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Preface:

In these lecture notes for MATH 6461 (Functional Analysis I) there may be
several typographical errors, missing exposition on necessary background,
and more advance topics for which there will not be time in class to cover.
Future iterations of these notes will hopefully be fairly self-contained
provided one has the necessary background. If you come across any typos,
errors, omissions, or unclear explanations, please feel free to contact me so
that I may continually improve these notes.
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Chapter 1

Normed Linear Spaces

The most challenging aspects of a functional analysis course is where to
begin and how deep to go into each topic. Functional analysis, being
the study of infinite dimensional topological vector spaces over the real
and complex numbers, requires substantial knowledge from linear algebra,
analysis, measure theory, and topology. At the graduate level, it is expected
that students are familiar with linear algebra (specifically, vector spaces,
subspaces, spans, linear independent, bases, dimension, linear maps, and
spectral theory for normal matrices) and have some exposure to analysis.
The questions remain, “how much analysis, measure theory, and topology
will students have seen, and how much detail should be provided on each
topic?”

In this section, we desire to examine the basics of normed linear spaces,
whereas we will leave essential study of Banach spaces to Chapter |2l For some
students, this will be mostly a review. For others, there may be many topics
that are quite new and challenging. While proceeding through this chapter,
we will assume that students have seen the basics of metric spaces (definitions,
convergent sequences, the metric topology, completeness, continuity) and the
only topological notions required for this section are those for metric spaces.
A few results will be mentioned using general topology and measure theory,
but students unfamiliar with measure theory will be able to proceed without
issue.

Thus we begin this chapter by reviewing the concept of a normed linear
space including many standard examples and results minimal proof. Then
we will transition to constructing other normed linear spaces, such as the
bounded linear maps between normed linear spaces and examining further
constructions on these spaces. Often we will include results that are more
advanced than one might see at the undergraduate level and the results and
examples that are more essential to the study of functional analysis.



2 CHAPTER 1. NORMED LINEAR SPACES

1.1 Normed Linear Spaces

Again, we begin by reviewing the concept of a normed linear space. As often
we will want to discuss results for both the real numbers R and the complex
numbers C, we will use K to denote the real or complex numbers (i.e. any
result where K is used works for both the real and complex numbers). We
chose K over F as F is usually used to denote an arbitrary field in mathematics
whereas results in functional analysis require the real or complex numbers.

We begin with the concept of a norm, which is a simple generalization of
the absolute value on K to vector spaces over K.

Definition 1.1.1. Let V be a vector space over K. A norm on V is a function
|-1] : V — [0,00) such that

1. for ¥ € V, ||7]| = 0 if and only if 7 = 0,
2. ||ad|| = |a|||7|| for all « € K and ¢ € V, and
3. (triangle inequality) [|¥ + @|| < ||¥]] + ||| for all ¥, @ € V.

Of course, we desire to study vector spaces with a fixed pre-described
norm, so we make the following definition.

Definition 1.1.2. A normed linear space is a pair (V,||-||) where V is a
vector space over K and || - || is a norm on V.

Note we will often abuse notation by saying that V is a normed linear
space without specifying the norm.

Remark 1.1.3. Any normed linear space (V, || -||) automatically becomes a
metric space with respect to the metric d : V x V — [0, 00) defined by

As such, the basic topological properties of metric spaces immediately apply
to normed linear spaces. In particular:

o asequence (Zp)p>1 of elements of V converges to & € V if
lim ||Z, — Z|| = 0;
lim ||, — 7] = 0;

that is, for every € > 0 there exists an n € N such that ||Z, — Z|| <€
for all n > N.

e the open ball centred at ¥ € V of radius r > 0 is the set

B(Z,r)={veV | ||v-Z|| <r}.

e asubset A CVis open in V if for all & € A there exists an r > 0 such
that B(Z,r) C A.

©For use through and only available at pskoufra.info.yorku.ca.



1.1. NORMED LINEAR SPACES 3

o asubset F'C Vis closed in V if F¢ =V \ F is open in V.

o asubset F' CV is closed if and only if whenever (Z,),>1 is a sequence
of elements of F' that converges to some element £ € )V, then ¥ € F.

o a sequence (Zp)p>1 of elements of V is Cauchy if for every € > 0 there
exists an N € N such that ||Z, — Zp,|| < € for all n,m > N.

e V is said to be complete if every Cauchy sequence in V converges in V.

e if W is a normed linear space, a function f : V — W is said to be
continuous at a point v € V if for every € > 0 there exists a d > 0
such that if ¥ € V and [|Z — ]|, < ¢, then || f(Z) — f(V)|,y < e
Consequently, it can be show that f is continuous (i.e. continuous at
every point in V) if and only if f~}(U) is open in V for every open
subset U C W.

The immediate added benefit of looking at normed linear spaces over
metric spaces is that the norm properties intertwine with the vector space
operations with respect to continuity and convergence.

Proposition 1.1.4. Let (V,||-||) be a normed linear space over K. If
(Zn)n>1 and (Yn)n>1 are sequences of elements of V that converge to ¥ and
y respectively, and let (an)n>1 be a sequence of elements of K that converge
to ., then

o (Zn + Yn)n>1 converges to T + ¢, and
o (Qp@n)n>1 converges to .
Proof. Let € > 0. Since
1(@n + Gn) = (& = P < [|Zn — || + |4 — §]| and
lanTn — o] < [an| |Zn — Z|| + [om — af [|7]]

for all n, and since convergence sequences are bounded in their norms by
a simple triangle inequality argument, we may chose N sufficiently large
so that the right-hand sides of both inequalities is less than ¢ and thus the
result follows. [

Proposition 1.1.5. Let (V,||-||) be a normed linear space over K. For all
T,y €V, we have

2] = 71l < [1Z— 7] -

This inequality is often called the reverse triangle inequality. Consequently,
the function f :V — R defined by f(Z) = ||&|| for all £ € V is continuous.

©For use through and only available at pskoufra.info.yorku.ca.



