have numbered the vertices just to emphasize the way in
which we moved the square:

1 4 1 4
— Unmoved
3 2 3
1 4 4 3
Rotate Z radians
- counterglockwise
3 1 2
1 4 3 2
— Rotate 27” radians
counterclockwise
3 4 1
1 4 2 1
— Rotate 37“ radians
counterclockwise
3 3
1 : 4 4 1
| — Horizontal Reflection
—3 3 2
1 4 1 2
\\ R fl ion T
— Siagonal (13)
=3 4 3
1 4 2 3
,,,,,,, — Vertical Reflection
3 1 4
1 4 3 4
P o (575
2" 3 2 1

Note each of these symmetries corresponds to a unique permutation in Sy by
labelling the vertices of the square. However, since |S4| = 4! = 24 whereas
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there are only 8 symmetries, not all permutations in Sy are symmetries of
the square. Since it is easy to see that the composition of symmetries is
a symmetry, since the identity permutation is a symmetry, and since all
symmetries are reversible and thus invertible, the collection of symmetries
on the square is a subgroup of S which we will denoted by Dy.

Note there is a way to present these symmetries. First we can let p be
the rotation by 7 radians counter-clockwise; that is

p:(l 2 3 4)

(this is because 1 is going to the second spot on the square, 2 is going to the
third spot on the square, 3 is going to the fourth spot on the square, and 4
is going to the first spot on the square). It is then not difficult to see that

2= 9 9

is the rotation by <F radians counter-clockwise,

p3:(1 2 3 4)

is the rotation by 37” radians counter-clockwise, and p* is the rotation by

47” radians counter-clockwise and thus p* = e. Next let 7 be the horizontal

reflection; that is
r=(14)(2 3).

It is not difficult to see that the reflection across the diagonal (1, 3) can be
realized by applying the horizontal reflection followed by a rotation by 3
radians counter-clockwise (i.e. p o 7), the vertical reflection can be realized
by applying the horizontal reflection followed by a rotation by 27” radians
counter-clockwise (i.e. p? o), and the reflection across the diagonal (2, 4)
can be realized by applying the horizontal reflection followed by a rotation

by 37“ radians counter-clockwise (i.e. p® o 7). Thus we can write
D4 = {67:0’ PQaPSaTvPO Tap2 073/)3 o 7—}-

Using this way of presenting D4, we must ask how do we multiply group
elements in this form? We already know that p* = e so we know how to
multiple elements of the form p*. Next we note that 72 = e since if we do
a horizontal reflection twice we end up back where we started. Finally, it
is not difficult to see via geometric operations that 7o p is the same as the
reflection across the diagonal (2,4); that is

Top:p3OT:p_1OT.

Using these rules, we can easily multiply all elements in the above presentation
of D4. In particular, we have the following multiplication table for Dy in
this presentation:
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o | e | p [ P | P | 7 [por[pior|pioT]
e e p PE PE T pot | por | pdor
p p p° P> e pot | pPoT | plor T
p? p° p3 e p plor | pPorT T porT
p3 p3 e p p2 p307_ T pOT pQOT
T T plor | pPor | por e Pk p° p
pOT pOT T p307— p2OT p e p3 p2
pot | pior| por | v |plor| o p ¢ P’
p30T p307— p207— pOT T p3 p2 p (&

Generalizing the above, we obtain the following exotic subgroups of

(Sny0).

Definition 1.6.19. For n > 3, the n'* dihedral group, denoted D,,, is the
subgroup of 5, consisting of all symmetries on a regular n-gon.

Remark 1.6.20. For n > 3, one can present the dihedral group D,, as

DTL - {€7p71027"' 7pn_177_7po7_7"'7pn_1 OT}
where p is the rotation counter-clockwise by %’r radians and 7 is any reflection.
Moreover, the multiplication table for D,, is completely determined via p™ = e,
pF#eforallke{1,...,n—1}, 7> =e, 7 # e, and

Top:pnfloT:pfloT.

Since |D,,| = 2n, we see that D, is a proper subgroup of S,, when n > 4.

Remark 1.6.21. One must be careful in the mathematics literature as
sometimes the n'" dihedral group is denoted D,, (with the n denoting the
regular n-gon the symmetries are acting on), and sometimes the n'" dihedral
group is denoted Dy, (with the 2n denoting the number of elements in the
dihedral group). Obviously we will stick with the notation we have defined.

1.6.5 Alternating Groups

There is another collection of subgroups of (S,,,0) that by constructing will
introduce us to some fascinating ideas. The construction of these subgroups
is precipitated by the following type of permutation.

Definition 1.6.22. Let n € N. A permutation o € S,, is said to be a
transposition if o is a 2-cycle.

Why have two names for the same thing?
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Remark 1.6.23. A 2-cycle is called a transposition since for all i,j €
{1,...,n} with i # j, the 2-cycle
(i 4)

is the permutation that interchanges i and j (i.e. sends i to j and j to 7)
and leaves all other elements fixed. Note that

. . _1 . .
(i 3) =)
so every transposition is its own inverse.

Not only is every permutation a product of disjoint cycles, we also have
that every permutation is the product of transpositions. The cost of reducing
from cycles of any length to 2-cycles is that we may not have that the cycles
are disjoint.

Theorem 1.6.24. Let n € N be such that n > 2. Every element in S, is
the product of 2-cycles.

Proof. Since Theorem showed that every element in S, is a (disjoint)
product of cycles, it suffices to show that every cycle can be written as a
product of 2-cycles. Thus, let o € .S, be an m-cycle for m > 1. To see that
o is a product of 2-cycles, we will proceed by induction on m.

Base Case: m = 1. In this case ¢ is a 1-cycle and thus ¢ = e. Since

e:(l 2)(1 2),

we obtain that ¢ is a product of 2-cycles.

Base Case: m = 2. In this case o is a 2-cycle and thus is a product of
one 2-cycle.

Inductive Step. Assume that every m-cycle is a product of 2-cycles and
let o be an (m + 1)-cycle. Thus we can write

g = (a1 as -+ Qm am+1>
for some distinct integers ai,as,...,am,am+1. 1t is not difficult to check
that
o= (a ar  am) (am omen).
Therefore, since
(e omsn)

is a 2-cycle, and since

<a1 as e am)

is an m-cycle and thus a product of 2-cycles by the inductive hypothesis, we
obtain that o is a product of 2-cycles. Hence the inductive step is complete.

Therefore, by the Principle of Mathematical Induction, the proof is
complete. ]
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In order to write a permutation as a product of 2-cycles, we need only
apply the algorithm that is implicit in the proof of Theorem [1.6.24]

Example 1.6.25. In Sy, consider the permutation
o=(15 2)(3 7 8 4).

To write o as a product of transpositions, we simply apply the argument
in the inductive step from the proof of Theorem to each cycle in o.

e o=(15)(5 2)(3 7)(7 8)(8 4).

Using the idea that every permutation is a product of transpositions, we
can describe various types of permutations.

Definition 1.6.26. A permutation ¢ € S, is said to be even if o can be
written as the product of an even number of transpositions. Similarly, a
permutation o € 5, is said to be odd if 0 can be written as the product of
an odd number of transpositions.

Example 1.6.27. Since Example [1.6.25| showed that the permutation

o=(152)(3 7 8 4)
can be written as

o= (1 5) (5 2) (3 7) (7 8) (8 4),
we see that ¢ is an odd permutation.

Like with even and odd natural numbers, products of even and odd
permutations follow the same rules for the results being even or odd. In fact,
consider the following.

Remark 1.6.28. Assume o is an even permutation so that we can write
0 =T10720""-0T2k

where 71, ..., 7o are transpositions. Since ijl =7 forall 1 < j <2k, we
obtain that
ot 2727910"'075107{1'

Hence o1 is even.

Since the product of two even permutations is even and since

e=(12)(1 2)

(when n > 2) so the identity element is even, the collection of even permuta-
tions forms a subgroup of the symmetric group by Definition [I.5.7] These
subgroups are the focus of this subsection and thus they deserve a name.
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Definition 1.6.29. Let n € N be such that n > 2. The n'" Alternating
Group, denoted A,,, is the subgroup of S,, consisting of the even permutations.

Remark 1.6.30. One would expect that the set of odd permutations does
not form a subgroup of the symmetric group since it is easy to see that the
product of two odd permutations is even and the identity element is even.
However, note that it is not clear that a permutation cannot be both even
and odd since there are many ways one can write a permutation as a product
of transpositions. This will be our next goal: showing that a permutation

cannot be both even and odd. In the process, we will also compute the order
of A,,.

In order to do this, we require some more technology. To do so, we are
moving a bit away from groups momentarily, but it is necessary to do so.

Definition 1.6.31. Let n € N and let o € S;,. The Vandermonde poly-
nomial of o is the polynomial in the n variables x1,...,x, defined by

Vie = H1§i<j§n($a(j) - xa(i))-
To clarify the notion of a Vandermonde polynomial of a permutation, we

exhibit the following example.

Example 1.6.32. In S3, there are |S3] = 6 Vandermonde polynomials,
namely:

Vie = (23 — 22)(23 — 21) (22 — 71)
Va1 2) = (v3 — 1) (73 — 22) (71 — T2)
Va(13) = (21 — 22) (21 — 73) (72 — 23)
V32 3) = (w2 — x3) (72 — 71) (23 — 71)

V3123 = (x2 — 21)(v2 — 23)(21 — x3), and
( ) ) )

1 — x2) (23 — 22

Note that all of these polynomials are a product of xo — z1, x3 — x1, and
x3 — X2, or their negatives. In particular,

V312) = —Vae
Va13)=—Vae
V323 = —Vae

V3, (123) = Ve, and
V3,132 = Vae.
Remark 1.6.33. Note for any n € N and any o € S,, that V;,, and V;, .

will either be equal or be negatives of each other. Thus
Vn,a

==+l
Vn,e
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(where we do not concern ourselves with the fact that dividing by V}, . doesn’t
make sense for certain values of z1,...,z,). As this quantity is important,
we provide it a name.

Definition 1.6.34. Let n € N and let ¢ € S,,. The sign of o, denoted
sgn(o), is

Vno‘
sgn(o) = V— e {1,-1}.

n,e

In order to show that a permutation cannot be both even and odd, and
to compute the order of A,, we require some properties of the sign of a
permutation. We begin with the following.

Lemma 1.6.35. If o is a transposition, then sgn(c) = —1.

Proof. Since o is a transposition, there exists 1 <[ < k < n such that
o=(k 1.

Vo To(j) ~ Toli)
sen(o) === I ==

Recall

1<i<j<n

Hence, to compute sgn(o), we need only analyze the terms in the above
product. We divide the terms in the product into a few cases.
Case 1: 7,7 ¢ {k,l}. In this case, we have the term

Tolh) T Po(i) _ T T T _ 4
:L'j — Xy ij — Xy

Case 2: {i,j} = {k,l}. In this case, since | < k and i < j, we have i =
and 7 = k. Thus we have the terms

Lo(§) = La(d) _ Lo(k) — La(l) _ T, — Tk _
T — T — T T — 1)

—1.

In all other cases, we have one of ¢ or j is k or [ and the other is some
element of {1,...,n}\ {k,l}. We pair up the terms in the product based on
the element of {1,...,n}\ {k,(}.

Case 3: (i,7) = (m, 1) with (i,j) = (m, k) for 1 < m < [. In this case, we
have the terms

Lo(k) — Lo(m) ) Lo(l) — La(m) _ Ll —Tm Tk — Tm

Tk — Tm Ty — Tm Tk —Tm T — Tm

=1.

Case 4: (i,7) = (I, m) with (i,5) = (k,m) for k < m < n.In this case, we
have the terms

To(m) — Lo(k) ) Lo(m) — Lo(l) _ Tm — Ly Tm — Tk -1
ITm — Tk ITm — X Im — Tk Ty — T
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Case 5: (i,7) = (I,m) with (i,7) = (m, k) for | < m < k. In this case, we
have the terms

Lo(k) — Lo(m) ] Lo(m) — La(l) _ L — Tm  Tm — Tk -1
Tk — Tm T — T Tk — T T — L)

Hence, we can write sgn(o) as a product of 1s times a single —1 and thus
sgn(o) = —1 as desired. ]

Lemma 1.6.36. Letn € N and let 0,7 € S,,. Then

sgn(o o 1) = sgn(o)sgn (7).
Proof. Note that
Vn,JOT
Vn,e
_ hicicjen@o () — To(r(iy)
[hi<icj<n(zj — i)
_ hcician@or)) — o) hcicjcn(@r() = 2ri)
H1§i<j§n(x7'(j) - xr(z)) H1§i<j§n(xj - ‘TZ)
_ hi<icj<n(@oz)) = To(r(ip)

H1§i<j§n(x7(j) - xT(z’))

sgn(cor) =

sgn(T).
Thus, it suffices to prove that

Mh<icjcn(To(r)) = Totri) _ Thickn@or) — Tow)
H1§i<j§n(x7'(j) - l‘T(z‘)) H1§l<k§n(~’fk — )

Since 7 : {1,...,n} — {1,...,n} is a bijection, for all 1 <i < j <n it
follows that 7(2),7(j) € {1,...,n} are such that 7(i) < 7(j) or 7(j) < 7(7),
and for all k,1 € {1,...,n} with [ < k there exists a unique 1 <i < j <n
such that {7(i),7(j)} = {k,}. Moreover, if 7(i) = [ and 7(j) = k, then

Lo(r(4) ~ To(r(@) _ Tolk) ~ To(l)
Tr(j) = Tr(i) Tp—x

and otherwise if 7(i) = k and 7(j) = [, then

La(r(j)) ~ To(r(d)) La(l) — To(k) _ La(k) — xa(l).
Lr(5) = Tr(s) Ty — Tk T — X

Hence we see that

[<icin@otri) = Zor@) _ haickanTow) — 2oq)
H1§i<j§n(x7'(j) - mT(z')) H1§l<k§n($k - xl)

thereby completing the proof. ]
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Using the above two results related to sgn(o), we have our proof that a
permutation cannot be both even and odd, and we have the order of A,,.

Theorem 1.6.37. Letn € N and let 0 € S,,. Then

san(o) 1 if o is even
n(o) = .
& —1 ifo is odd

|
Hence o cannot be both even and odd. Moreover |A,| =" for alln > 2.
Proof. To begin, assume o € S, is even. Hence we can write
0 =T10"0T2

where 7; are all transpositions, and k¥ € N. By Lemma [1.6.35| and Lemma
we have that

sgn(o) = o(r) - -o(my) = ()% =1
as desired.
Similarly, if o is odd, we see that sgn(c) will be an odd power of —1 and
thus sgn(o) = —1 as desired. Therefore, since for an arbitrary o € S,, we

know sgn(o) cannot be both 1 and —1 simultaneously, o cannot be both
even and odd.

To see that |A,| = %' when n > 2, let O, = S,, \ A,, be the set of odd
permutations. Note we have shown that S, = A4, UO,, and 4, N O,, = 0.
Hence

n! =|Sy| = |An| + |Onl.

Note if 0 € A,, then
(1 2) o0 € O,

since
sen (1 2)o0) =sen((1 2))sen(o) = (-1)(1) = -1,
Hence we can define f : A, — O, by
flo)=(1 2)o0
for all ¢ € A,. Similarly, if o € O,, then
(1 2) oo € Ay

sgn ((1 2) oa) = sgn ((1 2)) sgn (o) =(-1)(-1) =1.
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Hence we can define g : O,, = A,, by

g(o) = (1 2) oo

for all o € O,.
Note that

g(f(U)):g((l 2)oa)=(1 2)0(1 2)0020

for all o € A,, and similarly f(g(o)) = o for all 0 € O,. Hence f is
a bijection from A, to O,. Thus A, and O, have the same number of
elements. Therefore, we have that

n! = |Sy| = [An| + |On| = 2[Ay|.
Hence |A,| = %’ as desired. ]
To complete this subsection, let us examine what elements are in A,,.

Example 1.6.38. Let n € N. Since for three distinct numbers a,b,c €

{1,...,n} we have that
(a b c):(a b)(b c),

we see that every 3-cycle is in A,,.

Example 1.6.39. Since every 3-cycle is in Ay, we see that

(1 2 3),(1 3 2),(1 2 4),(1 4 2),
(13 4),(1 43),(234),(214 3

are distinct element of A4. Moreover, since e € Ay, since

(1 2)(3 4).(1 3)(2 4),(1 4)(2 3)

are all distinct elements of A4 that do not agree with any of the 3-cycles, we
have written down 12 distinct elements of A4. Therefore, since |A4] = & = 12,

2
we have written a complete list of elements of A4.

Remark 1.6.40. Permutations and the sign of a permutation are important
concepts in mathematics that appear in many contexts. For example, if
n € N and A = [a; ;] € M,, one can show that

n

det(A) = Z sgn(o) H oo (k)
0ESR k=1

This is known as the permutation expansion of the determinant and is quite

useful in linear algebra.
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1.6.6 Subgroups of Product Groups

To conclude our (microscopic) collection of subgroups, we will examine the
subgroups of product groups and show what we mean by (G x H,-) is a
group that contains (G, *) and (H, *).

Proposition 1.6.41. Let (G1,*1) and (Ga,*2) be groups. Let Hy and Hy
be subgroups of G1 and Gy respectively. Then Hy x Hy is a subgroup of the
product group G1 X Ga.

Proof. To see that Hy x Hy is a subgroup of G1 x G2, we will verify the three
properties required by Definition [1.5.

To begin, recall if e; € G1 and ey € G5 are the identity elements, then
the identity element of G1 x G is (e1,e2). Since Hy < G1 and Hy < Go, we
know that e; € Hy and ey € Hy so

(61,62) € Hy x Hs.

Hence Hi x Hy contains the identity element of G1 x Gbs.

Next, to see that Hy x Hp is closed under products, let (a1,b1), (az,b2) €
H, x Hy be arbitrary. Since a1, a2 € H; and since H; is closed under products,
we know that aj *; ag € Hy. Similarly by,by € Hs and since Hs is closed
under products, we know that by %o bo € Hy. Hence

(al,bl) * (az,bg) = (a1 *q ag,bl *9o b2) (S H1 X HQ.

Thus Hy x Hs is closed under products.

Finally, to see that H; x Hs is closed under inverses, let (a,b) € H; x Ha
be arbitrary. Recall that the inverse of (a,b) in G1 x Gg is (a=!,b~!) where
a1 is the inverse of a in G and b~! is the inverse of b in Go. Since a € H;
and since H; is closed under inverses, we know that a=' € H;. Similarly,
since b € Hy and since Hs is closed under inverses, we know that b~ € Ho.
Hence

(a_l,b_l) € Hy x Hs.

Thus Hy x Hs is closed under inverses. Hence H; x Ho < G1 X G4 by
Definition n

Remark 1.6.42. Let (G,*) and (H,*) be groups. Since G < G and
{eg} < H, we see that G x {ey} is a subgroup of (G x H,-). Note that

G x{eg}t={(a,eq) | a € G}

is effectively (G, ) in disguise. Similarly, since {eq} < G and H < G, we
see that
fea} x H={(ecb) | be H)

is a subgroup of (G x H,-) that is effectively H. Thus (G x H,-) is group
that ‘contains’ both (G, ) and (H,*).
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Example 1.6.43. Note that not every subgroup of a product group (G x
Ga,-) is of the form H; x Hs. To see this, consider the Klein 4-group
(Zg X ZQ, ) and let

H = {([0], [0]), (1], [1])}-

We claim that H is a subgroup of (Zy x Zs,-). To see this, note that
([0],]0]) € Za x Z2 so H contains the identity element. Moreover

([0]; [01) - ([0]; [01) = (o], [0})

((0]; [0]) - ({1, [1]) = ([0] + [1], [0] + [1]) = ([1], [1])
([, [1) - ([0}, [0]) = ([1] + [0], [1] + [0]) = (1], [1])
([, ] - (0], (1)) = (1) + ], [] + [1]) = ([0}, [o])

S0 Zg x Zs is closed under products and inverses as ([0], [0])~* = ([0], [0]) and
([1], (1)~ = ([1],[1]). Hence H is a subgroup of Zg x Zs.

However, H is not of the form H; x Hs. To see this, suppose for the
sake of a contradiction that H = H; x Hy where H; and Hs are subgroups
of (Zy x Za,-). Note 2 = |H; x Ha| = |Hi||Hz2|. Therefore |H;| = 2 and
|Hz| = 1 or |[Hy| =1 and |Hs| = 2. However, since Hy, Hy C Z2 and since Zy
has two elements, either Hy = {e} and Hy = Zo, or Hy = Zs and Hy = {e}.
This means

Hy x Hy = {([0], [0]), (0], 1))} or  Hy x Hy = {([0], [0]), (1], [0])},

neither of which is H thereby yielding a contradiction. Hence H is not of
the form Hy x Hs.

1.7 Cyclic Groups

To complete this chapter, we desire to look at some specific types of groups
and subgroups that are useful in a wide variety of situations in this course.
Moreover, by developing this theory, we will obtain a further understanding
of how multiplication affects group elements.

1.7.1 Definitions

To begin, we desire to generalize some technology that was used in the proof
of Theorem [1.2.46] when examining the symmetric groups.

Definition 1.7.1. Let (G, %) be a group and let a € G. For n € N, we define
the n'™® power of a, denoted a™, to be the product of a with itself n times;
that is @ = a* a x--- x a where a occurs n times. Similarly, for n € N, we
define the negative n™™ power of a, denoted a™™, to be the product of a~*
with itself n times. Finally, we denote a® = e.
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Remark 1.7.2. Again, it is important to remember that in groups like (Z, +)
where the group operation is addition, a™ actually means that we should add
a to itself n times, not multiply since addition is the group operation. In fact,
sometimes when dealing with such groups, mathematicians use na instead of
a™. However, we will avoid this in order to keep consistent notation.

Remark 1.7.3. For any group (G, ), for any a € G, and for any n,m € Z, it
is not difficult to verify that a™ ™ = a™ *a". Indeed, if m,n > 0 or n,m <0,
this follows trivially from the definition. In the cases that m < 0 < n and
n < 0 < m, the equation will follow as ¢ ' xa =e=axa"'.
Moreover, since

a"xa"=a """ =a"=e=a"xa"",

-1

we see that (a)™" = a~". Hence for all m,n € Z, we have when n > 0 that

(@™ =a"xa™x---xa™ = gmtrEm = gmn

(where there are n copes of a”* and n copies of m), and we have when n < 0
that

m m

=a Mxa Mx---xa”
o) (Em) 4t (=m)

— amn

(where there are |n| copes of (a™)~! and |n| copies of —m). Hence our usual
rules for exponentiating real numbers hold in any group (G, *).

Using the powers of group elements, we can construct examples of sub-
groups of a very specific form.

Definition 1.7.4. Let (G, *) be a group and let a € G. The cyclic subgroup
generated by a, denoted (a), is the subgroup

(@) = {a" | n € Z}.

Of course, we should check that the cyclic subgroup generated by a
is actually a subgroup. Moreover, it turns out that (a) has some other
properties.

Theorem 1.7.5. Let (G, *) be a group and let a € G. The cyclic subgroup
generated by a is an abelian subgroup of G. Moreover, (a) is the smallest
(under inclusion) subgroup of G containing a.
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Proof. To see that (a), first note that e = a” € (a). Hence (a) contains the
identity element.

To see that (a) is closed under products, let b, ¢ € (a) be arbitrary. Thus
there exists n,m € Z such that b = a” and ¢ = a". Hence

bxc=a"xa" =a™""" € (a).

Thus (a) is closed under products.

Finally, to see that (a) is closed under inverses, let b € (a) be arbitrary.
Thus there exists an n € Z such that b = a". Hence b= = a™" € (a).
Therefore (a) is closed under inverses. Hence (a) is a group by Definition
57

To see that (a) is abelian, note for all n,m € Z that

a"xad" =a =a"t™ =" x a™.
Hence (a) is abelian.

To see that (a) is the smallest (under inclusion) subgroup of G containing
a, let H < G be such that a € H. We claim that (a) C H. To see this, note
a = e € H since H is a subgroup of G. Moreover, since a € H and since H
is closed under products, we see that a” € H for all n € N. Finally, since
a € H and since H is closed under inverses, we see that a=' € H. Therefore,
since H is closed under products, we obtain that a™™ € H for all n € N.
Hence (a) C H as desired. ]

Before we explicitly write down some examples of cyclic subgroups, we
introduce some terminology that will be used throughout the course.

Definition 1.7.6. Let (G, *) be a group and let a € G. The order of a is
lal = Ka)l-

We will see just how important of a tool the order of a group element is
later in the course.

Definition 1.7.7. A group (G, *) is said to be a cyclic group if there exists
an element a € G such that G = (a). Any element a € G such that G = (a)
is called a generator of G.

Remark 1.7.8. Since for any group (G, *) and any element a € G we know
that (a) is abelian, a group can only be cyclic if it is abelian. We will see
examples of abelian groups that are not cyclic shortly.

1.7.2 Examples

In this subsection, we will examine some examples of cyclic subgroups and
the order of elements of a group. For our first example, we begin with the
most obvious but most boring cyclic subgroup.
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Example 1.7.9. In any group (G, ), it is elementary to see that (e) = {e}
since e” = e for all n € N and e~! = e. Hence |e| = 1.

For something a little more illuminating, consider the following examples.

Example 1.7.10. In (R \ {0}, x), we see that

(2)={2" | nez}

1 1 _1
=491,2,-,4,-,8,-,...;.
{77277478787 }

Unsurprisingly, some of the groups (respectively subgroups) we previously
saw are cyclic groups (respectively subgroups).

Thus |2| = oo.

Example 1.7.11. In (Z,+) it is elementary to see that (1) = Z. Hence
|1| = oo and (Z, +) is a cyclic group.

Example 1.7.12. In (Z,+) it is elementary to see for all n € Z that
(ny = nZ. Hence |n| = oo for all n € Z and all the subgroups nZ in (Z, +)
are cyclic subgroups.

Example 1.7.13. In (Z,,+) it is elementary to see that ([1]) = Z,,. Hence
I[1]| = n and (Z,,+) is cyclic.

The following example shows that not every element of Z, is a cyclic
generator of (Zy, +).

Example 1.7.14. In (Zg, +), since

44+4=2 mod 6,
4+2=0 mod 6, and
44+0=4 mod 6,

it is not difficult to see that
0] ifn=0 mod3
[4]" =<4 ifn=1 mod3.
2] ifn=2 mod3

Hence (4) = {[0], [2], [4]} so |4| = 3. Similarly, it is not difficult to see that
([2]) = {[0], [2], [4]} = ([4]). Note [4]7" = [2].

Remark 1.7.15. In any group (G, %), it is not difficult to see that (a=!) = (a)
by the definition of a™ for n € Z and the fact that (a=!)™! = a. Hence
la=!| = |a| for any a € G.
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Example 1.7.16. It is possible for a cyclic group to have multiple generators
that are not related by inverses. For example, consider (Zs,+). Recall
([1]) = Zs. However, since

24+2=4 mod 5,
24+4=1 mod 5,
24+1=3 mod 5, and
24+3=0 mod 5,

we see that ([2]) = Zs so ([2]) = ([1]) even though [2] # [1]7! in (Zs5, +).
Note |[2]| = 5.

For a few more examples, we can consider the complex numbers. Note
that the following along with the fact that i* = 1 motivates the results on
the order of group elements in the next subsection.

1

Example 1.7.17. In (T, x), since i~ = —i, we can verify that

1 ifn=0 mod4
i ifn=1 mod4
—1 ifn=2 mod4’
—i ifn=3 mod4
Hence (i) = {1,—1,4,—i} is a cyclic group with respect x and [i| = 4.

Example 1.7.18. More generally, in (T, x), for n € N, since
o\ —1 2m(n—1) .
(€%Z> = eTl’

it is not difficult to verify that

27 - 2nk
() = {e

ke{O,l,...,n—l}}.

2m;
Hence ‘e n'| = n.

To complete this subsection, we note there is a simple example of an
abelian group that is not cyclic.

Example 1.7.19. The Klein four group (Zy X Zs,-) is an example of an
abelian group that is not cyclic. Indeed, it is not difficult to verify that

(([0J; [01)) = {([0]; [0])3},

(1] [01)) = {([0], [0]), ([1]; [0])},
(([oJ; [11)) = {([0]; [0), ([0]; [1])}, and
(([13; (1)) = {([0], [o]), (1] [1])}-
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Hence ZyxZs is not cyclic. Moreover, every non-identity element of (Zg xZs, -)
has order 2. This is in stark difference to (Z4, +) which is cyclic and has two
elements of order 4, namely [1] and [3].

Note the above example shows that (Z4,+) and (Z2 X Zg,-) must be
different groups since one is cyclic and the other is not. This raises the
question, “How can we tell if two groups are actually the same?” More
importantly, “What does it mean for two groups to be the same?”

1.7.3 Properties

Before we begin to answer these questions, it is extremely helpful to develop
some theory about how the order of group elements behave and how to
compute the order of a group element. We begin with the following.

Proposition 1.7.20. Let (G,x) be a group and let a € G be such that
la| = oco. If n € Z, then a™ = e if and only if n = 0. Consequently, if
m,n € Z and a™ = a", then n = m.

Proof. Clearly if n = 0 then a" = e by definition. To see the other direct,
suppose for the sake of a contradiction that n € Z \ {0} is such that a™ = e.
Since

we see that if k = |n| then k > 0 and a* = e.
Let m € Z be arbitrary. By the Division Algorithm (Theorem [A.4.6)), we
can write m = gk + r where ¢ € Z and r € {0, 1, ...,k — 1}. Therefore

a™ = aT = (a")xa" =elxa" =exa" =d".

Hence
(a) = {e,a,aQ,...,akfl}.

Therefore |a| < k which contradicts the fact that |a] = co. Hence if n € Z,
then a™ = e then n = 0.

To see the second claim, assume m,n € Z are such that a" = «a
Therefore

m

AV = g g™ = a" % (am)—l — a” x (an)—l —e.
Therefore, by the first part of the proof, n —m = 0 so n = m as desired. n

By similar arguments, we can obtain an analogous result for group
elements of finite order.

Proposition 1.7.21. Let (G, *) be a group and let a € G be such that |a|] = n.

Then a™ = e and e,a,a?,...,a" " are distinct elements of G. Hence

(a) = {e,a,aZ,...,anfl}.
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Proof. Since
0 1

a’,a,...,a" € {a)
and since n = |a| = [(a)|, there must exists k,m € {0,1,...,n} such that
k < m and aF = a™. Hence

A" F = am kg = q™ « (ak)f1 =a % (am)f1 =e.

By the same argument as used in the proof of Proposition this implies
that

(a) = {e,a,a?,...,a™ F 1L
This implies that |a| < m — k. However, since k,m € {0,1,...,n} are such
that k& < m, the only possible way that m — k > |a| = n is that m = n and
k=0. Thus a® = e, a™ # a* if m,k € {0,1,...,n — 1}, and

(a) = {e,a,d?,...,a" '}
as desired. m

Expanding on this, we can determine what powers of a group element of
finite order are equal.

Corollary 1.7.22. Let (G, %) be a group and let a € G be such that |a| =
n € N. For all k € Z, a* = e if and only if n|k. Consequently, for m,k € Z,
akf = a™ if and only if k =m mod n.

Proof. First, assume k € Z is such that n|k. Therefore, there exists an m € Z
such that mn = k. Hence

as desired.

Conversely, assume k € Z is such that a* = e. By the Division Algorithm
(Theorem, we can write k = mn+r wherem € Zand r € {0,1,...,n—
1}. However, notice that

e=a"=a™"" = (") xd" =eMxa" =exa" =a".
However, since r € {0,1,...,n — 1} and a" = e, Proposition [1.7.21] implies
that » = 0. Hence n|k as desired.
Finally, notice for m,n € Z that a* = a™ if and only if a = e if and
only if n|(k —m) if and only if K =m mod n as desired. ]

k—m

Using Corollary we obtain another description of what the order
of a group element actually is that is consistent with all examples in the
previous subsection.
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Corollary 1.7.23. Let (G, %) be a group and let a € G be such that |a| < co.
The order of a is the least positive natural number n such that a™ = e.

Proof. If k € N and n = |a|, then Corollary [1.7.22| implies that a* = e if and
only if n|k. Hence the order of @ is the least positive natural number n such
that a" = e. [

Moreover, using Corollary we can compute the order of some new
group elements.

Proposition 1.7.24. Let (G1,*1) and (Ga, *2) be groups. If (a,b) € G1 X Ga,
then
|(@,b)| = lem(]al, [b]);

that is, the order of (a,b) is the least common multiple of the orders of a and
of b.

Proof. Let ey € G1 and ey € G2 be the identity element of (Gy,#1) and
(G2, x2). Note that
(a,0)" = (e1,e2)

if and only if a”™ = e; and b™ = es. Since Corollary [1.7.22] implies a™ = ey if
and only if |a| divides n and ™ = eq if and only if |b| divides n, we see that
(a,b)™ = (e1,e2) if and only if n is a multiple of |a| and |b|. Hence Corollary

implies that |(a,b)| = lem(|al, [b]). -

Example 1.7.25. Let n € N and consider the m-cycle
o= (a1 az - am) € Sh.

We claim that |o| = m. To see this, note for k € {1,2,...,m — 1} that
o*(am) = ay_g. Hence o¥(a,,) # ay, for all k € {1,2,...,m — 1} and
o™ (am) = o (6™ Ham)) = o(ar) = am.

Hence m is the first least natural number such that 0™ (a,,) = a,,. Hence
|o| > m. Moreover, it is elementary to show that ¢ (ay) = aj for all
k € {1,...,m} by similar arguments (i.e. for a; we apply o exactly k — 1
times to get to a1, apply ¢ again to get to a,,, and then apply ¢ another
m — k times to get back to ay). Hence 0™ = e so |o| = m as claimed.

Expanding on this, we can compute the order of any element of (S, o)
based on its cycle decomposition.

Proposition 1.7.26. Forn e N, if o € S, and
O =0100920-:--00m,

is a decomposition of o into a product of disjoint cycles, then the order of o
is the least common multiple of the orders of the oy for k € {1,...,m}.
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Proof. Since Lemma [1.2.47] demonstrated that disjoint cycles commute with
each other, we see that

o"=o0lo0gyo---00,,

for all n € N. Moreover, since o1, 039, ..., 0, are disjoint, we can see that

0—?00—5’0...00—”

m:e

if and only if o) = e for all k € {1,...,n} (i.e. if j appears in the cycle oy,
it does not appear in o, for any ¢ # j and thus o™ (j) = o}/(j) so 6"(j) = j
if and only if o}(j) = j). Hence, by the same argument used in the proof of
Proposition it follows that the order of o is the least common multiple
of the orders of the oy, for k € {1,...,m}. ]

Remark 1.7.27. Given a group (G, *) and elements a,b € G, it need not be
true that |a % b| = lcm(|al, |b|) even when a % b = b * a. To see this, consider
the group (Z4,+) and let a = b = [1]. Then |a| = |b| = 4. However a+b = [2]
and |[2]| = 2 since [2]? = [2] + [2] = [4] = [0].

To conclude this chapter, we can easily describe all of the subgroups of
cyclic groups.

Proposition 1.7.28. Let (G, *) be a cyclic group. Every subgroup of G is
cyclic.

Proof. Let H < G. If H = {e}, then H = (e) so H is cyclic. Hence we can
assume that H # {e}.

Since (G, ) is a cyclic group, there exists an a € G such that G = (a).
Since H C G, since H # {e}, and since G = (a), there exists an m € Z\ {0}
such that a™ € H. Moreover, since H < G so a™™ = (a™)~! € H, there
exists a k € N such that o* € H.

Let

n=min{k e N | a* € H}.

We claim that H = (a™). To see this, recall from Theorem that (a") is
the smallest subgroup of (G, *) that contains a”. Therefore, since a" € H
and H < G, we have that (a") C H.

To see the other inclusion, suppose for the sake of a contradiction that
H ¢ (a™). Hence, since H C G and G = (a), there exists an ¢ € Z such
that a’ € H \ (a"). Since a™™ = (a™)™ € (a") for all m € Z, it follows that
¢ # nm for all m € Z. Hence ¢ is not a multiple of n and thus

1 <r=gecd(¥l,n) <n.

By the Euclidean Algorithm (Theorem [A.6.8), there exists s,¢ € Z such
that s¢ 4+ tn = r. Therefore, since H < G and since a”,a’ € H, we have that

a’ = asé—l—tn — (CLZ)S % (an)t c H.
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However, since r < n, this contradicts the definition of n. Hence we have
our contradiction so H = (a"). Therefore H is cyclic as desired. N

Corollary 1.7.29. The subgroups of (Z,+) are nZ for n € NU{0}.
Proof. Since (Z,+) is cyclic by Example |1.7.11], Proposition [1.7.28 implies

that every subgroup of (Z,+) is cyclic. Hence we just need to compute the
cyclic subgroups of (Z,+).

Note (n) = nZ for all n € NU{0}. Moreover, if n € N then (n) = (—n) =
(—n)Z. Hence the cyclic subgroups of (Z, +) are nZ for n € NU {0} ]
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Chapter 2

Groups: Basic Theory

When developing examples of groups in the previous section, we saw that
even though (Z4,+) and (Zy X Zg, ) are both groups with 4 elements, they
must be different groups since one is cyclic and the other is not. On the
other side, we saw that (Qs, x) could be constructed in two different ways:
one involving a generalization of the complex numbers (Example , and
one involving invertible matrices (Example . This raises the questions,
“How can we tell if two groups are really the same group in disguise?” More
interesting, “Given a natural number n, how many ‘distinct’ groups of order
n are there?”

This chapter will being to answer these questions. In particular, we will
develop the notion of what it means for two groups to be the ‘same’, produce
several methods for determining whether or not two groups are the ‘same’,
and determine the number of ‘distinct’ groups of order n there are for various
values in n. In doing so, students are introduced to several algebraic concepts
that are used in future courses and throughout the mathematical discipline
of Algebra.

2.1 Group Homomorphisms

To begin our study, we will be taking a page out of linear algebra. When
dealing with abstract vector spaces, to determine when two vector spaces are
the ‘same’, one first looks at the concept of linear maps. Linear maps are the
morphisms between vector spaces; that is, the maps that preserve the vector
space structure. This is a common theme in Algebra; if given an algebraic
structure, the morphisms are the maps that preserve that structure. In group
theory, the algebraic structure we want to preserve is the multiplication.
Consequently, we make the following definition.

Definition 2.1.1. Let (G1,*;) and (G2, *2) be groups. A homomorphism
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from Gy to Go is a map ¢ : G — G2 such that
©(g*1 h) =(g) *2 ¢(h)
for all g, h € G;.

To begin, it is helpful to have some examples of homomorphisms. Since
there are a plethora of groups, there are even more examples of homomor-
phisms. Consequently, we present just a few useful examples.

Example 2.1.2. Let (G, %) be a group and let a € G. Define ¢ : Z — G by
p(n) = a"

for all n € Z. We claim that ¢ is a homomorphism from (Z, +) to (G, *). To
see this, note for all n, m € Z that

+m __ . n m

en+m)=a""" =a"xa™ = p(n) x p(m).
Hence ¢ is a homomorphism by definition.
Example 2.1.3. Define ¢ : R — R\ {0} by
p(x) =€

for all z € R. We claim that ¢ is a homomorphism from (R, +) to (R\ {0}, x).
To see this, note for all x,y € R that

plz+y) =" = e’ = p(z) x (y).
Hence ¢ is a homomorphism by definition.
Example 2.1.4. Define ¢ : R — T by
plz) = e

for all x € R. We claim that ¢ is a homomorphism from (R, +) to (T, x).
To see this, note for all x,y € R that

pla +y) = ) = e = p(z) x (y).
Hence ¢ is a homomorphism by definition.

Example 2.1.5. Let n € N. Define ¢ : Z — Z, by

for all k € Z (recall [k] is the equivalence class of k in Z,; thus ¢(k) = k
mod n). We claim that ¢ is a homomorphism from (Z,+) to (Z,,+). To
see this, note for all m, k € Z that

p(m + k) = [m + k] = [m] + [k] = p(m) + ¢(k)

Hence ¢ is a homomorphism by definition.
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Note in all of the above examples, one really should verify that ¢(a) € G
for all a € (G to ensure that ¢ : G; — G4 is well-defined; that is, it doesn’t
make sense to define a function from G to G2 unless every element of G
maps to an element of Go. Moreover, if elements of G; can be represented
in multiple ways, it is necessary to make sure that the definition of ¢ does
depend on how we represent the elements of G1. The best example of this is
the following.

Example 2.1.6. Let n € N. Define ¢ : Z,, — (e%ﬁi) by

2wki

p ([K]) = e

for all k € Z. Note we must check that ¢ is well-defined as there are multiple
ways to write the same element of Z,; that is, if ki, ks € Z are such that
[k1] = [k2], we better make sure that

for otherwise we have defined ¢([k1]) in two different ways and functions are
not allowed to take two different values at the same point!

To see that ¢ is well-defined, let k1,k2 € Z be such that [k;] = [ks].
Hence k1 = ko mod n so there exists an m € Z such that k1 = ko + mn.
Thus

e@i _ e27r(k2n+mn)i

= e%ie%;nni

2mko
e n
27ky .

= e n 2Z1

ieQTrmi

2mko .
= e n i

Therefore, since k1, ko € Z with [k1] = [ka] were arbitrary, ¢ is well-defined.
We claim that ¢ is a homomorphism from (Z,,,+) to (e%ﬂi} To see this,

note for all m, k € Z that

i 27k -

=en 'en "=p(m]) x o(k]).

27T(m+k)l- 27m ;
n

p([m] + [k]) = p([m + k]) = e
Hence ¢ is a homomorphism by definition.

Remark 2.1.7. Note when proving ¢ is a homomorphism in Example
that we made extensive use of the fact that ¢ was well-defined; that is, it
did not matter which representative of the equivalence class we used. If
instead we try to avoid the well-defined issue by setting ¢([k]) = e 5 for
k€ {0,1,...,n — 1}, then whenever we needed to apply ¢, we would first
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need to reduce to one of these equivalence class. Thus, when computing
©([m + k]), even when m,k € {0,1,...,n — 1}, we would not have know
that m+k € {0,1,...,n — 1} and we would need to reduce m + k modulo n.
This may have required case work and, at the bare minimum, would require
the same computation that we used to show that our definition of ¢ was
well-defined.

It turns we made use of a homomorphism in Subsection to check
properties of the Alternating groups.

Example 2.1.8. Let n € N. Define ¢ : S,, — {£1} by
(o) = sgn(o)

for all ¢ € S,,. We claim that ¢ is a homomorphism from (Sy,0) to (%1, x).
To see this, note by Lemma [1.6.36] for all o, 7 € S,, we have that

p(0o7) =sgn(o o) =sgn(o)sgn(r) = p(0)p(7).
Hence ¢ is a homomorphism by definition.
There are also plenty of homomorphisms related to matrix algebras.

Example 2.1.9. Let n € N. Define ¢ : GL,, — R\ {0} by
p(A) = det(A)

for all A € GL,. We claim that ¢ is a homomorphism from (GL,, X) to
(R\ {0}, x). To see this, note for all A, B € GL,, that

©(AB) = det(AB) = det(A) det(B) = p(A)p(B).
Hence ¢ is a homomorphism by definition.
Example 2.1.10. Let n € N and let V € GL,. Define ¢ : GL,, = GL, by
o(A) =V 1AV

for all A € GL,. Note that ¢ does indeed map into GL,, since the inverse
and product of elements of GL,, are elements of GL,, since (GL,, X) is a
group. (This step was to ensure that ¢ as listed had the correct co-domain;
we didn’t do this in the previous examples as it was ‘obvious’).

We claim that ¢ is a homomorphism from (GL,, X) to (GLy, x). To see
this, note for all A, B € GL,, that

©(AB) =V 'ABV = VIAVVIBYV = (VT AV)(VTIBV) = p(A)p(B).
Hence ¢ is a homomorphism by definition.
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Now that we have a few examples of homomorphisms, let us analyze
the common properties of homomorphisms and how group elements and
subgroups behave under homomorphisms. Also, recall for a function f :
X — Y and a subset B C Y, f~!(B) denotes the preimage of B under f;
that is, the set f~1(B) = {x € X | f(z) € B}. This DOES NOT mean f is
invertible as a function.

Theorem 2.1.11. Let (G1,*1) and (Ga,*2) be groups and let ¢ : G1 — Ga
be a homomorphism.

(1) If e is the identity element of G1, then ¢(e) is the identity element of
Go.

(II) If a € Gy, then p(a™') = ¢(a)~ .
(III) If a € G and n € N, then ¢(a") = ¢(a)".
(I1V) If a € Gy, then |p(a)| divides |al.
(V) If Hy < Gy, then
@(Hy) ={¢(h) | h€ Hi}

s a subgroup of Gs.

(VI) If Hy < Go, then
¢ '(Hy) = {h € Gi | p(h) € Ha}
is a subgroup of G.

Proof. Let ey denote the identity element of (Ga, *).
To see that (I) is true, note since (G1,%*;) is a group and ¢ is a homo-
morphism that
p(e) = plex1e) = p(e) 2 p(e).
Hence, by Corollary we obtain that

p(e) = p(e) ™! *2 p(e) = e2

as desired.
To see that (II) is true, let a € Gy be arbitrary. Then

p(a™) x2 () = p(a™ *1a) = p(e) = ex.

Hence Corollary implies that p(a™!) = ¢(a)~t.
To see that (III) is true, we appeal to the Principle of Mathematical

Induction. Clearly the base case n = 1 holds. To see that the result holds
for n > 2, suppose the result holds for n — 1. Therefore

n—1 n—l) n

p(a™) = p(a" " ¥ a) = p(a" ) x2 p(a) = p(a)" " p(a) = p(a)
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as desired. Hence (III) follows by the Principle of Mathematical Induction.
To see that (IV) is true, let a € G; and let n = |a|. Then a™ = e so

p(a)" = p(a") = p(e) = ez

by (III) and (I). Hence, Corollary implies that |o(a)| divides |al.

To see that (V) is true, let H; < G;. To see that ¢(H;1) < Ga, note
es = p(e) € Hy by (I). Hence ¢(Hy) contains the identity of (Ga,*2).

To see that ¢(H1) is closed under products, let z,y € ¢(H;) be arbitrary.
Therefore there exists a,b € Hy such that x = ¢(a) and y = ¢(b). However,
since a x1 b € Hy as H1 < (G1, we see that

z 2y = p(a) xg p(b) = p(a 1 b) € p(H).

Therefore, since =,y € ¢(Hp) were arbitrary, ¢(H;) is closed under products.
Finally, to see that ¢(H;) is closed under inverses, let « € p(H1). There-
fore there exists an a € Hj such that x = p(a). However, since H; < G,
a~l e H; so
2l =) =p(a™!) € p(H)
by (II). Therefore, since x € p(Hy) was arbitrary, ¢(H;) is closed under
inverses. Hence ¢p(H;p) < Ga.

Finally, to see that (VI) is true, let Ho < Go. To see that ¢! (Hy) < Gy
note that ey € Hy and ¢(e) = eg so e € ¢ 1(Hs). Hence p~!(Hy) contains
the identity of (Gy,*1).

To see that ¢ !(Hj) is closed under products, let a,b € ¢~ !(Hs) be
arbitrary. Hence ¢(a), p(b) € Ha. Since Hy < Gg so Hs is closed under
products, we obtain that

p(a*1b) = p(a) *2 p(b) € Ha.

Hence a *1 b € ¢~ 1(Hy) by definition. Therefore, since a,b € ¢! (Hy) were
arbitrary, ¢ ~!(Hy) is closed under products.

Finally, to see that ¢~ !(Hy) is closed under inverses, let a € =1 (Hs).
Hence ¢(a) € Hy. Since Hy < G so Hy is closed under inverses, we obtain
that

pla™") =p(a)"! € Hy

by (II). Hence a=! € ¢! (Hzy) by definition. Therefore, since a € ¢~ (Hz)
was arbitrary, ¢ ~!(Hj) is closed under inverses. Hence ¢ '(H3) < Gi. m

Recall that there are special subspaces related to a linear map. These
concepts have immediate generalizations to groups and homomorphisms.

Definition 2.1.12. Let (G1, 1) and (G, *2) be groups and let ¢ : G; — G»
be a homomorphism. The image of ¢ is

Im(p) = ¢(G1) = {p(9) | g € G1}
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and the kernel of ¢ is
ker(p) = {g € G1 | ¢(9) = e}
where e is the identity element of Gbs.

Similar to how the image and kernel of a linear map are subspaces, the
image and kernel of a homomorphism are subgroups as the following result
demonstrates.

Corollary 2.1.13. Let (G1,*1) and (Ga,*2) be groups. If ¢ : G1 — G2 is a
homomorphism, then Im(p) < G2 and ker(p) < Gj.

Proof. Since G1 < G, we obtain that Im(p) = ¢(G1) is a subgroup of
(G2, %) by Theorem [2.1.11| part (V). Moreover, since

ker(p) = ¢ ({e})

and since {e} < G2, we obtain that ker(¢) < G by Theorem [2.1.11| part
(VD). n

Let us quickly look at the image and kernel of most of the homomorphisms
we looked at earlier.

Example 2.1.14. For the homomorphism ¢ : R — R\ {0} defined by
p(r) = e

for all z € R, we see that

Im(p) ={x €R | z> 0} and ker(p) = {0}.

Example 2.1.15. For the homomorphism ¢ : R — T defined by
p(r) =e

for all z € R, we see that

Im(p) =T and ker(¢) = {2mn | n € Z}.

Example 2.1.16. Let n € N. For the homomorphism ¢ : Z — Z,, defined

by

for all k € Z, we see that

Im(yp) = Z, and ker(y) = nZ.
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Example 2.1.17. Let n € N. For the homomorphism ¢ : Z, — <e27ﬂi>
defined by

2k i

o ([k]) =€
for all k € Z, we see that

27,

Im(p) = (%) and  ker(y) = {[0]).

Example 2.1.18. Let n € N. For the homomorphism ¢ : S, — {£1}
defined by

(o) = sgn(o)

for all o € S5,,, we see that
Im(p) = {£1} and ker(p) = A,.

Example 2.1.19. Let n € N. For the homomorphism ¢ : GL,, — R\ {0}
defined by
o(A) = det(A)

for all A € GL,, we see that
Im(p) =R\ {0} and ker(¢) = SLy,.

Example 2.1.20. Let n € N and let V € GL,. For the homomorphism
¢ : GL, — GL, defined by

o(A) =V 1AV
for all A € GL,, we claim that
Im(y) = GL, and ker(yp) = {I,}.
To see this, define ¢ : GL,, — GL,, by
Y(A) = VAV
for all A € GL,,. Note that
lp(A) = H(VIAV) = V(Y AV)V L = 4

and
o((A) = VAV H =v i vAav Hv = A

forall A € GL,,. Thus 1 = ¢! as functions so ¢ is a bijective homomorphism.
The fact that Im(p) = GL,, and ker(y) = {I,,} then follows from our next
result, Proposition [2.2.2
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2.2 Isomorphisms

Note in Example that the homomorphism constructed was bijective
and thus invertible as a function. As with linear maps, there is a special
name given to homomorphisms that are invertible as they are incredibly
useful in the theory of groups.

Definition 2.2.1. Let (G1,*1) and (Gg, *2) be groups. A homomorphism
v : G — G is said to be an isomorphism if ¢ is bijective.

Similar to linear maps, there is a useful way to verify that a homomor-
phism is injective.

Proposition 2.2.2. Let (G, *1) and (Ga,*2) be groups. A homomorphism
¢ : G1 — G is an isomorphism if and only if Im(p) = Ga and ker(¢) = {e}.

Proof. Let e; and es denote the identity elements of G; and G respectively.
Assume ¢ is an isomorphism. Hence ¢ is bijective and thus surjective
and injective. Since ¢ is surjective, we obtain that Im(¢) = G3. Since
Theorem implies that ¢(e1) = e2 and since ¢ is injective, we obtain
that p(a) = e if and only if a = e; so ker(¢) = {e1}.
Conversely, assume Im(p) = G2 and ker(p) = {e}. Since Im(p) = G,
@ is clearly surjective. To see that ¢ is injective, let a,b € G be such that

¢v(a) = ¢(b). Hence Theorem implies that
pla™ #1b) = p(a™) *2 p(b) = p(a) ™ x2 (b) = en.

Therefore a=! b € ker(p). Hence, since ker(¢) = {e}, we obtain that
a~' % b = e and thus b = a. Therefore, since a,b € G were arbitrary, ¢ is
injective. Hence ¢ is bijective and thus an isomorphism. ]

We have already seen some examples of homomorphisms that are isomor-
phisms.

Example 2.2.3. Let n € N and let V € GL,. By Example [2.1.20] the
homomorphism ¢ : GL, — GL, defined by

o(A) =V1AV
for all A € GL,, is invertible and thus an isomorphism.

Example 2.2.4. Let n € NQ. By Example and Proposition [2.2.2] the
homomorphism ¢ : Z,, — (en ) defined by

for all k € Z is an isomorphism.
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All other examples from the previous section are not isomorphisms as we
demonstrated that either the image is not all of the codomain, or the kernel
contains elements that are not the identity.

It turns out that isomorphisms behave well with respect to operations on
functions. In particular, consider the following.

Proposition 2.2.5. Let (G1,*1) and (G2, *2) be groups and let ¢ : G1 — Go
be an isomorphism. Then ¢~ : Gy — Gy is an isomorphism

Proof. Assume ¢ : G; — G5 is an isomorphism. Thus ¢ is an invertible
function with ¢ ~! : G5 — G being bijective. Thus, to complete the proof,
it suffices to show that ¢! is a homomorphism.

To see that ¢! is a homomorphism, let a,b € Go be arbitrary. Let
c=¢ a) € Gy and d = p~1(b) € G1. Thus p(c) = a and p(d) = b. Since
© is a homomorphism, we obtain that

p(cx1d) =p(c) *2p(d) =ax2b

and thus
ga_l(a k9 b) = cx*x1 d= go_l(a) *9 go_l(b).

1

Therefore, since a,b € Gy were arbitrary, ¢~ is a homomorphism. [ |

Moreover, composition of isomorphisms is an isomorphism as the following
general result for homomorphisms holds.

Proposition 2.2.6. Let (G1,*1), (G2,*2), and (Gs,*3) be groups and let
p: Gy — G2 and Y : Go — Gs3 be homomorphisms. Then Yo ¢ : Gi — G3
is a homomorphism.

Proof. To see that 1 o ¢ is a homomorphism, let a,b € G be arbitrary.
Therefore, since ¢ and i are homomorphism, we obtain that

(1 o @)(a*1b) =(p(a* b))

=Y (p(a) *2 ¢(b))
P(p(a)) *3 1 (p(b))

= (Yo p)(a) *3 (¥ 0 )(b).

Therefore, since a,b € G1 were arbitrary, ¥ o ¢ is a homomorphism. ]

Corollary 2.2.7. Let (G1,%1), (Ga2,%2), and (Gs,*3) be groups and let
w: G — G2 and ¥ : Go — G3 be isomorphisms. Then o p: Gy — G3 is
an isomorphism

Proof. Since the composition of bijective functions is bijective and since the
composition of homomorphisms is a homomorphism by Proposition [2.2.6]
the composition of isomorphisms is an isomorphism. ]
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There is a special collection of isomorphisms that will be useful in Section
This collection consists of the isomorphisms whose domain and codomain
agree.

Definition 2.2.8. Let (G,*) be a group. An automorphism on G is an
isomorphism from G to itself. The set of all automorphisms on G is denoted
Aut(G).

Of course, we have already seen one example.

Example 2.2.9. Let n € N and let V € GL,. By Example the
homomorphism ¢ : GL, — GL, defined by

o(A)=V1AV
for all A € GL,, is an isomorphism and thus an automorphism.

Luckily every group has at least one automorphisms on every group.

Example 2.2.10. Let (G,x*) be a group. The identity map id : G — G
defined by id(a) = a for all a € G is clearly an automorphism.

Using the above, we immediately obtain a new way to construct groups.
Theorem 2.2.11. Let (G,*) be a group. Then (Aut(G),o) is a group.

Proof. First note that since the composition of automorphisms is an auto-
morphism by Corollary o is a binary operation on Aut(G). Moreover,
since composition of functions is associativity, o is associative on Aut(G).
Moreover, clearly id is the identity element and Aut(G) is closed under
inverses by Proposition [2.2.5] Hence (Aut(G), o) is a group. ]

In general, computing Aut(G) for a group (G, *) can be a difficult task.
However, we will compute Aut(G) for some groups (G,*) much later in
Section where knowing Aut(G) for some specific groups (G, *) will be
useful.

For now, note (Aut(G),o) is a group for every group (G, *), we can
construct some very odd groups. In particular, we can consider the group
Aut(Se) (which as twice the number of elements of Sg), then the group
Aut(Aut(Sg)), then the group Aut(Aut(Aut(Sg))), and so on to get some
very peculiar groups.

2.3 Isomorphic Groups

Now that we have the notion of isomorphisms, we can discuss what it
means for two groups to be the ‘same’. After all, if (G1, 1) and (Ga, x2) are
groups that are the ‘same’, then they should have the same elements up
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to relabelling the elements and should have the same multiplication table.
Since an isomorphism ¢ : G; — G relabels the elements of G to elements
of G2 in a bijective way and since isomorphism preserve multiplication, we
have a simple way to determine and describe when two groups are the same!

Definition 2.3.1. Two groups (G1, *1) and (G2, *2) are said to be isomorphic,
denoted (G1,*1) = (Ga,*2), if there exists an isomorphism ¢ : G1 — Ga.

For “isomorphic groups” to be a good mathematical notion of ‘the same’
or, more specifically, ‘equal’ groups, it should satisfy the properties of the
generalization of ‘equals’ in mathematics; that is, it should be an equivalence
relation.

Proposition 2.3.2. The relation = on a set of groups defined by (G1,%1) =
(Ga,*2) if and only if G1 and Go are isomorphic is an equivalence relation.

~Y

Proof. To verify that = is an equivalence relation, we must verify that = is
reflexive, symmetric, and transitive.

To see that = is reflexive, let (G, *) be a group. Since the identity map
id : G — G is an isomorphism, (G, %) = (G, x). Thus = is reflexive.

To see that = is symmetric, let (G, *;) and (Ga, *2) be groups such that
(G1,*1) = (Ga,*2). Therefore there exists an isomorphism ¢ : G; — Gs.
Hence, by Proposition ¢~ 1 Gy — Gy is an isomorphism so (Ga, *2) =
(G1,%1). Thus = is symmetric.

To see that = is transitive, let (G1,*1), (Ga, *2), and (G3, *3) be groups
such that (G1,*1) = (G2, *2) and (G2, *2) = (G, *3). Therefore there exists
isomorphisms ¢ : G1 — Gs and 9 : G5 — G3. Hence, by Corollary
Yo : Gy — Gs is an isomorphism so (Gi,%*1) = (Gs,*3). Thus = is
transitive.

Therefore, since = is reflexive, symmetric, and transitive, = is an equiva-
lence relation. |

It turns out that many of the groups we have seen before are isomorphic
to other groups we have seen before.
Example 2.3.3. Let n € N and consider (Z,,+). By Example we
have that ((e?, x)) 2 (Zn, +). In particular, ((i), x) = (Z4, +).
Example 2.3.4. The groups (R% +) = (R,+) x (R,+) and (C,+) are
isomorphic. Indeed define ¢ : R? — C by
o((a,b)) =a+bi
for all (a,b) € R%. Clearly ¢ is bijective and since
p((a,b) + (c,d)) = p((a+c,b+d))

=(a+c)+ (b+d)i

= (a+ bi) + (c + di)

= ¢((a,b)) + ¢((c, d))
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for all (a,b), (c,d) € R?, ¢ is a homomorphism by definition. Thus ¢ is an
isomorphism so (R?, +) = (C, +)

Example 2.3.5. Recall the map ¢ : R — R\ {0} defined by
p(z) =€
for all z € R is a homomorphism from (R, +) to (R\ {0}, x). Let
R* =Im(p) ={y €R | y > 0}.

Note R* is a subgroup of (R\ {0}, x) by Theorem [2.1.11} Since ker(y) = {0},
if we change the codomain of ¢ to be RT, then ¢ is an isomorphism from
(R,+) to R+, x) 50 (R, +) = (R*, ).

Generalizing the above, we have the following.

Corollary 2.3.6. Let (G1,*1) and (Ge,*2) be groups and ¢ : G — G2 be
an injective homomorphism. Then (G1,+*1) = (Im(p), *2).

We will explore how we can generalize the above to homomorphisms with
non-trivial kernel in Section 2.8 For now, let us examine how product groups
can be isomorphic. In particular, the following shows that if we change the
order of elements in a product group, then the groups are still isomorphic.

Example 2.3.7. Let (G1,#1) and (Gg, *2) be group. Define ¢ : G1 x G2 —
G2 X G1 by
¢((a,b)) = (b, a)

for all a € G; and b € G3. Note ¢ is clearly bijective. To see that ¢ is a
homomorphism, note for all ay,as € G1 and by, by € G2 that

¢((a1,b1) - (a2,b2)) = (a1 *1 az, by *2 ba)
= (by *2 bg, a1 *1 ag)
= (b1, a1) - (b2, a2)
= ¢((a1,b1)) - p((az,b2)).

Therefore, since a1, a2 € Gy and by, ba € G2 were arbitrary, ¢ is a homomor-
phism by definition. Thus ¢ is an isomorphism so (G1 X Ga,-) = (G2 X Gy, ).

Moreover, the above shows that iterated products of product groups
produce isomorphic groups. In particular, we can construct the product of
n groups from Definition [1.4.7] via taking the product of two groups from
Definition [I.4.1] multiple times and the results will be isomorphic.

Example 2.3.8. Let (G1,+*1), (Ga,%*2), and (Gs,*3) be group. Define
(p:(GlXGQ)XG;g—)GlX(GQXGg)by

QO(((CL, b)vc)) = (CL, (b’ C))

©For use through and only available at pskoufra.info.yorku.ca.



74 CHAPTER 2. GROUPS: BASIC THEORY

for all @ € G1, b € G9, and ¢ € G3. Note ¢ is clearly bijective. To see that
© is a homomorphism, note for all ay,as € G1, b1,bs € Ga, and c1,c9 € G3
that

¢(((a1,b1),c1) - ((az,b2), c2)) = @(((a1,b1) - (a2, b2), c1 *3 c2))
= ¢(((a1 *1 az, by *2 b2), c1 *3 ¢3))
= (a1 *1 ag, (b1 *2 ba, c1 *3 ¢3))
= (a1 *1 ag, (b1, c1) - (b2, c2))
= (a1, (b1, 1)) - (az, (b2, c2))
= ¢(((a1,b1), c1)) - o(((az, b2), c2)).

Therefore, since a1, as € G1, b1, by € Go, and ¢y, co € G3 were arbitrary, ¢ is
a homomorphism by definition. Thus ¢ is an isomorphism so

((Gl X Gg) x (33, ) = (Gl X (GQ X G3),~).

Finally, isomorphic groups are preserved under taking products as the
following result demonstrates.

Lemma 2.3.9. Let (G1,+*1), (Ga,%2), (Gs,%3), and (Gy4,*4) be group. If
(Gl, *1) = (G3, *3), and (GQ, *2) = (G4,*4), then (Gl X GQ, ) = (Gg X G4, )

Proof. Since (G1,%1) = (G3,*3) there exists an isomorphism ¢; : G1 — Gj.
Similarly, since (G, *2) = (G4, *4) there exists an isomorphism @9 : Gy —
Gy.

Define ¢ : G5 x G — G3 x G4 by

¢((a, b)) = (p1(a), p2(b))

for all a € G and b € G2. We claim that ¢ is a homomorphism. To see this,
note for all a,c € G; and b,d € G4 that

¢((a,b) x (c,d)) = p((a*1 ¢,b*2 d))
= (p1(a*1 ¢), p2(b*2 d))
= (p1(a) *3 p1(c), pa(b) *4 p2(d))
= (p1(a), p2(b)) * (p1(c), p2(d))
= ¢((a, b)) * p((c,d)).

Hence ¢ is a group homomorphism.
Since @1 and 9 are bijective, it is elementary to verify that ¢ is bijective.
Hence ¢ is an isomorphism so (G X Ga,-) = (G3 x Gy, ) as desired. N

Using the concept of isomorphic groups, we can start reducing the number
of groups we have by classifying all groups that are isomorphic to a fixed
group. In particular, up to isomorphisms, there is only one cyclic group of
every order as the following two results demonstrate.
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Proposition 2.3.10. Let (G, *) be a cyclic group of infinite order. Then
(G,%) =2 (Z,+).

Proof. Since (G, *) be a cyclic group of infinite order, there exists an a € G
such that G = (a) and |a| = co. To see that (G, ) = (Z,+), define ¢ : Z — G
by
p(n) = a"

for all n € Z. Thus ¢ is a homomorphism from Example 2.1.2] Clearly
Im(y) = (a) = G. Moreover, since |a| = 0o, we obtain that ker(y) = {0}
by Proposition Hence ¢ is an isomorphism by Proposition [2.2.2] so
(G, %) = (2, +). n

Proposition 2.3.11. Let n € N and let (G,*) be a cyclic group of order n.
Then (G, *) = (Zy, +).

Proof. Since (G, *) be a cyclic group of order n, there exists an a € G such
that G = (a) and |a| = n. To see that (G,*) = (Zy, +), define ¢ : Z, = G
by

p([K]) = a*
for all £ € Z. To see that ¢ is well-defined, let ki,ko € Z be such that
[k1] = [k2]. Hence k; = k2 mod n so

p([k1]) = a™ = d** = o([ky])

by Corollary[1.7.22] Therefore, since ki, ko € Z with [k1] = [ko] were arbitrary,
© is well-defined.

We claim that ¢ is a homomorphism from (Z,,+) to (G, *). To see this,
note for all m, k € Z that

p([m] + [K]) = @([m + k]) = ™+ = a™ « a* = p([m]) * o([k]).

Hence ¢ is a homomorphism by definition.

Clearly Im(p) = (a) = G. We claim that ker(¢) = {[0]}. To see this,
assume k € 7Z is such that ([k]) = e. Thus a* = e so n|k by Corollary
Hence [k] = [0] so ker(¢) = {[0]} as desired. Hence ¢ is an isomorphism by

Proposition 50 (G, %) & (Zp,+). ]

Moreover, we can start to consider how many groups there are of order
n up to isomorphisms. As there is one group of order 1, namely {e}, let’s
begin with groups of order 2.

Example 2.3.12. Let (G, %) be a group of order 2. Thus G = {e, a} where
e is the identity element and a # e. Thus we automatically have

exe=e¢, axe=a, and exa=a.
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We claim that a x a = e. To see this, suppose for the sake of a contradiction
that a*e = e. Since e~! = ¢ in any group by Proposition we have that

e=cxe=cxe ' =(axe)xe ' =ax(exe ) =axe=ua

thereby contradicting the fact that a # e. Hence a x a = e. Thus (a) = G
so (G,x*) is a cyclic group of order 2 and thus isomorphic to (Zz2,+) by

Proposition |2.3.11

To begin to determine how many groups there are of order n up to
isomorphisms, it is useful to note all of the group properties that are preserved
under isomorphisms. This is done in the following result.

Theorem 2.3.13. Let (G1,*1) and (Ga,*2) be groups and let ¢ : G1 — G2
be an isomorphism. Then

(I) G1 and G2 have the same number of elements,
(1I) if a € G, then |p(a)| = |al,

(II1) G has k elements of order n if and only if Go has k elements of order
n7

(I1V) Gy is cyclic if and only if Gy is cyclic,
(V) Gy is abelian if and only if Go is abelian, and

(VI) Gy has k (cyclic and/or abelian) subgroups of order n if and only if
G2 has k (cyclic and/or abelian) subgroups of order n.

Proof. To see that (I) is true, note since ¢ : G; — G2 is an isomorphism, ¢
is a bijection. Hence G and (G have the same number of elements.

To see that (II) is true, let @ € G be arbitrary and let b = p(a) € Ga. By
part (IV) of Theorem the order of b divides the order of a. However,
since o~ : Gy — G; is a homomorphism and ¢~ !(b) = a, part (IV) of
Theorem also implies that the order of a divides the order of b. Hence
|p(a)| = |b| = |a| as desired.

Note (III) immediately follows from (II) as ¢ is bijective.

To see that (IV) is true, first assume that (Gy,*1) is cyclic. Hence there
exists an a € G such that G; = (a). Therefore, since ¢ is an isomorphism,

Gy = Im(p)
={p(9) | g€ G1=(a)}
={p(@") | neZ}
={p(@)" | neZ}
= (p(a)).
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Hence (Ga, *2) is cyclic. The fact that (G1,x*1) is cyclic when (Ga,*2) is
cyclic then follows by the same argument with ¢ replaced with ¢ ~!. Hence
(IV) is true.

To see that (V) is true, first assume that (G, *;) is abelian. To see that
(Gg,*9) is abelian, let a,b € G2 be arbitrary. Then

b) *1 ¢ (a)) since 1 is commutative

Therefore, since a,b € Go were arbitrary, (G, *2) is abelian. The fact that
(G1,*1) is abelian when (Gag,*2) is abelian follows by similar arguments.
Hence (V) is true.

Finally, to see that (VI) is true, assume H; C G;. Since ¢ is an isomor-
phism, parts (V) and (VI) of Theorem imply that Hy < Gy if and
only if p(H;1) < Ga2. Hence ¢ induces a bijection between the subgroups of
(G1,*1) and (Go, *2). Moreover, when Hy < G1, ¢ produces an isomorphism
from H; to ¢(H1) by restricting the domain from G to H;. Therefore, since
the number of elements, being cyclic, and being abelian are preserved under
isomorphisms, ¢ induces a bijection between the subgroups of (G1,*;) and
(G2, *2) with any combination of these properties. Thus (VI) follows. []

Theorem [2.3.13] can often be used to quickly show that two groups are
not isomorphic either by looking at different orders, whether the groups are
abelian or cyclic, orders of group elements, and/or subgroups of the groups.
Here are a couple of quick examples.

Example 2.3.14. The groups (D3, 0) and (Zg, +) both have six elements,
but (Ds,0) 2 (Zg,+) since (D3, 0) is not abelian whereas (Zg, +) is abelian.

Example 2.3.15. Although (Z4,+) and (Zy x Zs,-) are both groups of
order 4, (Zyg,+) 2 (Za X Zs,-). To see this, note (Z4, +) has two elements of
order 4 (namely [1] and [3]) whereas (Zs X Zs, ) has no elements of order 4.

Hence Theorem [2.3.13[implies that (Zy4,+) 2 (Zo X Za, ).

2.4 Cosets

To possibly determine whether two groups are isomorphic or not, Theorem
[2:3.13] implies we should look at the orders of group elements and how many
elements there are of each order. This raises the question, “Given an arbitrary
group, what information can be obtained about the orders of group elements?
In particular, what orders can occur?” Not only will this information help us
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to determine whether two groups are isomorphic or not, it will be a powerful
tool for us to future develop group theory.

To begin to answer these questions, we will consider an object that is
motivated by the construction of (Z,,+). Recall (Z,,+) is constructed via
the modulo n equivalence relation and the equivalence classes

k]={m€Z | m=k modn}
for all k € Z. Note that
O0l={meZ|m=0 modn}=nZ
is a subgroup of (Z, +) by Corollary Moreover, note for all k € Z that

k]={m | meZm—-k=0 modn}
={k+1|1=0 modn}
={k+1]1e]0]},

that is, [k] is obtained by adding k to each element of [0] (often written as
k+[0] = k + nZ).

It turns out that the above can be extended by replacing (Z, +) with any
group (G, *) and replacing nZ < Z with any subgroup H < G. To see this,
we begin with the following.

Proposition 2.4.1. Let (G,*) be a group and let H < G. Consider the
relation ~ on G defined as follows: for a,b € G, a ~ b if and only if
a~lxbe H. Then

(1) ~ is an equivalence relation, and
(II) for a € G, the equivalence class of a with respect to ~ is

[a] ={axh | he H}.

Proof. To verify that ~ is an equivalence relation, we must verify that ~ is
reflexive, symmetric, and transitive.

To see that ~ is reflexive, let a € G be arbitrary. Since a™ xa=e € H
as H < (G, we obtain that a ~ a by definition. Thus ~ is reflexive.

To see that ~ is symmetric, let a,b € G be such that a ~ b. Hence
a~!' xb € H by definition. However, since H < G, we obtain that

1

bxal=(axb ) teH

Therefore b ~ a by definition. Thus ~ is symmetric.
To see that ~ is transitive, let a,b,c € G be such that a ~ b and b ~ c.
Hence ¢~ '« b € H and b~! « ¢ € H. Therefore, since H < G, we obtain that

atxe=(a"txb)x (b xc) e H.
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Thus ~ is transitive.

Therefore, since ~ is reflexive, symmetric, and transitive, ~ is an equiva-
lence relation.

Finally, for a € G, note that

[a] ={be G | a~b}
={beG|atxbec H}
= {b € G | there exists an h € H such that a=' b = h}
= {b € G | there exists an h € H such that b =a*h}
={axh | he H}

as desired. m

Since not every group is abelian, there is another equivalence relation
we could have considered in Proposition [2.4.1} namely a ~ b if and only if
bxa~! € H. This produces a different equivalence relation and potentially
different equivalence classes. To prove that this is an equivalence relation
and to compute the equivalence classes is nearly identical to the proof of
Proposition [2:4.1] However, as both sets of equivalence classes are useful
(with the ones from Proposition being more useful), it is a good idea to
given them a name.

Definition 2.4.2. Let (G,*) be a group, let H < G, and let a € G. The
left coset of H by a, denoted aH, is the set

aH ={axh | he H}.
Similarly, the right coset of H by a, denoted Ha, is the set
Ha={hxa | he H}.

Unsurprisingly, the motivating example gives us our first examples of
cosets.

Example 2.4.3. Let n € N. In (Z,+), let H = nZ so that H < Z. For
a,b € Z, note that a=' b = bxa~! € H if and only if b—a € nZ if and only if
n|(b—a). Thus the equivalence relation from Proposition is ‘equivalence
modulo n’ and produces the same cosets used to define Z,: [0] = 0 + nZ,
M =1+nZ,...,[n—1=(n—1)+nZ.

For a non-abelian example, consider the following.

Example 2.4.4. In (Ds3,0), let H = (1) = {e,7}. We can verify that

eH ={e, 1} pH = {p,poT}
p*H = {p*, p* o} TH = {e,7}
(poT)H = {p,pot} (p*or)H = {p*,p* o1}
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whereas
He ={e, 1} Hp={p,p°oT}
Hp2:{p2,p07} Hr ={e, 1}
H(por) = {¢* por) H(p?o7) = {p,p? o 7).

Note for this specific group, left cosets of an element are often different from
the right cosets of the same element.

Since cosets are equivalence classes of an equivalence relation, we imme-
diately obtains some facts about cosets.

Corollary 2.4.5. Let (G, *) be a group, let H < G, and let a,b € G. Then

(I) a € aH and a € Ha,

(]I) UCGG cH = UCEG‘HC = G,

(III) either aH = bH or aHNbH = (), and either Ha = Hb or HaNHb = (),
and

(IV) aH = bH if and only if a=' b € H, and Ha = Hb if and only if
b lxacH.

Proof. This result follows immediately from facts about equivalence classes
of equivalence relations (see Appendix . However, we will provide a
proof in the context of cosets (which is a rewriting of the general proof for
this equivalence relation). We will only provide the proof for left cosets as
the proof for right cosets is nearly identical.

Note since H < G that e € Gsoa = axe € aH. Thus a € [, cH for all
a € G. Therefore, since cH C G for all ¢ € G, we obtain that J.cqcH = G.

Next, to see that aH = bH or aH NbH = (), assume aH NbH # (). Hence
there exists a ¢ € aH NbH. Thus, with ~ as in Proposition [2.4.1] a ~ ¢ and
b ~ c. Therefore, since ~ is an equivalence relation, we obtain that a ~ b.
Therefore

alH =[a]={g9e€G|a~gt={geG[b~yg}=[b] =bH

as desired.

Finally, note if a= '« b € H then a ~ b so aH = bH as above. Conversely,
assume aH = bH. Since a € aH, we obtain that a € bH. Hence a € [b] so
b~a. Thusa~bsoa !xbe H as desired. ]

Cosets are essential tools in group theory. To see the power of cosets in
the next section, we first need one basic fact about the number of elements in
a coset. Note the following even holds when the sets have an infinite number

of elements (see Example [A.3.5)).
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Lemma 2.4.6. Let (G,*) be a group, let H < G, and let a € G. Then
laH| = |Ha| = |H]|.

Proof. To see that |aH| = |H|, define f: H — aH by
f(h) =axh

for all h € H. Note that f does indeed map H into aH by the definition of
aH. We claim that f is a bijection and thus |[aH| = |H|. To see this, note f
is clearly surjective by definition. Moreover, note that if h1, ho € H are such
that

a * h1 = f(hl) = f(hg) =a* h2
then by cancellation (Corollary |1.3.7]) we obtain that hy = ho. Hence f is a
bijection so |aH| = |H|.
The proof that |Ha| = |H| is similar. []

2.5 Lagrange’s Theorem

With the theory of cosets in hand, we can prove our first major result
of the course. Although innocent looking and simple to prove (being a
simple application of results about equivalence relations), the utilization and
importance of the following theory is impressive... most impressive.

Theorem 2.5.1 (Lagrange’s Theorem). Let (G, *) be a finite group and
let H<G. Then |H| divides |G| and % is the number of distinct left cosets
(right cosets) of H.

Proof. Since G is finite, Corollary [2.4.5] implies there exists an n € N and
ai,...,a, € G such that

G = U akH
k=1

and a;H Na;H = () if i # j. Therefore
n
Gl = layH|
k=1

=> |H| by Lemma [2.4.0]
k=1
=n|H|.

Thus |H| divides |G| and % = n is the number of distinct left cosets of H.
The proof for right cosets is identical. ]

Since the quantities occurring in Lagrange’s Theorem (Theorem [2.5.1])
will occur regularly, they are given a name and some notation.
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Definition 2.5.2. Let (G, *) be a group and let H < G. The index of H
in G , denoted [G : HJ, is the number of distinct left cosets of H in G. In
particular, when G is finite,

1G]

@ = g

To begin to see the power of Lagrange’s Theorem (Theorem , note
the following immediate application of said result to obtain information
about the order of group elements.

Corollary 2.5.3. Let (G,x*) be a finite group and let a € G. The order of a
divides the order of G. Thus alCl = e.

Proof. Recall H = (a) is a subgroup of G. Hence Theorem implies that
la| = |H| divides |G|. Thus Corollary [1.7.22| implies that al®l = e. [

As a specific example of Corollary [2.5.3] we obtain the following number
theory result that should have been presented in MATH 1200.

Corollary 2.5.4 (Fermat’s Little Theorem). If p is prime and a € Z,
then a? = a mod p.

Proof. Recall (Z,\ {[0]}, x) is a group with p — 1 elements. To see the result,
let a € Z be arbitrary. If a = 0 mod p, then the result is trivially true.

Otherwise, if a # 0 mod p then [a] € Z, \ {[0]}. Hence [1] = [a]P~1 = [a?71]
by Corollary Thus a?~' =1 mod p so the result holds by multiplying
both sizes by a. ]

In fact, with Corollary and group theory, we can take Fermat’s Little
Theorem (Theorem [2.5.4]) one step further to modding out by a non-prime
number.

Corollary 2.5.5 (Euler’s Theorem). Let n > 2 and let ¢(n) = |Z)|
(see Definition . If a € Z is such that ged(a,n) = 1, then a¥™ =1
mod n.

Proof. Recall (Z), x) is a group with ¢(n) = |Z| elements. If a € Z is such
| =

that ged(a,n) = 1, then [a] € ZX so [1] = [a]?™ = [a#(™] by Corollary
Thus a#™ =1 mod n. |

Computing and utilizing ¢(n) = |Z,| will be a focus of MATH 3141.

With Lagrange’s Theorem (Theorem and Corollary we can
return to studying the order of group elements and using these orders
to determine whether or not two groups are isomorphic. In particular, the
following lets us determine the number of groups of order n up to isomorphism
for an infinite collection of n.
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Corollary 2.5.6. Let (G,x*) be a finite group. If p = |G| is prime, then
G= (Zp’ +)

Proof. Since |G| = p > 2, there exists an a € G \ {e}. By Corollary
la| divides p so |a| € {1,p}. Since the only group element of order 1 is the
identity element, it follows that |a| = p. Hence (a) has p elements. Since
(a) € G and since both (a) and G have p elements, it follows that G = (a).
Hence (G, *) is a cyclic group of order p so (G, *) = (Z,, +) by Proposition
2.3.11 ]

With Corollary 2.5.6] we know up to isomorphism all of the groups of
order 2, 3, 5, 7, and so on. Of course, we have a lot of gaps, the first of
which are 4 and 6. Can we determine all groups of orders 4 and 6 up to
isomorphism? Yes. Yes we can. First, we have already seen all groups of
order 4.

Corollary 2.5.7. Up to isomorphism, there are exactly two groups of order
4: (Z4y+) and (Zg X Za,-). (That is, these two groups are not isomorphic
and every group of order 4 is isomorphic to one of these two groups.)

Proof. By Example we have that (Z4,+) 2 (Za X Za,-).

Let (G, %) be such that |G| = 4. Thus we can write G = {e, a, b, ¢} where
e is the identity element of G and e, a, b, and c are all different elements
of G. By Corollary we know that |al, |b], and |c| divide 4. Therefore,
since a, b, and ¢ are not the identity element, |a|, |b], |c| € {2,4}.

If one of a, b, or ¢ has order 4, then, as in the proof of Corollary we
obtain (G, *) is a cyclic group of order 4 and thus isomorphic to (Z4,+) by
Proposition :2.3.111 Otherwise, |a| = |b] = |c| = 2. Hence a® = b? = ¢ = e so
al=a,b'=band c ! =c.

Consider a xb € G = {e,a,b,c}. We claim that a * b = ¢. Indeed

1

e ifaxb=e, then b =a"" = a, which is impossible,

e if a x b = a then cancellation implies b = e, which is impossible, and

e if ax b= b then cancellation implies a = e, which is impossible.

Hence a x b = ¢. Similar arguments show bxa =c¢, axc=0b, cxa = b,
bxc=a, and c* b= a. Hence (G, *) has the same multiplication table as
(Zo x Zs,-) and thus is isomorphic to (Zg X Za, -). []

To determine all groups of order 6 up to isomorphism, we will actually
prove the following which again determines the number of groups of order n
up to isomorphism for an infinite collection of n.

Corollary 2.5.8. Let p > 3 by prime. Up to isomorphism, there are exactly
two groups of order 2p: (Zap,+) and (Dp, o). (That is, these two groups are
not isomorphic and every group of order 2p is isomorphic to one of these
two groups.)
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Proof. First note (Zap,+) 2 (Dp,0) as (Zap,+) is abelian and (D,, o) is not
abelian.

Let (G, *) be such that |G| = 2p. By Corollary if @ € G then |a]
divides |G| = 2p so |a| € {1,2,p,2p}. If there exists an a € G such that
la| = 2p, then (a) = G so G is cyclic and thus G = (Zap, +) by Proposition
Hence, for the remainder of the proof, we can assume G contains no
elements of order 2p.

We claim that (G, *) contains an element of order p. To see this, suppose
for the sake of a contradiction that (G, ) contains no elements of order p
(and of order 2p). Since |G| = 2p > 6, there exists a,b € G \ {e} such that
a # b. Since G has no elements of order p and 2p, it follows that |a| = [b] = 2.
Thus a®? =e=0b%soa ' =aand b= =b.

Let ¢ = a xb. Note

1

e ifaxb=e, then b =0a"" = a, which is impossible,

e if a x b = a then cancellation implies b = e, which is impossible, and
e if ax b= b then cancellation implies a = e, which is impossible.

Hence ¢ € G is a group element that is not e, a, or b. Thus |¢] = 2 and
H = {e,a,b,c} contains exactly 4 elements.
Note that

axb=c=c'=(axb)'=btxa=bxa.

Hence a and b commute with each other and thus, along with the fact that
a® = b? = ¢? = e, one can check that H is closed under multiplication since a
and b commute (e.g. cxa = (a*b)*a = a?*b=ex*b=>b). Therefore, since
H contains the identity and is closed under inverses, we obtain that H is a
subgroup of (G, ) with 4 elements. Thus Lagrange’s Theorem (Theorem
implies that 4 divides |G| = 2p. However, this is impossible since p is
prime and p > 3. Hence we have a contradiction. Therefore (G, %) contains
an element of order p.

Let p € G be such that |G| = p. Let H = (p) so |H| = p. By Lagrange’s
Theorem (Theorem [2.5.1), (G, ) has [G : H| = 2]71’ = 2 right cosets. Let
7 € G be such that H # Hr. Thus G = HUH7, HNHT = (),

H:<p>:{67p7""pp71}7 and HT:{TJ)*T,-..,ppil*T}.