4 CHAPTER 1. NORMED LINEAR SPACES

Proof. Given &, € V, notice by the triangle equality that

12 = 1lg+ @ =9l < Il + |7 = gll  and
191 = 117 + (5 = D) < 121l + [l§ = 2| = |1Z]] + |7 - ]|

since ||—Z]| = | = 1|||Z]| = ||Z]| for all Z € V. By rearranging this equation, we
obtain the reverse triangle inequality. The continuity of the norm immediately
follows from the reverse triangle inequality and the definition of continuity. m

1.2 Examples of Normed Linear Spaces

Of course, having a mathematical object is only good if there is a plethora
of examples. In this section, we will look at some of the most important
examples of normed linear spaces in functional analysis. Note it is necessary
for each example to not only verify that the defined norm is indeed a norm, but
the set is actually a vector space. We note that the vector space operations
on each normed linear space is the canonical one.

Example 1.2.1. The absolute value function | - | : K — [0,00) is a norm on
K (where K is viewed as a vector space over K with the canonical operations).
In fact, every norm on K is clearly seen to be a positive scalar multiple of
the absolute value function. As such, when we refer to K as a normed linear
space, we always do so with the absolute value function as the norm.

Although there is only one norm on K upto multiples, if we go up in
vector space dimension, several norms that are not multiples are in existence.

Example 1.2.2. For n € N, recall K™ is a vector space over K with respect
to coordinate-wise addition and scalar multiplication. For a p € [1, 00), define
-1, - K™ = [0,00) by

oozl = (Db

k=1

for all (21,...,2,) € K". Then [|-[|, is a norm on K" called the p-norm. In
the case p = 2, the above norm is called the Fuclidean norm.

Example 1.2.3. For n € N, recall K” is a vector space over K with respect

to coordinate-wise addition and scalar multiplication. Define |- || : K" —
[0, 00) by
1z s 2n)llog = sUD |24 ]
1<k<n
for all (z1,...,2,) € K". We call || - ||, the sup-norm or the co-norm.

©For use through and only available at pskoufra.info.yorku.ca.



1.2. EXAMPLES OF NORMED LINEAR SPACES 5

Of course, it is necessary to check that the p-norms are indeed norms.
Other than the triangle inequality, all other properties of a norm are easy
to verify. To see that the triangle inequality holds, we refer the reader to
Appendix

Furthermore, it is elementary to see that the various p-norms on K" are
not multiples of each other. Indeed notice that

I
1(1,0,...,0)l, =1 whereas |(1,1,...,1)[, =" ifp # oo
1 if p=o0

and thus no p-norm on K" is a multiple of the other. However, the various
p-norms are related to each other in another topological way.

Definition 1.2.4. Let V be a vector space over K. Two norms || - ||, and
|| - |l on V are said to be equivalent if there exists ki, k2 € (0, 00) such that

a [[9]ly < |9lly < ka2 [|7]];
forallve V.

It is elementary to verify that the notion of equivalent norms from Defini-
tion [I.2.4] is an equivalence relation on the set of norms on V. Furthermore,
it is elementary to see that if two norms on V are equivalent, then they
define the same topology on V and they have the same set of Cauchy se-
quences. Thus, for almost all intents and purposes in functional analysis,
two equivalent norms on a vector space “produce the same” normed linear
space.

Example 1.2.5. For a fixedn € Nand p € [1, 00), notice for all (21, z2,...,2,) €
K™ that

1
(215 225+ - s 20) oo < (21,22, -5 20) [, S 1P [[(21,5 22, 20) [ oo

simply by using the fact that [|(z1, 22,...,20)[l, = (Xk=1 |zk|p)%. Hence all
of the p-norms on K™ are equivalent.

However, this raises another question that we will answer later: “Are
there other norms on K” that are not equivalent to the Euclidean norm?”

For now, we turn our attention to infinite dimensions where the p-norms
produce different vector spaces and thus different normed linear spaces.

Example 1.2.6. Given a measure space (X, A,u) and a p € [1,00), the
L,-space of (X, A, p1), denote L,(X, pt), is the normed linear space over K of
all measurable functions f : X — K such that

[ 157 dn <o
X

©For use through and only available at pskoufra.info.yorku.ca.



6 CHAPTER 1. NORMED LINEAR SPACES

modulo the set of all functions equal to zero p-almost everywhere equipped
with pointwise addition, pointwise scalar multiplication, and the p-norm
|1l + Lp(X, 1) — [0, 00) defined by

i1, = ([ e i)’

Example 1.2.7. Given a measure space (X, A, i), the Loo-space of (X, A, u),
denote Lo (X, ), is the normed linear space over K of all measurable func-
tions f : X — K for which there exists an M > 0 such that

for all f € L,(X, p).

p{r e X | |f(x)] > M}) =0

modulo the set of all functions equal to zero p almost everywhere equipped
with pointwise addition, pointwise scalar multiplication, and the co-norm
| 1lao  Loo(X, 1) — [0,00) defined by

[flloe = inf{M € [0,00) | p({z € X [ [f(z)| > M}) = 0}
for all f € Loo(X, p).

Of course, it is necessary to verify that L,-spaces are indeed vector spaces
and the norms as defined are indeed norms. We refer an interested reader to

Appendix

Remark 1.2.8. For most measure spaces (X, A, 1), L,(X, ) are different
vector spaces for each value of p. Indeed in the case that (X,.A, p) is the
Lebesgue measure on R, if ¢ € [1,00) and f : R — R is defined by

fq(x)Z{O ) ifz<l1

x e ifz>1’

then f, € L,(X, p) if and only if p > gq.

Example 1.2.9. Let p € [1,00] and let n € N. If X is an n-point space,
A = P(X), and p is the counting measure on X, then L,(X,pn) = K"
equipped with the p-norm. Hence Examples [1.2.2] and [T1.2.3] are subsumed
by L,-spaces.

Example 1.2.10. Let p € [1,00), let X =N, let A = P(X), and let u be
the counting measure on X. Then L, (X, ;1) can be identified with the set of
all sequences (z,)n>1 of elements of K such that

oo
Z |21 |P < o0.
k=1

©For use through and only available at pskoufra.info.yorku.ca.