We claim that if b € Hr, then |b| = 2. To see this, let b € H7 be arbitrary.
We claim that b> € H. To see this, suppose for the sake of a contradiction
that b> ¢ H. Since b € Ht, we have b ¢ H. Therefore, since Lagrange’s
Theorem (Theorem implies that (G, %) has two right cosets, it follows
that Hb # H and G = H U Hb. Since b*> ¢ H, it follows that b*> € Hb.
Thus there exist an h € H such that b> = h * b so cancellation implies that
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b= h € H. However, since b € Ht and H N HT = (), this is a contradiction.
Hence b € H.

To see that |b| = 2, suppose for the sake of a contradiction that |b| # 2.
Since b € HT and e ¢ HT, b # e so |b| # 1. Therefore, since (G, *) contains
no elements of order 2p, it follows that |b| = p. Since p is prime and p > 3,
we can write p = 2n + 1 for some n € N. Since b? € H, it follows that

b:e*b:bp*b:bp+1:b2n+2:(b2)n+1GH‘

However, this contradicts the fact that b € Hr. Hence |b| =2 for all b€ Ht
as claimed.

1

The above shows that [p| =p and |7| =2s0 pP ! =p~land 77! = 7.

Moreover, p~ ' x 7 = pP~Lx 7€ Hr s0 |p~! 7| = 2. Hence

p_l*T*p_l*Tze

SO

prxr=71tx(p ) =7xp.

Therefore, by Remark [1.6.20 (G, %) has the same multiplication table as
(Dp, o) and thus is isomorphic to (Dp, o). []

The natural number n for which we have yet to determine all groups of
order n up to isomorphism is 8. We will do this in Section [5.3] but for now
it is too challenging of a task for the theory we possess as it turns out that
up to isomorphism there are 3 abelian and 2 non-abelian groups of order 8.

For now there is one more applications of Lagrange’s Theorem (Theorem
that we should discuss: helping to determine all subgroups of a given
group. This also can help us in our quest to determine whether two groups
are isomorphic as Theorem shows us that isomorphisms preserve the
number of subgroups of each order. Therefore, we can demonstrate two
groups are not isomorphic if they have a different number of subgroups of a
given order.

Example 2.5.9. To compute all of the subgroups of (Ds, o), recall | D5| = 10.
Therefore, if H < Ds, then |H| divides 10 so |H| € {1,2,5,10}. Clearly if
|H| =1 then H = {e} and if |H| = 10 then H = Ds. If |H| =2 or |H| =5,
then the order of H is prime and thus H is cyclic by Corollary Thus
we simply need to compute all of the cyclic groups in (Ds,0) by taking each
of the 10 elements (excluding e) and computing the cyclic subgroup. Doing
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so we obtain the following as the complete list of subgroups of (Ds,0):

{e}

(r) =A{e, 7}
(pot)={e,poT}
(p
(p
(ptor)={ep'or}

(p) ={e.p.p*. 0, "}

Ds.

2o1) = {e,p*07)
3
4

)
)
)
or) ={e,p’or}
)
)

Finally, the following example shows that the converse of Lagrange’s
Theorem (Theorem [2.5.1)) is not true; that is, if n divides |G|, then it need
not be the case that there is a subgroup of (G, *) of order n.

Example 2.5.10. Consider A4 < Sy. Recall |A4] = 45! = 12 and, by Example
1.6.39) A4 contains the following elements with the corresponding orders:

Element Order
e 1

—_
w

—
\V)

,_.
W

—_
w

)
W

[\
N NG N NG N N N N

,_.
B W | W RN WD
B

[\
w

N N N N N N N N
[

J—
\)

(1 2)(3 4)
(1 3)(2 4
(1 4)(2 3)

We claim that A4 does not contain a subgroup of order 6. To see this,
suppose for the sake of a contradiction that there exists a subgroup H of
Ay such that |H| = 6. Thus Corollary implies that H = (Zg,+) or
H = (D3, 0). However, since A4 contains no elements of order 6, H cannot
contain an element of order 6. Therefore, since (Zg, +) has an element of
order 6, H # (Z¢,+). Hence, it must be the case that H = (D3, 0). Since
(D3, o) has exactly 3 elements of order 2 (namely 7, po7, and p?o7), H must

NN N W W W W W| W] Ww|w
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contain 3 elements of order 2. Therefore, since A4 only contains 3 elements
of order 2, namely

a:(l 2)(3 4), b:(l 3)(2 4), and c:(l 4)(2 3),

it follows that a, b, c € H. However, since a®> = b?> = ¢ = e and aob = boa = c,

it follows that K = {e, a, b, ¢} is a subgroup of H of order 4. Hence Lagrange’s
Theorem (Theorem [2.5.1)) implies that 4 = |K| divide 6 = |H|, a clear
contradiction. Hence A4 has order 12 but has no subgroup of order 6.

2.6 Normal Subgroups

In general, the theory of abelian groups is much nicer due to the commuta-
tivity of elements (see Chapter . One additional nice property of abelian
groups is that commutativity implies the left cosets always equal the right
cosets; that is aH = Ha. Clearly for a non-abelian group, it need not be the
case that aH = Ha for every a € G and subgroup H < G as Example
However, for some subgroups, this property does occur for all @ € G. As we
will see, these types of subgroups are incredibly special. Thus they deserve a
name.

Definition 2.6.1. Let (G,*) be a group. A subgroup H < G is said to be
normal, denoted H <1 G, if aH = Ha for all a € G.

Of course, we have some immediate examples.

Example 2.6.2. Let (G, %) be an abelian group. Then every subgroup H of
G is normal since ax h = h*a for all a € G and h € H.

Example 2.6.3. In (D3, o), the subgroup H = (p) is normal since

p"H = H = Hp" for all k € {0,1,2}
(p*or)H = {1,por,p? o1} = H(p" o) for all k € {0,1,2}.

However, the subgroup (7) is not normal since
p(t) ={p,po7} whereas (7)p={p, p2 oT}.

More interesting, some of the subgroups we have previously studied are
normal subgroups. In particular, the following is noteworthy.

Proposition 2.6.4. Let (G1,+*1) and (G2, *2) be groups and let ¢ : G1 — G2
be a homomorphism. Then ker(yp) < G;.

Proof. Let H = ker(p) and recall H < G by Corollary [2.1.13] To see that
H <1 Gy, let a € G1 be arbitrary. We claim that b € aH if and only if
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©(b) = p(a). To see this, first assume b € aH. Hence there exists an h € H
such that b = a x1 h. Therefore

@(b) = p(ax1 h) = @(a) x2 p(h) = @(a) x2 e2 = @(a)

as desired. Conversely, assume ¢(b) = p(a). Thus

pla™ x1b) = p(a™") %2 0(b) = p(a) " *2 p(b) = p(b) ™! * p(b) = e2.

Hence a~! %1 b € ker(p) = H by the definition of the kernel so b € aH as
desired.

By a similar argument, b € Ha if and only if ¢(b) = ¢(a). Hence b € Ha
if and only if p(b) = ¢(a) if and only if b € aH so aH = Ha. Therefore,
since a € (G1 was arbitrary, H < G. [

Proposition is an excellent way to find normal subgroups of a given
group.

Example 2.6.5. Let n € N be such that n > 2. We claim that A,, < S,. To
see this, recall sgn : S,, — {£1} is a group homomorphism and

A, ={0 €S, | sgn(o) =1} = ker(sgn).
Hence A,, <1 S, by Proposition

Of course, there is another way to see that A, <.5,, namely by noting
that there are not many left/right cosets (specifically [S, : A,] = 2) and
using the following result.

Proposition 2.6.6. Let (G,*) be a group and H < G. If [G: H| = 2, then
H<aG.

Proof. Let H < G be such that [G : H| = 2. By Lagrange’s Theorem
(Theorem , there are exactly two left cosets of H in G and exactly two
right cosets of H in G.
To see that H <1 G, let a € G be arbitrary. If a € H then aH = H = Ha
as desired. Assume a ¢ H. By Corollary we know that aH N H = 0,
HaN H =, and
HUaH =G =HUHa.

It follows that a H = Ha. Therefore, since a € G was arbitrary, H <G. =

Example 2.6.7. Let n € N be such that n > 2. Since A4, < 5, and
[Sh : An] = 2, it follows that A,, < S, by Proposition m

Example 2.6.8. Let n € N be such that n > 3. Since (p) < D, and

\1‘3;‘1\ = 20 — 2 it follows that (p) < D,, by Proposition [2.6.6
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Of course, all of the above are ad hoc examples of how to check that a
subgroup is normal. We desire something that lets us check that a subgroup
is normal along the lines how Definition lets us show a set is a subgroup.
To develop such a theorem for normal subgroups, it is first useful to see a
method to take a subgroup and produce another subgroup.

Lemma 2.6.9. Let (G, %) be a group and H < G. For all a € G, let
aHo ' ={axhxa ' | he H}.
Then aHa™" is a subgroup of (G, *) with the same number of elements as H.

Proof. To see this, first note since e € H that
e=axexa ' €aHa '

Thus aHa~' contains the identity element.

Next, to see that aHa~ ! is closed under products, let b,c € aHa "
be arbitrary. Thus there exists h,k € H such that b = a * h * a~! and
c=axkxa . Therefore, since hxk € H as H < G, it follows that

bxc=(axhxa V) x(axk+al)=ax(hxk)xa 't €aHa " .

Hence aHa ™! is closed under the group products.

Finally, to see that aHa™! is closed under inverses, let b € aHa™' be
arbitrary. Thus there exists an h € H such that b = a * h x a~!. Therefore,
since h™! € H as H < G, it follows that

I — (a* h*cfl) =axh 'xa'eaHa '

Hence aHa™! is closed under inverses. Thus aHa~' < G by Definition m
To see that aHa~! has the same number of elements as H, define f :
H — aHa™ ' by
f(hy=axhxat
for all h € H. Note that f does indeed map H into aHa ' by the definition
of aHa™!. We claim that f is a bijection and thus |aHa™!| = |H|. To

see this, note f is clearly surjective by definition. Moreover, note that if
hi,hs € H are such that

axhyxat=f(h) = f(hy) =axhgxa?

then by cancellation on both sides (Corollary [1.3.7)) we obtain that hy = ho.
Hence f is a bijection so |aHa™!| = |H]|. ]

With the above in hand, we have the following method for testing when
a subgroup is normal.
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Theorem 2.6.10 (Normal Subgroup Test). Let (G,x*) be a group and
H < G. The following are equivalent:

(I) H<QG.

(II) aHa=' C H for alla € G.

(III) For alla € G andh € H,axh*xa ' € H.
(IV) aHa™' = H for all a € G.

Proof. 1t is elementary to see that (II) and (III) are equivalent, and clearly
(IV) implies (II). To see that (II) implies (IV), assume (II) holds. To see that
(IV) holds, let a € G be arbitrary. Hence aHa~! C H by (II). To see that
H C aHa ', let h € H be arbitrary. Note since a~! € G, (II) implies that

a*Ha=(aHH( )™ C H.
Hence
a Yxhxac cleaQH

so there exists a h' € H such that
-1 _ g/
a ‘xhxa=~h.

Hence Corollary implies that h = a x K’ x a~! € aHa~'. Therefore,
since h € H was arbitrary, H C aHa~'. Hence H = aHa™! as desired.
Finally, we claim that (I) is equivalent to (IV). Indeed (I) holds if and
only if aH = Ha for all a € G if and only if aHa™! = H for all a € G (by the
same arguments as above since multiplication on the left by a group element
is a bijection) if and only if (IV) holds. Thus the proof is complete. [

Using the Normal Subgroup Test (Theorem [2.6.10)), we have a third proof
that A4,, < S,.

Example 2.6.11. Let n € N be such that n > 2. Let 0 € S,, and let 7 € A,,.
Recall 7 is even and consider

'=coro0o0 L.

Clearly 7’ is even when o is even being the product of three even permutations.
Moreover, 7’ is even when o is odd as the product of two odd permutations
and an even permutation is even. Hence

goToo te A,

for all 0 € S, and 7 € A,,. Hence A,, < S,, by the Normal Subgroup Test

(Theorem [2.6.10]).
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Remark 2.6.12. Note the Normal Subgroup Test (Theorem [2.6.10) can
be used to given another proof of Proposition [2.6.4] Indeed, to see that
ker(p) < Gy, let h € ker(¢) and let a € G} be arbitrary. Then

plaxihxa™h) = g(a) %2 p(h) *2 pla™) = p(a) ¥2 e x2 p(a) ™' = ez
so a1 hxa~! € ker(p). Hence ker(p) <1 G1 as desired.

Of course the Normal Subgroup Test (Theorem [2.6.10) can be to check
other subgroups are normal. We note the following examples.

Example 2.6.13. Let H = (p2> < D4. We claim that H <1 Dy4. To see this,
first note that H = {e, p?}. Hence, given a € D, we have aHa~! C H if and
only if a o p? 0o a™! = p? if and only if a o p?> = p? o a. Since

oo p? = pht2 = 2o gk

for all & € {0,1,2,3}, since
Top’=plorop=ptor=plor

and since every element of Dy is a product of p* and 7™ for some k €
{0,1,2,3} and m € {0, 1}, it follows that ao p? = p?oa for all @ € D,. Hence
H <1 Dy by the Normal Subgroup Test (Theorem [2.6.10)).

Example 2.6.14. Let n € N. We claim that SL,, << GL,. To see this, note
for all A € GL,, and B € SL,, that det(B) =1 so

det(ABA™Y) = det(A) det(B) det(A™)
= det(A) det(B) det(A)~*
=det(B) =1

and thus ABA~! € SL,. Hence by the Normal Subgroup Test (Theorem
2.6.10)). Alternatively, SL,, is the kernel of the determinant map (see Example
2.1.19) and thus SL, << GL, by Proposition m

Finally, there is one last property that can sometimes be used to imply a
subgroup is normal.

Corollary 2.6.15. Let (G,*) be a group and H < G. If H is the only
subgroup of G of order |H|, then H < G.

Proof. Let H < G be such that H is the only subgroup of G of order |H|.
To see that H <1 G, let a € G be arbitrary. Since aHa™' < G by Lemma
with [aHa™t| = |H|, it follows that aHa~! = H. Therefore, since H
was arbitrary, H <1 G by the Normal Subgroup Test (Theorem . ]
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2.7 Quotient Groups

Note the previous section did not discuss why normal subgroups are ‘incred-
ibly special’. The reason normal subgroups are important and powerful is
that given a group (G,x*) and a normal subgroup H <1 G, it is possible to
form a special group based on G and H. This, in some way, allows one to
decompose group into a normal subgroup and this special group. One can
then repeat this process over and over again allowing one to study groups
via studying groups with no non-trivial normal subgroups in addition to
studying abelian groups. Groups that have no non-trivial normal subgroups
are said to be simple.

This special group we want to form via H <G is constructed by ‘modding
G out by H’. In particular, this is how we constructed (Z,,+) in MATH
1200: we take (Z,+) and the (normal) subgroup nZ, and we obtain a group
structure on the left cosets {k + nZ} using the ‘multiplication’ in (Z,+).
In fact, this is why the proof that (Z,,+) from Example so closely
resembled the proof that (Z,+) was a group!

To generalize the above so that we obtain a group by using * on the left
cosets via aH *bH = (a*b)H, we need to make sure that this multiplication
is well-defined as, after all, every coset can be represented by more that one
element. In particular, the following result shows that this multiplication on
the left cosets is well-defined exactly when H < G.

Lemma 2.7.1. Let (G,*) be a group and H < G. Then H < G if and only
if whenever a1, a2,b1,bs € G are such that a1H = aoH and by H = boH, then
(al * bl)H == (CLQ * bg)H

Proof. Assume that H <1 G and that a1, a9, b1,bs € G are such that a1 H =
aoH and byjH = byH. To see that (a; * b1)H = (ag x by)H, it suffices by
Corollary to show that

byl sagtxayxby = (ag xby) L x (a1 xby) € H.

Since a1 H = asH and byH = byH, we obtain by Corollary that
a;l x a1 € H and b2_1 x by € H. Hence there exists hi, ho € H such that
hy = a2_1 x a1 and hy = b2_1 x b1. Moreover, since H <1 G, we know that
btH = Hb;. Since

hi1 by € Hby = blH,

we obtain that there exists an hy € H such that hy * by = by * hg. Therefore
b;l*agl*al*bl :bgl*hl*bl
= b;l x b1 x hs

=hogxhy e H

with the last equality following since H < G. Hence (a1 * b1)H = (ag * ba)H
as desired.
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Conversely, assume whenever a1, as, b1,bs € G are such that a1 H = asH
and by H = boH, then (aj *b1)H = (ag xba)H. To see that H <G, let a € G
and h € H be arbitrary. Since hH = eH by Corollary by taking

a1 =h, ag = e, by = by = a~ !, we obtain that

(h+xa DYH = (exa )VH=a"'H

and thus (a * h* a~')H = H by multiplying the above sets by a on the left.
Hence a * hx a~' € H. Therefore, since a € G and h € H were arbitrary,
H < G by the Normal Subgroup Test (Theorem [2.6.10)). [

With Lemma in hand, we can generalize (Z,, +) to arbitrary groups
by normal subgroups. Note this proof is identical to how we show (Z,,,+) is

a group in Example [[.2.12]
Theorem 2.7.2. Let (G, *) be a group, let H < G, and let
G/H ={aH | a € G}.

Then G/H is a group with respect to the operation aH x bH = (axb)H for
all a,b € G.

Proof. First note that the operation  : (G/H) x (G/H) — G/H defined by
aH xbH = (a*xb)H

for all a,b € G is a well-defined binary operation by Lemma 2.7.1] To see
that (G/H,«) is associative, note for all a,b,c € G that

(aH «bH)+cH = (axb)H xcH
(axb)*xc)H
ax(bxc)H since (G, ) is associative
aH x (bxc)H

=aH % (bH % cH)

(
(
(

Moreover, since
eH«aH = (exa)H =aH = (axe)H = aH xeH

for all a € G, we see that eH is the identity element of G/H.
Finally, to see that (G/H,*) has inverses, let a € G be arbitrary. Then
a™'H € G/H and, since

aHxa 'H=(axa " VH=eH=(a""xa)H =a 'H*aH,

we see that a1 H is the inverse of aH in (G/H,*). Therefore, since a € G
was arbitrary, (G/H, *) has inverses. Hence (G/H, ) is a group. ]
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Definition 2.7.3. Let (G, *) be a group and let H << G. The group
G/H ={aH | a € G}

where aH * bH = (a x b)H for all a,b € G is called the quotient group of G
by H.

Of course, our first example of a quotient group is the one we are already
familiar with.

Example 2.7.4. Consider the group (Z,+) and, for n € N, the subgroup
nZ. Since (Z,+) is abelian, we have that nZ < Z. Thus Z/nZ is a group
with elements {m + nZ | m € Z} where

(m+nZ)+ (k+nZ) = (m+ k) + nZ.
In particular, since m + nZ = [m] modulo n, we see that Z/nZ = Z,.

For a more exotic quotient group, consider the following.

Example 2.7.5. Recall if H = (p?) = {e, p?} in (Dy4,0), then H <1 Dy by
Example 2.6.13] Note that
eH = p*H = {e, p}
pH = p*H = {p,p’}
TH = (p* or)H = {1, p* o 7}
(por)H = (4 o 1)H = {por, g or)

are all of the left cosets of H. Thus
D4/H = {eHapHvTHv (pOT)H}

Since Dy/H has four elements, Dy/H is isomorphic to either (Z4,+) or
(Zy x Z3,-) by Corollary Since

(0H)? = p°H = eH
(tH)> =7°H = eH
((pom)H)? = (po7)’H = eH,
we see that every non-identity element of (D4/H, %) has order 2. Therefore,

since (Z4,+) has an element of order 4, (D4/H,*) cannot be isomorphic to
(Z4,+) and thus (Dy/H,*) = (Zg X Za,-).

Some more examples of quotient groups will be computed in the next
section once more theory has been established. For now, some very nice
properties of a group carry forward to every quotient group.
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Proposition 2.7.6. Let (G,*) be a group and let H < G.
(1) If a € G, then |aH| is the least natural number n such that o™ € H.

(II) The order of aH in G/H is less than the order of a in G.
(III) If |a| < oo, |aH| divides |al.

(1) |G/H| = (G : H)

(V) If (G, %) is abelian, (G/H,*) is abelian.

(V1) If (G, %) is cyclic, (G/H,*) is cyclic.

Proof. To see that (I), (IT), and (III) are true, let a € G be arbitrary. By
Corollary the order of |aH| is the least natural number n such that
eH = (aH)" = a"H. Since a"H = eH if and only if " € H, (I) is true.
Moreover, if |a| = oo then clearly (II) is true. Otherwise, if |a| < oo then
all = ¢ so (aH)!®l = eH. Therefore Corollary implies |aH| divides |al.
Hence (II) and (III) are true.

Since |G/H| is the number of left cosets of H in (G, *), (IV) follows.

To see that (V) is true, assume (G, %) is abelian. To see that (G/H, %)
is abelian, let a,b € G be arbitrary. Therefore, since (G, ) is abelian, we
obtain that

aH xbH = (a*xb)H = (b*xa)H = bH * aH.
Hence, since a,b € G were arbitrary, (G/H, ) is abelian.
Finally, to see that (VI) is true, assume (G, x) is cyclic. Hence there

exists an a € G such that G = (a). Therefore, for all b € G there exists an
n € Z such that b = a" so

bH = a"H = (aH)" € (aH).
Thus G/H = (aH) so (G/H, %) is cyclic. ]

Remark 2.7.7. It is important to note that the converses of parts (V) and
(VI) of Proposition fail. Indeed, note in Example m that (p?) and
Dy/{p?) are abelian groups whereas Dy is not abelian.

Similarly, note for n > 2 that A4,, <S,, by Example 2.6.5] However, since

|Sn/An| = [Sn : An] =2,

we see that S, /A, has order 2. Hence (S, /Ap,*) = (Z2,+) by Example
2.3.12 so (S, /An,*) is abelian and cyclic even though (Sy,0) is neither
abelian nor cyclic.

Interesting, using the notion of quotient groups, we have another complete
characterization of when a subgroup is normal. Indeed recall from Proposition
that the kernel of every homomorphism is a normal subgroup. The
following is the converse that shows every normal subgroup occurs as the
kernel of some homomorphism.
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Theorem 2.7.8. Let (G,*) be a group and let H < G. Defineq: G — G/H
by q(a) = aH for all a € G. Then q is a homomorphism with ker(q) = H.

Proof. To see that ¢ is a homomorphism, note for all a,b € G that
glaxb) = (axb)H = aH xbH = q(a) * q(b).

Hence ¢ is a homomorphism.
To see that ker(q) = H, note a € ker(q) if and only if ¢(a) = eH if and
only if aH = eH if and only if a € H. Hence ker(q) = H as desired. N

Since the homomorphisms in Theorem take a group to one its
quotient groups, the name of such maps is not a surprise.

Definition 2.7.9. Let (G, *) be a group and let H <G. The homomorphism

q: G — G/H from Theorem defined by ¢(a) = aH for all a € G is
called the quotient map.

Corollary 2.7.10. Let (G,*) be a group and let H < G. Then H < G if
and only if H is the kernel of some homomorphism with domain G.

Proof. Proposition [2.6.4] implies that the kernel of every homomorphism is a
normal subgroup. Theorem [2.7.8| shows that every normal subgroup occurs
as the kernel of some homomorphism. n

The algebraic significant (and abstract definition) of the quotient map
is that every group homomorphism with kernel containing H <1 G factors
through the quotient group via the quotient map. This is formally stated as
follows.

Theorem 2.7.11 (Universal Property of the Quotient Map). Let
(G1,%*1) and (Ga,*32) be groups, let H<1G1, let ¢ : Gy — G1/H be the quotient
map, and let ¢ : G1 — Go be a homomorphism such that H C ker(p). Then
there exists a unique homomorphism 1 : G1/H — Gy such that ¢ = 1) oq.

G L Gy

G/l

That is, every homomorphism ¢ such that H C ker(y) can be written as first
applying the quotient map q and then applying a unique homomorphism from
Gl/H to GQ.
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Proof. We desire to define ¢ : G1/H — G2 by

P(aH) = p(a)

for all @ € G1. Since we are dealing with equivalence classes, to see that
is well-defined, let a,b € G be such that aH = bH. Hence b~ ' x;a € H C
ker(¢). Therefore

e2 = (b~ #1a) = (b) " *2 p(a)
Y(aH) = p(a) = p(b) = Y(bH).

Hence 9 is well-defined.
We claim that ¢ : G1/H — G2 is a homomorphism such that ¢ =1 ogq.
To see that ¢ is a homomorphism, note for all a,b € G that

Y(aH xbH) = ¢((a*1 b)H) = p(a+1b) = ¢(a) x2 p(b) = ¢ (aH) *2 Y (bH).

Hence v is a homomorphism. Moreover, for all a € G1 note that

(¥ o q)(a) = ¥(q(a) = p(aH) = ¢(a).

Hence ¢ = 1) o ¢ as desired.
Finally, assume ¥ : G1/H — G2 is a homomorphism such that ¢ = Wogq.
Then for all a € G; we have that

U(aH) = ¥(q(a)) = (¥oq)(a) = p(a) = Y(aH).

Hence ¥ = 9 as desired. ]

2.8 Isomorphism Theorems

Using the quotient map and its (defining) universal property from Theorem
[2.7.11] we can prove what are known as the three Isomorphism Theorems
for groups. Each of these isomorphism theorems enable us to show that
groups are isomorphic if certain conditions are met. The First Isomorphism
Theorem, which is the most and only Isomorphism Theorem that is important
for future uses in this course, lets us take a homomorphism and produce
isomorphic groups.

Theorem 2.8.1 (First Isomorphism Theorem). Let (G, *1) and (G, *2)
be groups, let ¢ : G1 — Ga be a homomorphism, and let H = ker(yp). Then
H <Gy and G1/H = Im(yp).
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Proof. Recall by Corollarythat Im(yp) < G2. Moreover, by Proposition
m H = ker(¢) < G1. Hence the Universal Property of the Quotient Map
(Theorem implies that if ¢ : Gy — G1/H is the quotient map, then
there exists a unique homomorphism v : G1/H — G such that ¢ = ogq.
Moreover, since q is clearly surjective, we see that

Im(¢) = {¢(aH) | a € G}
={¥(q(a)) | a € G}
={p(a) | a € G}
= Im(ep).

Thus, we can view ¢ : G1/H — Im(yp) (i.e. change the co-domain to the
image of ¢).

We claim that 1) is an isomorphism from G1/H to Im(y). To see this,
note Im(¢)) = Im(y). To see that ker(i)) = {eH}, note eH € ker(¢) trivially.
To see the other inclusion, assume a € G is such that aH € ker(¢). Hence

ez = (aH) = 1(q(a)) = ¥(a).

Therefore a € ker(p) = H so aH = eH. Hence ker(y)) = {eH} and
Im(v) = Im(¢p) so 9 is an isomorphism from G1/H to Im(y) by Proposition

222 n

Using the First Isomorphism Theorem (Theorem [2.8.1), we can now
describe and compute some more quotient groups.

Example 2.8.2. Recall by Example that if ¢ : R — T is defined by
p(r) =e
for all x € R, then ¢ is a homomorphism from (R, +) to (T, x) such that
Im(p) =T and ker(¢) = {2mn | n € Z}.
Therefore, the First Isomorphism Theorem (Theorem implies that
(R/(27Z), ) = (T, x).

Note that it is this isomorphism that lets us relate the real numbers modulo
27 with the circle and is fundamentally in the background of all trigonometric
functions. Said isomorphism is also fundamental in MATH 3001.

Example 2.8.3. Let n € N. Recall from Example [2.1.19| that if ¢ : GL,, —
R\ {0} is defined by
p(A) = det(4)
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for all A € GL,, then ¢ is a homomorphism from (GL,, x) to (R\ {0}, x)
such that
Im(p) =R\ {0} and ker(¢) = SLy,.

Therefore, the First Isomorphism Theorem (Theorem implies that
GL,/SL, = (R\ {0}, x).
Example 2.8.4. Define ¢ : C\ {0} — R* by
p(2) = |2|

for all z € C\ {0}. We claim that ¢ is a homomorphism from (C\ {0}, x)
to (RT, x). To see this, note for all z,w € C\ {0} that

p(z x w) = [z x w| = |z[fw] = p(2) x p(w)

Hence ¢ is a homomorphism by definition. Since 1 is the identity of R, we
see that
Im(p) =R" and ker(y) = T.

Therefore, the First Isomorphism Theorem (Theorem [2.8.1]) implies that

(C\{0})/T = (RT, x).

For our Second Isomorphism Theorem (Theorem we require the
following which shows the product of two subgroups is a subgroup provided
one of the subgroups is normal. It is not difficult to find examples where this
fails when neither subgroup is normal.

Lemma 2.8.5. Let (G, *) be a group, let H <G, and let K < G. Then
KH={kxH | he Hke K}
is a subgroup of G. Moreover H <t KH.

Proof. To see that K H is a subgroup of G, first note since H <G and K < G
thatee Handee€ Ksoe=exec KH.

Next, to see that K H is closed under products, let a,b € K H be arbitrary.
Thus there exists hi, ho € H and kq, ks € K such that

a=ky*h and b= ko * ho.
Moreover, since H <1 G, we have that ko H = Hko. Therefore, since
hi* ko € Hko = koH,
there exists an hg € H such that hy * ko = ko x h3. Hence

a*b:(k‘l*hl)*(kg*hg)
= (k1 * ko) * (hs * ha).
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Since hq,hg € H and k1, ke € K, we obtain since H << G and K < G that
that hgx hy € H and k1 x ko € K so axb € KH as desired. Hence, since
a,b € KH were arbitrary, K H is closed under products.

Finally, to see that K H is closed under inverses, let a € K H be arbitrary.
Thus there exists h € H and k € K such that a = k x h. Moreover, since
H <1 G, we have that k"' H = Hk~'. Therefore, since h™' € H as H < G so

ht«kteHk =k 1H,
there exists an hg € H such that
At s k™t = k71 % ha.

Hence
a'=htsxk =k 'xhse KH

since hy € H and k~!' € K as k € K and K < G. Therefore, since a € KH
was arbitrary, LH is closed under inverses. Thus K H is a subgroup of (G, )

by Definition [I.5.7]
To see that H <1 KH, first note that both H and K H are groups with
respect to x and that

H={exh | heH}CKH

since ¢ € K. Therefore H < KH by Definition Moreover, since
aHa ! = H for all @ € G by the Normal Subgroup Test (Theorem ,
we obtain that aHa~' = H for all « € KH since KH C G. Therefore, the
Normal Subgroup Test (Theorem implies that H <« KH. ]

Remark 2.8.6. Let (G, ) be a group, let H < G, and let K < G. Since
kH = Hk for all k € K as H <1 G, it follows that HK = KH. Thus the
order of multiplication in Lemma does not matter.

Theorem 2.8.7 (Second Isomorphism Theorem). Let (G, x*) be a group,
let H<G, and let K < G. Then HN K <1 K and

KH/H~K/(HNK).

Proof. Note KH < G and H << KH by Lemma [2.8.5
Define ¢ : K — KH by

pla) =a
for all a« € K. Note since ¢(a) = a = a*xe € KH for all a € K that the
codomain of ¢ is correct. Moreover, we clearly see that ¢ is a homomorphism.
Let
q: KH - KH/H
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by the quotient map which exists since H <« KH. Let
Y=¢poq: K — KH/H.

Hence v is a group homomorphism by Proposition Note ¢¥(a) = aH
forall a € K.
Note Im(¢)) € KH/H. We claim that Im(¢)) = KH/H. To see this, let
b € KH be arbitrary. Thus there exists a k € K and an h € H such that
b=k xh. Hence
bH = kH = ¢ (k)

Therefore, since b € KH was arbitrary, Im(¢)) = KH/H.

Next we claim that ker(¢)) = H N K. To see this, let « € H N K be
arbitrary. Hence aH = eH so ¢(a) = aH = eH and thus a € ker(¢).
Therefore, since a € H N K was arbitrary, H N K C ker(¢).

To see the other inclusion, let a € ker(¢). Since ¢ : K — KH/H, it
follows that @ € K by the definition of the kernel. Moreover, since a € ker(1)),
we have that

eH =1(a) =aH

and thus a € H. Hence a € HN K. Therefore, since a € ker(¢) was arbitrary,
ker(¢y)) = HN K.
Consequently, H N K = ker(¢) < K by Proposition and

KH/H =~ K/(HNK)
by the First Isomorphism Theorem (Theorem [2.8.1)). ]

One use of the Second Isomorphism Theorem (Theorem [2.8.7)) is the
following example which is useful in Lie Theory, geometry, and representation
theory.

Example 2.8.8. Let GL2(C) denote the set of all invertible 2 x 2 matrices
with complex entries. Note G Ly(C) together with matrix multiplication is a
group by the same proof that GLg is a group (see Example [1.2.24]).

Let K = SLs(C) denote the set of all elements of GLy(C) with de-
terminant 1. By the same arguments as Example [2.6.14] we obtain that
H<G.

Let

H={alr | a € C\{0}}.

It is elementary to verify that H < G. Moreover H <1 G since A(aly)A™! =
aly € H for all A € GLy(C) and als € H.
Note that

HNK ={aly | a € C\{0},0? = det(al) = 1} = {£L}.
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Moreover, KH C GLy. We claim that K H = GLy(C). To see this, note if
A € GL3 then det(A) # 0,

1
B=——=A¢€ SLy(C),
det(A) 2(C)
C = /det(A)I, € H,and A= BC € KH. Hence GLy(C) = KH.
Therefore, by the Second Isomorphism Theorem (Theorem [2.8.7)), we
obtain that

GLo(C)/K = KH/H = K/(HNK) = SLao(C)/{+1,).

The Second Isomorphism Theorem (Theorem is also quite useful in
the discussion of solvable groups; a concept that might be studied in MATH
4021. For now, another application of the theorem is the following, which
actually also holds when H is not a normal subgroup of (G, %), but we just

present the case when H is normal as it trivially follows from the Second
Isomorphism Theorem (Theorem [2.8.7)).

Corollary 2.8.9 (Counting Principle). Let (G, *) be a group, let H < G,
and let K < G. If H and K are finite, then

|HI K|
KH|=——.
| | |H N K|
Proof. By the Second Isomorphism Theorem (Theorem [2.8.7)),
K H/H| = |K/(H N K)].
By Proposition 2.7.6] it follows that

KH| K|
|H | |[HNK|

Hence the result follows. ]
Finally, we arrive at the third and final of our Isomorphism Theorems.

Theorem 2.8.10 (Third Isomorphism Theorem). Let (G,x*) be a group
and let H and K be normal subgroups of G with K C H. Then K < H,
H/K <1G/K, and

(G/K)/(H/K)= G/H.

Proof. Since K < G and H < GG, we know that H and K are groups with
respect to *. Therefore, since K C H, we obtain that K < H.

To see that K <t H, note since K <1 G that the Normal Subgroup Test
(Theorem implies that aKa~! = K for all a € G. Hence aKa™ ! = K
for all a € H. Therefore K <1 H by the Normal Subgroup Test (Theorem

2.6.10)).
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We desire to define ¢ : G/K — G/H by
p(aK)=aH

for all « € G. However, since we are dealing with objects that can be
represented multiple ways, we need to check that ¢ is well-defined. To see
that ¢ is well-defined, let a,b € G be arbitrary elements such that a K = bK.
Hence b xa € K C H so aH = bH. Therefore

v(aK)=aH =bH = p(bK).

Hence, since a and b were arbitrary, ¢ is well-defined.
We claim that ¢ is a group homomorphism. To see this, let a,b € G be
arbitrary. Then

p(aK *bK) = ¢((a *b)K)
= (axb)H
=aH «bH
= p(aK) * o(bK).
Therefore, since a,b € G were arbitrary, ¢ is a homomorphism.

Note Im(¢) € G/H. We claim that Im(p) = G/H. To see this, let a € G
be arbitrary. Then aK € G/K and

v(aK)=aH.

Therefore, since a € G was arbitrary, Im(¢) = G/H.
Next we claim that

ker(p) = H/K ={hK | he€ H}.
To see this, let h € H be arbitrary. Hence hH = eH so
o(hK)=hH =eH
and thus hK € ker(p). Therefore, since h € H was arbitrary, H/K C ker(y).
To see the other inclusion, let aK € ker(y) for some a € G. Hence
aH = p(aK) =eH.
Thus a € H so aK € H/K. Therefore, since aK € ker(p) was arbitrary,
ker(p) = H/K.
Consequently, H/K = ker(yp) << G/H by Proposition and
(G/K)/(H/K) = G/H
by the First Isomorphism Theorem (Theorem [2.8.1)). N
Example 2.8.11. Let n,m € N and consider the group (Z, +). Consider
the subgroups H = nZ and K = mnZ. Note K C H. Moreover H and K

are normal subgroups of (Z,+) since all subgroups of abelian groups are
normal. Therefore, the Third Isomorphism Theorem implies that

(Z)(mnZ))/(nZ](mnZ)) = Z/nZ = L.
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Chapter 3

Group: Actions

Throughout the previous chapter and our attempt to determine how many
groups of order n there are up to isomorphism, we developed some quite
interesting theory. Lagrange’s Theorem (Theorem was key, and through
the cosets we need to prove the theorem, we also developed the idea of normal
subgroups and quotient groups.

In this chapter, we will begin a similar study. We will define a concept
related to groups that is interesting in its own right, but by studying this
concept we will obtain unexpected results pertaining to the theory of finite
groups and we will enable theory in Chapter [4] to help us answer the question
“How many groups of order n are there up to isomorphism?”

As motivation for the main concept of this chapter, consider (S,,0).
Recall if 0 € S,,, then o : {1,...,n} — {1,...,n}. In particular, we can
think of o as a group element, and as an object that acts on the set {1,...,n}.
It is this later viewpoint that inspires the objects studied in this chapter. In
particular, we will focus on the actions of groups on sets. Such actions will
unveil important properties of the group and sets they act on. Moreover, such
actions have applications in other areas of mathematics such as combinatorics
and geometry. We endeavour to present at least one application of group
theory to combinatorics in Section

3.1 Group Actions

To begin we need to determine what we mean by a ‘group acting on a set’.
The idea is simple: the identity element of the group should act as the identity
map on the set, and if we act by one group element and then another, it
should be the same as acting by the product of the group elements. This is
formalized as follows.

Definition 3.1.1. Let (G, %) be a group and let X be a non-empty set. A
(left) group action of G on X is a map - : G x X — X such that
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(i) ez =z for all x € X, and
(ii) a- (b-x) = (a*b) -z for all a,b € G and = € X.

When a group action of G on X exists, it is said that X is a G-set and that
G acts on X. We denote “G acts on X” by G ~ X.

Remark 3.1.2. It is important to note that whenever one says ‘X is a G-set’,
there is always an underlining group action of G on X which is denoted -.

Of course, since there are so many groups, it should not be difficult to
find examples of group actions. We begin with the ‘silly’ group action.

Example 3.1.3. Let (G, %) be any group and let X be any set. Define the
map -: G x X — X by

a-r==x
for all @ € G and x € X. We claim that - is a group action. To see this, note
e-r==xa
for all z € X trivially. Moreover, for all a,b € G and x € X we see that
a-(b-z)y=a-x=x=(axb)- .
Hence - is a group action. We call - the trivial group action.

Of course, our motivating idea for this chapter produces an example of a
group action.

Example 3.1.4. Let n € N, let X = {1,...,n}, and consider the group
(Sn,0). Define the map - : S,, x X — X by

o-x=o0(x)

for all 0 € S, and z € X. We claim that - is a group action. To see this,
note

e-x=e(z)=x
for all x € X. Moreover, for all o,v € S, and x € X we see that
o-(v-x)=0-vx)=0(y(2)) = (007)(x) =(007) .
Hence - is a group action.

Moreover, our construction of the dihedral groups implicitly made use of
a group action.
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Example 3.1.5. Let n € N, let X be the vertices of a regular n-gon, and
consider the group (D, o). Define the map - : D,, x X — X by

o-x=o(x).
Then - is a group action by the same argument as Example

Unsurprisingly, there are many group actions inspired by linear algebra.

Example 3.1.6. Let X = R™ and consider the group (GLy,, x). Define the
map - : GL, x R™ — R" by
A 7= A7

for all A € GL,, and ¥ € R" (where AZ denotes matrix multiplication). We
claim that - is a group action. To see this, note

I, - 2=17=7
for all Z € R”. Moreover, for all A, B € GL,, and Z € R® we see that
A-(B-%)=A-(BZ) = A(BZ) = (AB)Y = (A x B) - Z.
Hence - is a group action.

By modifying the above group action, we have a group action for every
group of a similar vein.

Example 3.1.7. Let (G,*) be a group and let X = G. Define the map
:Gx X — X by

a-r=a*xT

for all @ € G and x € X. We claim that - is a group action. To see this, note
e-x=exx =z for all z € X. Moreover, for all a,b € G and z € X we see
that

a-(b-x)y=a-(bxzx)=ax(bxz)=(axb)xxz=(axd)-x.
Hence - is a group action. We call - the left group action.

Going back to liner algebra, the notion of conjugation by a matrix is an
example of a group action as the following example shows.

Example 3.1.8. Let n € N, let X = M, and consider the group (GL,, X).
Define the map - : GL,, x M,, — M, by

V- A=VAV~!
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for all A € M,, and V € GL,,. We claim that - is a group action. To see this,
note I, - A = I,AI;' = A for all A € M,,. Moreover, for all V,W € GL,
and A € M, we see that

V-(W-A) =V -(WAW™
= VwAwWly -1
=VWAVW)!
VWA
=(VxW)- A

Hence - is a group action.

Unsurprisingly, we can modify the above group action to obtain a very
important group action for an arbitrary group.

Example 3.1.9. Let (G,x*) be a group and let X = G. Define the map

i GE@x X = X by

a-rT=a*xrxa !

for all @ € G and x € X. We claim that - is a group action. To see this, note
e-x=exx*xe ! =g for all z € X. Moreover, for all a,b € G and z € X
we see that

a-(b-x)=a- - (bxzxbt)
:a*(b*:c*bfl)*a*

axb)xx*(axb)”!

axb)-x.

1
= (
= (

Hence - is a group action. We call - the conjugation group action. The
element a * b* a~! is called the conjugate of b by a.