1.2. EXAMPLES OF NORMED LINEAR SPACES 7

We use £,(N) (or £,(N,K) to specify the field K) to denote the space of all
such sequence. Thus ¢, (N) is a normed linear space with respect to entry-wise
addition, entry-wise scalar multiplication, and norm || - [|,, : £,(N) — [0, o0)
defined by

1(zn)n>1ll, = <Z |Zk\p>

Example 1.2.11. Let X = N, let 4 = P(X), and let p be the counting
measure on X. Then Lo (X, p) can be identified with the set of all bounded
sequences (zn)n>1 of elements of K. We use /. (N) (or (N, K) to specify
the field K) to denote the space of all such sequence. Thus (- (N) is a
normed linear space with respect to entry-wise addition, entry-wise scalar
multiplication, and norm || - || : £oc(N) — [0, 00) defined by

[(zn)n>1lloo = sup |zn|-
neN
Remark 1.2.12. It is not difficult to see that ¢;(N) C £,(N) C £,(N) C
{5 (N) for all p,q € (1,00) with p < q.

Often in this course we will stick with these “little” £,-spaces oppose
to the measure theoretic L,-spaces due to convenience for those that have
not taken measure theory. Surprisingly, most results that work for £,-spaces
can be extended to Ly-spaces provided the measures involved are sufficiently
nice.

While we are on the topic of sequence spaces, we note we can produce
new normed linear spaces in a very simple way.

Proposition 1.2.13. Let (V, | -||) be a normed linear space and let VW be a
vector subspace of V. The restriction of || -|| to W is a norm on W. Hence
W, -1 w) is a normed linear space.

Example 1.2.14. Let ¢ (or ¢(K) if we desire to specify the field) be the set
c= {(zn>n21 ‘ zn € K, nlgrolo Zn, exists} .

Since c¢ is a vector subspace of /o (N, K), ¢ is a normed linear space with
respect to the co-norm. We call ¢ the convergent sequence space.

Example 1.2.15. Let ¢y (or ¢o(K) if we desire to specify the field) be the
set

co= {(zn)nZI ‘zn € K,y}i_)ngozn = 0}.

Since ¢y is a vector subspace of ¢ (N, K), ¢y is a normed linear space with
respect to the co-norm. We call ¢y the convergent to 0 sequence space.

©For use through and only available at pskoufra.info.yorku.ca.



8 CHAPTER 1. NORMED LINEAR SPACES

Example 1.2.16. Let coo (or coo(K) if we desire to specify the field) be the
set

co0 = {(#n)n>1 € ¢ | there exists an N € N such that z, =0 for all n > N}.

Since coo is a vector subspace of £ (N, K), coo is a normed linear space with
respect to the co-norm. We call c¢og the eventually 0 sequence space.

Returning to measure theory, we can construct normed linear spaces on
measures.

Example 1.2.17. Let (X,.A) be a measurable space and let M¢(X, A) be
the set of all complex measures on (X,.A4). Then Mc(X,.A) is a vector

space over C with respect to pointwise addition and scalar multiplication.
Moreover, if we define || - || : Mc(X,.A) — [0,00) by

(0.9}
|p]| = sup { Z |(Ay) | {4,}72, € A pairwise disjoint with union X}
n=1

for all 4 € Mc(X,.A), then | -|| is a norm on Mc(X, A) called the total
variation norm. Hence Mc (X, A) is a normed linear space.

In fact, it can be shown that for any p € Mc(X, A) that there exists a
unique measure |u| : A — [0,00) and a measurable function ¢ : X — C such
that |¢(x)| =1 for all z € X that is unique upto p-measure zero sets such
that

p(A4) :/ w d|ul
A
for all A € A. It can be verified that ||u| = |p/[(X).

Example 1.2.18. Let (X,.A) be a measurable space and let Mr(X, A) be
the set of finite signed measures. Then Mg (X, A) is a real vector subspace
of Mc (X, A) with respect to pointwise addition and scalar multiplication
and thus a normed linear space with the restriction of the total variation
norm. In fact, if 4 € Mgr(X,.A), it is known there exists a unique pair of
singular finite measures p4 : A — [0,00) such that u(A) = py(A) — p_(A)
for all A € A. In this case, it can be verified that ||u| = p+(X) + p—(X).

To end our initial set of examples of normed linear spaces, we include
the most obvious: continuous functions.

Example 1.2.19. Let (X, 7) be a topological space and let (Y, || - ||y-) be a
normed linear space over K. A continuous function f: X — ) is said to be
bounded if there exists an M € R such that ||f(z)|ly, < M for all x € X.

The set of all bounded continuous functions from X to ), denoted
Cy(X, D), is a normed linear space over K with respect to pointwise addition,
pointwise scalar multiplication, and the norm || - || : Cp(X,Y) — [0,00)
defined by

[flloe = sup {If(@)lly | = € X}

©For use through and only available at pskoufra.info.yorku.ca.



1.3. CONSTRUCTING NORMED LINEAR SPACES 9

for all f € Cy(X,Y). The norm |||, often called the sup-norm or the
oo-norm as it agrees with the one from Example

Example 1.2.20. If X = N is equipped with the discrete topology, then
Cy(X,K) = 0o (N, K) and the two infinity norms agree.

Example 1.2.21. Let (X,7) be a compact topological space and let
(Y, Il lly-) be a normed linear space over K. Since every continuous function
f: X — Y is automatically bounded, Cy(X,)) is the set of all continuous
functions from X to ) and is denoted by C'(X,Y). Thus C(X,)) is a normed
linear space with the infinity norm from Example [I.2.19]

In the case that X is the closed interval [a,b] and V = R, we will use
Cla, b] to denote C(]a,b],R).