In particular, the group actions from Example [3.1.9 will be the focus of
Section 3.5

3.2 Cayley’s Theorem

Before we start to apply group actions, it is best that we have a deeper
understanding of what they actually are. In this section, we will see there is
a deep connection between group actions of G on X and homomorphisms of
G into the permutations on the set X that parallels our motivating example
for group actions of (S,,0) acting on {1,...,n}. This will lead us to the
intriguing Cayley’s Theorem (Theorem that shows one can study all
finite groups by studying just the symmetric groups.
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To begin, for a fixed set X, let Sx denote the set of all permutations on
the set X; that is,

Sx ={f:X — X | fisa bijection}.

By Example (Sx,0) is a group, which we also call a symmetric group.
Recall if X = {1,...,n} then Sx = S,,.

Unfortunately we do not obtain any new groups by consider (Sx,o) for
an arbitrary set X as the following result shows.

Lemma 3.2.1. Let X be a set with |X| =n. Then (Sx,0) = (Sy,0).

Proof. Since | X| = n, there exists a bijection f : X — {1,...,n}. Define
w: S, = Sx by

plo)=f"logof
for all o € S,,. Note p(0) : X — X is a bijection for all o € S,, since the
composition of bijections is a bijection and since o and f are bijections.

Hence ¢ does indeed map into Sx.
We claim that ¢ is a homomorphism. Indeed note for all o,y € S, that

plooy)=fto(oor)of
:f_loaofof_loq/of
= (o) 0 (7).

Hence ¢ is a homomorphism.
Similarly, define ¢ : Sx — X, by

U(g)=fogof

for all g € Sx. By the same arguments, ¢ is a homomorphism. Therefore,
since ¢ = ¢!, we obtain that ¢ and 1) are invertible and thus isomorphisms.
Hence (Sx,0) = (Sy,0). ]

Given a homomorphism of a group (G, *) into a permutation group Sx, we
immediately obtain a new example of group actions similar to our motivating
example of (S,,0) acting on {1,...,n} (which is the case X = {1,...,n},
G =S, and ¢ = id in the following).

Lemma 3.2.2. Let (G, ) be a group, let X be a set, and let ¢ : G — Sx be
a group homomorphism. If - : G x X — X is defined by

a-z=p(a)(a)

foralla € G and x € X, then - is a group action of G on X.
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Proof. To see that - is a group action of G on X, first note for all z € X that
e-z=gp(e)(x) =id(x) = .

Moreover, for all a,b € G and x € X, we see that

Hence - is a group action. ]

As a converse of Lemma [3.2.2] the following shows that every G-set
X arises via the group action in Lemma for some homomorphism
Q : G — Sy.

Lemma 3.2.3. Let (G, %) be a group and let X be a G-set. For each a € G,
the map 74 : X — X defined by 7(z) = a-x is a permutation of X. Moreover,
the map ¢ : G — Sx defined by p(a) = 1, for all a € G is a homomorphism.

Proof. Fix a € GG. To see that 7, is a bijection and thus an element of Sy,
we claim that 7, is invertible as a function. To see this, we claim that 7,-1
is the inverse of 7,. To see this, note for all z € X that

-1

Ta(Ty=1(x)) :Ta(a_l r)=a-(a" " -x)= (a*a_l)-x:e-x:x

and

Ta1(Ta(z)) =Tp1(a-2)=a" - (a-2)=(a" ' %a) -z =c -2 =2

Hence 7, is invertible as a function so 7, € Sx as desired.
To see that ¢ is a homomorphism, let a,b € G be arbitrary. Then for all
x € X we have that

@(a * b)(l‘) = Ta*b(aj)
=(axb) x

o
€ o 9
2
v?‘cn
= .
2=
8

Therefore, since © € X was arbitrary, we obtain that ¢(a x b) = p(a) o ¢(b)
for all a,b € G. Hence ¢ is a homomorphism. ]
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Remark 3.2.4. As discussed, it is not difficult to see that the operation of
obtaining a group action of G on X from a homomorphism ¢ : G — Sy from
Lemma and the action of obtaining a homomorphism ¢ : G — Sx from
a group action of G on X in Lemma [3.2.3] are inverses of each other. Hence
there is a bijection between group actions of G on X and homomorphisms
from G to Sx.

Using these ideas and a specific group action we have already seen, we
come to another main result of this course.

Theorem 3.2.5 (Cayley’s Theorem). Every group is isomorphic to a sub-
group of a symmetric group. Moreover, every group of order n is isomorphic
to a subgroup of Sy,.

Proof. Let (G, ) be a group. Let X = G and let G act on X by left group
action as in Example [3.1.7, By Lemma if 7, : X — X is defined by

To(x)=a-z=axzx

for all a € G and x € X, and if ¢ : G — Sx is defined by ¢(a) = 7, for all
a € G, then ¢ is a homomorphism.

Recall {e} C ker(¢). We claim that ker(¢) = {e}. To see this, assume
a € ker(p). Hence ¢(a) = id so 74(x) = x for all x € X. Therefore a x x = x
forall x € X = G. Thus a *a = a so a = e by cancellation. Hence
ker(¢) = {e}.

By the First Isomorphism Theorem (Theorem , we obtain that
G = Im(p). Therefore, since Im(¢) < Sy, (G, *) is isomorphic to a subgroup
of a symmetric group.

Finally, if |G| = n then |X| = n. By Lemma there exists an
isomorphism % : Sx — S,. Therefore ¥ o p : G — S, is a homomorphism
with kernel {e}. Hence the First Isomorphism Theorem (Theorem
implies that G = Im(¢ o ¢). Therefore, since Im(¢) o ) < S, the result
follows. |

By Cayley’s Theorem (Theorem , in order to understand and
construct all groups of order n, we just need to understand and construct all
subgroups of (Sy, o) of order n. However, since |S,,| = n!, and since n! grows
very quickly in n, this is easier said than done.

3.3 Kernels, Stabilizers, and Orbits

So far we have seen group actions are quite powerful as, for example, they let
us prove Cayley’s Theorem (Theorem . As such, for an arbitrary G-set
X, it is likely useful for us to obtain more information about the relationships
between elements of G and elements of X. This will be done in this section by
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describing subsets of G and of X based on the group action. We begin with
the following idea that occurred in the proof of Cayley’s Theorem (Theorem
3.2.5).

Definition 3.3.1. Let (G, ) be a group and let X be a G-set. The kernel
of G ~ X, denoted ker(G ~ X), is the set

ker(GX)={aeG | a-z=uxforall x € X}
An action is said to be faithful if ker(G ~ X) = {e}.

Remark 3.3.2. Note a € if and only if a -z = x for all z € X if and only if
the map 7, from Lemma is the identity map.

Example 3.3.3. Let (G,*) be a group. Let X = G and let G act on X
by left group action as in Example Note a € ker(G ~ X) if and only
ifa-x =z for all x € X if and only if a xb = b for all b € G if and only
of a = e. Hence the left group action is faithful. In fact, in the proof of
Cayley’s Theorem (Theorem , we could have used any faithful group
action of (G, ) on itself.

However, for most applications, the kernel of a group action is too small
of an object. For example, it is just {e} for the left group action and thus we
obtain no information about a group by examining the kernel of the left group
action. We need some larger subsets of (G, *). This can be accomplished
by replacing the “for all x € X” in the definition of the kernel with ‘a fixed
x € X’. Such objects are formally defined as follows.

Definition 3.3.4. Let (G, ) be a group, let X be a G-set, and let z € X.
The stabilizer of x, denoted G, is the set

Gy={a€eG|a x=uz}

Note the stabilizer of x includes all the elements of (G, *) that keep z
‘stable’ (i.e. unchanged).

Remark 3.3.5. For a group action G ~ X, it is not difficult to see based
on the above definitions that

ker(G ~ X) = ﬂ Gy.
zeX

Stabilizers for the conjugation group action are very important and will
be a main focus of Section [3.5] For now, let us look at some other group
actions.

©For use through and only available at pskoufra.info.yorku.ca.



3.3. KERNELS, STABILIZERS, AND ORBITS 113

Example 3.3.6. Let n € N, let X = {1,...,n}, and consider the group
(Sh, o) and the group action S, ~ X from Example that is, o-x = o(x).
Note that

Gn={0c €S, | o(n)=n}.

Thus G, really looks like S,,_1 with the additional assumption that elements
of S;,—1 map n to n. In this way, we can view S,_1 = G, C S,.

Example 3.3.7. Let X = {1,2,3,4} and consider the group D,. With the
elements of D4 acting on X as they do in Example (i.e. acting as
permutations on X ), we see that the only symmetries that fix the vertex 1
are the identity and the reflection across the diagonal (1,3). Therefore

G ={e,porT}.

Similarly, the only symmetries that fix the vertex 2 are the identity and the
reflection across (2,4) so
Gy = {e,p* o1}

By similar arguments,
Gz ={e,por} and Gy ={e p’or}.

Hence
ker(Dy ~ X) = {e}.

Example 3.3.8. Let X = R" and let (GL,, x) act on X via matrix mul-
tiplication as in Example that is A-Z = AZ. Note for all ¥ €¢ X
that

Gy ={A € GL, | ¥ is an eigenvector for A with eigenvalue 1}.

Hence
ker(G ~ X) = {e}.

Unsurprisingly based on the above examples, stabilizers are nice subset
of (G, *). In particular, we have the following.

Proposition 3.3.9. Let (G,*) be a group and let X be a G-set. For all
x € X, the stabilizer of x is a subgroup of (G,*). Hence ker(G ~ X) is a
subgroup of (G, *).

Proof. To see that G, < GG, we need only verify the three properties from
Definition

First, to see that e € G, note since e - x = x by the definition of a group
action (Definition [3.1.1)), we obtain that e € G,.

Next, to see that G is closed under products, let a,b € G, be arbitrary.
Hence a -« = x and b - x = x. Therefore, by the properties of a group action,
we obtain that

(axb)-xz=a-(b-z)=a -x=u.

©For use through and only available at pskoufra.info.yorku.ca.



114 CHAPTER 3. GROUP: ACTIONS

Hence a x b € Gx by definition. Therefore, since a,b € G, were arbitrary,
G is closed under products.

Finally, to see that G, is closed under inverses, let a € G, be arbitrary.
Therefore a - z = x. Thus, by the properties of a group action,

atz=al (a-z)=(a %a) - z=c-z=u1.
Therefore, since a € G, was arbitrary, G, is closed under inverses.
Therefore, since we have verified the three properties from Definition

Gx < G as desired.
Since ker(G ~ X)) = (,cx G2 and since G, < G for all x € X, it follows

that ker(G ~ X) is a subgroup of (G, ) by Corollary [1.5.10 [

On the other hand, instead of looking at a nice subset of (G, x), we can
look at a nice subset of X. In particular, given an element z € X, it would
be interesting to know all of the elements in X that can be obtained by
applying the group action to z. We define this set as follows.

Definition 3.3.10. Let (G, x) be a group, let X be a G-set, and let z € X.
The orbit of x, denoted O, is the set

O, = {y € X | there exists a a € G such that a -z = y}.

For our motivating example of a group action, it is unsurprising that we
can get from every element to every other element.

Example 3.3.11. Let n € N, let X = {1,...,n}, and consider the group
(Sn, o) and the group action S, ~ X from Example that is, o-x = o(x).
Fix ¢ € X. To compute O, C X, note that for any y € X we have
o= (:1: y) € Sp is such that 0 -z = o(x) = y. Hence O, = X for all x € X.

Example 3.3.12. Let X = {1,2,3,4} and consider the group Dy. With
the elements of D4 acting on X as they do in Example [1.6.18| (i.e. acting as
permutations on X), we claim that O; = X. Indeed note that

e-1=1, p-1=4, p*-1=3, and p*-1=2.
Hence O7 = X. By similar arguments Oy = O3 = 04 = X.

In the context of linear algebra, we start to see some different types of
orbits.

Example 3.3.13. Let X = R” and let (GL,, x) act on X via matrix
multiplication as in Example that is A-Z = AZ. Fix ¥ € X. We divide

the computation of Oz into two cases.
If Z=0, then A-Z =0 for all A€ GL,, and thus

0o = {0}.
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If Z # 0, we claim that Oy = R™\ {0}. To see that 0 ¢ Oz, suppose
for the sake of a contradiction that 0 € Oz. Hence, by the definition of the
orbit, there exists an A € GL,, such that 0 = A-# = AZ. Thus & € ker(A).
However, since A € GL,, A is invertible and thus ker(A) = {0}. Thus Z = 0,
which is a contradiction. Hence 0 ¢ Oz. Hence Oz C R™\ {0}.

To see the other inclusion, let i € R\ {0} be arbitrary. By extending
{#} and {y} to bases for R", there is a change of basis matrix A € M,, such
that A% = ¢. Since A is a change of basis matrix, A is invertible so A € GL,,.
Therefore, since A - & = ¢, we obtain that ¢ € Oz. Therefore, since i was

arbitrary, Oy = R™ \ {0}.

The following example begins to show us we can obtain some important
structural information by looking at orbits.

Example 3.3.14. Let X = R*. Consider the group (GLy4, x) and the set
H = {Al @ Ao | A1, As € GLQ}

where

A
A1@A2=[ ! 02]

0y As
where 09 is the 2 X 2 zero matrix. Since I5 & Is = Iy, since
(A1 ® A2) x (B1 @ By) = A1 B1 & A2 By,

and since
(A1 @A)t = AT @ A1,

we see that H < GLy.
Let H act on R* via matrix multiplication; that is A - # = AZ. Let

|
=2 =Y. and w=1°
=lol #= |o]" = lo|"

0
Note for all A; © Ay € H that

Thus the action of H on R* always produces zeros in the third and fourth
entries of the vector and can produce any vector of the form A;Z where
Ay € GLo as entries in the first two entries. Hence, by Example [3.3.13] we
see that

Oz = a,b € R, one of a or b is non-zero

O O o
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With the notion of orbits in hand, it is natural to consider comparing the
orbits of group elements. It turns out that doing so gives us an interesting
(equivalence) relation between elements of X.

Proposition 3.3.15. Let (G,*) be a group and let X be a G-set. For
z,y € X, define x ~ y if and only if v € O,. Then ~ is an equivalence
relation on X.

Proof. To verify that ~ is an equivalence relation, we must verify that ~ is
reflexive, symmetric, and transitive.

To see that ~ is reflexive, let x € X. Since e -z = x, we see that z € O,.
Hence x ~ . Therefore ~ is reflexive.

To see that ~ is symmetric, let z,y € X be such that x ~ y. Thus
z € Oy so there exists an a € G such that a -y = 2. Note a1 € G and

atr=at (e y)=(atxa)y=ey=y
so y € O,. Hence y ~ x so ~ is symmetric.
To see that ~ is transitive, let z,y, z € X be such that z ~ y and y ~ z.
Thus ¢ € Oy and y € O, so there exists a,b € G such that a -y = z and
b-z =1y. Therefore a xb € G and

(axb)-z=a-(b-2z)=a-y==x.

Hence z € O, so x ~ z. Therefore, since z,y, and z were arbitrary, ~ is
transitive.

Therefore, since ~ is reflexive, symmetric, and transitive, ~ is an equiva-
lence relation. |

The equivalence relation from Proposition [3.3.15] is quite important in
the context of group actions and thus is given a name. At least the name is
easy to remember.

Definition 3.3.16. Let (G,*) be a group and let X be a G-set. The
equivalence relation from Proposition [3.3.15]is called the orbit equivalence
relation.

The main reason stabilizers and orbits are both included in this section
is that these two concepts are intimately related via the following result.

Theorem 3.3.17 (The Orbit-Stabilizer Relation). Let (G, *) be a group,
let X be a G-set, and let x € X. Then

0,] =[G : Gal.

Proof. To show that |O,| =[G : G,], it suffices to construct a bijection from
O, to the set of left cosets of G5 in G. Let £ = {aGy | a € G}. Recall

Op={a-z€X | acG}
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Define f: O, — L by
fla-z) =aGy

for all a € G. Note since we are defining f based on representations of
elements of O, and there may be multiple ways to write an element of O,
in this form, we need to verify that f is well-defined; that is, if a,b € G are
such that a-x = b -z, then aG, = bG,. To see this, assume a,b € G are
such that a - x = b- x. Therefore

(b rxa) - z=b"t(a-2)=b"t-(b-x)=(b"'xb).- 2 =¢c-x=ux

Hence b~ ! % a € G, so aG, = bG,. Therefore f is well-defined.
To see that f is a bijection, first notice that f is clearly surjective since
for any a € G, we have a -z € O, and

aGy = f(a- x).

To see that f is injective, assume a,b € G are such that f(a-z) = f(b-x).
Hence aG, = bGy so b~ xa € G,. Thus (b~! xa) - x = x by the definition
of G,. Therefore

b-z=0b-((b"'xa)- x)

=b-(b""(a-2))
=bxb Y (a-2)
=e-(a-x)
=(exa)-x

Thus a - x = b - x. Therefore, since a,b € G were arbitrary, f is injective.
Hence f is a bijection so |O,| = [G : G| as desired. ]

Although the Orbit-Stabilizer Relation (Theorem [3.3.17)) makes it obvious,
we present some examples that show it holds in specific contexts.

Example 3.3.18. Let n € N, let X = {1,...,n}, and consider the group
(Sh, o) and the group action S,, ~ X from Example that is, o-2 = o(x).
Recall O,, = X so |0,| = n whereas |G| = |Sp—1] = (n — 1)! so

n!
(n—1)!

Example 3.3.19. Let X = {1,2,3,4} and consider the group Dy. With

the elements of Dy acting on X as they do in Example [1.6.18| (i.e. acting as

permutations on X), we recall that O; = X so |O;| = 4 whereas |G1| =2 so
8

(D2 Gi] =5 =4=101].

Sy G = =n =0,
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It is important to note the Orbit-Stabilizer Relation (Theorem [3.3.17)

implies the following.

Corollary 3.3.20. Let (G, *) be a finite group and let X be a G-set. For
any x € X, |Oy| divides |G|.

Proof. By the Orbit-Stabilizer Relation (Theorem |3.3.17) and the fact that
G is finite, we have that

G|
10z =[G : Gg] =
|Gl

s0 |G| = |O04||G%|. Therefore, since |G|, |O4|,|Gz| € N, it follows that |O,|
divides |G]. n

Finally, since the orbit equivalence relation is an equivalence relation on
X, we immediately obtain the following equation that is most commonly
used in the context of the conjugation group action in Section (3.5

Corollary 3.3.21. Let (G,*) be a group and let X be a G-set. Assume
X is a finite set, n is the number of distinct orbits of G ~ X, and let
x1,...,Tn € X be one representative from each equivalence class of the orbit
equivalence relation. Then

n

|X’ = Z |Oﬂﬁk‘ = Z[G : Gl‘k]'
k=1

k=1

Proof. Since {z1,...,x,} consists of exactly one representative from each
equivalence class of the orbit equivalence relation, and since equivalence
classes from an equivalence relation partition the set on which they act, we
obtain that

X =J0,,.
k=1

Moreover, since distinct equivalence classes are pairwise disjoint, we obtain
that

X =) 10z,
k=1

Therefore, by the Orbit-Stabilizer Relation (Theorem [3.3.17)), we obtain that

[ X] =[G Gy

k=1

as desired. n
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3.4 Burnside’s Lemma

There are some other sets that can be defined for a G-set X. In this section,
we will look at one such example, prove Burnside’s Lemma (Theorem [3.4.5)) to
obtain information about this set, and apply said theorem as an application
of group actions to combinatorics.

We begin with the interesting set for a G-set. This set is formed by
looking at all points in a G-set that remain invariant under the action of a
fixed element of G.

Definition 3.4.1. Let (G, *) be a group, let a € G, and let X be a G-set.
The fized point set of a, denoted X, is the set

Xo={zeX |a x=uz}

Unsurprisingly, this notion and its name is based on our motivating
example of a group action.

Example 3.4.2. Let X = {1,...,9}, and consider the group (Sg, o) and the
group action S, ~ X from Example that is, o - © = o(z). Let

o=(175)(¢ 8).

X, ={2,3,6,9]}.

Then

Looking at the dihedral groups and (GL,, x), we also see that fixed point
sets are aptly named.

Example 3.4.3. Let X = {1,2,3,4} and consider the group Dy. With the
elements of D4 acting on X as they do in Example [1.6.18| (i.e. acting as
permutations on X), we see that

X.=1{1,2,3,4} X, =10

Xp2=0 X;=10

X, =10 Xpor ={1,3}
X0, =0 X 3or = {2,4}.

Example 3.4.4. Let X = R” and let (GL,, x) act on X via matrix mul-
tiplication as in Example that is A-Z = AZ. For A € GL,, note
that

X4={FeR" | A7 = 7};

that is, X 4 is the eigenspace for A corresponding to the eigenvalue 1.

We now arrive at the main result of this section which relates the number
of orbits to the number of elements in all fixed point sets.
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Theorem 3.4.5 (Burnside’s Lemma). Let (G, ) be a finite group acting
on a finite set X. If N is the number of orbits of G ~ X, then

ZIXI

aEG
Proof. Let

Y={(a,z) |[acGreXa-z=2} CGxX.

The proof of the result mostly boils down to computing |Y| in two ways.
For our first way to compute |Y'|, note that

Y ={(a,z) | a € G,z € X,}.

Therefore, for each a € G there are | X,| elements in Y whose first entry is a

SO
V=) Xl

acG
For our second way to compute |Y'|, note that

Y ={(a,z) | z€ X,a € Gy}.

Therefore, for each x € X there are |G| element in Y whose second entry is

x S0
’Y| = Z ’GI|
zeX
Recall [G: G,] = % Moreover, by the Orbit-Stabilizer Relation (Theorem
3.3.17), we know that [G : G3] = |Oz|. Hence
G|
MEDY 0.~

zeX aceX

Therefore, by equating with our first expression for |Y|, we obtain that

G55 - S e

aeG zeX

To complete the proof, it suffices to prove that

’

xeX
where N is the number of orbits of G ~ X. Let z1,z2,...,zx5 € X be one
representative from each orbit equivalence class. Therefore, since X is the
disjoint union of O,,,...O,,, we obtain that
:(:EX k=12€0,
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However, if z € O,, then O, = O,, by Proposition [3.3.15/s0 |O| = |Oy, |.
Therefore

:L‘EX k=1 Omk
N
- E % on
N
1
=3 (Ouls—
21015
N
=Y 1=N
k=1
thereby completing the proof. ]

We quickly return to one of our previous examples to show how the
computation in Burnside’s Lemma (Theorem [3.4.5)) works.

Example 3.4.6. Let X = {1,2,3,4} and consider the group D,. With the
elements of D4 acting on X as they do in Example (i.e. acting as
permutations on X), recall from Example that this group action has
exactly one orbit. Moreover, by Example [3.4.3]

> 1X, y— (4404+0+0+0+2+0+2)=1.
geG

IG\

The significance of Burnside’s Lemma (Theorem [3.4.5)) is that it can be
used to solve many problems in combinatorics (see MATH 4160). We present
one here to show the importance and power of groups outside of Algebra.

Example 3.4.7. Consider a regular tetrahedron:

4

Assume we are given three colours in which to paint the four vertices of the
tetrahedron. Up to symmetries (i.e. rotating the tetrahedron), how many
uniquely coloured tetrahedron can we produce?

First, let us ignore the symmetries. As there are four vertices and three
colours, there are 3* = 81 possible ways we can colour the tetrahedron as
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shown the diagram. Let X denote this set of coloured tetrahedron. Thus
| X | = 81. However, there are elements of X that are equal with respect to
some symmetry. How can we resolve this?

To resolve this, we must first ask, “What are the symmetries of the
tetrahedron?” As the identity map is a symmetry, as the composition of two
symmetries is a symmetry, and the inverse of a symmetry is a symmetry, the
set of symmetries of the tetrahedron is a group. Moreover, since we can think
of the symmetries of the tetrahedron as a symmetries of the tetrahedron on
{1,2,3,4}, the symmetries of the tetrahedron is a subgroup of Sj.

Note there are three types of symmetries of the tetrahedron: the identity
symmetry, fixing one vertex and rotating the opposite face of the tetrahedron,
and flipping across the line between the midpoints of two non-adjacent edges.
Note the permutations of {1,2,3,4} corresponding to fixing one vertex and
rotating the opposite face of the tetrahedron are

(1 2 3),(1 3 2),(1 2 4),(1 4 2),
(1 3 4),(1 4 3),(2 3 4),(2 4 3)

and the permutations of {1,2,3,4} corresponding flipping across the line
between the midpoints of two non-adjacent edges are

(1 2)(3 4),(1 3)(2 4),(1 4)(2 3).

Hence the group of symmetries of the tetrahedron is A4 by Example [1.6.39

Let A4 act on the X as permutations. Note two elements of X are the
same coloured tetrahedron up to symmetry exactly when they are in the
same orbit under the action of A4 on X. Hence the number of orbits of
Ay ~ X is exactly the number of uniquely coloured tetrahedron we can
produce up to symmetries. Thus we can use Burnside’s Lemma (Theorem
to compute this number. To do this, we note that |A4] = 12. Thus,
we just need to compute |X,| for all o € Ay.

Note X, is the number of elements of X (i.e. coloured tetrahedron) that
are fixed under the identity element. Since all elements of X are fixed under
the action of the identity element e, we obtain that |X.| = |X| = 81.

Next, let r be a symmetry consisting of fixing one vertex and rotating
the opposite face of the tetrahedron. A coloured tetrahedron is fixed under
r exactly when all three vertices of the triangle being rotated are the same.
As there are 3 options for this colour and one option for the colour of the
vertex being fixed, we see that | X,| = 32 = 9. Note there are 8 such rotations
thereby adding 8(81) to the sum in Burnside’s Lemma (Theorem [3.4.5)).

Finally, let f be a symmetry consisting of a flip across the line between
the midpoints of two non-adjacent edges. A coloured tetrahedron is fixed
under f exactly when vertices on each edge of the two non-adjacent edges
being used in the flip are the same colour. As there are three options for the
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colour of the vertices of each edge, we see that | X¢| = 32 = 9. Note there are
3 such flips thereby adding 3(81) to the sum in Burnside’s Lemma (Theorem
3.4.5).

Therefore, Burnside’s Lemma (Theorem |3.4.5) implies there are

L (814 8(81) +3(81)) = 15

N=—
12

uniquely coloured tetrahedron up to symmetries.

3.5 Conjugacy Classes and Centralizers

Returning to the theory of groups, in this section we will focus on the
conjugation group action from Example It turns out that doing so
will enable us to extend our understanding of groups by looking at a specific
subgroup that can be defined in any group and obtain information that will
enable us to determine, up to isomorphism, all groups of order p? for a prime
number p.

As the conjugation group action is an group action, the kernel, stabilizers,
and orbits all make sense. However, in the context of conjugation group
action, these objects are (potentially confusingly) given new names.

Definition 3.5.1. Let (G, %) be a group and let G act on itself by conjugation;
that is, G is a G-set via the group action

a-gza*g*ail

for all a,g € G. The centre of G, denoted Z(G), is the set

Z(G) =ker(G ~ G)
={aeG|a-g=gforall ge G}
={ac€G|axgxa ! =gforall g€ G}
={aeG | axg=g=xaforall ge G}
That is, the centre of G is the set of all elements of G that commute with all

elements of G.
For a € G, the centralizer of g in G, denoted C(a), is the set

C(a) =G,
={beG|b-a=a}
={beG|bxaxb'=a}
={beG | bxa=axb}.

That is, the centralizer of a in G is the set of all elements in G that commute
with a. Note that a € C(a) by taking b = a in the above expression.
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Finally, for a € G, the conjugacy class of a in G, denoted K (a), is the set

K(a) =0,
={be G | c-a=>for some c € G}
={be G| cxaxc ' =bfor some c € G}
:{c*a*c_IEG | CEG}.

That is, the conjugacy class of a in G is the set of all conjugates of a in G.
Note a € K(a) by taking ¢ = e in the above expression.

Remark 3.5.2. Since the centre, centralizer, and conjugacy classes are
just examples of kernels, stabilizers, and orbits of from actions respectively,
Section [3.3] implies that

e Z(G) < G by Proposition
« C(a) < G for all a € G by Proposition [3.3.9

* Z(G) = Nuec Cla),

o K(a) is the equivalence class of an equivalence relation on G (i.e. a ~ b
if and only if a = g *xb* g~ for some g € G) by Proposition [3.3.15], and

e |[K(9)|=1[G:C(g)] so |K(g) = Ctig‘)' when G is finite by the Orbit-
Stabilizer Relation (Theorem [3.3.17]).

Before we look at examples of centres, centralizers, and stabilizers, it is
important to note that the centre of a group has a particularly nice property
beyond being a subgroup.

Proposition 3.5.3. Let (G,*) be a group. The centre Z(G) is an abelian
subgroup of (G, ). Moreover Z(G) < G.

Proof. Recall Z(G) < G by Proposition [3.3.9] To see that Z(G) is abelian,
let a,b € Z(G) be arbitrary. Since a € Z(G) and b € Z(G) C G, we obtain
by the definition of Z(G) that a * b = b* a. Therefore, since a,b € Z(G) was
arbitrary, Z(G) is abelian.

To see that Z(G) < G, note for all a € G and b € Z(G) that

axbxa '=axalxb=exb=be Z(G).

Therefore, by the Normal Subgroup Test (Theorem [2.6.10]), we have that
Z(G)«G. ]

The centre of a group is quite important. In particular, since Z(G) < G,
we can consider the quotient group G/Z(G). Note that Z(G) is abelian and
it can be checked that G/Z(G) has trivial centre; that is Z(G/Z(G)) = {e}.
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This often means that one can understand groups by understanding abelian
groups, understanding groups with trivial centre, and understand quotient
groups. This idea is left for future courses (MATH 4021 perhaps).

For now, we focus on a few examples to illuminate what Z(G), C(a), and
K (a) look like.

Example 3.5.4. Consider (GL,, x). We claim that
Z(GLy) ={al, | a € R\ {0}}.
To see this, note if & € R\ {0} then
(o)A = A(aly)
for all A € GL,. Hence
{al, | « e R\ {0}} C Z(GLy).
To see the other inclusion, assume A € Z(GL,,). Write A = [a; ;] and let
B = diag(1,2,...,n);

that is, B is the diagonal matrix with the entries 1, 2,. .., n along the diagonal.
Then B € GL,,. Thus, since A € Z(G), we have that

AB = BA.

Therefore

[aijj] = [ia; ).
Hence (i — j)a;; = 0 for all 4,5 € {1,...,n}, so a;; = 0 whenever i # j.
Therefore, A must be a diagonal matrix; that is,

A =diag(a1,1,a22,...,ann)-
Next, let
(0 1 0 O 07
0 0 1 0
0 0 1 0
U — )
O o0 0 --- 0 1
100 0 - 0

that is, U is the matrix with a 1 at (i,7 + 1) for all i € {1,2,...,n — 1} (i.e.
each entry above the diagonal), a 1 at the (n, 1) entry, and zeros everywhere
else. Then U is an invertible matrix with U~! = UT. Thus U € GL,.
Therefore, since A € Z(G), we obtain that

AU =UA.
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Since ) ;
0 a1l 0 0 0
0 0 ag 2 0 0
0 0 0 as.3 0
AU = ,
0 0 0 0 ap—1n—1
lann, O O 0 .- 0 |
and . ;
0 a2 2 0 0 0
0 0 ass 0 0
0 0 0 aqq4 0
UA=
0 0 0 0 ann
az1 0 0 0 0 |
Hence
a1 = a2 = -+ =0apn

so A = ajy 11,. Therefore, since A € Z(GL,,) was arbitrary,
Z(GLy) =A{al, | « € R\ {0}}

as desired.
For an arbitrary A € GL,,, it is more difficult to describe C'(A). However,
note that
K(A) ={vAvle| Ve GL,)};

that is, K (A) is the set of all B € GL,, that has the same Jordan Normal
Form as A by MATH 2022.

Example 3.5.5. Consider (Dy, o). By analyzing the multiplication table
from Example [1.6.18] we see that

C(e :D4
Clp) ={e,p.p*. 0"}
C(p*) = Dy
C(p3 :{67p7p27p3}

)

)

)

)

C(r)={e,p*, 7, p* o7}
C(por)={e p*por,pPor}
pPor)={ep’ 7 p* o1}

)

Therefore, since Z(Dy) is the intersection of all of the centralizers, we see
that

Z(Dy) = {e, p*}.
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Finally, by analyzing the multiplication table from Example and
recalling the conjugacy classes are the equivalence class of an equivalence
relation on Dy (i.e. a ~ b if and only if a = g x b g~! for some g € G), we
see that

K(e) = {e}
K(p) = K(p°) = {p, 0’}
K(p*) ={

={r.p%0 T}
={por,p’ o}
We can quickly see the following occurs in all of the above examples.

Remark 3.5.6. Let (G, %) be a group. As in the proof of Proposition m
notice if a € Z(G) then

K(a)={bxaxb'|beG}
={bxbtxa | be G}
={exa | be G}
= {a}.
Conversely, if K(a) = {a}, thenbxa*xb ! =aforallbe Gsob*a=ax*b
forallb e G so a € Z(G).

Using this remark along with Corollary [3.3:21], we obtain an important
equation relating the number of elements of a group to the number of elements
in the centre of the group and the indices of the non-trivial centralizers.

Theorem 3.5.7 (The Class Equation). Let (G, *) be a finite group. Let
ai,...,an be elements not in Z(G) that form a complete set of representatives
of the conjugacy classes that are not contained in Z(G). Then

- \G!

G| = ZG Clay)] HZ

Proof. Recall from Corollary [3.3.21] that if (G, %) is a group, X is a finite

G-set, m is the number of distinct orbits of G ~ X, and x1,...,x;, is one
representative from each equivalence class of the orbit equivalence relation,
then
m
X[ =10
j=1

Let G act on X = G by conjugation. Therefore | X| = |G|. Recall for the
conjugation group action that O, = K(x). Therefore, if x € Z(G), we see
that

0| = |K(z)| = {a}[ =1

©For use through and only available at pskoufra.info.yorku.ca.



128 CHAPTER 3. GROUP: ACTIONS

by Remark [3.5.6, Therefore, if ay,...,a, are elements not in Z(G) that
form a complete set of representatives of the conjugacy classes that are not
contained in Z(G), we see that

G = 12 + 3 [K(a)] = 12(0)] + 3.1C : Clar)]
k=1 k=1

with the last equality following from Remark (i.e. the Orbit-Stabilizer
Relation (Theorem [3.3.17)). n

Before we demonstrate the importance of the Class Equation, we quickly
verify it holds for one of our previous examples.

Example 3.5.8. Consider (Dy,0). By Examplem Z(Dy4) = {e, p*}, and
p, T, and p o7 is a complete set of representatives of the conjugacy classes
that are not contained in Z(Dy). Since

[Clp)| = [C(T)] = [ClpoT)| =4,

we see that

D D D 8 8 8
| 4| ‘ 4‘ ‘ 4‘ :2+,+7+7:8:’D4’

2D 160 T oM T e 2T it

as expected by the Class Equation (Theorem [3.5.7)).

To see the importance of the Class Equation (Theorem to the
theory of groups, we present the following two results. In particular, since
we want to describe all groups of order p? up to isomorphism where p is a
prime number, we first consider the following.

Theorem 3.5.9. Let (G, *) be a group such that |G| = p™ where p is prime
and n > 1. Then Z(G) # {e}.

Proof. Suppose for the sake of a contradiction that Z(G) = {e}. Therefore,
the Class Equation (Theorem [3.5.7) implies that

P =Gl =1+ [G:C(a)]
k=1
where ay,...,a, be elements not in Z(G) that form a complete set of

representatives of the conjugacy classes that are not contained in Z(G).
Recall C(ax) < G for all k = {1,...,m}. Therefore, since |G| = p"
with p prime, Lagrange’s Theorem (Theorem implies that |C(ag)| €
{1,p,p%....p"}.
Since for each k € {1,...,m} we know that a; ¢ Z(G), there exists a
by, € G such that by * ax # ay, * by, and thus by ¢ C(ay). Thus C(a) # G so,
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since |G| = p", we have |C(ay)| € {1,p,p?,...,p" '} forall k € {1,...,m}.
Therefore p divides

G|
G Claw)] =
C(ax)]
for all k € {1,...,m}. Thus p divides p™ and p divides Y ;' ;[G : C(ay)] so
the above equation implies that p divides 1 thereby contradicting the fact
that p is prime. Hence Z(G) # {e}. []

Corollary 3.5.10. Let (G, *) be a group such that |G| = p? where p is prime.
Then (G, ) is abelian.

Proof. Since Z(G) < G and |G| = p? with p prime, Lagrange’s Theorem
(Theorem implies that |Z(G)| € {1,p,p?}. Note |Z(G)| # 1 by
Theorem [3.5.9]

Suppose for the sake of a contradiction that |Z(G)| = p. Since |G| =
p? > p=|Z(G)|, there exists an a € G \ Z(G).

Consider C(a). Since C(a) < G and |G| = p? with p prime, Lagrange’s
Theorem (Theorem [2.5.1)) implies that |C(a)| € {1,p, p?}. Note that Z(G) C
C(a) by the definitions of the centre and the centralizer. Therefore, since
a € C(a) and a ¢ Z(G), it follows that |C(a)| > |Z(G)|. Hence, since
|Z(G)| = p and |C(a)| € {1,p,p?}, we obtain that |C(a)| = p? = |G|.

Since |C'(a)| = |G|, we obtain that C(a) = G. However, the definition of
the centralizer implies since C(a) = G that every element of G commutes
with a and thus a € Z(G) thereby contradicting the fact that a € G\ Z(G).

Hence | Z(G)| = p? = |G|. Therefore Z(G) = G so G is abelian. ]

In Chapter o] we will develop a theory that determines all finite abelian
groups up to isomorphism. Hence, in conjunction with Corollary we
will have determined all groups of order p? up to isomorphism for all prime
numbers p.

3.6 Cauchy’s Theorem

The Class Equation (Theorem and its generalization for arbitrary
group actions (Corollary can be utilized further to obtain information
about groups. To begin, recall Example shows that (A4, o) has no
subgroup of order 6 even though |A4| = 12 and 6|12. However, note that
6 is not prime. Therefore, since prime numbers are ‘nicer’, we can ask “If
(G, x) is a group and p divides |G| for some prime p, does (G, %) contain a
subgroup of order p?” Since every group of order p is cyclic by Corollary
the above question is equivalent to “If (G, *) is a group and p divides
|G| for some prime p, does (G, *) contain an element of order p?” This is
the content of the main result of this section, Cauchy’s Theorem (Theorem
3.6.2).
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To prove Cauchy’s Theorem (Theorem , first recall that given a
G-set X, Section [3.4 made use of looking at all elements of X that were
fixed by a particular element of G. Instead of looking at each of these sets
individually, we will look at the intersection of these sets. This is the parallel
for X to how the intersection of all of the stabilizers of elements of G produces
the kernel.

Definition 3.6.1. Let (G, *) be a group and let X be a G-set. The fized
point set of G ~ X, denoted X, is the set

XC={reX |a-x==xforalacG}

To prove Cauchy’s Theorem (Theorem [3.6.2)), we will look at a very
specific group action, the generalization of the Class Equation for arbitrary
group actions (Corollary [3.3.21]), and the fixed point set.

Theorem 3.6.2 (Cauchy’s Theorem). Let (G,x*) be a finite group and
let p be a prime number that divides |G|. There exists an a € G such that

la| = p.
Proof. Let
X:{(a17-..,ap)€Gp‘al*az*...*apze}.

We claim that |X| = |G[P~!. Indeed note that

X = {(al,...,ap,l,a];_ll x---xayt xa;t) | ay,ag,...,a, 1 € GY.
Therefore, since there are |G| options for each value of a1, as, ..., ap—1, we
see that | X| = |G|P~! so | X]| is divisible by p.

Let
o= (1 2 .- p) € Sp.

Note if (a1,...,ap) € G then
ap*kag*---*xap==€

SO

ag*ag*---*ap:al_l

and thus
g * a3z *---*ap*a; =e

implying that
(aa(l), Qg (2), Ag(3)s - - - ,aa(p)) = (ag, ag, ..., 0ap, al) € G.

Since the above holds for all (a1, ...,a,) € G, we obtain that if (a;,...,a,) €
G then

(agk(l), Ggk(2)s -~ - ,aok(p)) e
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for all k£ € N.
Define - : Z, x X — X by

[k}] . (al,ag, .. .,ap) = ((ng(l),agk@), NN ,aok(p)).

for all (a1, as,...,a,) € X. Note that - does indeed map into X by the above
argument. Moreover - is well-defined since if [k] = [m] in Z, then k = m
mod p so oF = o™ as |o| = p.

We claim that - is a group action on X. Indeed note that

(0] - (a1, a2, ... ap) = (az0(1), Ag0(2); - - - » Ao (p)) = (a1, 02, ..., ap).
Moreover, for all [k], [m]| € Z, and (a1, ag,...,a,) € X, we see that
(k] - ([m] - (a1, a2, .., ap)) = [k] - (agm(1), Ggm(2)s - - - Qgm(p))
= (Agk(om (1)) ok (om(2)> - - > Gok(om (7))
= (Qgmtk(1)s gmtk(2)s -+ » Agmth (p))
=[k+m]-(a1,a2,...,ap)
= ([k] + [m]) - (a1, a2, .. ., ap).

Hence - is a group action on X.
By Corollary (3.3.21, we have if x1,...,x, € X are one representative
from each equivalence class of the orbit equivalence relation, then

GPT = [X| =) |0g,]-
k=1

By Corollary |3.3.20, we have that |O,, | divides |Z,| so |O,| € {1,p} for all
ke {l,...,n}. Note if |O,,| = 1, then x;, € X%Z. Hence

GIP~t = |X%| + p

where ¢ is the number of z;, such that |O,, | = p.
Since p divides |G[P~!, the above equation implies that p divides ’X Zp|,

= 0. Therefore ’X Zp
there exists an element (b1, ba,...,b,) € XZ» such that

(b1,b2,...,by) # (e,e,...€).
Since (b1, ba,...,b,) € X% we have that

(b1, b, ... by) = [1] - (b1, ba, .. bp) = (by, b1, bay ... bp_1).

However, since (e,e,...,e) € X%, ‘XZp

>p=>2s0

Hence by = by = --- = b,. Moreover, since
(b1,b2,...,by) # (e,e,...,€),
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we see that by # e. Finally, since (b1,b2,...,b,) € X, we obtain that
e="Dbyxbyx---xb, =0l

Therefore, since p is prime and b; # e, we obtain that |b;| = p by Corollary
L.7.22 N

Corollary 3.6.3. If (G, %) is a finite group and p is a prime number that
divides |G|, then (G, *) has a subgroup of order p.