Example 1.2.22. Let (X,7) be a locally compact Hausdorff topological
space and let (Y,]-|ly) be a normed linear space over K. A continuous
function f: X — Y is said to be vanish at infinity if for all € > 0 there exists
a compact subset K C X such that ||f(z)||y < e for all z € X \ K. The set
of all continuous functions from X to ) that vanish at infinity is denoted
Co(X, D).

Since it is not difficult to verify that Cy(X,)) is a vector subspace of
Cy(X,Y), we obtain that Cy(X,)) is a normed linear space with respect to
the co-norm.

Example 1.2.23. If X = N is equipped with the discrete topology, then
Co(X,K) = ¢ and the two infinity norms agree.

1.3 Constructing Normed Linear Spaces

As seen above, there are many normed linear spaces. Furthermore, we have
already examined one way of creating normed linear spaces from others; take
a vector subspace. In this section, we will examine how to take direct sums
of normed linear spaces and quotients of normed linear spaces to obtain new
normed linear spaces.

Proposition 1.3.1. For eachn € N, let (X,,, ] -||,,) be a normed linear space
over K. Let

X ={(@n)n>1 | Tn € &y, for all n € N}.

1. Forp € [l,00), let

p
P x. = {(fn)n>1 €X

neN

o0
Sl < oo}.
n=1

©For use through and only available at pskoufra.info.yorku.ca.
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Then EBnGN n 1S a normed linear space over K together with the norm
|- Hp- nENX — [0,00) defined by

1(Zn)nz1l, = (Z IIwnllp>

for all (Zy)n>1 € @nEN X,. The space @ZEN Xy, is called the ¢,-direct

sum of {(A,, |- [,) 152

. Let

sup |Znl],, < oo}

n=1

@X —{xnn>1€/y

neN

Then @pen Xn is a normed linear space over K together with the norm
|l : Bren Xn — [0,00) defined by

[(@n)n>1lloo = sup [|Znll,
neN

for all (Zp)n>1 € @peny Xn- The space Ppen Xn is called the l-direct
sum of {(&Xn, [ [|,,)}n1-

. Let

co(X) = {(Fn)nz1 € X | Tim |17l =0}

Then co(X) is a vector subspace of @pey Xn and thus a normed linear
space with the co-norm. The space co(X) is called the cp-direct sum of

{( s [ [1,)F2Z1 -

Proof. The proof that all of these spaces are vector spaces and that the
described norms are indeed norms is straightforward (very similar to the
proof in Appendix |§| that the p-norms are indeed norms). ]

Remark 1.3.2. It is not difficult to see that the £,-direct sum and cy-direct
sum of N copies of K are ¢,(N,K) and ¢o(K) respectively.

Opposed to building bigger spaces, we can mod-out normed linear spaces

by closed subspaces.

Theorem 1.3.3. Let (V,||-||) be a normed linear space over K and let W
be a closed vector subspace of V.. Consider the quotient space V/W; that is

VW ={T+W | TV},

where

T+W= {0+ | @ € W}.

Then V/W s a vector space over K together with the operations

(L 4+W)+ (O +W) = (th+702)+W and «o-(T+W)=(al)+W.

©For use through and only available at pskoufra.info.yorku.ca.



1.3. CONSTRUCTING NORMED LINEAR SPACES 11

Define p : V/W — [0,00) by
p(U+ W) = inf{||v+ | | & € W}

for all v € V. Then p is a well-defined norm on V/W called the quotient
norm.

Proof. 1t is necessary to demonstrate that p is well-defined. Indeed if ¥}, v5 €
VY are such that ;1 + W = ¥ + W, then ¢} = U5 + Wy for some Wy € W.
Hence

inf{[|7), + @] | @€ W} = inf{||Fs + @ + @ | @ € W}
= inf{||d, + & | & € W}

since W is a vector subspace of V. Hence p is well-defined.
To see that p is a norm, notice if ¥ € V then clearly

0 < inf{[|7+ @ | @ e W} < Hm 6” < 00

since 0 € W. Hence p : V/W — [0,00). Next clearly p(0 + W) = 0.
Conversely, assume ¢ € V is such that p(7+ W) = 0. Then for each n € N
there exists an 1, € W such that ||7+ @, | < 1. Hence ¢ = lim,,_,0c — .
Since —w, € W for all n € N as W is a vector subspace, and since W is
closed, 7 € W. Hence & + W = 0+ W as desired.

To see the second property of a norm, let ¥ € V and « € K be arbitrary.
If @ =0, clearly

pla- (T+W)) = p((ad) + W) = p(0+W) =0 = |alp(d + W).

Otherwise, if @ # 0 notice that

since W is a vector subspace. Thus

pla- (T+W)) = p((ad) + W)
= inf{||ad + @|| | @ € W}

= inf { ||
o inf{

= |alinf { |7+ &'|| | @' € W}
= |alp(T+W).

. 14H
U+ —w
o

weW}

1
ool e w)
o

Hence p satisfies the second property of being a norm.
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12 CHAPTER 1. NORMED LINEAR SPACES

Finally, to see that p satisfies the triangle inequality, notice for all o1, 75 €
V that

p((U1 + W) + (U2 + W)) = p((t1 + T2) + W)
— inf{||7y + T + @ | T € W)
= inf{||0) + U + Wy + Wal|| | Wy, W2 € W}
inf{ || + W] + ||U2 + Wal| | W, T2 € W}
inf{||3, + @) | T € W} + inf{|[ T + @a|| | T2 € W)
=p(U1 + W) +p(v2 + W)

A

(where the third equality followed as W is a vector subspace). Hence p is a
norm on V/W. |

Example 1.3.4. It is not difficult to show that the quotient space ¢(K)/co(K)
is simply K in disguise via the map that sends (zy)n>1+ co(K) — lim, o0 2p.

1.4 Bounded Linear Operators

Of course there are many other ways to construct normed linear spaces.
One of the most important ways for functional analysis is to look at the
morphisms between normed linear spaces. In particular, a morphism between
two normed linear spaces should preserve the vector space structure and
thus be a linear map. Moreover, to preserve the norm, we would expect
some form of continuity. Continuous linear maps are a staple of functional
analysis and thus will be introduced in this section for use throughout the
course. To begin, we first desire to put a norm structure on certain linear
maps between two normed linear spaces.