Proof. By Cauchy’s Theorem (Theorem [3.6.2)), there exists an a € G such
that |a| = p. Hence (a) is a subgroup of G of order p. [
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Chapter 4

Groups: Advanced Theory

Via our study of group actions in Chapter [3|, we saw that if p is a prime
that divides the order of a group (G, ), then (G, *) must have a subgroup of
order p. Thus it is natural to ask “Are there conditions on n € N so that if
n divides |G|, then (G, *) has a subgroup of order n?” We know by Example
that (A4, o) has no subgroup of order 6 even though |A4| = 12 and
6/12. Thus n = 6 is out. However, what goes wrong for 67

It turns out that the problem with 6 is that it is the product of two
primes and, if we focus on powers of prime numbers, something incredibly
special happens. We have already seen examples of this in Theorem [3.5.9/and
Corollary By focusing on subgroups of order p™ for a prime number
p, we will obtain some of the major and most powerful results of the course.

These results are known as the Sylow Theorems, of which there are three,
will be our first focus of this chapter. The Sylow Theorems are powerful
tools for understanding the subgroup structure of finite groups and thus
determining whether a group has normal subgroups. After demonstrating
the three Sylow Theorems and deriving some immediate applications, we will
then be able to study the simple groups which were alluded to in Section

4.1 Sylow’s First Theorem

We begin with Sylow’s First Theorem (Theorem [4.1.7)). To do so, we will
focus groups of order p™ for a prime number p and thus some names are in
order.

Definition 4.1.1. Let p be a prime number. A group (G, ) is said to be a
p-group if |G| = p™ for some n > 1.

Definition 4.1.2. Let p be a prime number and let (G, *) be a finite group.
A subgroup H of (G, ) is said to be a p-subgroup if H is a p-group.

The ultimate goal of Sylow’s First Theorem is to show there are p-
subgroups of the largest possible order. Thus we make the following definition.

133
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Definition 4.1.3. Let p be a prime number and let (G, *) be a finite group
such that |G| = p"m where n > 1 and ged(m,p) = 1. A subgroup H of
(G, ) is said to be a Sylow p-subgroup if |H| = p".

For some of the examples we have studied in this course, it is not difficult
to find Sylow p-subgroups.

Example 4.1.4. Recall that |A4] = 12 = 22(3). Thus any subgroup of
(Ay,0) of order 4 is a Sylow 2-subgroup and any subgroup of (A4, o) of order
3 is a Sylow 3-subgroup.

Note (A4, 0) has three elements of order 2 and no elements of order 4 by
Example Therefore, since elements of a group of order 4 must have
order 1, 2, or 4 by Lagrange’s Theorem (Theorem , the only possible
subgroup of (Ay, o) of order 4 is

H:{e,<1 2)(3 4),(1 3)(2 4),(1 4)(2 3)}

Since H is a subgroup of (A4, o) (isomorphic to (Zy x Zsa,-)), H is the only
Sylow 2-subgroup of (Ay, o).

Note (Ay,0) has eight elements of order 3 by Example Since
any 3-subgroup is a cyclic group of order 3 by Corollary 2.5.6] the Sylow
3-subgroups are all cyclic subgroups of (Ay4, o) of order 3; namely

(2 8))(( 2 9))(( s 9)(( s 1))

Example 4.1.5. Recall that
Dg = {e,p,pQ,p3,p4,p5,T,poT,pgOT,p3OT,p4OT,p5 OT}

where |p| =6, |7| =2, and Top = p~'or. Thus |Dg| = 12 = 2%(3). Thus
any subgroup of (Dg, o) of order 4 is a Sylow 2-subgroup and any subgroup
of (Dg, o) of order 3 is a Sylow 3-subgroup.

Note that (Dg, o) has 7 elements of order 2; namely

p’,m.por,pPor,pPor ptor, and pPor.

Moreover, (Dg, o) has no element of order 4. Therefore, since elements of a
group of order 4 must have order 1, 2, or 4 by Lagrange’s Theorem (Theorem
, all subgroups of (Dg, o) of order 4 must contain exact three of the
seven elements of order 2 along with e. Since every group of order 4 is
isomorphic to either (Zy,+) or (Za X Zg,-) by Corollary every Sylow
2-subgroup of (Dg, o) must be abelian. Note since |p| = 6 that

(P or)o(pmor)=(p"oT)o(pf o)

if and only if
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if and only if

2(k—m) _ e

p

if and only if £k = m mod 3 by Corollary [1.7.23] Therefore any subgroup
of (Dg,0) of order 4 cannot contain elements from more than one of the
following sets:

{ritor), {pomptor), and {PorpPor).

Since a subgroup containing both elements from any one of the above sets
must also contain p3 as

3

3 0r) 0 (phor) ! = 4,

(p

we see that the possible subgroups of (Dg, o) of order 4 are

{67/)377-7/)307—}? {€’p37p077p407}7 and {e,p37p2o7'7p5o7'}.

Since all of these can be verified to be groups of order 4 (isomorphic to
(Zo x Za,-)), there are exactly 3 Sylow 2-subgroups of (Dsg, o).

Note (Dg,0) has two elements of order 3; namely p? and p*. Since any
3-subgroup is a cyclic group of order 3 by Corollary there is exactly
one Sylow 3-subgroup of (Dg, o); namely

{e.p?, p*}

Remark 4.1.6. Since (A4, o) and (Dg, o) had different numbers of subgroups
of order 4 (and of order 3), (A4,0) and (Dg,0) cannot be isomorphic by
Theorem [2.3.13]

The following Sylow Theorem solves the motivating question of this

section. The proof will follow by induction, but is non-trivial. In particular,
in the inductive step, after some reductions, we will need to consider the
quotient group of (G, *) by a subgroup N of (G, *) of order p contained in
Z(@). Doing so will enable us to use the inductive hypothesis since G/N
has order %.
Theorem 4.1.7 (Sylow’s First Theorem). Let p be a prime number
and let (G,*) be a finite group where |G| = p™m where n,m > 1 and
ged(m,p) = 1. For all1 < k <n, (G, *) has a subgroup of order p*. Thus
(G, %) has a Sylow p-subgroup.

Proof. For all r € N, let P, be the mathematical statement that if (G, x)
is a group such that |G| = r and |G| = p™m for some n,m > 1 and and
ged(m, p) = 1, then (G, *) has a subgroup of order p* for every 1 < k < n.
We will proceed by strong induction on r. Note P, is trivially true when r is
not of the form p"m where n,m > 1 and ged(m,p) = 1. Thus Pi,..., P,y
are trivially true.
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Base Case: |G| = p. In this case, (G,*) = (Zp,+) by Corollary [2.5.6
Hence the base case is complete as clearly Z, is a subgroup of (Z,,+) of
order p' = p.

Inductive Step. Assume (G, *) is a group of order p™m where ged(m, p) =
1 and that P, is true for all r < p"m. Fix 1 <k <n.

For a € G, recall |K(a)| =1 if and only if a € Z(G). Let a1,...,a; € G
be a complete set of representatives of the conjugacy classes such that
|K(a;)| # 1. Hence ay,...,a; ¢ Z(G). By the Class Equation (Theorem

3.5.7]), we know that

G : G:C( Z(G : 6]
61 =12(@)]+ 316 Can] =12+ 3 o, 5

Since a; ¢ Z(G) that a; does not commute with all elements of (G, *) so
C(aj) is a proper subgroup of G for all j € {1,...,l}. Hence |C(a;)| divides
|G| and |C(aj)| < |G| forall j €{1,...,1}.

If p* divides |C(a;)| for some j € {1,. l} then the induction hypothesis
implies that C(a;) has a subgroup of order p¥ and thus (G, *) has a subgroup
of order p* by Corollary - 9| thereby completing the inductive step. There-
fore we can assume that p* does not divide |C(a;)| for all j € {1,...,1}. This
implies that p divides [G : C(a;)] for all j € {1,...,1} so the Class Equation
implies that p divides |Z(G)|. Therefore Cauchy’s Theorem (Corollary
implies that there is a subgroup N < Z(G) such that |N| =

By Corollary N < G. Therefore, if k =1 then the inductive step is
complete. Hence we can assume that k > 1.

Recall N < G by Proposition [3.5.3] Hence (G/N, ) is a group of order

G| _ p"m

G/N|=[G:N]=-— = =p" " tm.
|G/N| = ] N~ p P

Since 1 <k —1 <n — 1, the Inductive Hypothesis implies that (G/N, %) has
a subgroup K of order pF—1.
Let ¢ : G — G/N be the quotient map and let

H=q¢ YK)={a€G | aN € K}.

Note H < G by Theorem [2.1.11] Since for all a € N we have aN =eN € K,
we see that N C H. Hence N < H by Corollary [I.5.9) Moreover, since
N <G soaNa ! =N for all a € G, we have aNa~' = N for all a € H and
thus N <« H by the Normal Subgroup Test (Theorem [2.6.10|). Finally, note
that

H/N ={hN | he H} ={hN | hN € K} = K.

Therefore
|H| = |H/N||N| = |K||N| = p"'p=p".
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Hence H < G and |H| = p*. Thus the inductive step is complete.
Therefore, the statement is true by the Principle of Mathematical Induc-
tion. ]

4.2 Sylow’s Second Theorem

For our second Sylow Theorem, recall that if (G, *) is a group, H < G, and
a € G, then aHa ! < G and |aHa™!| = |H| by Lemma . Therefore,
conjugates of Sylow p-subgroups are Sylow p-subgroups. Thus, it is natural
to ask, “What do the “conjugacy classes” of the Sylow p-subgroups look like?”
This question will be answered by Sylow’s Second Theorem (Theorem .

We begin with some examples. Of course, we only need to consider groups
where there are multiple Sylow p-subgroups.

Example 4.2.1. Consider (A4,0). Recall by Example are four Sylow
3-subgroups of A4; namely

(2 8)) (v 2 4)((t s 4){2 s 1)
(1 2)(3 4)(( 2 3))((r 2)(s
(1) (0 2 90 3 ) = (s 1)
(19 30 2 ) 9@ 8) = (1 3))=(3 1)

Hence all four Sylow 3-subgroups of A4 are conjugate to one another.

—
i

)= {01 2)=(( 2 )

S

w

Example 4.2.2. Consider (Dg,0). Recall by Example are three Sylow
2-subgroups of Dg; namely

{e,p®,m,p201), {e,p’por,ptor}, and {ep® p?or,p’orl.
Note
ple,p*,mp° or}p™t ={e,p’, p o7 p o 7}
p*{e. 0’ mp o r}(p?) T ={e,p ptoT porl.
Hence all three Sylow 2-subgroups of Dg are conjugate to one another.

It turns out that this is no coincidence as our second Sylow Theorem is
as follows.

Theorem 4.2.3 (Sylow’s Second Theorem). Let p be a prime number and
let (G, *) be a finite group where |G| = p"m where n > 1 and ged(m,p) = 1.
If H is a Sylow p-subgroup of (G,*) and K is a p-subgroup of (G, ), then
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there exists an c € G such that K C cHc™'. Hence any p-subgroup of (G, *)
is contained in some Sylow p-subgroup of (G, x*).

Consequently, if H and K are both Sylow p-subgroup of (G, *), then there
exists an a € G such that K = aHa™!.

To prove Sylow’s Second Theorem (Theorem [4.2.3)), we will make use
of the following lemma that which be also be used to prove Sylow’s Third
Theorem (Theorem [4.3.1)).

Lemma 4.2.4 (The Mod p Lemma). Let p be a prime number, let (G, x*)
be a p-group, and let X be a finite G-set. Then

|X€) = x| mod p.

Proof. Let z1,...,x, € X be one representative from each equivalence class
of the orbit equivalence relation. By Corollary [3.3.21] we know that
n
X[ = |0 l.
k=1

Note that |O,| = 1 if and only if a -z = x for all € G if and only if z € X¢.
Therefore, if y1, ..., ym € X are the z1, ..., z, that are not in X, we obtain
that

X] = [x9|+ 3 10,1
j=1

Moreover, by Corollary [3.3.20, we know that |O,,| divides |G| = p™ for all
j € {1,...,m}. Therefore, since |O,,| # 1, we obtain that p divides |O,,| for
all j € {1,...,m}. Hence

’XG‘ = ’XG‘ + i |0y, | = XY + iO = ‘XG’ mod p
j=1 Jj=1

as desired. [ ]

To prove Sylow’s Second Theorem (Theorem , we will define an
action on the p-subgroup K on the set of left cosets of the Sylow p-subgroup
H (note we do not need H to be normal to consider the left cosets), and use
the Mod p Lemma (Lemma to obtain a fixed point. It is this fixed
point that let’s us conjugate K inside of H.

Proof of Sylow’s Second Theorem (Theorem . Let K be a p-subgroup
of (G, *) and let H be a Sylow p-subgroup of (G, x). Let X be the set of left
cosets of H by G} that is

X ={aH | a€G}.
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Note since H is a Sylow p-subgroup of (G, *) that

G| _p"m
X|=[G:H|= = =m.
Xl= 6 H] = =T

Hence | X| # 0 mod p.
Let - : K x X — X be defined by

k-aH = (k*a)H

for all kK € K and a € G. Since elements of X are cosets and thus have
multiple representations, we must verify that - is well-defined; that is, if
a,b € G are such that aH = bH, then (k+a)H = (k+b)H for all k € K.
To see this, let a,b € G be such that aH = bH and let k € K. Therefore
b='xac H so

(kxb) ' x(kxa)=btxk ' xkxa=b"txac H

Hence (k x a)H = (k % b)H. Therefore, since a,b € G and k € K were
arbitrary, - is well-defined.

We claim that - is a group action of K on X. To see this, first note for
all aH € X that
e-aH = (exa)H = aH.

Moreover, for all k1, ks € K and aH € X we see that

ki-(ko-aH) =k -(ka*xa)H
= (k1% (ke xa))H
= ((k1 * ko) *xa)H
= (k1 * ko) - aH.

Therefore, - is a group action of K on X.
By the Mod p Lemma (Lemma |4.2.4), we obtain that

IXE|=|X|#£0 mod p.
Therefore, there exists a ¢ € G such that cH € XX, Hence
(kxc)H =k -cH=cH

for all k € K. Therefore ¢ 1 xkxce H forall k € K so ¢ 1 K¢ C H. Hence
K C cHc™! via a simple computation.
In the case that K is a Sylow p-group, we see by Lemma that

|H| = |cHc Y| = |K].
Hence K C cHe™ ! implies that K = cHe™ ! as desired. ]
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One interesting corollary of Sylow’s Second Theorem (Theorem [4.2.3))
is that we can determine the number of Sylow p-subgroups of any abelian

group.

Corollary 4.2.5. Let p be a prime number and let (G, ) be a finite group
where |G| = p"m where n > 1 and ged(m,p) = 1. If (G, *) is abelian, (G, *)
has exactly one Sylow p-subgroup.

Proof. By Sylow’s First Theorem (Theorem [4.1.7)), (G, *) has at least one
Sylow p-subgroup.

Assume H and K are Sylow p-subgroups of (G, x). By Sylow’s Second
Theorem (Theorem there exists an a € G such that K = aHa™'.
However, since (G, *) is abelian, aHa™ ! = (a*a™!)H = H. Hence K = H
so (G, *) has exactly one Sylow p-subgroup. [

Remark 4.2.6. It is important to note that the converse of Corollary
is false; that is, there exists a non-abelian group (G, %) such that for every
prime p that divides |G|, (G, x) has exactly one Sylow p-subgroup. Indeed
note that (Dg, o) is a group with order 16. Hence the only Sylow subgroup
of Dg is the Sylow 2-subgroup Dg. Clearly (Dsg, o) is not abelian.

4.3 Sylow’s Third Theorem

Corollaryimmediately raises the question “Given a group (G, %), exactly
how many Sylow p-subgroups does (G, *) have?” Note Example showed
us that (A4, o) has one Sylow 2-subgroup and four Sylow 3-subgroups whereas
Example showed us that (Dg, o) has three Sylow 2-subgroup and one
Sylow 3-subgroups. Thus groups of order 12 can have different numbers of
Sylow subgroups and there are options for how many Sylow p-subgroups
there are. Therefore, a better question is, “If G is a group of order n, are
there any constraints on the number of Sylow p-subgroups (G, *) can have
based on n?” A moments thought shows that this is an important question
for determining the number of groups of order n up to isomorphism. In fact,
this will be a main technique to determine all groups of order 8 and of order
12 up to isomorphism in Section [5.3] and Section [5.5 respectively.

The answer to the above question is Sylow’s Third Theorem (Theorem

4.3.1]) which is as follows.

Theorem 4.3.1 (Sylow’s Third Theorem). Let p be a prime number and
let (G, *) be a finite group where |G| = p"™m where n > 1 and ged(m,p) = 1.
Let n,, be the number of Sylow p-subgroups of (G,*). Then n, =1 mod p
and ny|m.

Before we delve into the proof of Sylow’s Third Theorem (Theorem [4.3.1)),
we show how to apply said theorem in the context of groups of order 12.
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Example 4.3.2. Let (G, *) be a group of order 12. Since 12 = 22(3), Sylow’s
Third Theorem (Theorem implies that no =1 mod 2, ny|3, n3g =1
mod 3, and ng|4.

Since n2|3, we have that ng € {1,3}. Note both 1 and 3 are equivalent
to 1 modulo 2. Hence (G, ) either has one or three Sylow 2-subgroups.

Since ng|4, we have that ng € {1,2,4}. However, 2 %21 mod 3 whereas
4=1=1 mod 3. Hence (G, x) either has one or four Sylow 2-subgroups.

Note (Z12,+) is a group of order 12 with exactly one Sylow 2-subgroup
and one Sylow 3-subgroup by Corollary By Example (Ay,0)
is a group of order 12 with exactly one Sylow 2-subgroup and four Sylow
3-subgroup. By Example (D¢, 0) is a group of order 12 with exactly
three Sylow 2-subgroup and one Sylow 3-subgroup.

Is there a group of order 12 with three Sylow 2-subgroups and four
Sylow 3-subgroups? No! To see this, suppose for the sake of a contradiction
that (G, *) is a group of order 12 with 3 Sylow 2-subgroups and 4 Sylow
3-subgroups. Since every Sylow 3-subgroup of (G, %) has three elements and
thus is a cyclic group, there exists a1, ag, a3, as € G such that |ag| = 3 for all
k and (ag) for k = 1,2,3,4 are distinct subgroups of (G, x). Note |ax| = 3
implies |ai| = 3 and (a2) = (ay). Therefore, since {ay) # (a;) when k # j, we
obtain that (a;) N (a;) = {e}. Therefore, (G,*) contains at least 8 elements
of order 3; namely al,a%,ag,ag,ag,ag,a4,ai. Since e € G has order 1 and
since G has 12 elements, there are at most 3 elements of even order in (G, ).
Since every element of a subgroup of (G, %) order 4 must have an order in
{1,2,4}, there is at most one subgroup of (G, ) of order 4 consisting of e
and the 3 elements of even order. Since this contradicts the assumption that
(G, %) has 3 Sylow 2-subgroup, we have our contradiction. Hence there is no
group of order 12 with 3 Sylow 2-subgroups and 4 Sylow 3-subgroups.

In order to prove Sylow’s Third Theorem (Theorem we need a
bit more group technology. In particular, we need the following notion that
behaves a bit like the centralizers of elements of a group, but we replace the
elements with subgroups.

Definition 4.3.3. Let (G, %) be a group and let H < G. The normalizer of
H in G, denoted N(H), is the set

NH)={a€G | aH=Ha} ={acG | aHa' = H}.

Like with the centre and centralizers, normalizers are subgroups with
special properties.

Lemma 4.3.4. Let (G,*) be a group and let H < G. Then N(H) < G.
Moreover H << N(H). Finally, if K < G and H Q K, then K C N(H);
that is N(H) is the largest subgroup of (G, *) that contains H as a normal
subgroup.
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Proof. To see that N(H) < G, first note that eHe ! = H so e € N(H) by
definition.

Next, to see that N(H) is closed under products, let a,b € N(H) be
arbitrary. Since a,b € N(H), we know that aHa ! = H = bHb~!. Thus

(axb)H(a* b)f1 = a(lefl)cf1 —aHa '=H.

Therefore a,b € N(H). Hence N(H) is closed under group products.
Finally, to see that N(H) is closed under inverses, let a € N(H) be
arbitrary. Since a € N(H), we know that aHa~! = H. Therefore

a 'Ha=a Y aHa ')a = H.

Therefore a € N(H). Hence N(H) is closed under inverses. Thus N(H) < G
by Definition [1.5.7]

To see that H <1 N(H), first note for all h € H that hHh™' C H since
H < G and |hHh™!| = |H| by Lemma [2.6.9, Hence hHh~! = H for all
h € H so H C N(H). Therefore, since (H,*) is a group, H < N(H) by
Definition Moreover, note for all @ € N(H) that aHa~! = H. Hence
H < N(H) by the Normal Subgroup Test (Theorem [2.6.10).

Finally, assume K < G and H <1 K. Therefore, by the Normal Subgroup
Test (Theorem , aHa ! = H for all a € K. Hence K C N(H) by
definition. [

To use normalizers to prove Sylow’s Third Theorem (Theorem , we
need some information about how normalizers behave with respect to Sylow
p-subgroups. In particular, the following shows we can use normalizers to
show Sylow p-subgroups are equal.

Lemma 4.3.5. Let p be a prime number and let (G,*) be a finite group
where |G| = p™m where n > 1 and ged(m,p) = 1. Let H and K be Sylow
p-subgroups of (G,%). Then K C N(H) if and only if K = H.

Proof. Assume K = H. Therefore, by Lemma, we have that
K =HC N(H)

as desired.

Conversely, assume K C N(H). Since K < G and N(H) < G, Definition
implies that K < N(H). Since K is a Sylow p-subgroups of (G, x)
and thus has order p", Lagrange’s Theorem (Theorem implies that
p" divides |N(H)|. Moreover, since p" divides |N(H)|, since N(H) < G,
and since |G| = p"m, Lagrange’s Theorem (Theorem implies that
|IN(H)| = p"k for some k € N.

Since |K| = p", since |N(H)| = p"k, and since K < N(H), K is a Sylow
p-subgroup of N(H). Similarly, since H < N(H) by Lemma since
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IN(H)| = p"k, and since |H| = p" as H is a Sylow p-subgroup of G, it
follows that H is a Sylow p-subgroup of N(H).

Since K and H are Sylow p-subgroups of N(H), Sylow’s Second Theorem
(Theorem implies that there exists an a € N(H) such that K = aHa~!.
However, since a € N(H), we have that H = aHa! = K as desired. ]

We are now prepared to prove Sylow’s Third Theorem (Theorem .
To do so, we will use two group actions on the set X of all Sylow p-subgroups
of (G, *). Each action will give us some information about the number of
Sylow p-subgroups of (G, ). In particular, information from the first action
(conjugation of X by G) will follow from considering orbits and information
from the second action (conjugation by a fixed Sylow p-subgroup) will follow
from the Mod p Lemma (Lemma [£.2.4)).

Proof of Sylow’s Third Theorem (Theorem . Let
X ={H | H is a Sylow p-subgroup of (G, *)}.

Note | X| = n,. Moreover, by Sylow’s First Theorem (Theorem [4.1.7)), there
exists a Sylow p-subgroup K of (G, ). Hence K € X so X # ().
Let - : G x X — X be defined by

a-H=aHa*

for all a € G and H € X. Note if H is a Sylow p-subgroup of (G, x) then
aHa™! Sylow p-subgroup of (G, *) for all @ € G so - does indeed map into
X.

We claim that - is a group action of (G,*) on X. To see this, note
e-H=exHxe ! = H for all H € X. Moreover, for all a,b € G and H € X
we see that

= a(bHb™")a™!
= (a*b)H(axb)™"
= (ax*xb)-H.

Hence - is a group action.

By Sylow’s Second Theorem (Theorem7 any two Sylow p-subgroups
of (G, *) are conjugate to one another. Therefore, since K € X, we obtain
that then Ox = X. Hence Corollary implies that n, = |X| divides
|G| = p"m.

Let o : K x X — X be defined by

a-H=aHa '
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for all a € K and H € X. By the same argument as above, e is a group
action of (K, *) on X.

Considered the fixed point set X% of K ~ X. Note H € XX if and only
if @ H = H for all « € K if and only if aHa~' = H for all a € K if and only
if K C N(H) if and only if K = H by Lemma Therefore XX = {K}.
Therefore, since K is a p-group and X is a finite K-set, the Mod p Lemma

(Lemma 4.2.4) implies that
n, = |X| = ‘XK' =1 mod p.

Since n, =1 mod p, n, # 0 mod p. Since p is prime, we obtain that
ged(ny, p) = 1. Therefore, since ny|p™m, we obtain that ny|m. n

4.4 Applications of the Sylow Theorems

Although Sylow’s Theorems will be greatly important and have applications
in Chapter [5] we exhibit two results using Sylow’s Theorems here. To begin,
we prove the following that completely determines the number of groups of
a specific order up to isomorphism. Note this can be seen to be an extension
of Corollary to a product of two primes, provided some additional
conditions hold.

To demonstrate this result, we first require two lemmata that are quite
useful for understanding the structure of an entire group based on two
subgroups.

Lemma 4.4.1. Let (G, *) be a group, let n,m € N be such that gcd(n,m) = 1,
and let H/ K < G be such that |H| =n and |K| =m. Then HN K = {e}.

Proof. Since H and K are subgroups of GG, we know that e € H and e € K
so {e} € HN K. To see the other inclusion, assume a € HNK. Since a € H,
we know that |a| divides |[H| = n by Lagrange’s Theorem (Theorem [2.5.1)).
Similarly, since a € K, we know that |a| divides |K| = m by Lagrange’s
Theorem (Theorem [2.5.1). Therefore, we have that |a| is a common divisor
of n.and m so 1 < |a| < ged(n,m) = 1. Hence |a| = 1 so a' = e and thus
a=e. Hence HN K C {e} so HN K = {e} as desired. [

Lemma 4.4.2. Let (G, ) be a group and let H, K <G be such that HNK =
{e}. Thenaxb=bxa foralla € H andb € K.

Proof. Let a € H and b € K be arbitrary, and let
t=axbxa lxbleG.

We claim that z = e, which will complete the proof since if z = e then
axb="bx*a as desired.

©For use through and only available at pskoufra.info.yorku.ca.



4.4. APPLICATIONS OF THE SYLOW THEOREMS 145

To show that x = e, we note since H N K = {e} that it suffices to show
that € HN K. To see that € H, note that ! € H and H < G so

bxa txb'ebHV '=H

by the Normal Subgroup Test (Theorem [2.6.10). Therefore, since H < G
and thus is closed under multiplication, we obtain that

r=ax(bxa txb ') H.
Similarly, to see that x € K, note b € K and K <1 G so
axbxateaKa =K

by the Normal Subgroup Test (Theorem [2.6.10). Therefore, since K < G

and thus is closed under multiplication, we obtain that
r=(axbxa ) xb !l c K.
Hence x € HN K = {e} so x = e as desired. ]

Theorem 4.4.3. Let (G,*) be a group of order pq where p and q are odd
primes with p < q. If p does not divide ¢ — 1, then (G,x*) is cyclic and thus
isomorphic to (Zpq,+).

Proof. We claim that (G, *) has exactly one Sylow p-subgroup and one
Sylow g-subgroup. To see this, let n, and n, denote the number of Sylow
p-subgroups and Sylow ¢-subgroups respectively.

By Sylow’s Third Theorem (Theorem , nplg and n, =1 mod p.
Since ¢ is prime and np|g, we have that n, € {1, ¢}. Since p does not divide
g — 1, we know that ¢ — 1 # 0 mod p and thus ¢ # 1 mod p. Therefore,
since n, € {1,q}, np = 1 mod p, and ¢ # 1 mod p, we must have that
n, = 1. Hence (G, ) has exactly one Sylow p-subgroup. Let H be the Sylow
p-subgroup of (G, ). Since aHa~! is a Sylow p-subgroup for all a € G, we
must have aHa~! = H for all a € G so the Normal Subgroup Test (Theorem
implies that H <1 G.

By Sylow’s Third Theorem (Theorem , nglp and ng = 1 mod q.
Since p is prime and ngy|p, we have that n, € {1, p}. However, since 1 < p < ¢,
we obtain that p # 1 mod ¢. Therefore, since ny € {1,p}, ng =1 mod ¢,
and p # 1 mod ¢, we must have that n, = 1. Hence (G, *) has exactly one
Sylow g-subgroup. Let K be the Sylow g-subgroup of (G, *). Since aKa ™"
is a Sylow g-subgroup for all a € G, we must have aKa~ ! = K foralla € G
so the Normal Subgroup Test (Theorem implies that K < G.

Since |H| = p and |K| = g where p and ¢ are prime, Corollary
implies there are elements a,b € G such that

H = (a) and K = (b)
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Moreover, since ged(|H|, |K|) = 1, Lemma implies that H N K = {e}.
Hence Lemma [£.4.2] implies that a * b = b x a.
Let v = axb € G. We claim that

G = (x).
To see this, first note since a x b = b * a that
" =a" *b"

for all n € N. Therefore 2™ = e if and only if a” * " = e if and only if
a™ = b~". Therefore, since a™ € H, since b~ " € K, and since H N K = {e},
we see that 2 = e if and only a = e and b" = e if and only if p|n and
g|n if and only if pg|n since p and ¢ are distinct prime numbers. Thus
|x| = pg = |G| so G = (x). Hence (G, %) is cyclic and thus isomorphic to

(Zpq, +) by Proposition [2.3.11 [

Example 4.4.4. Since 15 = 3(5) where 3 and 5 are odd primes such that
3 < 5 and 3 does not divide 5 — 1 = 4, Theorem [.4.3] implies the only group
of order 15 is (Z15,+).

Remark 4.4.5. Unfortunately, Theorem fails if the condition ‘p does
not divide ¢ — 17 is removed. Indeed there are two groups of order 21, namely
(Z21,4+) and ... another we cannot write down at this point. In particular,
this group we cannot write down is a non-abelian group and is in fact the
smallest non-abelian group of an odd order.

For another application, we prove a theorem from number theory that is
often proved in MATH 1200 on the way to proving Fermat’s Little Theorem

(Theorem [2.5.4)).

Theorem 4.4.6 (Wilson’s Theorem). If p is a prime number, then
(p—1!'=-1 mod p.
Proof. Consider the symmetric group (Sp,0). Since
|Sp| =pl=pm

where m = (p — 1)! is such that ged(p, m) = 1, every Sylow p-subgroup of S,
has exactly p elements.

We claim there are (p — 2)! Sylow p-subgroups of (Sp, *). To see this, first
assume H is a Sylow p-subgroup of S,,. Since |H| = p, H must be cyclic by
Corollary Hence there exists a o € S, such that H = (o). Since p is
prime and |o| = p, o must be a p-cycle. Moreover, since p is prime, all of
o, 0%, ..., oP~ are all p-cycles and thus have order p and be elements of
H. Hence, any one of o, 02, ..., 0?~! generate H. Therefore each Sylow
p-group is generated by and contains exactly p — 1 different p-cycles.
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Note p-cycle in S}, contains all of the numbers 1,2,...,p. Therefore,
by putting the number 1 as the first entry in our cycle representation of
elements of Sy, we see there are (p — 1)! ways we can complete the p-cycle
(since the order of the numbers matters) and thus S, has (p — 1)! p-cycles.
Therefore, since there are exactly p — 1 different p-cycles in each of the Sylow
p-subgroups, we see that there are (p — 2)! Sylow p-subgroups of (.S, *).

By Sylow’s Third Theorem (Theorem , we obtain that

(p—2)=1 mod p.

Hence
p—1)!=p—1=-1 modp

as desired. ]

4.5 Simple Groups

With the three Sylow Theorems, we can discuss some essential types of groups.
As discussed in Section one reason normal subgroups are ‘incredibly
special’ is that it allows one to decompose a group G into a normal subgroup
H and the quotient group G/H. Thus the most complicated groups to
understand are those of the following type.

Definition 4.5.1. A group (G, *) is said to be simple if (G, *) has no
non-trivial normal subgroups.

As simple groups can be viewed as the building blocks of all other groups,
the goal of this section is to obtain information about what finite groups are
and can be simple. Unsurprisingly, the abelian case is quite easy.

Theorem 4.5.2. Let (G, *) be a finite abelian group. Then (G, x) is simple
if and only if |G| is prime.

Proof. First, assume |G| = p is prime. By Corollary (G, %) = (Zp,+).
Since every subgroup of a cyclic group is cyclic by Proposition [I.7.28 and since
every non-identity element of (Z,, +) cyclically generates (Z,,+), we obtain
that (Zp,+) contains no non-trivial normal subgroups. Since subgroups are
preserved under isomorphisms by Theorem [2.1.11] normal subgroups are
preserved under isomorphism by an application of the Normal Subgroup Test
(Theorem [2.6.10). Hence (G, ) has no non-trivial normal subgroups and
thus is simple.

Conversely, suppose G is a finite abelian group such that |G| is not prime.
Hence there exists a prime p such that p divides |G| but |G| # p. By Cauchy’s
Theorem (Corollary [3.6.3)), (G, %) has a subgroup H such that |H| = p. Since
p < |G|, we see that H is a non-trivial subgroup of (G, ). Therefore, since
(G, ) is abelian so that every subgroup of (G, ) is normal (Example [2.6.2),
(G, %) has a non-trivial normal subgroup and thus is not simple. [
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With the above description of all simple finite abelian groups, we turn
our attention to the non-abelian groups. Luckily, the three Sylow Theorems
are of great aid in demonstrating certain groups cannot be simple. Indeed,
consider the following.

Remark 4.5.3. Let p be a prime number and let (G, *) be a group such that
p divides |G| If G is not a p-group and has one Sylow p-subgroup H then
H is normal and H # G (as G is not a p-group). Hence H is a non-trivial
normal subgroup of (G, %) and thus cannot be simple.

Using this idea, we can quickly demonstrate many non-abelian groups of
small order cannot be simple. To do so, we proceed with a series of disjoint
lemmata to cover a lot of different cases.

Lemma 4.5.4. Let (G,*) be a group of order pq where p and q are odd
primes with p < q. Then (G, x*) is not simple.

Proof. The proof of Theorem [4.4.3] shows that n, = 1 under these conditions
and thus (G, *) has exactly one Sylow g-subgroup. Hence (G, *) is not simple

by Remark [£.5.3 ]

Lemma 4.5.5. Let (G,*) be a group of order pqr where p, q, and r are
primes such that p < q < r. Then (G,x*) is not simple.

Proof. Let ngy and n, be the number of Sylow g-subgroups and Sylow r-
subgroups respectively. We claim that n, = 1 or n, = 1 thereby completing
the proof by Remark

By Sylow’s Third Theorem (Theorem , we know that n, = 1
mod ¢, n, =1 mod r, ng|pr, and n,|pg. Since p, ¢, and r are prime, ny|pr
implies ng € {1, p,r,pr}, and n.|pq implies n, € {1,p, g, pq}. However, since
p < g <r,pand g cannot be equivalent to 1 modulo r and thus n, € {1, pq}.
Since the proof is complete if n,, = 1, we may assume without loss of generality
that n, = pq.

Since |G| = pgr with ged(pg, r) = 1, we see that every Sylow r-subgroup of
G has r elements. Hence (G, x) has pg subgroups of order r. Since r is prime,
every subgroup of order » must be cyclic by Corollary and thus have
r — 1 elements of order . Moreover, since any non-identity element of a cyclic
group of order r also generates the subgroup (i.e. Z* = Z, \ {[0]}), we obtain
that the pg subgroups of G of order r can only have the identity element in
common. Thus (G, *) must contain exactly pg(r — 1) = pgr — pq = |G| — pq
elements of order 7. Hence (G, *) contains exactly pg elements whose order
is not 7.

To see that n, = 1, suppose for the sake of contradiction that n, # 1.
Since ng € {1, p,r,pr}, this implies n, € {p,r,pr}. However, since n, =1
mod ¢ and since p < ¢ so that p # 1 mod ¢, we obtain that n, € {r,pr}.
Therefore ng > 7.
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Since |G| = pgr with ged(pr,q) = 1, an argument similar to the above
one shows that (G, *) must contain at least ng(¢ — 1) > r(¢ — 1) elements of
order q. However, since r > g > p, we see that r > ¢ and ¢ — 1 > p so that
r(¢ — 1) > pq. Since is it impossible that (G, *) contains exactly pq elements
whose order is not r and contains more than pg elements of order ¢, we have
our contradiction. Hence ny = 1 in the case n, # 1 thereby completing the
proof. |

To demonstrate groups whose order is a power of a prime cannot be
simple, we need only apply the following result with m = 1.

Lemma 4.5.6. Let (G, *) be a group such that |G| = p™m where p is a prime
number, n > 1, m > 1, ged(p,m) = 1, and p" does not divide (m —1)!. Then
(G, %) is not simple.

Proof. Suppose for the sake of a contradiction that (G, #) is simple. By
Sylow’s First Theorem (Theorem , there exists a Sylow p-subgroup H
of G. Hence |H| =p" so [G: H] =m.
Let
X ={aH | a € G}

and let - : G x X — X be defined by
a-(bH) = (axb)H

for all @ € G and bH € X. We claim that - is well-defined. Indeed if
bH,cH € X are such that bH = cH, then b"!xc € H so (a*b) "' % (axc) =
(b'xa N xa*xc=>b"txc€ H and thus (a*b)H = (a* c)H. Thus - is
well-defined.

We claim that - is a group action of (G, x) on X. To see this, first note
that e- (aH) = (exa)H = aH for all aH € X. Moreover, for all aH € X
and b, c € G, we see that

b-(c-(aH))=b-((cxa)H)=(bxcxa)H = (bxc)-aH.

Hence - is a group action of (G,*) on X.

By Lemma there is a homomorphism ¢ : G — Sx such that
o(a)(bH) = a-bH = (ab)H for all a € G and bH € X. Since (G, *) is simple
and ker(p) < G by Proposition [2.6.4] it must be the case that ker(p) = {e}
or ker(y¢) = G. However, since p(a)(eH) = aH for all a € G and since m > 1
so there exists an a € G such that aH # eH, we see that G\ H ¢ ker(y) so
it must be the case that ker(y) = {e}. Hence ¢ is an isomorphism from G
to Im(¢). Therefore |G| = [Im(¢p)|.

Since [Im(yp)| divides |Sx| = |X|! = m!, we obtain that |G| divides
m!. Hence p™m divides m! so it must be the case (by the Fundamental
Theorem of Arithmetic) that p™ divides (m — 1)!. However this contradicts
our assumptions. Hence (G, %) is not simple. [
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To deal with some of the cases where the condition “p™ does not divide
(m — 1)!" fails in Lemma we can consider the following.

Lemma 4.5.7. Let (G, *) be a group such that |G| = p*>q where p and q are
distinct prime numbers. Then (G, %) is not simple.

Proof. Let n, and ng be the number of Sylow p-subgroups and Sylow g¢-
subgroups respectively. By Sylow’s Third Theorem (Theorem , we
know that n, =1 mod p, ny =1 mod g, nylq, and ny|p®. Note n,|q implies
np € {1,q}, and ny|p? implies n, € {1,p, p*}.

If ¢ < p, then ¢ # 1 mod p. Hence n, # ¢q. Thus the above implies
n, = 1. Hence (G, *) is not simple by Remark

If p < g, then p#Z1 mod q. Hence ny # p. Thus the above implies that
ng € {1,p*}. If ng = 1, then (G, *) is not simple by Remark Thus we
may assume without loss of generality that n, = p?.

Since every Sylow g-subgroup of G has ¢ elements and since ¢ is prime,
every subgroup of order ¢ must be cyclic and thus have ¢ — 1 elements of
order ¢q. Moreover, since any non-identity element of a cyclic group of order
q also generates the subgroup (i.e. Zy = Z, \ {[0]}), we obtain that the p?
subgroups of G of order ¢ can only have the identity element in common.
Thus G must contain exactly p?(q — 1) = p?q — p? = |G| — p? elements of
order ¢. Hence G contains exactly p? elements whose order is not q.

Since every Sylow p-subgroup of G has order p? and since groups of order
p? cannot contain elements of order ¢ since ged(p,q) = 1, we obtain that
any Sylow p-subgroup of G must contain all p? elements whose order is not
q. Hence (G, *) has a unique Sylow p-subgroup. Thus (G, %) is not simple

Remark [£.5.3] [

As our last step before analyzing which non-abelian groups of small order
can be simple, we desire to get one specific case out of the way.

Lemma 4.5.8. Let (G, %) be a group such that |G| = 72. Then (G, *) is not
stmple.

Proof. Note 72 = 23(32). By Sylow’s Third Theorem (Theorem , we
know that n3 = 1 mod 3 and n3|23. Note the latter implies that ng €
{1,2,4,8}. Since n3 = 1 mod 3, we know that ng # 2 and n3 # 8, so
n3 € {1,4}. If ng = 1 then G has a unique Sylow 3-group and thus G is not
simple. Hence, without loss of generality, we may assume nz = 4.

As in the proof of Sylow’s Third Theorem (Theorem , recall G acts
on the set X of all four Sylow 3-subgroups by conjugation. Since there are
4 Sylow 3-groups, this group action induces a homomorphism ¢ : G — Sx
such that ¢(a)(H) =a-H = aHa ! for all H € X and a € G.

Since |G| = 72 and |Sx| = 4! = 24, ker(y) # {e}. Moreover, since every
Sylow 3-subgroup is conjugate by Sylow’s Second Theorem (Theorem ,
there exists an H € X and an a € G such that aHa™' # H. Therefore
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p(a) # idx so a ¢ ker(yp). Hence ker(¢) # G. Therefore ker(yp) is a
non-trivial normal subgroup of G so (G, *) is not simple. ]

With all of the above results, the number of small orders for which there
are non-abelian simple groups is strikingly very small.

Theorem 4.5.9. If (G,x*) is a non-abelian simple group with |G| < 100,
then |G| = 60.

Proof. Assume (G, ) is a non-abelian simple group with |G| < 100. Clearly
G| # 1.

Since Corollary implies that for any prime p every group of order p
must be cyclic and thus abelian, we know that

G| ¢ {2,3,5,7,11,13,17,19, 23,29, 31,37, 41, 43, 47, 53,59, 61, 67,
71,73,79,83,89,97}.