Definition 1.4.1. Let (X,]-[|y) and (J,]-[ly)) be normed linear spaces
over K. A linear map T : X — ) is said to be bounded if

sup {IT(7) ]y | 7€ &, ||y <1} < oo,
If T is bounded, we write
1T = sup{|T(@)ly | 7€ X, |7, <1}

The quantity ||T'|| is called the operator norm of T. Furthermore, the set of
bounded linear maps from X" to Y is denoted B(X,)).

Remark 1.4.2. Note we can only discuss bounded linear maps between
normed linear spaces over the same field. Thus throughout these notes, this
will be a standing assumption when discussing bounded linear maps.

In addition, note that ||T'|| is a measure of how large the unit ball (the
ball of radius 1 centred at 6) in X is scaled by applying T'.
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1.4. BOUNDED LINEAR OPERATORS 13

Unsurprisingly, the operator is in fact a norm thereby yielding the follow-
ing.

Theorem 1.4.3. Let (X, -|[y) and (I, - |ly) be normed linear spaces over
K. Then B(X,Y) is a normed linear space over K with the operator norm
as defined in Definition [1.4.1]

To see that the operator norm is indeed a norm, we note that the only
non-trivial property of Definition to verify is that if ||T'|| = 0, then T is
the zero linear map. Note the following lemma yields the result.

Lemma 1.4.4. Let (X, |- |ly) and (Y, |- |ly)) be normed linear spaces over
K and let T € B(X,Y). Then

IT@) My < ITIHZ]x
forall T € X.

Proof. Since HT(G)Hy = HGHX = 0, the result holds when & = 0. If & # 0,
then ||Z]| , # 0. Consequently, since
1

== Hfo =1
U i ’

I
——
1Z]]

we obtain from the definition of the operator norm that

I ()

Therefore || T'(Z)[|5) < ||| [|Z]|  as desired. ]

1

12]] 2

1

=T (&) <|7].
R

y

1T (D)]ly = ‘

This easily yields that the composition of bounded linear maps is bounded.

Corollary 1.4.5. Let (X, |- |lx), (V- 1ly), and (2, - [ z) be normed linear
spaces over K. If T' € B(X,)Y) and S € B(Y, Z), then ST € B(X, Z) with
ST < [ISIIT-

Proof. Notice for all £ € X that
I(ST)@)[z = IST@N) z < ISTITE@) ]y < ISTITHIZ -

Thus taking the supremum of this over all Z € X with ||Z]|, <1 yields the
result. []

The reason we have been analyzing bounded linear maps in reference to
continuous linear maps is the following.

Theorem 1.4.6. Let (X, -||y) and (I, - |ly) be normed linear spaces over
K and let T : X — Y be linear. The following are equivalent:
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14 CHAPTER 1. NORMED LINEAR SPACES

(1) T is continuous.
(2) T is continuous at 0.
(8) T is bounded.

Proof. Clearly (1) implies (2). To see that (2) implies (3), let e = 1. Since
T is continuous at 0, there exists a 6 > 0 such that if ||Z]|, < 0 then
|7(Z)[lyy < 1. Therefore, if & € X' is such that [|Z]|, <1, then |62, < 6 so

ST @)y = [10T(@)]ly = [IT(6Z)[ly < 1.

Hence ||Z]| ,, < 1 implies ||T(Z)[y, < 61 so T is bounded with ||T'|| < §~' by
definition.

To see that (3) implies (1), let Zy € X be arbitrary. To see that T is
continuous at Zp, let € > 0 and let § = m > 0. If ¥ € X is such that
|Z — Zo||y < J, then Lemma implies that

. . - o €
1T(Z) = T(Zo)lly = IT(Z = Zo)lly < TN 17 = Zoll» < [T A

Therefore T' is continuous at Z( since € > 0 was arbitrary. Therefore, since
Zo € X was arbitrary, T is continuous on X. ]

Perhaps it is surprising at this point in the course, but B(X’,)) is one of
the most important normed linear spaces! In particular, using B(X,)), we
can define what it means for two normed linear spaces to be “the same”.

Definition 1.4.7. Let (X, -||y) and (J,] - ||y)) be normed linear spaces.
A map ¢ : X — ) is said to be an isomorphism if ® is a bijective bounded
linear map with bounded inverse. In this case (X, | -| ) and (Y, || - |ly-) are
said to be isomorphic.

In the case that [|®(Z)||;, = [|7]|, for all ¥ € X, it is said that ® is an
isometric isomorphism and that (X, |- ||y) and (), -|ly) are said to be
isometrically isomorphic.

Remark 1.4.8. It is clear that if (X, || - || ) and (Y, || - ||y-) are normed linear
spaces and ® : X — )Y is an isometric isomorphism, then (X, -||y) and
(V]| - [ly-) are truly the same normed linear space since ® being a bijective
linear map means X’ and ) are the same vector space and ® being isometric
implies the norms are identical under this identification.

When & is only an isomorphism, notice for all ¥ € X that

12(@) ]y < @ 1Z]].x

and
18 = | @@)|, < o[ 1@, -
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1.4. BOUNDED LINEAR OPERATORS 15

Hence
1

121
for all # € X (note ||®@~!|| # 0 for otherwise ®~! would be the zero linear

map). This shows, upto identifying the vector spaces X and ), the norms
| -1l and || - ||y, are equivalent.

7] < 1@y < (@I 2]+

Considering the importance of B(X,)) to this course, it is useful to
include some examples. Note it is often quite difficult to actually compute the
operator norm of a bounded linear map. However, in the finite dimensional
world, things are not too bad (in theory; in practice, computing the necessary
quantities can be challenging in dimensions exceeding 4).

Theorem 1.4.9. Let A € M, (C) and define Ly : C* — C" by La(%) =
AZ for all ¥ € C" (where we write ¥ as a column vector and use matrix
multiplication). Then

|La|| = max {\5 | A an eigenvalue for A*A}.
Proof. Exercise. ]
Example 1.4.10. For p € [1, 00|, define F, B : ¢,(N) — ¢,(N) by
F((z1,72,23,...)) = (0,21, 22, ...)
B((x1,x2,x3,...)) = (z2, 3,24, . . .).

Then F and B are bounded linear operators with || F|| = ||B|| = 1. The
operator F' is called the wunilateral forward shift and the operator B is called
the unilateral backward shift.

Example 1.4.11. For p € [1, 00|, define F, B : {,(Z) — {,(Z) by
F((zn)nez) = (Tn-1)nez
B((zn)nez) = (Tn+1)nez.

Then F and B are bounded linear operators with || F|| = ||B|| = 1. The
operator F is called the bilateral forward shift and the operator B is called
the bilateral backward shift.

Example 1.4.12. Given a compact Hausdorff space (X,7) and a fixed
[ € C(X), define My : C(X) = C(X) by

(M (9))(x) = f(x)g(x)

for all x € X and g € C(X). Clearly My is a linear map such that
1Mr(9)ll o < 1flloo ll9llse for all g € C(X). Moreover, by setting g(z) = 1
for all z € X, we see that |g||,, = 1 and ||[M;(g)||, = |||l Hence My is a
bounded linear map with || M| = || f||,, when C(X) is equipped with the
infinity norm.
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16 CHAPTER 1. NORMED LINEAR SPACES

Example 1.4.13. Let (X, A, 1) be a measure space, let p € [1, o0], and fix
f € Loo(X, ). Define My : L(X, ) = Lp(X, ) by

(My(9))(x) = f(x)g(x)

for all z € X and L,(X, ). We note that M will be well-defined since the
product of measurable functions is measurable and since

gy, = ( [ 15t in)’
< ([ 11 \g(x)!pduf
— 0% ([P dn)* = 171l

Since My is clearly linear, we see that My is a bounded linear map with
Ml < N1 flloo

Using techniques from measure theory, it is not difficult to verify that
|M¢|| = || fllo in the case that p is inner regular.

Example 1.4.14. Let (V.|| -||) be a normed linear space and let WV be a
closed subspace of V. Recall V/W is a normed linear space with respect to
the quotient norm from Theorem Define ¢ : V — V/W by q(v) = 0+W.
Clearly ¢ is a linear map. Moreover since ||q(?)]| < ||¥]| by definition, ¢ is a
bounded linear map with ||¢|| < 1.

Of course, there are a plethora and inexhaustible list of bounded linear
maps that cannot possibly be written down. To complete this section, there
are a couple additional examples that should be discussed. In particular, not
every nice linear map is bounded.

Example 1.4.15. Let P(R) denote the set of polynomials with real coef-
ficients. Since P(R) C C'[0, 1], we see that P(R) is a normed linear space
when equipped with the infinity norm. Define D : P(R) — P(R) by

D(p) =y

for all p € P(R) (i.e. take the derivative). Clearly D is a linear map. However,
D is not bounded since |z"||,, = 1 for all n € N yet D(z") = na""! so
|D(z"™)||,, = n for all n € N.

Example 1.4.16. Define T : ¢ — K by

2n n>1 Z Zn

for all (zp)p>1 € coo. Clearly T is a well-defined linear map since for all
(2n)n>1 € coo there exists an N € N such that z, = 0 for all n > N. However,

©For use through and only available at pskoufra.info.yorku.ca.



1.4. BOUNDED LINEAR OPERATORS 17

T is not bounded. To see this, note if Zp, = (Zmn)n>1 € coo are defined such

that
1 ifn<m
z = ,
m 0 ifn>m

then ||Zp,||,, = 1 whereas |T'(Z,,)| = m. Hence ||T|| > m for every m € N
and thus 7T is not bounded.

However, the question of whether or not a linear map is bounded depends
completely on the norms under consideration.

Example 1.4.17. Fix ¢ € [0, 1] and define T}, : C[0,1] — R by

Ty (f) = f(z0)

for all f € C[0,1]. Clearly Ty, is a linear map. Whether T3, is bounded or
not depends on the norm we place on C[0, 1] (we will always use the absolute
value on R).

If C[0,1] is equipped with the infinity norm, then T, is bounded with
|7, || = 1. To see this, notice for all f € C]0, 1] that

T ()] = 1f ()] < I £l

by definition of the infinity norm. Hence T, is bounded with ||T,,|| < 1.
To see that ||Ty,|| = 1, notice the function g(x) = 1 for all z € [0,1] is an
element of C0, 1] with |/g||,, = 1. Since

2o (9)] = lg(@o)| = 1,

However, if C10, 1] is equipped with the 1-norm, then T, is not bounded.
To see this, for each n € N, define f,, € C|0,1] by

2n? (iL‘— (aso—ﬁ)) ifx €

o — ﬁ> xo
fn(z) =< —2n? (m— (xo—i—ﬁ)) ifxe xo,mo—i—ﬁ
0 otherwise

for all z € [0, 1]. It is not difficult to see that

1
1l =/0 F(@)|de < 1

regardless of the value of z¢ (in fact, if zy € {0,1} then ||f,||; = 1 for all
n € N, and if g ¢ {0,1} then || f,||; = 1 for sufficiently large n). Furthermore,
since

‘Txo(fn)| = |fn($0)| =n

we obtain that

sup{| T (f)| | f € Cl0 1], |[fll; <1} =00

so Ty, is unbounded.
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18 CHAPTER 1. NORMED LINEAR SPACES

1.5 Dual Spaces

Not only does Example show the norm under consideration affects
whether or not a linear map is bounded, but it leads us to an important class
of bounded linear maps. Given any normed linear space, the bounded linear
maps into the scalars play a vital role in functional analysis as will be seen
in this course. Thus they deserve some special treatment.

Definition 1.5.1. Given a normed linear space (X, |- ||) over K, the dual
space of (X, |-|), denoted X*, is X* = B(X,K). The elements of X* are
called continuous linear functionals.