Recall Corollary [2.5.8| implies for any prime p > 3 that the only groups of
order 2p up to isomorphism are (Zgy,,+) or (Dp,0). Note (Zgp, +) is abelian.
Moreover, since (p) has index 2 in (D), o) and thus is normal, we see that
(Dp, o) is not simple. Hence

|G| ¢ {6, 10,14, 22, 26,34, 38, 46, 58, 62, 74, 82, 86,94}

Since Theorem [3.5.9] implies for any prime p that a group order p™ has
non-trivial centre and thus is either abelian or not simple, we obtain that

|G| ¢ {4,8,16,32,64,9,27,81,25,49}.

Since Lemma [£.5.4] implies that any group with order pq where p and ¢
are distinct odd primes with p < ¢ is not simple, we obtain that

G| ¢ {3(5),3(7),3(11),3(13),3(17), 3(19), 3(23), 3(29), 3(31),
5(7),5(11),5(13),5(17),5(19), 7(11), 7(13)}.

Thus
|G| ¢ {15,21,33,39,51,57,69,87,93, 35, 55,65, 85,95, 77,91}.

Since Lemma implies that any group with order p?q where p and g
are distinct primes is not simple, we obtain that

G| ¢ {2°(3),2%(5),2%(7),2°(11), 2%(13), 2(17), 2°(19), 2%(23),
32(2),3%(5), 3%(7), 3%(11), 5%(2), 5%(3), 7*(2) }.

Thus

G| ¢ {12,20,28, 44,52, 68,76, 92, 18,45, 63,99, 50, 75, 98}
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Moreover Lemma [4.5.5implies that any group with order pgr where p, g,
and r are primes such that p < ¢ < r is not simple. Hence

Gl & {2(3)(5),2(3)(7), 2(3)(11), 2(3)(13), 2(5)(7) }-

Thus
|G| ¢ {30,42,66,78,70}.

Furthermore Lemma imples that any group with order p"m where
p is a prime number, n > 1, m > 1, ged(p, m) = 1, and p"™ does not divide
(m — 1)! is not simple. Hence

G| ¢ {2°(3),2%(3),2%(5),2°(3),3%(4),3°(2), 11(8) }.

Thus
|G| ¢ {24, 48,80, 96, 36, 54, 88}.

Combining the above, we have shown that
|G| € {40, 56,60, 72,84,90}.

Hence, to complete the proof, we need to eliminate 5 of these possibilities.
Note any group of order 72 is not simple by Lemma Thus only 4 other
possibilities remain.

Suppose for the sake of a contradiction that |G| = 40. Note 40 = 23(5).
Hence Sylow’s Third Theorem (Theorem implies that ns =1 mod 5
and mns|8. The latter implies ns € {1,2,4,8}. Therefore, since the only
element in {1,2,4,8} congruent to 1 mod 5 is 1, we obtain that n; = 1.
Thus Remark implies that (G,*) is not simple. Hence we have a
contradiction so |G| # 40.

Suppose for the sake of a contradiction that |G| = 56. Note that 56 =
23(7). Hence Sylow’s Third Theorem (Theorem [4.3.1)) implies that ny = 1
mod 7 and n7|23. Note the latter implies that ny; € {1,2,4,8}, which,
combined with n7 =1 mod 7 implies that ny € {1,8}. Since (G, %) is simple
and thus cannot have a unique Sylow p-subgroup for any prime p by Remark
4.5.3] we must have that no = 7 and ny = 8. Note any Sylow 7-subgroup
has 7 elements and thus is cyclic by Corollary 2.5.61 Thus any Sylow 7-
subgroup must have 6 elements of order 7. Moreover, since any non-identity
element of a cyclic group of order 7 also cyclically generates the subgroup
(i.e. Z¥ = Z7\ {[0]}), we obtain that the 8 subgroups of (G, *) of order 7
can only have the identity element in common. Thus G must contain exactly
8(6) = 48 elements of order 7. Hence (G, *) contains exactly 56 — 48 = 8
elements whose order is not 7. Thus, since every Sylow 2-subgroup of (G, *)
has 23 = 8 elements, there can be at most one Sylow 2-subgroup which then
implies (G, ) is not simple by Remark Hence we have a contradiction
so |G| # 56.
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Suppose for the sake of a contradiction that |G| = 84. Note that 84 =
22(3)(7). Hence Sylow’s Third Theorem (Theorem implies that ny = 1
mod 7 and n7|22(3). Note the latter implies that ny € {1,2,3,4,6,12}.
Hence n; =1 mod 7 implies that ny = 1. Thus Remark [£.5.3] implies that
(G, %) is not simple. Hence we have a contradiction so |G| # 84.

Finally, suppose for the sake of a contradiction that |G| = 90. This case
will be ruled out by Lemma after we have developed more theory in
the next section.

Therefore, we have ruled out all possibilities other than 60. Hence if
(G, *) is a non-abelian simple group with |G| < 100, then |G| = 60. ]

4.6 The Fifth Alternating Group

Note Section could not rule out the possibility that a non-abelian group
of order 60 was simple. Indeed note that 60 = 22(3)(5) so Sylow’s Third
Theorem (Theorem implies that no =1 mod 2,n3 =1 mod 3, n5 =1
mod 5, na|15, 13|20, and ns|12. Note the latter implies that ne € {1,3,5,15},
ns € {1,2,4,5,10,20}, and ns € {1,2,3,4,6,12}. Even using the former,
we can only reduce this down to ne € {1,3,5,15}, ng € {1,4,10}, and
ns € {1,6}. Thus a simple group of order 60 must have 6 Sylow 5-subgroups.
Moreover, by similar arguments to those in Section this group must have
4(6) = 24 elements of order 5. This leaves plenty of elements to form multiple
Sylow 2-subgroups and Sylow 3-subgroups. Thus, two natural questions are
“Is there a simple group of order 607’ and, if so, “What are all the simple
groups of order 607”

Well, one special collection of groups we have looked at in this course
are the Alternating groups. Recall |As| = 60. Thus, perhaps we should look
deeper into (As, o) and see if it is simple. We begin with the following which
does show that (As,o) has the correct number of elements of order 5 for
there to be 6 Sylow 5-subgroups.

Lemma 4.6.1. The group (As,o) has one element of order 1, 15 elements
of order 2, 20 elements of order 3, and 24 elements of order 5.

Proof. Recall that A; < S5. Since every element of S5 is a product of disjoint
cycles involving the numbers {1,2,3,4,5}, every element in S5 is of exactly
one of the following forms:

(1) the identity element,

(2) a 2-cycle,

(3) a 3-cycle,
)

(4) a 4-cycle,

©For use through and only available at pskoufra.info.yorku.ca.



154 CHAPTER 4. GROUPS: ADVANCED THEORY

(5) a 5-cycle,
(6) a product of two 2-cycles, or
(7) a product of a 2-cycle and a 3-cycle.

However, since As contains precisely the even permutations, since elements
of the forms (1), (3), (5), and (6) are even, and since elements of the forms
(2), (4), and (7) are odd, As consists of all elements of S5 of the form (1),
(3), (5), and (6). Note elements of the forms (1), (3), (5), and (6) have orders
1, 3, 5, and 2 respectively. Thus, if n € N and n ¢ {1,2,3,5}, then A5 has
no elements of order n.

Since the identity element is the only group element of order 1, A5 has
one element of order 1.

Next let’s count the number of elements of A that have form (5), which
will be equal to the number of elements of As of order 5. Note to construct an
element of S5 that is a 5-cycle, we must use all of the elements of {1,2,3,4,5}
in the cycle. As we can cycle the elements of a cycle to make any one of the
numbers appear first, we can always write the cycle as

<1J:yzw>

where x,y, z, w is some rearrangement of 2,3,4,5. Thus we have 4 options
for x for which there are 3 options of y for which there are 2 options for z
leaving one option for w. Thus there are 4! = 24 elements of As of order 5.

Now let’s count the number of elements of A5 that have the form (6),
which will be equal to the number of elements of A5 of order 2. Note to
construct an element of S5 that is the product of two 2-cycles, we must select
4 elements of {1,2,3,4,5} to be the elements that occur in the two 2-cycles,
which is equivalent to choosing one number to leave out. Thus there are 5
ways to do this. For the four distinct numbers x, y, z, w selected, there are 3
possible permutations

EOCw) (e w0 ),

Thus there are 5(3) = 15 elements of As of order 2.

Finally, as every remaining element of A5 has order 3, there are 60 —
1 —24 — 15 = 20 elements of A5 of order 3. (This can also be computed
as follows: for a 3-cycle, we need to chose three distinct elements from
{1,2,3,4,5} for which there are (g) = 10 options. For each of those three
elements x,y, z, there are two 3-cycles: (:v Y x) and (ac z y) Hence

there are 20 elements of order 3 in As.) ]

Since a careful analysis of Lemma [4.6.1] shows that (As,o0) does indeed
have 6 Sylow 5-subgroups, we yet to have an argument that rules (As, o) out
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from being simple. One thing we could try is to look at the centre since
the centre is always a normal subgroup of a group. However, the centre of
(As, 0) is quite nice.

Lemma 4.6.2. The centre of (As,0) is {e}.

Proof. Clearly e € Z(As) trivially. To see that Z(As) = {e}, we will brute-

force check that every other elements of As doesn’t commute with some

element of As. Recall that A contains the following types of elements:
Case 1: 5-cycles. An arbitrary 5-cycle in As has the form

o= (1 a b c d)
where {a,b,c,d} = {2,3,4,5}. Let

TZ(l b a ¢ d).

or=(1 ¢c)(a d) and ro=(1 ¢)(b d).

Hence o7 # 70 so 0 ¢ Z(As).
Case 2: 3-cycles. An arbitrary 3-cycle in As has the form

o=(a b ¢

where a,b,c € {1,2,3,4,5} are distinct. Choose d € {1,2,3,4,5} \ {a,b,c}

and let
r=(a b d).

or=(a c)(b d) and 1o=(a d)(b c).

Hence o1 # 70 so o ¢ Z(As5).
Case 3: products of disjoint 2-cycles. An arbitrary products of disjoint
2-cycles in As has the form
o= (a b) (c d)

where {a,b,c,d,e} = {1,2,3,4,5}. Let
T = (a b) (c e).

O'T:(C e d) and TO':(C d e).

Then

Then

Then

Hence o1 # 70 so o ¢ Z(As5).
Therefore, since we have covered all possible cases, Z(As) = {e}. ]
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It turns out that (As, o) is, in fact, simple. To show this, we first need
the following two results.

Lemma 4.6.3. Let (G, *) be a finite group and let H < G. If |H| = 2, then
H C Z(G).

Proof. Since |H| = 2, there exists an a € G'\ {e} such that H = {e,a}. Since
H <1 G, we know by the Normal Subgroup Test (Theorem [2.6.10|) that for all
beG

{e,al = H=0bHb"' = {bxexb L bxaxb '} ={ebrxaxb '}

Thus we must have that a = bxa*xb ! forallb e G so that axb =bxa
for all ¢ € G. Hence a € Z(G). Since e € Z(G) trivially, we obtain that
H C Z(G). [

Lemma 4.6.4. Let (G,x*) be a finite group and let H < G. If a € G is such
that ged(|al, |G/H]|) =1, then a € H.

Proof. Recall that |aH| divides |a| by Proposition [2.7.6] Furthermore, since
aH € G/H, we know by Lagrange’s Theorem (Theorem that |aH |
divides |G/H|. Therefore |aH| is a common divisor of |a| and |G/H|. Hence
laH| < ged(lal,|G/H|) =1 so |aH| = 1. Therefore aH = eH so a € H as
desired. [

Theorem 4.6.5. The group (As,o) is simple.

Proof. To see that (As,0) is a simple group, assume that H <1 As. Since
|As| = 60 = 4(3)(5), Lagrange’s Theorem (Theorem implies that
|H| € {1,2,3,4,5,6,10,12,15,20,30,60}. Our goal is to show that |H| =1
or |H| = 60 thereby showing that the only normal subgroups of Aj are
the trivial subgroups. We will proceed by ruling out each other possibility
systematically using the above results.

Case 1: |H|=2. If |[H| = 2, Lemma implies that H C Z(As).
However, H has two elements and Z(As) only contains the identity element
by Lemma Hence |H| = 2 is not possible.

Case 2: |H|=3.1If |H| = 3, then |G/H| = 20. Since ged(3, |G/H|) =1,
Lemma [4.6.4] implies that H must contain all elements in As of order 3. By
Lemma this implies that H contains all 20 elements in As of order 3.
However, since H contains only 3 elements, it cannot contain all 20 elements.
Hence |H| = 3 is not possible.

Case 3: |H| =4. If |H| = 4, then |G/H| = 15. Since ged(2, |G/H|) =1,
Lemma [4.6.4] implies that H must contain all elements in As of order 2. By
Lemma this implies that H contains all 15 elements in As of order 2.
However, since H contains only 4 elements, it cannot contain all 15 elements.
Hence |H| = 3 is not possible.
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Case 4: |H| = 5. If |[H| =5, then |G/H| = 12. Since gecd(5, |G/H|) =1,
Lemma [4.6.4] implies that H must contain all elements in As of order 5. By
Lemma this implies that H contains all 24 elements in As of order 5.
However, since H contains only 5 elements, it cannot contain all 24 elements.
Hence |H| = 5 is not possible.

Case 5: |H| =6. If |H| = 6, then |G/H| = 10. Since gecd(3,|G/H|) =1,
Lemma [4.6.4] implies that H must contain all elements in As of order 3.
ByLemma [£.6.1] this implies that H contains all 20 elements in As of order 3.
However, since H contains only 6 elements, it cannot contain all 20 elements.
Hence |H| = 6 is not possible.

Case 6: |H| = 10. If |H| = 10, then |G/H| = 6. Since gcd(5,|G/H|) =1,
Lemma [4.6.4] implies that H must contain all elements in A5 of order 5. By
Lemma [4.6.1] this implies that H contains all 24 elements in A5 of order
5. However, since H contains only 10 elements, it cannot contain all 24
elements. Hence |H| = 10 is not possible.

Case 7: |H| = 12. If |H| = 12, then |G/H| = 5. Since gcd(2,|G/H|) =1,
Lemma [4.6.4] implies that H must contain all elements in A5 of order 2. By
Lemma this implies that H contains all 15 elements in As of order
2. However, since H contains only 12 elements, it cannot contain all 15
elements. Hence |H| = 12 is not possible.

Case 8: |H| = 15. If |H| = 15, then |G/H| = 4. Since ged(5, |G/H|) =1,
Lemma [4.6.4] implies that H must contain all elements in As of order 5. By
Lemma this implies that H contains all 24 elements in As of order
5. However, since H contains only 15 elements, it cannot contain all 24
elements. Hence |H| = 15 is not possible.

Case 9: |H| = 20. If |H| = 20, then |G/H| = 3. Since gcd(5,|G/H|) =1,
Lemma [4.6.4] implies that H must contain all elements in A5 of order 5. By
Lemma [£.6.1] this implies that H contains all 24 elements in A of order
5. However, since H contains only 20 elements, it cannot contain all 24
elements. Hence |H| = 20 is not possible.

Case 10: |H| = 30. If |H| = 30, then |G/H| = 2. Since ged(3,|G/H|) =1
and ged(5, |G/H[) = 1, Lemma[4.6.4implies that H must contain all elements
in As of order 3 and of order 5. By Lemma this implies that H contains
all 20 elements in A5 of order 3 and all 24 elements in A5 of order 5. However,
since H contains only 30 elements, it cannot contain all 20+ 24 = 44 elements.
Hence |H| = 30 is not possible.

Therefore, since we have ruled out all other possibilities, |H| = 1 or
|H| = 60. Hence As is simple. n

In fact, Theorem can be used to show that all larger alternating
groups are simple. This follows by an induction argument coupled with
understanding the action of (Sy,0) on {1,...,n}.

Theorem 4.6.6. For all n > 5, the group (Ay,o) is simple.
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Proof. Let P, be the mathematical statement that (A, o) is simple. We will
use the Principle of Mathematical Induction to show that P, is true for all
n > 5.

Base Case: n =5. Note that (A5, o) is simple by Theorem [4.6.5] Hence
the base case is complete.

Inductive Step. Assume n > 6 is such that (A,_1,0) is simple. To see
that (A, o) is simple, suppose for the sake of a contradiction that (A4,, o) is
not simple. Hence there exists a non-trivial normal subgroup H of (4, o).

We claim that if 7 € H \ {e}, then 7(m) # m for all m € {1,...,n}. To
see this, suppose for the sake of a contradiction that there exists a 7 € H\{e}
and a m € {1,...,n} such that 7(m) = m.

Recall that A, acts on {1,2,...,n} as even permutations. Note under
this action that for k € {1,...,n} we have G is all elements o of A,, that
leave k fixed (see Example and is a subgroup of A,. Since G, consists
of all even permutations that leave k fixed, we see that G = A,,_1 (i.e. just
relabel 1,....k—1,k+1,...,nas1,...,n—1). Hence Gy, is simple for all
1 < k < n by the induction hypothesis.

Since 7(m) = m, we have that 7 € G,,. However, since H < A,, and
Gm < Ay, the Second Isomorphism Theorem (Theorem implies that
H NGy, < Gy,. However, since Gy, is simple, 7 # e, and 7 € H N G,,, we
obtain that H N G,, = G,,. Therefore, it must be the case that G,, C H.

Since a simple (pun intended) computation shows that 0G0~ 1 = G o (m)
for all o € A,,, we obtain that

Go(m) = 0Gno ' CoHo ' = H

by the Normal Subgroup Test (Theorem. However, since A,, for n > 4
is transitive (i.e. (a b) (c d) € A, for any a,b,c,d € {1,...,n} distinct),
we obtain that Gy C H for all k € {1,2,...,n}.

Since every permutation in A, is even, Theorem implies that every
element of H is a product of an even number of transpositions. Since these
transpositions can be paired up, and since the product of 2 transpositions
always leaves at least one element of {1,...,n} fixed, every element of A, is
a product of elements from |J;_; G. Since Uj_; Gx C H, every element of
A, is a product of elements of H and thus an element of H since H < A,,.
This implies that H = A, thereby contradicting that H is a non-trivial
normal subgroup of (4,,0). Hence, it must be the case that 7(m) # m for
allme {l,...,n} and 7 € H \ {e}.

Let 71,70 € H be such that 71 # 1. We claim that 71(m) # 12(m) for
all m € {1,...,m}. To see this, suppose for the sake of a contradiction
that 71(m) = 72(m) for some m € {1,...,n}. Since 71 # 72, we know that
7' om # e. However (77 o 73)(m) = m thereby contradicting that which
we proved above. Thus it must be the case that 71(m) # 72(m) for all
m € {1,...,m} whenever 7,79 € H are such that 7, # 7.
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To obtain our final contradiction, we will show that H cannot contain
any non-identity elements. To see this, assume 7 € H \ {e}. First, assume
71 is a product of disjoint transpositions (and thus we must have n being
divisible by 4 in this case). Since n > 6, we can write

m= (o ) (o ar) (o ac)o

for some distinct aq,...,a6 € {1,...,n} and permutation o on {1,...,n}\

{a1,...,a6}. Let
Y= <a1 CLQ) (ag a5) .

m=yny T €vHy T = H
by the Normal Subgroup Test (Theorem [2.6.10]). However

n= (o @) (as a)(as as)o

m(a1) = ag = 71(a1)

Thus v € A,, and

so that

and 19 # 7 thereby contradicting what was demonstrated above. Hence 7
cannot be written as product of disjoint transpositions.

Therefore, it must be the case that 71 is a product of disjoint cycles with
at least one cycle being of length 3. Thus we can write

T = (al ax as ... CLg)O'
for some distinct a1, az, as, ...,ay € {1,...,n} and permutation o on {1,...,n}\
{a1,...,ap}. Since n > 5, there exists some v € A,, such that y(a1) = ay,

v(ag) = ag, but y(a3) # as. Let
m=qmy ! €yHyT = H

by the Normal Subgroup Test (Theorem [2.6.10]). However

Ty = (a1 as y(az) ) o

so that
7'2(@1) = a = 7'1(@1)

and 7o # 7| thereby contradicting what was demonstrated above.

Thus we have obtained a contradiction so (A,,o) has no non-trivial
normal subgroup.

Therefore, by the Principle of Mathematical Induction, (A, o) is simple
for all n > 5. ]
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Using the fact that (Ag, o) is simple, we can complete our omission from
Theorem

Lemma 4.6.7. Let (G,*) be a group such that |G| =90. Then (G, x*) is not
simple.

Proof. Assume (G, *) is a simple group of order 90. Note that 90 = 2(3)?(5).
Hence Sylow’s Third Theorem (Theorem implies that ns =1 mod 5
and ns5|2(3%). Note the latter implies that ns € {1,2,3,6,9,18}. Hence
ns =1 mod 5 implies that ns = 1 or ny = 6. Since (G, %) is not simple, we
know that ns # 1 by Remark Hence ns = 6.

As in the proof of Sylow’s Third Theorem (Theorem , recall G acts
on the set X of all six Sylow 5-subgroups by conjugation. By Lemma [3.2.3
this group action induces a homomorphism ¢ : G — Sx such that p(a)(H) =
a-H =aHa ! for all H € X and a € G. Since every Sylow 5-subgroup
is conjugate by Sylow’s Second Theorem (Theorem , there exists an
H € X and an a € G such that aHa™' # H. Therefore p(a) # idx so
a ¢ ker(p). Hence ker(p) # G. Therefore, since ker(¢) is a normal subgroup
of (G, *) and since (G, ) is simple, it must be the case that ker(¢) = {e}.
Hence (G, ) is isomorphic to a subgroup of Sx = Sg. Therefore, without
loss of generality, G < Sg.

Consider Ag < Sg. Note every 5-cycle in Sg is an element of Ag. Moreover,
G must have an element of order 5 by Cauchy’s Theorem (Theorem .
Since the only elements of Sg of order 5 are 5-cycles, G must have a 5-cycle
and thus G N Ag # {e}. Moreover G N Ag < G by the Second Isomorphism
Theorem (Theorem [2.8.7). However, since G N Ag # {e} and since (G, %) is
simple, it must be the case that G N Ag = G. Thus G < Ag.

Note that |Ag| = 360 and |G| = 90. Hence [Ag : G] = 4. Let Y = {aG |
a € Ag} and let Ag act on Y via left multiplication as in the proof of Lemma
By Lemma there is a homomorphism 1) : Ag — Sy such that
¥(a)(bG) = a-bG = (ab)G for all a € Ag and bG € Y. Since (Ag, o) is simple
by Theorem and ker(v)) < Ag, it must be the case that ker(y) = {e}
or ker(y) = Ag. However, since p(a)(eG) = aG for all a € Ag, and since
G # Ag by the difference in the number of elements, we see that ker(¢) # As.
Hence it must be the case that ker(¢)) = {e}. However this means that (Ag, o)
is isomorphic to a subgroup of (Sy, o). However, |Sy| = 4! = 24. Therefore,
since 360 does not divide 24, we have a contradiction. Thus |G| # 90. =

Using Theorem along with the results of Section we actually
can write down all finite, simple, non-abelian groups of order less than 100.

Theorem 4.6.8. Let (G,*) be a finite, simple, non-abelian group with
|G| < 100. Then (G,*) = (As,0).

Proof. Let (G, *) be a finite, simple, non-abelian group with |G| < 100. By
Theorem we know that |G| = 60. Thus |G| = 22(3)(5). Hence Sylow’s
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Third Theorem (Theorem implies that ns =1 mod 5 and n5|12. Note
the latter implies that ns € {1,2,3,4,6,12}. Hence, since ns = 1 mod 5,
we obtain that ns € {1,6}. Since Remark implies that if n5 = 1 then
(G, *) is not simple, we must have that ns = 6.

Let

X ={H <G | H a Sylow 5-subgroup of G}.

Thus | X| = 6. Moreover, as in the proof of Sylow’s Third Theorem (Theorem
, G acts on X by conjugation. By Lemma this action induces
a homomorphism ¢q : G — Sx such that pg(a)(H) = aHa " for all a € G
and H € X.

Since (G, x*) is simple and ker(y¢o) < G by Proposition we know
that ker(ypg) = {e} or ker(yg) = G. However, by Sylow’s Second Theorem
(Theorem , we know that the action of G on X is transitive so pg(a) #
idx for some a € G and thus ker(¢g) # G. Hence ker(yg) = {e} so ¢ is
injective. Thus (G, *) is isomorphic to a subgroup of (Sx,o). Therefore,
since Sx = Sg, there exists an injective homomorphism ¢ : G — Sg.

Recall the sign homomorphism sgn : Sg — {1, —1} is a homomorphism
with ker(sgn) = Ag. Thus ¢ =sgno¢ : G — {1,—1} is a homomorphism.
Therefore since (G, *) is simple and since ker(¢)) < G by Proposition [2.6.4]
we know that ker(¢) = {e} or ker(¢)) = G.

We claim that ker(¢)) = G. To see this, suppose for the sake of contra-
diction that ker(¢) = {e}. Thus ¢(a) = —1 for all a € G \ {e}. However,
since |G| = 60, we can find two elements a,b € G \ {e} such that a # b~ .
Therefore ab € G\ {e} and thus

—1 =19(ab) = Y(a)y(b) = (-1)(=1) = 1,

which is clearly a contradiction. Hence ker(¢)) = G. Therefore ¢ : G — Ag.
Thus, since ¢ is injective, (G, *) is isomorphic to a subgroup of (Ag, o).
Let K = Im(p) < Ag and let

Y ={aK | a € Ag}
be the left cosets of K in (Ag, o). Since |K| = |G| = 60 and |Ag| = 360, we
obtain that |Y| = 6.
Let - : G XY — Y be defined by

0 (bK) = (p(a) * b)K
for all @ € G and bK € Y. We claim that - is well-defined. Indeed if
bK,cK €Y aresuch that bK = cK, then b~ xc € K so (¢(a) *b) ™' * (o(a) *
e)=0b"txpla) ) xpla)xc=b"txplatxa)xc=0b"1xc€ K and thus
(p(a) *b)K = (p(a) * ¢)K. Thus - is well-defined.
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We claim that - is a group action of (G, *) on Y. To see this, first note
that e (aK) = (p(e) *a) K = aK for all aK € X. Moreover, for all aK € Y
and b, c € G, we see that

Hence - is a group action of (G,*) on Y.

Note since K = Im(y) that a-eK = p(a)K = eK for all a € G. Hence G
acts trivially on eK. Therefore, if Yo = Y\ {K}, thena-y € Yy for all y € Yp
and a € G. Thus - : G x Yy — Y is a group action. By Lemma [3.2.3] there
is a homomorphism ® : G — Sy, such that ®(a)(bK) = a-bK = (p(a) *xb)K
for all a € G and bK € Y. Moreover, since (G, *) is simple and ker(®) < G
by Proposition we know that ker(®) = {e} or ker(®) = G.

We claim that ker(®) = {e}. To see this, suppose for the sake of a
contradiction that ker(®) = G. Hence a - bK = bK for all a € G and b € Ag
so (¢(a) *b)K = bK for all a € G and b € Ag and thus b= x p(a) xb € K for
all @ € G and b € Ag. Therefore b1 Kb = K for all b € Ag so that K <1 Ag
by the Normal Subgroup Test (Theorem [2.6.10)). However, since |K| = 60
and (Ag, o) is normal by Theorem , we have a contradiction. Hence
ker(®) = {e}.

Since ker(®) = {e}, we see that ® : G — Sy, is injective. Using the same
arguments as above (i.e. Sy, = S5 and by using the sign homomorphism
and an identical argument), we obtain an injective homomorphism ¥ : G —
Aly,| = As. However, since V¥ is injective and |G| = 60 = A5, we must
have that U is bijective and thus an isomorphism. Hence (G, %) = (As,0) as
desired. [

It turns out that the next order for which there is a finite, simple, non-
abelian group is 168.
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Chapter 5

Groups: Finite Abelian

So far in the course, we have developed some deep and powerful results
on the structure of finite groups. In particular, for some values of n, we
have determined all groups of order n up to isomorphism. Specifically, for
a prime number p, Corollary showed that there is only one group of
order p, Corollary showed that every group of order p? is abelian, and
Corollary showed that there are only two groups of order 2p. However,
even going to order pq where p and ¢ are odd prime numbers turned out to
be a challenge as although we had Theorem there was Remark
Moreover, we have see in the previous chapter that determining all of the
simple groups can be quite the challenging task.

In this chapter, we will greatly simplify our discussion of groups by focus
on the abelian groups. In particular, we will obtain something remarkable; a
complete characterization of all of the finite abelian groups.

5.1 The Fundamental Theorem of Finite Abelian
Groups

Throughout this chapter, we will always + as the group operation on Z,. By
using the product of such groups, the following theorem extends Corollary
to completely describes all finite abelian groups of a given order and
determines these groups up to isomorphism.

Theorem 5.1.1 (The Fundamental Theorem of Finite Abelian
Groups). Let (G,*) be a finite abelian group such that |G| > 2. Then

there exists an ¢ € N, prime numbers p1,...,p¢, and mq,...,my € N such
that

G= Zp;n1 X Zpgnz X X Zp;nz.
Moreover, if l € N, q1,...,q are prime numbers, and ki, ...,k € N are such
that

Zm1 XZWLQX"'Xngng XZk X"'XZk
Py Do Py qll q22 ql“
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then £ =1 and there exists a 0 € Sy such that q; = p,(j) and kj = mgj).

That is, if (G,*) is a finite abelian group of order at least 2, then (G, x)
is isomorphic to a product of cyclic groups of prime-power orders and this
product is unique up to reordering.

Remark 5.1.2. Note that the uniqueness portion of the Fundamental
Theorem of Finite Abelian Groups (Theorem (i.e. showing that if two
different decompositions are isomorphic, then there is a rearrangement of
one into another) is the best we can hope for since the reordering of the
groups in the product always produces isomorphic groups by Example [2.3.7]

and Example 2.3.8]
Remark 5.1.3. Note that

_ o n1,,m2 my
|ZpT1XZp;n2X”‘XZpZLZ|_p1 p2 p@ °

Therefore, it is possible to determine all finite abelian groups of order n up
to isomorphisms by looking at the prime decomposition of n and the number
of ways it can arise in the above form.

To begin to describe all abelian groups produced by Fundamental Theo-
rem of Finite Abelian Groups (Theorem [5.1.1)), we first look at the p-groups.

Example 5.1.4. Let p be a prime number. By the Fundamental Theorem of
Finite Abelian Groups (Theorem , up to isomorphism there is exactly
one finite abelian group of order p; namely Z,. Recall there was only one
group of order p by Corollary [2.5.6]

Example 5.1.5. Let p be a prime number. By the Fundamental Theorem
of Finite Abelian Groups (Theorem , up to isomorphism there are
exactly two finite abelian group of order p?; namely Ly and Zy x Zy. Note
this generalizes Corollary from p = 2 to any prime provided we only
consider abelian groups.

Example 5.1.6. Let p be a prime number. By the Fundamental Theorem
of Finite Abelian Groups (Theorem , up to isomorphism there are
exactly three finite abelian group of order p®; namely L3, L2 X Ly, and
Ly X Lopy X L.

p

Example 5.1.7. Let p be a prime number. By Fundamental Theorem of
Finite Abelian Groups (Theorem [5.1.1)), up to isomorphism there are exactly
five finite abelian group of order p*; namely

Zp4
Lz X Ly

L2 X Loy

L2 X Ly X Ly

Ly X Lipy X Lapy X L.
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Remark 5.1.8. Let p be a prime number. By Fundamental Theorem of
Finite Abelian Groups (Theorem [5.1.1)), the number of unique finite abelian
groups of order p™ up to isomorphism is the number of ways to write

n=mi+mg+---+my
where k,my,...,mg € N and

miy > mo > -+ 2> Mg.

Note computing the number of such ways to “partition” n is an interesting
combinatorial problem.

To apply the Fundamental Theorem of Finite Abelian Groups (Theorem
to an order n that is is not the power of a prime, we can see by the
statement of the theorem that we just need to apply Remark to each
prime factor of n to write down all possible p-subgroups that can occur (this
tells us all the possible Z,m that can occur), and then take the product over
all prime divisors of n. To clarify this, consider the following example.

Example 5.1.9. How many abelian groups of order 720 are there up to
isomorphism? Since 720 = 2. 32 .5, by the Fundamental Theorem of
Finite Abelian Groups (Theorem we can write a complete list of
abelian groups of order 720 by looking at each prime-power in the prime
decomposition of 720, determining all abelian groups of order p”, and taking
the product group of the resulting groups for each prime. Doing so, we find
there are 10 unique abelian groups of order 720; namely:

Ziga X Ly X Zs

Ziga X Lz X Lz X L

Zigs X Ly X ZLig2 X L5

Loz X Lo X Lz X Lg X L

Loz X Zig2 X Lig2 X Zs

Zigz X Loz X XZsls X ZLs

Loz X Ly X Ly X Lig2 X Zs
Zigz X Lo X Lo X Ly X L3 X Zs5
Ty X Ty X Ly X Lga X T

Lo X Ly X Ly X Lz X L3 X s

(that is, there were 5 abelian groups of order 2%, 2 abelian groups of order
32, and 1 abelian group of order 5).

It turns out that the idea used in Example [5.1.9]is exactly how we will
prove the Fundamental Theorem of Finite Abelian Groups (Theorem [5.1.1)):
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first show we can decompose every abelian group as a product of abelian
p-groups, and then we will decompose each abelian p-group into one of the
desired form. The uniqueness portion of the Fundamental Theorem of Finite
Abelian Groups (Theorem will follow by analyzing the number of
group elements of each order in each decomposition and showing that these
numbers determine the decompositions up to reordering.

5.2 Proof of the Fundamental Theorem of Finite
Abelian Groups

To follow the roadmap to the proof of the Fundamental Theorem of Finite
Abelian Groups (Theorem presented at the end of the last section,
we first show that we can decompose every abelian group as a product of
abelian p-groups. We do so using Sylow p-subgroups and the fact the group
is abelian.

Lemma 5.2.1. Let (G,*) be a finite abelian group with order q]flqé€2 e qlkl
wherel € N, q1,...,q are distinct prime numbers, and k1, ...,k € N. There
exists abelian subgroups G1,Ga, ..., G| of (G, *) such that |G| = qu for all
je{l,...,1} and

G%Glegx'--xGl.

Proof. By Sylow’s First Theorem (Theorem , for each j € {1,...,1}
there exists a Sylow g;-subgroup G; of (G, *). Since |G| = qlflq;“2 e qlkl and
¢ # qj when i # j, we obtain that |G;| = qu. Moreover, since (G, *) is
abelian, (Gj, ) is abelian for all j € {1,...,l}.

Define ¢ : G1 X Go X -+ x Gy — G by

o((a,a,...,a;)) = a1 *ag* - *aq

for all (a1,as9,...,a;) € G1 X G3 x --- X G;. We claim that ¢ is a homomor-
phism. To see this, note since (G, ) is abelian that for all

(CLl,(IQ,...,(I[),(bl,bQ,...,bl) eGl XGQ X XGl
we have

o((a1,az,...,a;) * (b1,ba, ..., b))

= @((a1 * by,ag * ba, ... a; % b))

= (a1 % b1) * (az * by) * - - x (a; x by)

= (ap*xag*---xay) % (by xbg*---xbp)
=¢((a1,a2,...,a;7)) *o((b1,ba,...,b)).

Therefore ¢ is a homomorphism.
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Recall {(e,e,...,e)} C ker(p). We claim that ker(¢) = {(e,e, -+ ,e)}.
To see this, assume (aj,ag,...,q;) € ker(p). Therefore
e=p((ar,ag,...,a;)) =aj xag *---*q.

Let r; = gi2 ... q;”. Since (G, *) is abelian, we obtain that

e=el=(arxagx---xa)t =al xay k- xa)’.
. kj . . .
However, since ¢; |11 whenever j € {2,...,1} and since a; € G; with |G;| =

k; .
qjj, we obtain that
_ 471 T1 rn _ 71 _ 71
e=aj' *xay x---xa;' =ay' kex---xe=ay

by Corollary Therefore, since a; € Gy, since |G1| = q]fl, and since
ged(ry,q1) = 1, we obtain by Corollary that a]' = e implies a; = e.
Thus

e=ag*- - *aj.

By repeating the above argument with ro = q§3 ‘e qlkl, we obtain that as = e.
By a finite recursion, we obtain that a; = a9 = --- = a; = e. Hence

ker(p) = {(e,e,...,e)}.
By the First Isomorphism Theorem (Theorem [2.8.1)), we obtain that

G1><G2><---><Gl§lm(<p).

However Im(¢) < G and

l
j=1

Hence Im(p) = G so
GlXGgX”-XGlgG

as desired. []

With Lemma to complete the proof of the existence portion of
the Fundamental Theorem of Finite Abelian Groups (Theorem , we
just need to write every abelian p-group in the desired form. This is done
recursively via the following lemma, which has the most technical and non-
intuitive proof in the course.

Lemma 5.2.2. Let p be a prime number and let (G, x) be a finite abelian
p-group. Let a € G be an element with mazimal order among all elements
in G. Then there exists a subgroup H < G such that (a) N H = {e} and
G = (a) x H.
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Proof. For each n € N, let P, be the mathematical statement that if (G, )
is an abelian group of order p™ and a € G is an element with the maximal
order among all elements in G, then there exists a subgroup H < G such
that (a) N H = {e} and G = (a) x H. We will proceed by induction on n.

Base Case: n = 1. In this case |G| = p. Hence (G, *) is cyclic by Corollary
2.5.6| Thus if a € G is an element with maximal order, we must have |a| = p
so (a) = G. Let H = {e} so that H < G and (a) N H = {e}. Define
¢ : G — (a) x {e} by

©(g) = (g,€)

for all g € G. It is elementary to verify that ¢ is an isomorphism and thus
G = (a) x H.

Inductive Step. Assume that P, is true. Let (G, *) be an abelian group
of order p"*! and let a € G be an element with maximal order among all
elements in G. Since |G| = p"*!, Lagrange’s Theorem (Theorem
implies that the order of every element of (G, *) is a power of p. Hence
la| = p™ for some m € N.

If (a) = G, then we can repeat the proof of the base case with H = {e}
and obtain that G = (a) x H. Hence we can assume G \ (a) # 0.

Let b € G\ (a) be an element with the smallest possible order among all
elements of G\ (a). We claim that |b| = p. To see this, suppose for the sake
of a contradiction that |b| # p. Since e € (a), we know that b # e so [b| > p.
Moreover, since p™ is the largest possible order for an element of (G, *), we
know that |b| € {p?,p3,...,p™}. Note

[b]
07| = — < |b|
p

by Corollary [[.7.22] Since b was the element with the smallest possible order
among all elements of G'\ (a), |bP| < |b| implies that bP € (a). Hence there
exist an r € N such that b = a".

Since |b| € {p?,p3,...,p"} and |bP| = %, we obtain that

m
o] = B < £ = pm .

p
Note that if ged(r,p) = 1 then |a"| = |a| = p™ by Corollary which is
impossible since |a"| < p™~!. Therefore ged(r,p) # 1. Since p is prime, this
implies that r = ps for some s € N.

Let
c=a°xbeq.

Since b = a® * ¢, since a® € (a), and since b € G \ (a), it follows that ¢ ¢ (a)
so c € G\ (a). However, notice since (G, *) is abelian that

P =@ b =a"PxP =a "0 = (a") L = P) L xbP =e.

©For use through and only available at pskoufra.info.yorku.ca.



5.2. PROOF OF THE FUNDAMENTAL THEOREM OF FINITE
ABELIAN GROUPS 169

Therefore, ¢ € G \ (a) and |¢| = p < |b|. Since this contradicts the fact
that b € G\ (a) was an element with the smallest possible order among all
elements of G \ (a), we have a contradiction. Hence |b| = p as claimed.

Next, we claim that (a) N (b) = {e}. Clearly {e} C (a) N (b). To see the
other inclusion, assume for the sake of a contradiction that there exists an
g € {a) N (b) such that g # e. Therefore

g€ <b> = {67b7b23'--7bp_1}7

so g = b" for some u € {1,...,p — 1}. Therefore b* € (a). However, since
ged(u, p) = 1, by the Euclidean Algorithm there exists t,v € Z such that
tu 4+ pv = 1. Therefore

b= bl _ btu-i—pv — (bu)t * (bp)v — (bu)t % el = (bu)t — gt c <a>

Since this contradicts the fact that b € G \ (a), we have a contradiction.
Hence (a) N (b) = {e}.

Let B = (b). Note that B < G since (G, ) is abelian. Consider the
quotient group G/B, which is abelian since (G, *) is abelian (see Proposition
2.7.6). Hence

‘G‘ pn+1
G/B| = 1= =
GIEI=15 =75

'

By Proposition we know that |cB| < |c| < p™ for all ¢ € G.

We claim that the order of aB in G/B is p™. To see this, note if t € N,
then (aB)! = B if and only if a'B = B if and only if a' € B if and only if
a' = e since a' € (a) and {a) N B = {e}. Therefore Corollary implies
that |aB| = |a| = p™.

Therefore (G/B, %) is an abelian group of order p™ and aB is an element
of G/B with the maximal order among all elements in G/B. Hence the
inductive hypothesis implies there exists a subgroup Hy < G/B such that
(aB) N Hy = {eB} and G/B = (aB) x H).

Let ¢ : G — G/B be the quotient map and let

H = q ' (Ho)

which is a subgroup of (G, *) by Theorem [2.1.11] Moreover, since ¢(q(B)) =
{e} € Hy, we see that B C H. Therefore B < H by Definition [L.5.1]
Define ¢ : H — G/B by ¢ (h) = hB for all h € H. It is elementary
to check that v is a homomorphism, ker(¢)) = B (i.e. ¥ is obtained by
restricting the domain of ¢ to H), and Im(v)) = Hy (ie. H = q 1(Hyp)).
Therefore, by the First Isomorphism Theorem (Theorem , we obtain
that Hy = H/B. Hence |Hy| = %.
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Note that
|G| = |G/B||B| by Proposition [2.7.6
= |aB||Hy||B| since G/B = (aB) x Hy
— ™| Ho|1B since |aB| = p™”
=p"[H| since |Ho||B| = |H|
= |a||H]| since |a| = p™.

We claim that (a) N H = {e}. To see this, note that {e} C (a) N H.
To see the other inclusion, assume z € (a) N H. Since = € (a) we see that
xB € (aB), and since x € H we see that

xB = q(z) € ¢(H) = Hyp.

Therefore B € (aB) x Hy = {eB}. Thus 2B = eB so x € B. Therefore
x € (a) N B ={e} so z = e as desired. Hence (a) N H = {e}.
Define ¢ : (a) x H — G by

e((y,2) =y==z

for all y € (a) and z € H. Since (G,*) is abelian, we see that ¢ is a
homomorphism by the same argument as used in Lemma, Moreover,
note that o((y,2)) = e if and only if y * 2 = e if and only if z = y L.
However, if y € (a), z € H, and 2 = y~!, then z € (a) N H = {e} so
z = y = e. Therefore ker(p) = {(e,e)}. Hence the First Isomorphism
Theorem (Theorem implies that

(a) x H = Im(yp).
However, Im(yp) < G and
[Tm(p)| = [(a) x H| = [(@)||H| = [al|h] = |G].

Hence Im(p) = G so
(a) x H= G

as desired. Thus the inductive step is complete.
Therefore, by the Principle of Mathematical Induction, the proof is
complete. ]

By iterating applications of Lemma we have the following.

Corollary 5.2.3. Let p be a prime number and let (G,x*) be a finite abelian
p-group. Then
G = Ly X Loy X -+ X Ly

for some l,ky,...,k € N.
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Proof. For each n € N, let P, be the mathematical statement that if (G, )
is an abelian group of order p™ then

ngpkl XZka X"'XZpkl

for some [, k1, ...,k € N. We will proceed by strong induction on n.

Base Case: n = 1. In this case |G| = p. Hence G = Z,, by Corollary [2.5.6]
Thus the base case is complete.

Inductive Step. Assume that Py is true for all £ < n. Let (G,x*) be an
abelian group of order p"*!. Since for all ¢ € G we have that |g| < p"*! by
Lagrange’s Theorem (Theorem , there exists an element a € G with
maximal order among all elements in G. Therefore, since |G| = p"*!, we
have that |a| = p™ for some m € N.

If m = n+1, then (G, *) is cyclic and G = Z,n+1. Otherwise, m < n and
Lemma implies there exists a subgroup H < G such that H # {e} and

G = (a) x H.

Since |a| = p™, we have that (a) = Z,= by Proposition [2.3.11] Moreover,
since
P =G| = {a) x H| = [{@)| [H| = p™|H],

we see that |H| = p"*1=™.  Thus, since 1 < m < n + 1, the induction
hypothesis implies that

H = Zy X Ly X"'XZPkl
for some [, k1, ...,k € N. Hence, by Lemma [2.3.9
G = Zpm X Ly X Ly X -+ X Ly

for some [, k1, ..., k; € N. Thus the inductive step is complete.
Therefore, by the Principle of Mathematical Induction, the proof is
complete. m

Combining the above, we obtain the proof of the uniqueness portion of
the Fundamental Theorem of Finite Abelian Groups.

Proof of the Uniqueness Portion of Theorem[5.1.1. Assume (G, %) is a finite
abelian group such that |G| > 2. Therefore

k1 K k
Gl =aq" 5" - q)"

where | € N, q1,...,q are distinct prime numbers, and k1,...,k € N. By
Lemma [5.2.1} we know that

GgG1XG2X---XGl
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where G1,Gs,...,G) are abelian groups such that |G| = qu for all j €
{1,...,1}. Moreover, for each j € {1,...,1}, Corollary implies that

GiZ2Z ok, Xl k;pg X o+ XL jr,
J qu’l q;cm q; s
for some l;,k;1,...,k;; € N. Hence repeated use of Lemma implies
that

GZZL kg XL kg X X Lok,
4 4 ql

as desired. m

To prove the uniqueness portion of the Fundamental Theorem of Finite
Abelian Groups (Theorem , we will analyzing the number of group
elements of each order in each decomposition and show that these numbers
determine the decompositions up to reordering. To begin, we need some
notation.

Remark 5.2.4. For a group (G, *) and n € N, let
Np(G)=l{a e G | a" =e}|.

Note if (G,*) = (H,) then N,(G) = N,(H). Moreover, for all groups
(G1,%*1) and (Go,*2), note

Nn(Gl X Gz) = Nn(Gl)Nn(Gg)
since (a,b)” = (e1, e2) if and only if " = e; and b" = es.

We can quickly obtain some information pertaining to the above quantities
using our knowledge from MATH 1200.

Lemma 5.2.5. Let (G, ) be a cyclic group of order n and let m € N. Then
N (G) = ged(n, m).

Proof. By Proposition [2.3.11} we know that (G, *) = (Z,,+). Hence
N (G) = N (Zy,).

Let d = ged(m, n). By the Fundamental Theorem of Arithmetic (Theorem
[A.7.5), we can write m = ds and n = dt where ged(s,t) = 1.

For [z] € Zj, note [z]™ = e if and only if ma =0 mod n if and only if
n|(mx) if and only if (dt)|(dsx) if and only if ¢|sz if and only if ¢z since
ged(s,t) = 1. However, there are exactly d values of z in {0,1,2,...,n—}
such that ¢|x; namely 0, ¢, 2¢, ..., (d — 1)t (as dt = n). Hence

N (G) = Nyu(Zy,) = d = ged(m, n)

as desired. n
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Corollary 5.2.6. Let p and q be prime numbers and let j,k € N. Then

1 .
Npi (qu) = { min(k,j) Z.fp 7 q'
prmifp =g
Proof. By Lemma [5.2.5] we know that
; 1 ifp#q
Ny (Zi) = ged(p?,¢") = : ]
P;( qk) g (pj Q) {pmm(k’]) ifp:q

We are now ready to finish off the proof of the Fundamental Theorem of
Finite Abelian Groups (Theorem [5.1.1)).

Proof of the Uniqueness Part of Theorem[5.1.1 Let £,1 € N, let p1,...,pe
and ¢i,...,q be prime numbers, and let my,...,my, k1,...,k € N. Assume
if

G:Zp;rq XZpgﬂz X"-Xszng

G':qul XquQ X Xqul,
1 2 l

then
G=dG.

Thus |G| = |G'|. Therefore, since
k
Pyt =G =16 = 6 )
by the Fundamental Theorem of Arithmetic (Theorem [A.7.5) we have that

{p1.-pey ={ar, - ad

For a prime p in the above set and a r € N, let
np(r)=[{i | 1<i<{p" =p'}
() =|{j | 1<) <Lg’ =p}

To complete the proof, it suffices to prove that n,(r) = nj,(r) for all prime p
and r € N.
Fix a prime p and let

Xp,={i|1<i</lp =p}

X,={j|1<j<lq =p}
For r € N, let

ap(r) = {1 € Xp [ ms = 1}

2 (r) = 1{j € X, | ks = r}.

©For use through and only available at pskoufra.info.yorku.ca.



174 CHAPTER 5. GROUPS: FINITE ABELIAN

Note by construction that
xp(r) — zp(r + 1) = ny(r) and x;(r) — x;(r +1)= n;(r).

Therefore, to show that n,(r) = n,(r) for all » € N, it suffices to show that
xp(r) = x,(r) for all r € N.

For v € N, let P, be the mathematical statement that x,(r) = x,(r).
We will proceed by strong induction (we really only a finite recursion is
necessary).

Base Case: r = 1. Since

N, (Z

b;

1 if p; 1 if g
)_{ iz M(Zw>—{ g, £
p ifpi=p 4 p ifg =p

we obtain by Remark that
p M = Ny(G) = Np(G') = p ).

Therefore x,(1) = z;,(1).

Inductive Step. Assume P; is true for all ¢ < r; that is, x,(t) = z,(t) for
all t < r. To see that P.1; is true, note that

1 if pi #p

Npr+1 (ZpZ"Z) - {pmin(mi,r+1) if pi=Dp
1 ifg; #p

N T Z . == . J .
pr+i ( qu> {pmln(k:j,r—i—l) if g; =p

Note if ¢ € X, then the the number of ¢ < r + 1 such that ¢t < m; is
exactly min(m;,r + 1). Therefore

Np'r+1(G) — pxp(1)+---+mp(r)+xp(r+1)
since the occurrence of Z,m: in G multiplies N,r+1(G) by prin(mar+1) “adds
1 to the value of z,(t) for t < m;, and adds 0 to the value of z,(t) for t > m,.
Similarly

Npr+1 (G/) = px;o(l)'i'"'—i-x;(r)—i-x;(r—i-l)'

Therefore, since x,(t) = x;,(t) for all ¢ <r and since

pa:p(l)+...+xp(r)+a:p(r+1) _ Npr+1 (G) _ Npr+1 (Gl) _ px;(l)-i“--—i-w;(r)—i—x;,(r—i—l)’

we obtain that x,(r + 1) = x},(r 4+ 1). Thus the inductive step is complete.
Therefore, by the Principle of Mathematical Induction, the proof is
complete. ]
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5.3 Groups of Small Order

By the results of demonstrated in this course, we can determine how many
groups of order n there are up to isomorphism for many different values of
n. First, by the Fundamental Theorem of Finite Abelian Groups (Theorem
, we can easily determine all abelian groups of order n. Note all other
groups of order n must be non-abelian and thus not isomorphic to the abelian
groups.

Recall by Corollary that if n is prime, then every group is cyclic and
thus abelian. Hence if n is prime, we have completely determine all groups of
order n up to isomorphism. Similarly, if n = p? where p is a prime number,
then Corollary implies all groups of order n are abelian and thus are
characterized by the Fundamental Theorem of Finite Abelian Groups.

By Corollary we know that if n = 2p where p is prime, then
there are exactly two groups of order n; namely (Zgp,,+) (which must be
Ly x Zy by the Fundamental Theorem of Finite Abelian Groups), and (D, o).
Finally, Theorem [£.4:3] completely determines all groups of order n = pg up

to isomorphism where p and ¢ are primes provided p < ¢ and p does not
divide ¢ — 1.

Using the above results, we have the following table of groups. We have
checked off every order where we have proved a complete list of groups of
that order.
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Order | Number ‘ Abelian ‘ Non-Abelian ‘ Proved ‘
1 1 {e} v
2 1 Zo v
3 1 Z3 v
4 2 Zgz, ZQ X ZQ v
5} 1 Zs v
6 2 ZQ X Zg Dg v
7 1 L7 v
s 5 Dy, Qs x
9 2 Z32, Zg X Zg v
10 2 ZQ X Z5 D5 v
11 1 Z11 v
12 5 222 X Zg, ZQ X ZQ X Zg D6, A4, 77 X
13 1 Za3 v
14 2 ZQ X Z7 D7 v
15 1 Zg X Z5 v
16 14 5 (Example [5.1.7) Dg, 777 X
17 1 Zir v
18 5) ZQ X Z32, ZQ X Zg X Z3 Dg, Sg X Z3, 77 X
19 1 Zng v
20 ) 222 X Z5, Lo X Lo X Z5 DlO, ?7, 77 X

Note that the first value of n for which we have not proved that we have
a complete set of groups of order n up to isomorphism is n = 8. We can
quickly rectify this situation with some ad hoc arguments.

Theorem 5.3.1. Up to isomorphism, there are exactly five groups of order
8: (223, —‘r), (Z22 X L, -), (Z2 X Ly X Lo, -), (D4, O), and (Qg, X).

Proof. By the Fundamental Theorem of Finite Abelian Groups (Theorem
[5.1.1), we know that the three abelian groups of order 8 are (Zg3s, +), (Zg2 X
ZQ, '), and (Z2 X ZQ X ZQ, )

Clearly (D4, 0), and (Qsg, X) are non-abelian groups of order 8 and thus
not isomorphic to any of the above abelain groups. We claim that (Dy, o)
and (Qs, x) are not isomorphic. To see this, note (Qs, x) has exactly one
element of order 2 (namely —1) whereas (Dy, o) has at least two elements of
order 2, namely (p? and 7). Hence (Dy,0) and (Qs, x) are not isomorphic.
Hence, to complete the proof, it suffices to prove that every non-abelian
group is isomorphic to either (Dy,0) or (Qs, X).

Assume (G, %) is a non-abelian group of order 8. By Lagrange’s Theorem
(Theorem [2.5.1)), if a € G then |a| divides 8 so |a| € {1,2,4,8}.

We claim that (G, ) does not have an element of order 8. To see this,
suppose for the sake of contradiction that (G, *) has an element a € G such
that |a| = 8. Therefore, since |a| = 8 = |G|, G is cyclic and thus isomorphic
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to (Zg,+) by Proposition Since this implies that (G, %) is abelian, we
obtain a contradiction. Hence (G, *) does not have an element of order 8.
Thus every element of (G, *) has order 1, 2, or 4.

We claim that (G,*) must have an element of order 4. To see this,
suppose for the sake of a contradiction that (G, *) does not have an element
of order 4. Therefore (G, *) has one element of order 1 (namely e), and 7
elements of order 2. Therefore, for all a,b € G, we have that

axb=axexb
:a*(a*b)2>|<b
=a?xbxaxb
=exbxaxe

=bxa.

Hence (G, %) is abelian, which is a contradiction. Therefore (G, *) has an
element of order 4.

Let ¢ € G be such that |¢| = 4. Let H = (c). Since |G| =8 =2(4) = 2|H|
so [G : H] = 2, Proposition implies that H < G.

Choose d € G\ H. Therefore, since the right cosets partition G and
since Hd # H as d ¢ H, we obtain that G = H U Hd. Moreover, since H is
normal,

dxcxd ' e dHd' = H.

Since
e=(dxcxd ) =dxc"xd!

if and only if ¢" = e, we see that
ldscxd™ Y =|c| = 4.

However, since H is a cyclic group of order 4 with ¢ as a generator, we know
the only elements of H with order 4 are ¢ and ¢® (i.e. ¢! = e and ¢? has
order 2). Thus d*c*d ' =cordxcxd™! =c3.

We claim that d x ¢ * d~! = ¢3. To see this, suppose for the sake of
contradiction that d * ¢ xd~' = ¢. Then d * ¢ = ¢ * d. However, since

G=HUHd={e,c,c® ¢ dcxd,c®«d,c*d},

and since d and ¢ commute, we see that (G, %) is abelian. Since this contradicts
the fact that (G,*) is not abelian, we have a contradiction. Therefore
dxcxd ' =¢cso

d+c=cxd.

Recall |d| € {2,4}.

If |d| = 2, one can verify that the conditions d * ¢ = ¢3 x d, |c| = 4, and
|d| = 2 implies that (G, *) has the same multiplication table as (Dy, o) with
¢ <> pand d <> 7. Thus (G, *) = (Dy,0) when |d| = 2.
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When |d| = 4, consider d?>. We know that |d?| = 2. Since |e| = 1, |¢| = 4,
|c3| = 4, and |d| = 4, we know that

d? e {P,exd,xd, e xd}.

If d? = ¢* xd for some k € {1,2,3}, then d = ¢* for some k € {1,2, 3} thereby
contradicting the fact that d € G\ H. Hence d? = ¢. Thus d°® = ¢? * d.
Since the conditions |¢| = 4, d* ¢ = ¢ x d, and d? = ¢? along with

G=HUHd={e,c,® 3 dcxd,c?«d,c®+d}

completely determine the multiplication table of (G, ), we see that (G, )
has the same multiplication table as (Q4, X) with ¢ <+ i and d + j (so
A=-1,=—i,cxd=k, *+xd=—j,and ¢* xd = dxc = —k). Thus
(G, *) = (Qs, x) when |d| = 4 thereby completing the proof. ]

5.4 Semidirect Products

We see that our next gap in the values of n for which we have not proved
that we have a complete set of groups of order n up to isomorphism is n = 12.
However, as indicated in the table, there is a group of order 12 that we
have yet to identify. Thus, this section will be devoted to a method for
constructing a plethora of non-abelian groups. The main construction is as
follows.

Proposition 5.4.1. Let (H,*) and (K, *) be groups and let o : K — Aut(H)
be a homomorphism. Let G = H x K and define - : G x G = G by

(h1, k1) - (ho, k2) = (ha * (k1)) (h2), k1 * k2).
for all hy,hy € H and k1,k2 € K. Then (G,-) is a group.

Proof. For simplicity, for k € K we will write oy in place of a(k). Therefore,
for all k € K, ap € Aut(H). Moreover, since « is a homomorphism, if
e is the identity element of K, we have a., = idy. Finally, since « is a
homomorphism, we have

akl*kz = akl o ak‘g

for all k1, ks € K.
To begin, note that - is a binary operation on G since

(hl,/ﬁ) . (hg, kg) = (h1 * Oék(hQ), /{1 *kg) eqG

for all hy, ho € H and ki, ks € K.
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To see that (G, -) is associative, note for all hy, ho, hs € H and k1, ko, k3 €
K that

((h1, k1) - (ho, k2)) - (hs, k3)
= (hl * Oékl(hg), kl * kg) . (hg, kg)
(P * oy (h2)) * gy aky (Ri3), (K1 ko) * ki)

= ( )
= (h1 * (g, (h2) * Qpyaks (3)), k1 % (k2 x k3))
= (h1 * (ag, (he) * (ak, © ak,)(h3)), k1 * (k2 * ks3))
= (h1 * (g (h2) * ag, (o, (h3))), k1 * (k2 * k3))
= (h1 * (auy (ho * ag,)(h3)), k1 * (k2 * k3))
= (h1, k1) - (ha * agy (h3), ko * k3)
= (h1, k1) - ((h2, k2) - (hs, k3)).

Hence (G, -) is associative.

We claim that the identity element of (G,-) is (e, ex) where ey is the
identity element of (H, ) and e is the identity element of (K, *). To see
this, note for all h € H and k € K that

(h,k) - (em,er) = (h*ax(em), k*ex)
= (h*em,kxek)
= (h, k)

and

en * ey (), e * K)

(e ex) - (h k) = (
= (eg xidg(h),ex * k)
= (
= (h,

e * hyer x k)
k).

Hence (em, ex) is the identity element of (G, -).

Finally, to see that (G, -) has inverses, let (h, k) € G be arbitrary. There-
fore k € K so there exists an element k~ € K such that kxk~! = k= 'xk = e.
Note ay-1(h) € H so there exists an a € H such that

ax*agp-1(h) =ap-1(h) *xa = en;
that is, a = (ay-1(h))~! in H. Since a1 € Aut(H), we know that
a= (ap-1(h)™ = a1 (h7H).

We claim that (a,k™!) is the inverse of (h, k) in (G, -). To see this, first
note that

(a, k7YY - (h k) = (ax g1 (h), kL % k) = (em, ex).
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Moreover

(h,k) - (a, k™) = (hx ag(a), kx k™)

hox ag(ogp-1(h™1), kxk™1)
hox (apoog—1) (K™Y, kx k1)
hox o1 (L), Ex k1)
hk e, (h7Y), kx k1)
hxidg(h™), k* k1)
hxh L kxk™1)

eH, €K ).

(
= (
= (
= (
= (
= (
= (
= (

Hence (a,k~!) is the inverse of (h, k) in (G,-). Therefore, since (h,k) € G
was arbitrary, (G,-) is a group. n

Of course, it is worthwhile to give the above group construction a name.

Definition 5.4.2. Let (H,*) and (K, ) be groups and let a : K — Aut(H)
be a homomorphism. The group (H x K,-) from Proposition is called
the semidirect product of H by K with respect to o and is denoted H x, K.

Remark 5.4.3. When discussing H x, K, we will continue to use «y, for
a(k) as was done in the proof of Proposition

Remark 5.4.4. Note that if o, = idy for all k € K, then H x, K is just
the group product H x K. Hence we have generalized the construction in

Section [[.4]

Remark 5.4.5. Note that if ay # idy for some k € K, then there exists an
h € H such that ag(h) # h. Therefore, in H x, K,

(€H7 k) : (h’ 6H) = (ak(h)u k) 75 (h7 k) = (ha GH) : (GH, k)
Thus H x, K will be a non-abelian group if oy # idy for some k € K.

For an example of a semidirect product group, we will construct a group
of order 12.

Example 5.4.6. Let (H,*) = (Z3,+), let a € H be a generator of H, and
let ¢ € Aut(Zs). Thus ¢(a) must be an element of order 3. Therefore, since
a and a? are the elements of H of order 3, there are two options: p(a) = a
or ¢(a) = a.

If ¢(a) = a, then p = idy. Otherwise, if p(a) = a?, then ¢(a?) = (a?)? =
a. One can check that 1(e) = e, 1(a) = a?, and ¥(a?) = a is a automorphism
of H (i.e. 9([x]) = [¢?] is an automorphism of (Z3,+)). Note that 2 = idy.
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Let (K,x) = (Z4,+) and let b € K be a generator of K. Define o : K —
Aut(Zs) by

e =1idyg, ap =1, oy =idy, and o3 =1.

It is elementary to see that « is a homomorphism since b* = e and ¥? = idy.

Consider the semidirect product group G = H x, K. Note by construction
|G| = 12.

We claim that (G, -) is not abelian. To see this, note that oy # idy so
(G, ) is not abelian by Remark

Notice that

(a,b)? = (a* ap(a),bxb) = (axa? b?) = (a3,b%) = (ey, b?).
Since |b| = 4 so b # ef, we see that |(a,b)| # 2. However, since
(@, B = (e, b%)2 = (et * aya (emr), B2 % 62) = (exr * exr, BY) = (e, ex0),

we see that |(a,b)| must divide 4 by Corollary Since |(a, b)| # 1 and
|(a,b)| # 2, we obtain that |(a,b)| = 4.

Note (A4, 0) has zero elements of order 4 by Example Moreover,
since in (Dg,0), (p"o71)2 =e for all n € {0,1,2,3,4,5} and |p| = 6, we see
that (Dg, o) has no elements of order 4. Therefore H x, K is a non-abelian
group that is not isomorphic to any other group of order 12 that we had
previously discovered!

Before showing that the above is our last missing group of order 12, we
will provide a method for demonstrating that a group is a semidirect product
group. To begin, we first need a bit of information about the subgroup
structure of semidirect products.

Remark 5.4.7. In the semidirect product H x, K, let

Ho = {(h,ex) | h € H}
Ko={(en,k) | k € K}.

It is elementary to verify that Hg, Ko < H x, K are such that Hy = H and
Ky = K. Moreover clearly Hy N Ky = {e} and

G = {ho - ko | hg € Hy, kg € Ko}.
Finally, notice for all h,a € H and b € K that

(a,b) - (hyex) - (a,b) " = (a* ap(h) xa™ L, bxb™1)
= (a*ag(h)*a 1 ex) € Hy.

Therefore, by the Normal Subgroup Test (Theorem [2.6.10]), we obtain Hy <
H %, K.
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If fact, the necessary conditions demonstrated in Remark for semidi-
rect products are actually sufficient as the following result shows.

Theorem 5.4.8. Let (G, *) be a group. Assume K < G, HJG, HNK = {e},
and

G={hxk| he HkeK}.
Then G = H x4 K for some homomorphism o : K — Aut(H).

Proof. Since H<IG, by the Normal Subgroup Test (Theorem|[2.6.10)), aHa ™! =
H for all a € G. Thus, if for a € K we define o, : H — H by

() =axbxat
for all b € H, o, does indeed map into H and thus is well-defined.

We claim that o, € Aut(H) for all @ € K. To see that a, is a homomor-
phism, note for all b1,by € H that

aq(by % by) = a* (by * by) * a!

—ax(byxexby)xa !

=ax*(by*(a" xa)xby)xa
=(axbyxa N x(axbyxat)

= ag(by) * ag(b2).

Hence i, is a homomorphism. Therefore, to show that «, € Aut(H), it
suffices to show that o is bijective.

To see that «, is a bijective, it suffices to show that « is invertible. Note
since a~! € K that a,1 is well-defined and a,-1 : H — H. Moreover, for
allbe H,

(@ 0 ag-1)(b) = aa(ag-1 (b))

=ag(at xbx (a™H)™h

=ax(atxbx(a ) Hxa!

=(axa V) xbx(axat)

=exbxe=0".
Hence o, 0 ;-1 = idy. Similarly (or by replacing a with a~! in the previous
expression that does work for all a € G), we obtain that a,-1 0 oy = idp.
Hence o is invertible and thus an isomorphism. Thus a, € Aut(H) for all

ac K.
Define v : K — Aut(H) by

ala) = aq
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for all @ € K. We claim that « is a homomorphism. To see this, notice for
all a,b € K and for all ¢ € H that

alaxb)(c) = agwp(c)
=(a*xb)xc*(axb)?

—axbxcxb Lxag!

=ax(bxcxb ) xal
=ag(bxcxbt)
= aa(ap(c))
= (a0 ap)(c)
= (a(a) o a(b))(c).
Therefore, since the above holds for all ¢ € H, we see that a(axb) = a(a)oa(b)

for all a,b € K. Hence « is a homomorphism. Thus H x, K exists.
To see that G = H x4 K, define & : H x, K — G by

O((h, k) = h+k

for all (h,k) € H x, K. We claim that ® is an isomorphism. To see that ®
is a homomorphism, note for all (hg, k1), (ha, ko) € H x4 K that

D((hg, k1) - (ha,k2)) = ®((h1 * ag, (ha), k1 * k2))
= hy * ag, (ha) * k1 * ko
:hl*(kl*hg*kl_l)*kl*kg
= hy *x ki * hg * ko
= ©((hy, k1)) * P((h2, k2)).

Therefore ® is a homomorphism.
Note since

G=1{h+k|heHkecK}={d((hk)| (hk) € Hxy K} =Im(®),

we obtain that ® is surjective. Finally, if (h, k) € ker(®), then e = ®((h, k)) =
hxksoh=k"l Therefore h€ Hand h=k'=Ksohe€ HNK = {e}.
Hence h = e so k = e. Thus ker(®) = {(e,e)}. Hence ® is injective so ® is
an isomorphism. Hence G = H x, K as desired. [ |

5.5 Groups of Order 12

Finally, it is time to show that the group from Example[5.4.6]is the only group
of order 12 that we were missing. This will be demonstrated by showing
every group of order 12 is a semidirect product. Thus, before we get to the
proof, we need some results about the automorphism of certain groups.
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Theorem 5.5.1. For a natural number n > 2, (Aut(Z,),0) = (2, x).

Proof. For each k € Z;, define py : Zn — Zyn by ppy([a]) = [a][k] = [ak].
Since multiplication in Zj, is well-defined, ¢ is a well-defined function.

We claim that ¢y € Aut(Zy,) for all [k] € Z). To see this, we first show
that ¢ is a homomorphism. Indeed, notice for all [a], [b] € Z,, that

i) ([a] +[0]) = wpy(fa+ b)) = [K]la +b] = [K][a] + [K][b] = ¢k ([a]) + i ([b])-

Thus o) is a group homomorphism.
To show that ¢y is invertible and thus an automorphism on (Zn,+),
first notice that ;) = id by definition. Moreover, for all [k], [m] € Z,; that

i) (P ([a]) = @y ([mllal) = [K][m]a] = [km][a] = @prm)([al)

for all [a] € Z,. Hence @) © @] = @[rm]- Therefore, since [k] is invertible
in (Z), %), there exists an [s] € Z* such that [ks] = [k][s] = [s][k] = [1].
Therefore

Dlk] © P[s] = Pls] © Pk] = Plrs)] = Py = id.

Hence ¢ is invertible with gp[;]l = ¢[s)- Hence @ is an automorphism on
(Zn, +).

Next, let ¢ € Aut(Zy) be arbitrary. We claim that 1) = ¢y for some
[k] € Z). To see this, let [k] = ¥([1]). Since |[k]| = [¢([1])] = |[1]| = n # 1,
we see that [k] # [0] in (Zy,+). Next, notice for all a € {0,1,...,n— 1} that

P(la]) = ([ + 1] +--- + [1])
= () + o)) + -+ 9([1)
= [a]9([1])
= [a][K]-

Therefore, since ¢ € Aut(Z,) and thus is bijective, there exists an [s| € Z,,
such that ¢ ([s]) = [1]. Thus [k][s] = [s][k] = [1]. As seen earlier in the course,
this implies ged(k,n) = 1 and [k] € Z;;. Hence ¢ = ¢,). Therefore

Aut(Zy) = {ep | [K] € Z; }.

We claim that Aut(Z,) is isomorphic to (Z), x). To see this, define
O :Z) — Aut(Z,) by
O([k]) = ¢
for all [k] € Z;;. Note @ is well-defined as ¢y is defined for each element of

Z). We claim that ® is a homomorphism. Indeed for all [k], [m] € Z) we
have that

O([m][k]) = @([Mk]) = Qi) = CimiE] = Pim) © Pk = ([m]) o @([K]).
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Hence ® is a homomorphism.

Note that ® is onto since Aut(Z,) = {pp | [k] € Z, }. To see that & is
one-to-one, note ¢, = id if and only if [a][k] = [a] for all [a] € Z,, if and
only if [k] = [1], which is the identity element of (Z), x). Hence ® is an
isomorphism from (Z), x) to Aut(Z,,) thereby completing the proof. N

Theorem 5.5.2. Up to isomorphism, there are exactly five groups of order
12: (Zo2 X Z3,+), (Za X Zo X Zs,-), (Dg,0), (A4,0), and Zs Xy Zy where o
is as in Example[5.4.0

Proof. By the Fundamental Theorem of Finite Abelian Groups (Theorem
[5.1.1), we know that the two abelian groups of order 12 are (Zy2 X Z3, +)
and (Zg x Zg x Zs,-). By Remark (Dg,0) and (A4, 0) are non-abelian
groups that are not isomorphic. Moreover, by Example Ly X Ly is a
non-abelian group that is not isomorphic to (Dg, o) nor (Ay4,o). Therefore,
up to isomorphism, there are at least five groups of order 12.

Assume (G, ) is a group of order 12 = 22(3). The proof is complete
provided (G, %) is isomorphic to one of the above five non-isomorphic groups.

Let H be a Sylow 2-subgroup of (G, %) and let K be a Sylow 3-subgroup
of (G,x). Note |H| =4 so H=7Z4 or H= 7y X Zy by Corollary and
|K| =3s0 K = Zs. Note HN K = {e} by Lemma [4.4.1]

Let ny denote the number of Sylow 2-subgroups of (G, ) and let ng
denote the number of Sylow 3-subgroups of (G, x). By Example we
know that no € {1,3}, n3 € {1,4}, and there are no groups of order 12 with
ng = 3 and nz = 4. We will divide the discussion based on the values of no
and ns.

Case 1: ng = 1. In this case, H is the unique Sylow 2-subgroup of (G, *)
and thus H << G. Since K = Zjs, there exists an element b € K such that
b = 3 and K = {e,b,b*}. We claim that if

X ={h*xb"™ | he Hme{0,1,2}}

then G = X. To see this, first note that X C G. Therefore, since | X| <
3|H| = |G|, to see that X = G it suffices to prove that |X| = 3|H|; that
is, different pairs (h, m) produce different elements of (G,x*). To see this,
assume hy, hy € H and my,mgy € {0,1,2} are such that

hl * bml = hQ * bmz.

Hence hy ' # hy = b™27™1 50 hy' x by = b™2~™ € HN K = {e}. Therefore
hy' % hy = e and b™ ™™ = ¢ s0 hy = hy and b™ = b™2. Hence |X| = 3|H|
so X =G.

Note Theorem [5.4.8] implies that G =2 H x, K for some homomorphism
a: H — Aut(H). Hence, to determine all groups of order 12 with ng = 1, it
suffices to determine all semidirect products of a group of order 4 by a group
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of order 3. Since H £ Z4 or H = Zs X Zo, we divide the discussion into two
subcases.

Case la: H = Z4. In this case, H = (¢) where |c¢| = 4. Since |Z]| = 2,
we see by Theorem Aut(H) = {idpg, o} where

vole) =e, olc)=c* () =c* and y(c®) =c.

Note 13 = idp.

Consider ap € Aut(H) = {idg,¢o}. Since ag’ = oy = a, = idy, we
know that «p must have order 1 or order 3. Since vy has order 2, ap # g.
Hence o = idy. Thus

bxh=oap(h)*b="h=xb

for all h € H. Therefore, since b generates K, we obtain that (G, *) is abelian
and thus already described. In particular, G = Z4 x Zs in this subcase (that
iS, Z4 Xid Zg = Z4 X Zg)

Case 1b: H = Zs X Zs. In this case

H ={e,c,d,cxd}

where ¢? = e, d?> = e, and cxd = dxc. Assume ¢y € Aut(H). Thus : H — H
is an isomorphism so ker(¢)) = {e}. Therefore ¥ (c) # e, ¥(d) # e, and
Y(exd) # e. Moreover {1(c),¥(d),¥(c*d)} must be {c,d,c*d} so there
are 6 options for the triple (¢(c), ¥ (d), ¥ (c * d)); namely

Yo = (¢,d,cxd)
Y1 = (¢,exd,d)
Yo = (d,c,cxd)
Y3 = (d,cxd,c)
Yy = (cxd,c,d)
s = (cxd,d,c)

It is possible to verify that all ¢ are indeed elements of Aut(H) via a
multiplication table argument. Hence Aut(H) is a group of order 6 (and, as
it is easily seen to be non-abelian, Aut(H) = D3). Note 1o = idy, 13 = idy,
¢3 = idp, ¢3 =idy, ¢¥f = idy, and ¢3 = idp.

Consider ap € Aut(H). Since oz;? = o3 = a, = idy, we know that o
must have order 1 or order 3. If oy has order 1, then «; = idy so that

bxh=oap(h)*xb="h=xb

for all h € H. Therefore H X, K = H x K for this a so G =2 H x K =
(ZQXZQ)XZg.
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Otherwise a3 has order 3 so ap = 93 or ap = 4. When oy = 13, we see
that
bxc=dxb, bxd=(cxd)xb, and bx(cxd)=cx*b.

These product relations along with ¢ = e, d> =¢, cxd =d *c, and |b| = 3
and the description that

G={h*b" | he Hme{0,1,2}}

completely determine the multiplication table of (G, x). One can verify that
(G, *) = (A4, 0) where

Similarly, when ap, = 94, we see that
bxc=(cxd)xb, bxd=cxb, and bxd=cxb.

These product relations along with ¢ = e, d> =e¢, cxd =d ¢, and |b| = 3
and the description that

G={h*b" | he Hme{0,1,2}}

completely determine the multiplication table of (G, x). One can verify that
(G, *) = (A4, 0) where

b=(2 4 3)

c=(12)(3 4)
d:(l 3)(2 4)
d=(1 4)(2 3)

Thus this subcase is complete.

Hence Case 1 is complete.

Case 2: ng = 1. In this case, K is the unique Sylow 3-subgroup of (G, *)
so K < @G.

Since K = Zs, there exists an element b € K such that |b| = 3 and
K = {e,b,b*}. We claim that

G={b"*h| he Hme{0,1,2}}.
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Indeed, since H N K = {e} by Lemma the proof follows from the same
argument as used earlier in the proof. Therefore, Theorem implies
that G =2 K X, H for some homomorphism « : H — Aut(K). Therefore,
to determine all groups of order 12 with n3 = 1, it suffices to determine all

semidirect products of a group of order 3 by a group of order 4.
Since |Z5| = 2, we see by Theorem Aut(K) = {idk, po} where

wole) =e, o(b) = b2, and (po(bz) =b.

Note p3 = idg.
Since H = Zy4 of H = 7oy X Zo, we divide the discussion into two subcases.
Case 2a: H =2 7Z4. In this case, H = (c) where |c|] = 4. Note a, €
{idk, ¢o}-
If oo = idg, then aen = idg for all n € N. Thus

hxk=apk)*h=Fkxh

for all h € H and k € K. Therefore we obtain that (G, *) is abelian and
thus already described. In particular, G = Zg X Z4 in this subcase (that is,
Zg Aid Z4 = Z3 X Z4)

Otherwise, if a, = g, then a2 = idg and a3 = pg. Therefore G =
Zs3 X Zy where « is as in Example [5.4.6]

Hence this subcase is complete.

Case 1b: H = Zy X Zs9. In this case

H ={e,c,d,cxd}

where ¢ = ¢, d> = e, and cxd = d * c. Note ., aq € {idg, o} and the
value of aeyg = Qe 0 g is determined by the values of a,. and ay.
If . = ag = idg, then agyq = idg. Therefore

hxk=apk)xh=Fkxh

for all h € H and k € K. Therefore we obtain that (G, *) is abelian and
thus already described. In particular, G = Z3 X Zo X Zso in this subcase .
If a. = pg and ag = idg, then

cxb=a.(b)*c=py(b)xc=bxc

and
dxb=aq(b)xd=>bxd.

We claim that (G, ) = (Dg, o). To show this, we will show that if p = bxd
and 7 = ¢, then |p| =6, |7| = 2, and p x 7 * p = 7. This suffices since these
facts completely determine the multiplication table of (Dg,0). Note 7 = ¢
implies |7] = 2.
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Since b and d commute, we know that (b d)™ = b" x d". Therefore,
since d" € H, b" € K, and HN K = {e}, we see that (b*d)" = e if and
only if " = e and d" = e. Therefore, since |b| = 3 and |d| = 2, we see that
(bxd)"™ = e if and only if n is a multiple of 6. Hence |b * d| = 6. Note this
computations also shows that b",d"™ € (p) so

{p"x7" | n€{0,1,2,3,4,5},m € {0,1}} = G.
Finally, note that
pxTxp=(bxd)xcx(bxd)
=bxdxb’>xcxd
=bxdxcxd
=exd*xcxd
=dxcx*d
=d?xc
=CcC=T
as desired. Hence (G, ) = (Dg,0) when a,. = ¢o and ag = idg.
In the case that ag = ¢g and a,. = idg, one can just interchange ¢ and
d in the above to obtain that (G,x*) = (Dg,0). Similarly, if a. = o and
agq = g, one can just interchange d and c * d in the above to obtain that
(G’ *) = (Dﬁv O)'
Hence this subcase and thus this case is complete.
As we have covered all possible cases, the proof is complete. ]

We see that our next gap in the values of n for which we have not proved
that we have a complete set of groups of order n up to isomorphism is n = 16.
However, there are just too many groups of order 16 compared to the time
remaining in the course. As the next gap is n = 18, we can quickly construct
the missing group.

Example 5.5.3. Let (H,x) = (Z3 x Zs,-). Note since (Zs,+) is abelian, if
we define v : Z3 x Z3z — Zg X Z3 by

w((av b)) = (ailv bil)

for all a,b € Zs, then ¢ € Aut(H). Note ¢? = idy.
Let (K, %) = (Z2,+) and let b € K be a generator of K. Define o : K —
Aut(H) by
ae =idyg, and ap =Y.

It is elementary to see that « is a homomorphism since b* = e and ¥? = idy.

Hence H %, K is a group of order 18. One can verify that H x, K is the
group of order 18 missing on the list and can prove that all groups of order
18 have been found by using an argument similar to that used in Theorem
0.0, 2)
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Appendix A

MATH 1200 Background

In this appendix chapter, we will quickly review the basic background material
from MATH 1200 that students should be familiar with when entering this
course. Of course, this appendix chapter is not comprehensive and not
a replacement for taking MATH 1200. In particular, note the following
omits all discussion of proof technique as we expect students in third year
be familiar with all proof techniques including direct, contradiction, cases,
example/counterexample, and induction.

A.1 Sets

All mathematics must contain some notation in order for one to adequately
describe the objects of study. As such, we begin by developing the notation
surrounding one of the most basic objects in mathematics.

Heuristic Definition. A set is a collection of distinct objects.

To utilize sets, we must first develop notation to adequately describe sets
and symbols to adequately describe operations on sets. First we begin with
how to write an explicit set.

Notation A.1.1. There are two notations commonly used to describe a set:
namely
{objects}

and
{objects | conditions on the objects}.

The following are some examples of how one can use set notation to
describe a set.

Example A.1.2. The set of natural numbers, denoted N, is the set
N={1,2,3,4,...}.
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Example A.1.3. The set of integers, denoted Z, is the set
Z={0,1,-1,2,-2,3,-3,...}.
Example A.1.4. The set of rational numbers, denoted Q, is the set
a
o= {3

Example A.1.5. The set of real numbers, denoted R, is far more complicated
to define (see MATH 2001).

a, b are integers with b # 0} .

Example A.1.6. The set of complex numbers, denoted C, is the set
C={a+1bi]| abeR}

where i is a special symbol (with i2 = —1 once one defines multiplication on

C).

Considering the above, it is useful to have some terminology and notation
to determine when an object is in a given set.

Definition A.1.7. Given a set X and an object z, it is said that x is an
element of X, denoted x € X, if = is one of the objects that make up X. We
use ¢ ¢ X to denote when z is not an element of X.

Example A.1.8. It is clear based on the above definitions that % € Q yet
3 ¢ Z. Similarly 0 € Z but 0 ¢ N.

It is also useful to have terminology and notation to describe when one
set contains another.

Definition A.1.9. Given two sets A and B, it is said that B is a subset of
A, denoted B C A, if whenever b € B then b € A. We use B ¢ A to denote
B is not a subset of A.

Example A.1.10. It is clear based on the above definitions that N C Z C Q,
Q¢ Z,and Z ¢ N.

There is one special set that is a subset of every set and is quite useful
to describe.

Definition A.1.11. The empty set, denoted (), is the set with no elements.

Remark A.1.12. If A is any set, then it is vacuously true that if z € () then
x € A since there are no objects x so that z € (). Hence ) C A for all sets A.

Of course, the notion of when two sets are equal should be obvious.

Definition A.1.13. Two sets A and B are said to be equal, denoted A = B,
if A and B have precisely the same elements.
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Remark A.1.14. If one is trying to prove two sets A and B are equal, one
needs to demonstrate that € A if and only if x € B. If we divide this
bi-conditional statement into its two components, we need to prove “if x € A
then z € B” and “if x € B then x € A”. Theses conditional statements are
asking us to prove A C B and B C A. Hence A = B if and only if A C B
and B C A.

When trying to prove two sets are equal, keep the above in mind as these
ideas are the most common techniques to show that two sets are equal.

Now that the basics of sets have been established, we can start to
construct new, larger sets from other sets. The following is a generalization
of something students have seen in high school.

Definition A.1.15. Given an n € N and sets Ay, Ao, ..., A,, the Cartesian
Product of A1, Ag, ..., A, is the set

Ap x Ag x -+ x Ay ={(a1,a2,...,ay) | ap € A for all k € {1,2,...,n}}.

Remark A.1.16. The most common Cartesian Product students have seen
and are familiar with is R™ (where R denotes the set of real numbers). Indeed
R" =R xR x--- xR where we have taken the Cartesian Product of n copies
of R. For example

R? = {(z,y) | =,y € R}

and
R = {(z,y,2) | z,y,2 € R}.

More generally,
R" = {(z1,...,2pn) | 1,...,2p € R}
is one of the main objects of study in MATH 1021.

Instead of combining sets in pairs or, more generally, n-tuples, there is
another common way to combine sets.