Of course there are many examples of continuous linear functionals. We
begin in the finite dimensional world.

Example 1.5.2. Let X = C™ equipped with the Euclidean norm. Recall
if f: X — C is a non-zero linear function, then there exists a unique
a=(ay,...,a,) € C" such that

f((z1,.-.y20)) = Z agzg
k=1

for all (z1,...,2,) € C". By the Cauchy-Schwarz inequality, we know for all
Z € C™ that
£ < llally 121

with equality if and only if 2’ is a multiple of @. Hence we easily see that
| fll < ||d]|, so every linear functional is continuous. Furthermore, we see
by taking Z' = m(i (so ||Z]l, = 1) that |f(2)| = ||d]|, and hence ||f| =
|@|ly. Thus X* is isometrically isomorphic to X' via the map that sends
(a1,...,ay,) € C" to the linear functional f : X — C defined by

fl(z1,.-0y20)) = Z a2
k=1

for all (z1,...,2,) € C™.
For another example, Example [.4.17] can be extended.

Example 1.5.3. Let (X,7T) be a compact Hausdorff space and let xy € X
be fixed. Define 6, : C(X) — R by

5x0 (f) = f(ﬂﬂo)

for all f € C(X). Then d,, is a continuous linear functional with ||0;,]] =1
when C(X) is equipped with the infinity norm. We call §,, the point-mass
linear functional at xg.
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1.5. DUAL SPACES 19

Of course, there are more interesting continuous linear functionals to
consider. In fact, for most £,-spaces, we can completely describe their dual
spaces with other £)-spaces.

Theorem 1.5.4 (Riesz Representation Theorem, /,(N)). Letp € [1,00)
and q € (1,00] be such that % + % = 1. For each vector § = (yn)n>1 € £4(N),
define g : £p(N) — K by

Soﬁ((xn)nZI) = i TnYn
n=1

for all (zn)n>1 € £p(N). Then @y € (£,(N))*. Moreover, the map ® : £,(N) —
(4p(N))* defined by

(Y) = vy
for all § € £4(N) is a bijective linear map such that ||@(y)|| = |||, for all
y € £y(N). That is, (£,(N))* is isometrically isomorphic to £,(N).

Proof. To see that ¢y is a well-defined bounded continuous linear func-
tional, note since ¥ = (yn)n>1 € €4(N) we have for all (z,,)n>1 € £p(N) that
(Tnyn)n>1 € ¢1(N) by Holders’ inequality. Hence

o0
> |#nyn| < 00
n=1

and thus @j((2,)n>1) is a well-defined element of K. Hence ¢y is well-
defined. Furthermore, the fact that oy is linear follows from basic properties
of convergent series.

To see that ¢y is bounded, notice for all (x,,),>1 € £,(N) that

00
Z TnlYn

n=1

o0
|og((Zn)n>1)| = < [wnynl < l(@n)nzall, 171,

n=1

by Holder’s inequality. Hence we easily see that o is bounded and Hcng <
I,

The above implies that ® is well-defined. Moreover, it is elementary
to verify that ® is a linear map. Hence it remains only to show that & is
bijective and that || ()| = |||, for all § € £4(N). We will show that ® is
surjective and in the process show that [|®(3)|| > [|]|, thereby completing
the equality. The result will then follow since the norm equality shows the
kernel of ® is simply the zero vector and thus ® will be injective.

Let ¢ € (¢,(N))* be arbitrary. For each n € N, let €, be the sequence
with a 1 in the n'® entry and zeros everywhere else. Since €&, € £,(N) for all
n € N, the element

Yn = p(€r) €K
is well-defined.
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Let ¥ = (yn)n>1. We claim that i € £4(N) and that ¢ = ¢;. To see that
y € £y(N), first consider the case where p =1 and ¢ = co. Since ||&,|; =1
for all n € N, we obtain that

lynl = le(€n)] < llel]

for all n € N. Hence ¢ € {5 (N) with [|5]|,, < |l¢||. Thus, once ¢ = ¢y is
established, we will have that

170 < Nl = llegll < 1137l

thereby completing the norm equality.
For p # 1, for each n € N let

{0 if y, =0
Ip = P X
! Tn(yn])P—1 2 if Yn # 0

and for NV € N consider the sequence
ZN = (1‘1,1‘2,...,%]\[70,0,...).

Clearly Zn € £,(N) with

since % + % =1soq= 1%‘ Therefore, since

N N

p

QO(ZN) = E InYn = E |yn’p_1
n=1 n=1

due to linearity, we obtain that

N N v N %
Doyl ="yl = oG < el 12v], = llell (Z !yn\q>
n=1

n=1 n=1
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Hence
1—41

N G N 5
(Z !yn|q> = <Z |yn!q> < el
n=1 n=1

for every N € N. Therefore, by taking the supremum over N, we obtain
y € Lg(N) and [|¢7]|, < [l¢]|. Thus, once ¢ = ¢y is established, we will have
that

151, < llell = Nl < N9l

thereby completing the norm equality.
To see that ¢ = @y, let & = (z,)n>1 € £p(N) be arbitrary. For each
N e N, let

Iy = (z1,22,...,2n,0,0,...).

Clearly Zn € £p(N), imn_o0 |7 — Zn|, = 0 since p # oo, and ¢(Zy) =
@i(Zn) for all N € N by the definition of  and by linearity. Therefore, since
¢ and @y are bounded linear functionals and thus continuous, we obtain that

o) = Jim_o(a) = Jim ) = o).
Hence, since Z € £,(N) was arbitrary, ¢ = ¢; thereby completing the proof.

(i.e. coo(N) is dense in £,(N) for p # oo and thus since ¢ and ¢y agree on
coo(N) by linearity, continuity yields the result.) N

Remark 1.5.5. The above Riesz Representation Theorems raise the question
on what exactly is ({s(N))*? Of course, it is not too difficult to see that if
Y = (Yn)n>1 € £1(N), then ¢y : £oo(N) — K defined by

@g((xn)nzl) = Z TnYn
n=1
for all (zp)n>1 € lo(N) is a bounded linear map with ||¢gz|| = ||7]l;. The

issue comes down demonstrating every continuous linear functional is of this
form. In fact, this is not true.