Definition A.1.17. Let I be a non-empty set and for each o € I, let A, be
a set. The union of {As | a € I}, denoted U,ecs Aa, is the set

UAa:{l‘ | € A, for some «a € I}.
acl

Example A.1.18. For two examples, if A denotes the set of all odd natural
numbers and B denotes the set of all even natural numbers, then N = AU B.
Furthermore

N=J{2n—1,2n}.
n=1
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Instead of taking the set that contains all of the elements of a collection
of sets, we can take the set of elements that are common to each set.

Definition A.1.19. Let I be a non-empty set and for each o € I, let A, be
a set. The intersection of {Aq | o € I}, denoted Nyer Aa, is the set

ﬂAa:{x]xeAaforallael}.
acl

Example A.1.20. For example, {1} = (°2;{1,n,n+1,...} as the number
1 is the only element of each set.

Furthermore, it is possible to ‘take away’ one set from another.

Definition A.1.21. Given two sets A and B, the set difference of A by B,
denoted A\ B, is the set

A\B={z | x € Aand x ¢ B}.
To summarize the above set operations, consider the following example.
Example A.1.22. If X ={1,2,3} and Y = {2,4,6}, then
XUY ={1,2,3,4,6}, XNnY={2}, and X\Y ={1,3}.

Remark A.1.23. Often in mathematics one has a set X such that all other
sets under consideration are subsets of X. Consequently, given a subset Y of
X, the set difference X \ Y will be called the complement of Y (in X) and
will be denoted Y for convenience.

It turns out that the operation of taking the complement of a set turns
unions into complements and vice versa as the following result shows.

Theorem A.1.24 (De Morgan’s Laws). Let X and I be non-empty sets
and for each o € I let X, be a subset of X. Then

(Uxa>c:ﬂxg and (ﬂXa>C=UX§-

ael ael acl a€el

Proof. Notice that

T € (U Xa> if and only if = ¢ UXa

acl acl
if and only if x ¢ X, forall a € T

if and only if v € X{ foralla € T

if and only if z € ﬂ X5
acl
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which completes the proof of the first equation.

It is possible to repeat the same proof technique to show that the other
equation holds. Alternatively, it is possible to use the first result to prove
the second. To do this, we must first claim that that if Y C X and Z = Y€,
then Z¢ =Y, that is, the complement of the complement is the original set.
Indeed notice = € Z€ if and only if = ¢ Z if and only if x ¢ Y if and only if
x €Y. Hence Z¢ =Y.

To prove the second equality using the first, for each o € I let Y, = X¢.
By applying the first equation using the Y, ’s instead of the X,’s, we obtain

that .
(U Ya> =Y

acl ael
Since Y, = X§ so Y = X,, for all a € I, we have that

(U Y5>C: M Ya-

ael acl
Hence
&
ael acl
by taking the complement of both sides. ]

Sets will play an important role in mathematics. However, one important
question that has not been addressed is, “What exactly is a set?” This
questions must be asked as we have not provided a rigorous definition of a
set. This leads to some interesting questions, such as, “Does the collection
of all sets form a set?”

To consider these questions, let us assume that there is a set of all sets;
that is the set

Z ={X | X is a set}

makes sense. Note Z has the interesting property that Z € Z. Since Z is a
set, we would think that

Y={X| Xisasetand X ¢ X}

is a valid subset of Z and thus a set. Considering Y, there are two disjoint
possibilities: either Y € Y or Y ¢ Y.

If it were the case that Y € Y, then the definition of Y implies Y ¢ YV
which is a contradiction since we cannot have both Y € Y and Y ¢ Y. Thus,
as Y € Y must be false, then it must be the case that Y ¢ Y.

However, Y ¢ Y implies by the definition of Y that Y € Y. Again this is
a contradiction since we cannot have both Y ¢ Y and Y € Y. Therefore, if
Y is a set, we would have reached a logical inconsistency in mathematics.
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The above argument is known as Russell’s Paradox and demonstrates that
there cannot be a set of all sets. Russell’s Paradox illustrates the necessity
of a rigorous definition of a set. However, said definition takes us beyond
the study of this class.

A.2 Functions

With our knowledge of sets, we turn next to the morphisms between sets:
functions. In order to formally define what a function is and for future use
in the next section, we begin with the following more general object.

Definition A.2.1. Let X and Y be sets. A relation from X to Y is any
subset Rof X xY. For z € X and y € Y, we write xRy if (x,y) € R and we
write xRy if (z,y) ¢ R. In the case that Y = X, we say that R is a relation
on X.

For a natural example of a relation and to see where the notation xRy
comes from, consider the following.

Example A.2.2. For example
R={(z,y) eR* | 2 <y}

is a relation on R that we normally denote as <. Consequently, one sees that
the notation ‘xRy’ for ‘(x,y) € R’ makes sense for this relation since x <y
exactly when (x,y) € R.

The most formal definition of a function is that functions are specific
types of relations.

Definition A.2.3. Let X and Y be sets. A function f from X to Y is a
relation from X to Y such that if z € X then there exists a unique y € Y
such that (z,y) € f. We write f : X — Y to denote that f is a function
from X to Y and for x € X we write f(z) for the unique y € Y such that
(z,y) € f. The set X is called the domain of f and the set Y is called the
codomain of f.

Functions go far beyond what one considers in calculus. For example,
consider the following.

Example A.2.4. Let (a,)n>1 be a sequence of real numbers. Define f :
N — R by f(n) = ay, for all n € N. Then f is a function with domain N and
range R.

Remark A.2.5. Given f: X — Y, it is important to remember that f
is the function whereas f(z) is not the function; f(z) is the value of the
function f at the point x € X and thus f(x) is a single element of Y.
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As functions are really subsets of a Cartesian Product and we have a
notion for when two sets are equal, we have a notion for when two functions
are equal.

Definition A.2.6. Let f: X — Y and let g: A — B. We say that f equals
g, denoted f = g, if

e X =A, and
o f(z)=g(x) for all z € X.

That is, two functions are equal if they have the same domain and the same
value on each element of the domain.

There are many ways to construct new functions from other functions
depending on the circumstances. The following is one common and useful
way to construct new functions.

Definition A.2.7. Let X,Y, and Z be sets and let f : X — Y and let
g:Y — Z. The composition of f and g is the function go f : X — Z such
that

(go f)(z) =g(f(x))
for all z € X.

Example A.2.8. Consider the functions g : R — R and f : [0,00) — R
defined by g(z) = 22 + 22 — 1 for all z € R and f(z) = \/z + 1 for all
x € [0,00). The function go f : [0,00) — R is well-defined. Moreover, for all
x € [0,00), we have that

(go f)(z) =g(f(x))
=g(Vr+1)
=(r+1)?+2(vz+1) -1
=z+4yxr -1

for all z € [0, 00).

There are many properties and information one may want to describe
about a function. We begin with the following.

Definition A.2.9. Let f: X — Y and let Z C X. The image of Z under
f, denoted f(Z), is the set

F(2)={f(z) | ze 2} C Y.
The range (or image) of f is the set
Range(f) = f(X) ={f(z) | z € X}.
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Example A.2.10. Let f : [0,00) — R be defined by f(z) = z + 1
for all z € [0,00). Assuming a knowledge of calculus, we can show that
Range(f) = [1,00). Furthermore f([4,9]) = [3,4].

Definition A.2.11. A function f: X — Y is said to be surjective (or onto)
if f(X)=1Y; that is, for all y € Y there exists an € X such that f(z) = v.

Example A.2.12. Clearly the function f : [0,00) — R defined by f(z) =
vz + 1 for all z € [0,00) is not surjective since Range(f) = [1,00) # R.
However, the function g : [0,00) — [1,00) defined by g(z) = /z + 1 for
all z € [0, 00) is surjective since Range(g) = [1, 00). Thus the notion of when
a function is surjective or not is really a consideration of what one is thinking
of for the codomain of the function. We can always decrease the codomain
of a function to be equal to its range thereby making the function surjective.

One way to think of a surjective function is that it is a function that
obtains all possible outputs. There is another property one might want to
consider of a function: when does the function yield unique outputs given
distinct inputs.

Definition A.2.13. A function f : X — Y is said to be injective (or
one-to-one) if for all x1,x9 € X with x1 # z2, we have that f(x1) # f(z2).

Remark A.2.14. Note by taking the contrapositive of the definition of an
injective function, we immediately see that a function f: X — Y is injective
if whenever 1,29 € X are such that f(x1) = f(x2), then z1 = zs.

Example A.2.15. The function f : R — R defined by f(z) =22 -2z +1 =
(z—1)? for all x € R is not injective since 0 # 2 yet f(0) = (0—1)? = (—1)? =1
and f(2) = (2-1)2=12=1= f(0).

However, it is possible using calculus to show that the function g :
[1,00) — R defined by g(z) = (z — 1)? for all 2 € [1,00) is injective. Thus
the notion of when a function is injective or not depends on the domain of
the function.

Of course, we can combine the notions of injective and surjective.

Definition A.2.16. A function f : X — Y is said to be bgjective if f is
injective and surjective.

Example A.2.17. The function f : [0,00) — [1, 00) defined by f(z) = /z+1
for all z € [0, 00) has already been seen to be surjective. As it is possible
using calculus to show that f is injective, we obtain that f is a bijective
function.

Similarly, the function g : [1,00) — [0,00) defined by g(x) = (z — 1)?
for all x € [1,00) has already be seen to be injective with the given domain.
With the codomain written, it is possible using calculus to show that g is
surjective. Hence g is a bijective function.
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With f and ¢ as in the above example, notice for all z € [0, c0) that

g(f@)=g(WVr+1)=((Voe+1) -1’ =V’ =z

and for all y € [1,00) that

Faw) =f(y-1%) = -1 +1=(y-1)+1=y.

Thus perhaps there is a connection between bijective functions and the
following type of function.

Definition A.2.18. A function f: X — Y is said to be invertible if there
exists a function g : Y — X such that

e (gof)(x)=g(f(z)) =z forall z € X, and

e (fog)y)=flg(y)) =y forallyeY.

The function g is called an inverse of f.

Remark A.2.19. Note the two conditions required for f to be an invertible
function make this a ‘two-sided inverse’. This is similar to how wants to be
able to multiple the inverse of a matrix A on either side of A and still get
the identity.

Notice in Definition [A2.18| that we called g ‘a’ inverse of f and not ‘the’
inverse of f. This is because, for all we know, it might be possible that f
has multiple inverses. The following shows this is not the case.

Lemma A.2.20. Let f: X — Y be invertible. If g1 and go are inverse of f,
then g1 = ga.

Proof. Assume g7 and go are both inverses of f. Then for all y € Y, we see
by the defining properties of an inverse that

91(y) = (920 f)(g1(y))
= 92(f(91(v))
=g2((fog1)(w))
= g2(y)-

Hence g1 = go as desired. ]

As Lemma [A.2.20] demonstrates that there can be at most one inverse of
an invertible function, we desire some notation to denote this function.

Notation A.2.21. If f : X — Y is an invertible function, the inverse of f
is denoted by f~L.
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To culminate our exploration of bijective and invertible functions, we
prove the following.

Theorem A.2.22. Let f: X — Y. Then f is invertible if and only if f is
bijective.

Proof. First, assume f is invertible. Thus f~' exists. To see that f is
bijective, we must show that f is injective and surjective.

f is injective. To see that f is injective, let x1,22 € X be such that
f(:L‘l) == f(l‘g) Then

z1 = g(f(21)) = 9(f(22)) = x2

where the middle equality follows since f(x1) = f(z2). Therefore f is
injective by definition.

f is surjective. To see that f is surjective, let y € Y be arbitrary. Let
z =g(y) € X. Then

f(z) = f(9(y)) = y.

Hence y € f(X). Therefore, since y € Y was arbitrary, f(X) =Y. Hence f
is surjective by definition.

Since f is injective and surjective, f is bijective as desired.

To see the converse direction, assume f : X — Y is bijective. To show
that f is invertible, we must construct an inverse of f. To do this, let y € Y
be arbitrary. Since f is surjective, we know that there exists an x1 € X such
that f(x1) = y. Moreover, since f is injective, we know that if 9 € X such
that f(ze) =y, then f(z2) = f(x1) so that z9 = x1. Hence, for each y € Y
there exists a unique element of z, which we will denoted by z,, such that
flzy) =y.

Consider the function g : ¥ — X defined by g(y) = x, for. Note g is
well-defined by the above paragraph. We claim that g is an inverse of f. To
see this, first note for all y € Y that

fla(y) = flzy) =y

as desired. To see that g(f(x)) = x for all x € X, let x € X be arbitrary.
Since f(z) =y, we have that z = x,, by the definition of z, being the unique
element of X that f sends to y. Hence

as desired. Thus ¢ is the inverse of f thereby completing the proof. ]

To complete our introduction to functions, there is one more set based
on functions we desire to study.

©For use through and only available at pskoufra.info.yorku.ca.



A.2. FUNCTIONS 201

Definition A.2.23. Given f: X — Y and a subset Z C Y, the preimage
of Z under f (or inverse image), denoted f~1(Z), is the set

fH2)={ze X | f(z) € Z}.

Example A.2.24. Let f : R — R be defined by f(z) = 22 for all z € R.
Then

) ={1,-1
fﬁl([4ﬂ OO)) = (_007 _2] U [27 OO)

FH(=00,0)) = 0.

Remark A.2.25. It is important to note that although the notation f~1(2)
is used for the preimage of a set Z under f, the preimage of a set has nothing
to do with invertibility and one does not need a function to be invertible to
consider the preimage.

However, when f: X — Y is invertible and Z C Y, then, because f is
bijective, it is possible to show that the preimage of Z under f is the equal to
the image of Z under f~!. To see this, assume f : X — Y is invertible and
let Z CY. As we normally use f~!(Z) to denote both sets we are interested
in, let

A={ze X | f(x) € Z} (i.e. the preimage of Z under f)
B={fY2) | z€ 2} (i.e. the image of Z under f=1).

To see that A = B, we will show that A C B and B C A.

To see that A C B, let a € A be arbitrary. By the definition of A, this
implies f(a) € Z. Therefore, by the definition of B, f~1(f(a)) € B. Since
a = f~(f(a)), we obtain that a € B. Therefore, since a € A was arbitrary,
ACB.

To see that B C A, let b € B be arbitrary. By the definition of B, there
exists a z € Z such that f~1(z) = b. Hence

fo)=f(fH2)=2€ 2

Therefore b € A by the definition of A. Hence, as b € B was arbitrary,
B C A.

Hence A = B so, when f is invertible, the preimage of Z under f is the
equal to the image of Z under f~1.

To prove some results in this course, it is helpful to know how the preimage
of sets behave under unions and intersections.

Proposition A.2.26. Let f : X = Y, let I be a non-empty set, and for
each a € I let Z,, CY. Then

! (U Za> = (2) and — f71 (ﬂ Za> =" (Z)-

acl ael ael ael
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Proof. The proof of this result is very similar to the proof of De Morgan’s
Laws.
Notice that

re f! (U Za>if and only if f(x) € U Lo,

acl acl
if and only if f(x) € Z, for at least one a € [

if and only if z € f~1(Z,) for at least one o € I

if and only if z € U f1(Z,)
ael

which completes the proof of the first equation.
Similarly, notice that

ze f! (ﬂ Za>if and only if f(x) € ﬂ Lo,

acl acl
if and only if f(z) € Z, for all « € T

if and only if z € f1(Z,) forall a € T

if and only if z € m f1(Z)
ael

which completes the proof of the second equation. ]

A.3 Equivalence Relations

Functions, although the most prevalent type of relation, are not the only
special type of relation that is useful in in this course. Specifically, this
section will focus on another type of relation that mimics the basic properties
of equality.

Definition A.3.1. A relation R on a set X is said to be an equivalence
relation if R has the following three properties:

o (reflezive) xRx for all x € X.
o (symmetric) If x,y € X are such that zRy, then yRz.
o (transitive) If z,y,z € X are such that xRy and yRz, then zRz.

Remark A.3.2. It is common in mathematics to denote an equivalence
relation by ~.

Example A.3.3. Let R = {(x,y) € R? | z = y}. We claim that R is an
equivalence relation. To see this, we must show that the three properties of
an equivalence relation hold.
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Reflexivity. To see that R is reflexive, let € R be arbitrary. Since z = x,
we have by the definition of R that xRx. Hence, since z € R was arbitrary,
R is reflexive.

Symmetry. To see that R is symmetric, let z,y € R be such that xRy.
Thus the definition of R implies that = y. Hence y = = so that yRz.
Therefore, since z,y € R were arbitrary, R is symmetric.

Transitivity. To see that R is transitive, let z,y, 2z € R be such that xRy
and yRz. Therefore x = y and y = z by definition. Hence z = z so zRz.
Therefore, since z,y, z € R were arbitrary, R is transitive.

Therefore, since R is reflexive, symmetric, and transitive, R is an equiva-
lence relation.

Example A.3.4. Let R = {(z,y) € R? | z < y}. To determine whether R
is an equivalence relation, we will examine whether the three properties of an
equivalence relation hold. If all three hold, then R is an equivalence relation.
However, if at least one property fails, then R is not an equivalence relation.

Reflexivity. We claim that R is reflexive. To see this, let x € R be
arbitrary. Since z < x, we have that xRx. Therefore, since x € R was
arbitrary, R is reflexive.

Symmetry. We claim that R is not symmetric. To see this, note that 2R3
since 2 < 3, but 3R2 since 2 ﬁ 3. Hence R is not symmetric.

Transitivity. We claim that R is transitive. To see this, let z,y,2 € R be
such that xRy and yRz. Therefore x < y and y < z by definition. Hence
x < z so zRz. Therefore, since z,y, z € R were arbitrary, R is transitive.

Since R is not symmetric, R is not an equivalence relation.

Example A.3.5. Let Z be a set whose elements are sets (not the ‘collection’
of all sets). Define a relation ~ on Z by A ~ B if and only if there exists a
bijective function from A to B. We claim that ~ is an equivalence relation
on Z. To see this, we must show that the three properties of an equivalence
relation hold.

Reflexivity. To see that ~ is reflexive, let A € Z be arbitrary. Since the
(identity) map f : A — A defined by f(a) = a for all a € A is a bijection, we
have by the definition of ~ that A ~ A. Hence, since A € Z was arbitrary,
~ is reflexive.

Symmetry. To see that ~ is symmetric, let A, B € Z be such that A ~ B.
Thus the definition of ~ implies that there is a bijective function f : A — B.
Hence f~': B — A is a bijection so B ~ A. Therefore, since A, B € Z were
arbitrary, ~ is symmetric.

Transitivity. To see that ~ is transitive, let A, B,C € Z be such that
A ~ B and B ~ C. Therefore there exists bijections f : A — B and
g : B — C by definition. Hence go f : A — C is a bijection so A ~ C.
Therefore, since A, B,C € Z were arbitrary, ~ is transitive.

Therefore, since ~ is reflexive, symmetric, and transitive, R is an equiva-
lence relation.
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In this context, for A, B € Z, it is said that A and B have the same
cardinality if A ~ B.

Equivalence relations will be used quite regularly in this course. For
now, we turn to trying to think of equivalence relations as a form of equality.
Of course there can exist objects that are equivalent with respect to an
equivalence relation that are not equal. However, if we combine all elements
that are equivalence to a given element, we get sets that are quite useful.
These sets are some form of ‘modding out by the equivalence relation’ to
construct objects that are equal based on the equivalence relation. To begin,
let’s be formal about these sets of equivalent elements.

Definition A.3.6. Let ~ be an equivalence relation on a set X. For each
a € X, the equivalence class of a with respect to ~ is

[a] ={z € X | © ~a}.

Example A.3.7. Consider the cardinality equivalence relation from Example
For a set A, we see that [A] is the set of all sets B € Z such that there
is a bijection from A to B. In particular, if A is a finite set, [A] consists of
all sets with the same number of elements as A.

To show that elements being equivalent under an equivalence relation
relates to equality of the equivalence classes, we prove the following.

Lemma A.3.8. Let ~ be an equivalence relation on a set X and let a,b € X.
Then a ~ b if and only if [a] = [b].

Proof. To begin, assume that a ~ b. To show that [a] = [b], we will show
that [a] C [b] and [b] C [a].

To see that [a] C [b], let € [a] be arbitrary. Hence z ~ a by the
definition of an equivalence class. Since equivalence relations are transitive,
x ~ a and a ~ b implies that x ~ b. Hence = € [b] by the definition of an
equivalence class. Therefore, since x € [a] was arbitrary, [a] C [b].

To see that [b] C [a], note since equivalence relations are symmetric that
a ~ b implies b ~ a. Therefore by interchanging a and b in the previous
paragraph, we obtain that [b] C [a]. Hence [a] = [b] as desired.

To see the converse direction, assume [a] = [b]. Since equivalence relations
are reflexive, we know that a ~ a so a € [a] by the definition of an equivalence
class. Therefore a € [a] = [b]. Since a € [b], the definition of an equivalence
class implies that a ~ b as desired. ]

The main benefit of considering equivalence classes is that they provide
a partition of the entire space into sets of equivalent elements. The following

result formalize this.
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Proposition A.3.9. Let ~ be an equivalence relation on a set X and let
C=A{la] | a € X}.

Then

a) forall AcC, A#0,

b) for all x € X there exists an A € C such that x € A, and

¢) if A,B€C and A+# B, then ANB = 0.

Proof. a) Let A € C be arbitrary. By the definition of C, A = [a] for some
a € X. Since equivalence relations are reflexive, we know that a ~ a so
a € [a] = A by the definition of an equivalence class. Since a € A, A # 0.
Therefore, since A € C was arbitrary, the result holds.

b) Let z € X be arbitrary. Let A = [z] so that A € C. Since equivalence
relations are reflexive, we know that « ~ = so « € [z] = A by the definition
of an equivalence class. Therefore, since x € X was arbitrary, the result
follows.

c) Let A, B € C be such that A # B. Since A, B € C, the definition of C
implies that there exists a,b € X such that A = [a] and B = [b].

Suppose for the sake of a contradiction that A N B # (). Hence there
exists an x € X such that xt € AN B. Thus v € A = [a] and x € B = [b)].
Since x € [a] and x € [b], we have by the definition of an equivalence class
that x ~ a and = ~ b. Since equivalence relations are symmetric, x ~ a
implies a ~ b. Therefore, since equivalence relations are transitive and since
a ~ x and z ~ b, we obtain that a ~ b. Hence Lemma [A-3.8| implies that
A = [a] = [b] = B. Hence we have a contradiction to the fact that A # B so
AN B # () as desired. ]

A.4 Divides

One important collection of equivalence relations and equivalence classes in
this course are derived from number theory and the idea of when one integer
divides another.

Definition A.4.1. Given n,m € Z with n # 0, it is said that n divides m,
denoted n|m, if there exists a k € Z such that nk = m.

Example A.4.2. Note that 12]132 since 11 € Z and 11(12) = 132. However,
12 does not divide 5 since for any integer k € Z, we see that 12k <0 < 5
when k£ <0 and 12k > 12 > 5 when k£ > 1.

Of course, there are some special numbers that can be defined based on
divides.
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Definition A.4.3. A natural number p is said to be prime if p # 1 and if
n € N and n|p, then n =1 or n = p.

It is not too difficult verify numbers such as 2, 3, 5, 7, 11, and so on are
primes. However, it is an incredibly difficult problem to find large prime
numbers and verify whether or not a natural number is prime.

Luckily, the notion of divides behaves well with respect to the operations
on the integers.

Proposition A.4.4. For all a,b,c,d,e € Z with a # 0, if alb and a|c, then
al(bd + ce).

Proof. Since alb and alc, there exists m, k € Z such that am = b and ak = c.
Note that
bd + ce = (am)d + (ak)e = a(md + ke).

Therefore, since md + ke € Z, we obtain that a|(bd 4 ce) by the definition of
divides. [

As seen earlier, it can be a difficult task to determine whether one natural
number divides another. The following immediately rules out large numbers
dividing small numbers.

Lemma A.4.5. Ifa,b € Z\ {0} are such that a|b, then |a| < |b|.

Proof. Assume a,b € Z \ {0} are such that a|b. Hence there exists a k € Z
such that b = ak. Note if £ = 0 then b = 0 which contradicts the fact that
b€ Z\ {0}. Hence k # 0. Therefore |k| > 1 so

b] = |a|[k| > |a[l = |a
as desired. n

Of course, we know from elementary school that if we divide one natural
number by another, then there can be a remainder. This is formalized via
the following.

Theorem A.4.6 (Division Algorithm). If n,b € Z are integers such that
b > 0, then there exists unique q,r € Z such that 0 <r <b and n=qgb+r.

Proof. To see the existence of ¢ and 7, let ¢ be the greatest number in Z such
that bg < n (note the existence of such a ¢ relies on fact that |n|b > n and
the Well Ordering Principle, which is logically equivalent to the Principle of
Mathematical Induction). Since ¢ + 1 > ¢, the choice of ¢ as the greatest
number such that bg < n implies that

bg <n <blg+1)=bg+b.
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Let r =n — bq € Z. Note n = bq 4+ r. Moreover, since bg < n, we have that
r =n—bg > 0. Finally, since n < bg+ b, we have that » = n —bg < b. Hence
q,r € Z are such that 0 <r <band n=qgb—+r.

To see the uniqueness of ¢ and r, assume qg,79 € Z are such that
0 <rg <bandn = qyb+ rg. Therefore

qgb+1=qob+ 1o

SO
b(q - QO) =To—T.

Since ¢ — qo € Z, this implies b|(rg — 7). However
—b<0—r<rg—r<rog—0<bhb.

Hence |rg — | < b. Since b|(r9 — r) and since |rp — | < b, Lemma
implies that 7o —r = 0 so 79 = . Hence b(q — qop) = 0. Thus, since b > 0, we
obtain that ¢ — go = 0 so ¢ = qp. Hence the values of ¢ and r are unique. m

A.5 Modular Arithmetic

One important use of the notion of divides in this course will follow from a
specific equivalence relation.

Theorem A.5.1. Let n € N. Define the relation ~ on Z by m ~ k if and
only if n|(m — k). Then ~ is an equivalence relation on Z.

Proof. To see that ~ is an equivalence relation, we must show that the three
properties of an equivalence relation hold.

Reflexivity. To see that ~ is reflexive, let m € Z be arbitrary. Since
m —m = 0, since 0 € Z, and since On = 0 = m — m, we obtain that
n|(m —m) by definition. Thus m ~ m. Hence, since m € Z was arbitrary, ~
is reflexive.

Symmetry. To see that ~ is symmetric, let m, k € Z be such that m ~ k.
Thus the definition of ~ implies that n|(m — k). Therefore Proposition
implies that n|(—(m — k)) so n|(k —m). Hence k ~ m. Therefore, since
m, k € Z were arbitrary, ~ is symmetric.

Transitivity. To see that ~ is transitive, let m, k,l € Z be such that
m ~ k and k ~ [. Thus n|(m — k) and n|(k — ). Since

(m—Fk)+(k—10)=m—1,

we obtain by Proposition that n|(m — ). Hence m ~ [. Therefore,
since m, k,l € Z were arbitrary, ~ is transitive.

Therefore, since ~ is reflexive, symmetric, and transitive, R is an equiva-
lence relation. [
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As the above equivalence relation is incredibly important, it deserves a
name.

Definition A.5.2. Let n € N and let m,k € Z. It is said that m and k
are said to be equivalent modulo n, denoted m = k mod n, if and only if
n|(m — k).

The equivalence classes of the modulo n equivalence relation are easily
obtained via the Division Algorithm (Theorem [A.4.6]).

Theorem A.5.3. Let n € N and for k € Z, let [k] denote the equivalence
class of k modulo n. For all m € Z, m is in one of the following equivalence
classes:

[0]7 [1]7 [n_l]
Moreover no two of these equivalence classes are the same.

Proof. Let m € Z be arbitrary. By the Division Algorithm (Theorem ,
there exists ¢, € Z such that m =ng+rand 0 <r <n. Hence ng=m —r
so n|(m —r). Thus m =r mod n so m € [r]. Therefore, since 0 < r < n,
we see that m is in one of the desired equivalence classes.

To see that no two of these equivalence classes are the same, assume
m,k € {0,1,...,n — 1} are such that [m] = [k]. Thus m =k mod n so
n|(m — k). However, since m, k € {0,1,...,n — 1}, we see that

—(n—-1)<0—-k<m—-k<m-0<n-—1.

Thus |m — k| <n —1 < n and n|(m — k). Hence Lemma implies that
m —k = 0 so m = k. Hence no two of these equivalence classes are the
same. =

The set of equivalence classes modulo n forms an important mathematical
object.

Definition A.5.4. For n € N; the set of equivalence classes of ‘modulo n’
equivalence relation
{[0], [1],...,[n — 1]}

is called the integers modulo n and is denoted Z,,.

Remark A.5.5. The importance of the integers modulo n comes from the
arithmetic we can perform on them and its connection to computer science
and cryptography. We want to define binary operations +, X : Zy, X Zy, — Zn,
by setting

[m] + [k] = [m+ k] and [m] x [k] = [mk]

However, there is a potential problem: if my,ma, k1, ke € Z, if [mq] = [ma],
and if [k1] = [ko], is it necessarily true that [m; + k1] = [ma + ko] and
[mlk‘l] = [mgk‘Q]?
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Lemma A.5.6. Letn € N and let my, ma, k1, ko € Z be such that [m1] = [mg]
and [/{:1] = [k:g] Then [ml + kﬂ = [mg + kJQ] and [mlkl] = [kaz].

Proof. Assume [m;] = [mg] and [k;] = [ko]. Hence m; = mg mod n and
k1 = ko mod n so n|(my; — mgy) and n|(k; — k2). Therefore, Proposition
implies that

n|((m1 —mg2) + (k1 — k2))

n|((m1 + k‘1) — (m2 + k‘z))

and thus mj + k1 = mo + k2 mod n. Hence [my + k1] = [mg + k2] as desired.
To see that [mik1] = [maks], note that

miki — moke = mik1 — 0 — moko
= myky — (m1ky — myka) — maks
= (mi1k1 — mikg) + (mika — maoky)
=my (k1 — k2) + ka(m1 — ma).

Therefore, since n|(m; —mg) and n|(k; — k2), Proposition implies that
n|(m1(k1 — kz) + k2<m1 — mg))

Hence n|(miki — maks) so miki = moka mod n. Thus [miki] = [maks]
completing the proof. [ |

It turns out that the integers modulo n have all of the same algebraic
properties that the integers do. In particular, one can verify the following
holds by performing the corresponding computations in Z.

Theorem A.5.7. Let n € N. Working modulo n, the following are true:
1 (Commutativity)

a [a] + [b] = [b] + [a] for all a,b € Z.
b [a][b] = [b][a] for all a,b € Z.

2 (Associativity)

a ([a] + [b]) + [c] = [a] + ([b] + [¢]) for all a,b,c € Z.
b ([a][b])[c] = [a]([b][c]) for all a,b,c € Z.

3 (Distributivity)
o [al(8] + [e]) = ([al[b]) + ([alle]) for all a,b,c € Z.
4 (Units)

a [0] + [a] = [a] for all a € Z.
b [1][a] = [a] for all a € Z.
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A.6 Basic Number Theory

In addition to the integers modulo n be imperative in this course, we will
also require some basic number theory from MATH 1200. In particular, we
need a good understanding of the following objects.

Definition A.6.1. Let m,n € N. A d € N is said to be a common divisor
of m and n if djm and d|n.

Example A.6.2. It is not difficult to see that the common divisors of 120
and 150 are 1, 2, 3, 5, 6, 10, 15, and 30.

What we are actually interested in is the largest such divisor.

Definition A.6.3. Let m,n € N. A d € N is said to be the greatest common
divisor of m and n, denoted ged(m,n), if d is a common divisor of m and n
and whenever ¢ € N is a common divisor of m and n, then ¢ < d.

Example A.6.4. Based on the above list of common divisors of 120 and
150, we see that ged (120, 150) = 30.

Remark A.6.5. It is important to note that:
o for any m,n € N, 1 is always a common divisor of m and n, and

e for any m,n € N, if d is a common divisor of m and n then d <
min(m, n).

These facts together imply that ged(m,n) always exists as there is always a
common divisor and there cannot be arbitrarily large common divisors.

Although it was easy to compute ged (120, 150) = 30, for larger numbers
it is far more challenging. It turns out that there is an algorithm that we
can use to compute the greatest common divisor of two numbers. Moreover,
this algorithm has an important extension that is incredibly useful in many
discussion in this course. To prove said algorithm, we require two lemmata.

Lemma A.6.6. Let a,b € N. If bla, then ged(a,b) = 0.

Proof. Assume bla. Since b(1) = b, we see that b|b. Hence b is a common
divisor of a and b so ged(a,b) > b. However, since any divisor of b is at most
b and since ged(a, b) is a divisor of b, we obtain that ged(a,b) < b. Hence
ged(a, b) = b as desired. n

Lemma A.6.7. Ifa,b,q,r € N are such that a = gb+ r, then ged(a,b) =
ged(r, b).
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Proof. Assume that a = ¢gb+ r. Let d = ged(a,b) and let dy = ged(r,b).
Since d = ged(a, b), we know that d|a and d|b. Therefore, since r = a — gb,
since d|a, and since d|b, Proposition implies that d|r. Hence d|r and
d|b so d is a common divisor of r and b. Thus d < ged(r, b) = dp.

To see the other inequality, since dy = ged(r,b), we know that d|r and
d|b. Therefore, since a = bq + r, since dg|r, and since dy|b, Proposition
implies that dy|a. Hence dp|a and dy|b so dy is a common divisor of a and b.
Thus dy < ged(a,b) = d. Therefore d = dy completing the proof. N

With the above lemmata in hand, we can prove the desired algorithm.

Theorem A.6.8 (The Euclidean Algorithm). Let a,b € N be such that
a > b. Consider the following algorithm:

(1) Let r = a.
(II) Let ro =b.

(II1) Forn > 2, ifry >re > -+- > 1, > 0, define 41 to be the remainder
when we divide r—1 by 1.

We know step IIT will always produce ry41 with 0 < rp41 < 1y, by the Division
Algorithm. Thus this algorithm is well-defined.

Then:

(1) This algorithm terminates as there will exists an m € N such that
my1 = 0 and ry # 0.

(2) For the m in (1), ry, = ged(a,b).
(8) There exists s,t € Z such that as + bt = ged(a, b).

Proof. First, since 0 < 1,11 < 1, at each step, the algorithm must terminate
in at most r;1 +1 = a + 1 steps. Hence there exists an m € N such that
Tm+1 = 0 and 7., # 0. Thus (1) is true.

To see that (2) is true, note by Lemma that

ged(rg, rry1) = ged(Prg1, Th2)
forall1 <k <m —2. Thus
ged(a, b) = ged(ry,m2) = ged(re,r3) = -+ - = ged(Tm—1,Tm)-

Moreover, since ry,+1 = 0, we have that ry,|r,—1 so ged(rm, rm—1) = rm

by Lemma Hence
ng(aa b) = ng(Tmfla Tm) =Tm
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as desired. Thus (2) is true.

Finally, to see that (3) is true, we will apply a recursive argument. Recall
that r,, was obtained as the remainder when r,, s was divided by 7,,_1.
Hence there exists a ¢, € N such that

Tm—2 = @mTm—1 1+ m-

Thus
gcd(a, b) =Tm =Tm-2 — dmTm-1-

Therefore, there exists t,,,_1, S;m_2 € Z such that
ged(a,b) = spm—oTm—2 + tm—1"m—1.
To apply recursion, assume 2 < k < m — 2 and sg, tx+1 € Z are such that
ged(a, b) = sgrg + thp17k41-

Since 7,41 was obtained as the remainder when ry_; was divided by 7y, there
exists a q; € N such that

Tk—1 = QxTk + Tk41-

Hence
Tk+1 = Tk—1 — 4kTk-

Therefore

ged(a, b) = sprp + tpr17k41
= 5,7k + thp1 (Th—1 — Q&Tk)

= tpr17k—1 + (Sk — Qrthg1)Tk-
Thus, with sy_1 = tg11 € Z and tx = s — qrtr+1, we see that
ged(a,b) = sp_171k—1 + tirg.
By repeating this argument at most k£ times, we obtain that
ged(a, b) = s17r1 + tore = s1a + tab
for some s1,to € Z as desired. n

One important corollary of the Euclidean Algorithm (Theorem [A.6.8]) in
this course is the following.

Corollary A.6.9. Let m,n € N. In Zy, [m| has a multiplicative inverse if
and only if gcd(m,n) = 1.
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Proof. First, assume [m] has a multiplicative inverse in Z,. Hence there
exists a k € Z such that

[1] = [m][k] = [mk].

Therefore mk =1 mod n so n|(mk — 1). Hence there exists an a € Z such
that mk — 1 = na. Thus
mk —na = 1.

Let d = ged(m,n). Since d|m and d|n, we obtain that d|(mk — na) by
Proposition Therefore d|1 so Lemma [A.4.5| implies that |d| < 1. Since
d € N, this implies that d = 1 as desired.

Conversely, assume that ged(m,n) = 1. By the Euclidean Algorithm
(Theorem [A.6.8), there exists a s,t € Z such that

ms +nt = 1.
Therefore
1=ms+nt=ms+ 0t =ms mod n,
so [1] = [ms] = [m][s]. Hence [m] has a multiplicative inverse in Z,,. ]

A.7 The Fundamental Theorem of Arithmetic

To complete our review of MATH 1200, we will prove the Fundamental
Theorem of Arithmetic (Theorem thereby showing that every natural
number greater than 1 has a unique factorization into a product of primes.
To do so, we begin with some notation and results that are also of use in
this course.

Definition A.7.1. Two natural numbers a and b are said to be coprime if
ged(a,b) = 1.

Lemma A.7.2. Let a,b,c € N. If a and b are coprime and albe, then alc.

Proof. Assume a and b are coprime and albe. Since a and b are coprime
so ged(a,b) = 1, the Euclidean Algorithm (Theorem , there exists a
s,t € 7Z such that

as+ bt =1.

Therefore
c¢=c(1) = c(as + bt) = a(es) + (be)t.

Since ala and since a|bc, Proposition implies that a|(a(cs) + (be)t).
Hence a|c as desired. ]

Lemma A.7.3. Let p be a prime number. If a,b € N and p|ab, then pla or
plb.
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Proof. Assume p is a prime number, a,b € N, and p|ab. To see that p|a or
p|b, assume that p 1 a. Therefore, since p is prime and only has 1 and p as
divisors, and since p t a, we see that ged(a,p) = 1. Thus, since ged(a,p) =1
and since p|ab, Lemma implies that p|b as desired. N

Lemma A.7.4. Let p be a prime number. For alln € N, if aq,...,a, € N
and pl(araz - - - ay), then play for some k € {1,2,...,n}.

Proof. For each n € N, let P, be the mathematical statement that if
a,...,an, € N and p|(ajaz---a,), then plag for some k € {1,2,...,n}.
To prove that P, is true for all n € N, we will use induction.
Base Case: n = 1. In this case p|a; thereby showing that P; is true.
Inductive Step. Assume that P, is true. To see that P41 is true, let
ai,...,an,an+1 € N be such that p|(ajas - - - apan+1). Hence

pllatag - ap)ant:.

Therefore Lemma implies that p|(ajaz---a,) or plap+1. Note by
the Induction Hypothesis that p|(ajag---ay) implies that play for some
ke {1,2,...,n}. Hence we have that p|ay for some k € {1,2,...,n,n+ 1}
thereby completing the inductive step.

Therefore, by the Principle of Mathematical Induction, the result is
true. [ ]

Theorem A.7.5 (The Fundamental Theorem of Arithmetic). Ifn € N
and n > 2, there exists a unique list of distinct prime numbers p1,pa, ... Pk
and unique powers aq, s, ...,ar € N such that

(0% (0% (0%
n:p11p22...pkk_

Proof. We begin by showing each natural number greater than 1 is a product
of primes.

For each n € N with n > 2, let P, be the mathematical statement that
n is prime or a product of prime numbers. To prove that P, is true for all
n > 2, we will use strong induction.

Base Case: n = 2. Since 2 is a prime number, P; is true.

Inductive Step. Assume that Py is true for all 2 < k < n. To see that
n is prime or a product of primes, we consider two cases. First, if n is
prime, then clearly n is prime or a product of primes. Otherwise n is a
composite number. Hence there exists 2 < m, k < n such that n = mk. By
the inductive hypothesis m is prime or a product of primes, and k is prime
or a product of primes. Therefore, since n = mk, we see that n is a product
of primes. Hence P, is true.

Therefore, by the Principle of Strong Induction, P, is true for all n > 2.
Hence

(e PN e

ay,
n=py Py "Pg
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for some distinct prime numbers p1, po,...pg and powers aq,as,...,ar € N.
To see the uniqueness of the above decomposition of n into a product of

primes, assume

nzqflqu-‘-qlﬁl

for some distinct prime numbers ¢1, ¢o, . .. ¢ and powers S1,Bs,...,0; € N.
First, we claim that {p1,...,px} = {q1,...,q} and thus k = . To see
this, suppose for the sake of a contradiction that {p1,...,px} # {q1,..., @}
Hence there exists a p; ¢ {q1,...,q} ora ¢; ¢ {p1,....pr}

First assume there is a p; ¢ {q1,...,q}. Note p;|n since n = p{* -- - ppr.
Hence
pila ey - q;"

However, Lemma implies that pj;|g; for some i. Therefore, since p;
and ¢; are prime, we obtain that p; = ¢; thereby contradicting the fact that
pj ¢ {a1,...,q}. Since the case where there is a ¢; ¢ {p1,...,px} is similar,
we have a contradiction. Hence {p1,...,pr} = {q1,...,q} and thus k = [.

By rearranging ¢1,...,qr to be in the same order as pi,...,pg, we can
assume without loss of generality that

n— pflpgz .. .pgk’

and it remains to prove that 3; = «; for all j. To see that 31 = a1, suppose
for the sake of a contradiction that 51 # «1. We divide the discussion into
two cases.

First, assume o1 > B1. Since

pYps Pt =n = piips? - plk,

this implies that

pfllrﬂlpgz...pgk :p§2 ~--p§’“.
Hence, since ai; — 31 > 0, this implies that py \p§2 e pf’“ . Thus either we have
pi|l (i.e. k= 1) thereby contradicting the fact that p; is prime, or Lemma
implies that pi|p; for some j € {2,ldots, k}. However, since p; and p;
are prime numbers, this implies that p; = p; thereby contradicting the fact
that p1,po,...pr are distinct prime numbers. Thus «y > (; is impossible.
Since the proof in the case that a; < ( is similar, we obtain a contradiction.
Hence 31 = 1. As a similar argument shows that §; = «a; for all j, the
proof is complete. |
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