To construct the dual space of £+ (N), one actually requires some measure
theory which we leave to Appendix [D.4] In fact, there are generalizations of
the above Riesz Representation Theorems to Ly(X, 1) using measure theory
that can also be found in Appendix [D.4]

Alternatively, in topology it can be shown that /., (N) is isometrically
isomorphic to the continuous functions on the Stone-Cech compactification of
the natural numbers. Thus it is possible to describe the dual space of £ (N)
using the dual space of the continuous functions on a compact Hausdorff
space. Unfortunately, describing such dual spaces also requires measure
theory (see Theorem and we note are related to Mg(X, .A) where A
is the Borel o-algebra.
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Of course, there are other dual spaces of sequence spaces inside of £ (N)
that we can identify.

Theorem 1.5.6 (Riesz Representation Theorem, cy). For each vector
U= (Yn)n>1 € L1(N), define o5 : co — K by

(P xn n>1 Z TnlYn

for all (x,)n>1 € co. Then @y € (co)*. Moreover, the map ® : £1(N) — (co)*
defined by

() = vy

for all j € £1(N) is a bijective linear map such that || ®(9)|| = 7|, for all
ye gl(N)

Proof. To see that ¢y is a well-defined bounded linear functional, note
since ¥ = (Yn)n>1 € 1(N) we have for all (z,)n>1 € o € loo(N) that
(ZnYn)n>1 € £1(N) by Holders’ inequality. Hence

o0

> |znyn| < 0o

n=1

and thus @g((2n)n>1) is a well-defined element of K. Hence ¢y is well-
defined. Furthermore, the fact that oy is linear follows from basic properties
of convergent series.

To see that g is bounded, notice for all (x,,),>1 € ¢o that

Z TnYn

n=1

|pg((2n)nz1)] = < Z |Znyn| < [(@n)n21lle 1911

by Hoélder’s inequality. Hence we easily see that ¢ is bounded and ngg” <
1.

The above implies that ® is well-defined. Moreover, it is elementary
to verify that & is a linear map. Hence it remains only to show that & is
bijective and that || ®(y)| = ||7]|; for all ¥ € £;(N). We will show that ® is
surjective and in the process show that ||®(%)| > ||7]|,; thereby completing
the equality. The result will then follow since the norm equality shows the
kernel of ® is simply the zero vector and thus ® will be injective.

Let ¢ € (cp)* be arbitrary. For each n € N, let &, be the sequence with a
1 in the n'" entry and zeros everywhere else. Since €, € ¢ for all n € N, the
element

is well-defined.
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Let ¥ = (Yn)n>1- We claim that i € ¢1(N) and that ¢ = ¢;. To see that
i € ¢1(N), for each n € N let

0 ify, =0
Tn =9 lyal
e ify, #£0

Yn

and for N € N consider the sequence
ZN = (xl,.%‘g,...,.r]v,(),(),...).

Clearly Zn € co with ||Zx||,, = 1. Therefore, since

N N
p(ZN) = Z TnYn = Z |Yn|
n=1 n=1

due to linearity, we obtain that

N
D lyal = le(En) < el 12v ]l = llll
n=1

for every N € N. Therefore, by taking the supremum over N, we obtain
y € £1(N) and [|7]|; < [[¢]|. Thus, once ¢ = @y is established, we will have
that
1711y < llell = llogll < 17l

thereby completing the norm equality.

To see that ¢ = ¢y, let & = (2,,)n>1 € co be arbitrary. For each N € N,
let

.i"N = (1‘1,1‘2,. . .,J}N,0,0,...).

Clearly ¥n € co, imy_o0 || T — Zn ||, = 0 since & € co, and p(Zn) = @y(ZN)
for all N € N by the definition of 3 and by linearity. Therefore, since ¢ and
@y are bounded linear functionals and thus continuous, we obtain that

o(7) = lim o(Zy) = lim pz(ZN) = pz(T).

N—o0 N—o0

Hence, since & € ¢y was arbitrary, ¢ = ¢z thereby completing the proof. (i.e.
coo is dense in ¢y and thus since ¢ and ¢ agree on ¢y by linearity, continuity
yields the result.) n

However, there is another normed linear space that has ¢;(N) as its dual
space.

Theorem 1.5.7 (Riesz Representation Theorem, ¢). Let Ng = NU {0}.
For each vector if = (Yn)n>0 € €1(No), define pgz:c — K by

00
sz‘((mn)RZI) =7%Yo (nh—golo l'n) -+ Z TnYn

n=1
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*

for all (xy)n>1 € c. Then gy € c¢*. Moreover, the map ® : {1(N) — ¢
defined by

(7)) = ¢y
for all § € ¢1(N) is a bijective linear map such that || ®(y)| = ||¥]|; for all
yel (N)
Proof. Exercise. [

1.6 Canonical Embedding and Adjoints

We can take things a step farther with dual spaces. Indeed, the dual space
of a normed linear space is a normed linear space and thus has a dual space.
Such dual spaces are surprisingly useful and worthy of a name.

Definition 1.6.1. The double dual space (or second dual space) of a normed
linear space (X, || -|) is the normed linear space (X*)* and is denoted X™**.

Example 1.6.2. By Theorem we see for all p € (1,00) that

where ¢ € (1, 00) is such that %—l—% = 1. Similarly, by Theorem 1.5.4|7 Theorem
and Theorem we see that (cp)™ = lo(N) and ¢*F =l (N).

In Remark we saw that every element of ¢1(N) defined an element
of (lo(N))*. However, we know that (¢1(N))* = ¢+ (N) by Theorem [1.5.4]
Combining these two facts, every element of ¢1(N) defines an element of
(lo(N))* = (£1(N))**. Similarly, Example shows that (¢p)** = loo(N)
and ¢ = ls(N). Therefore, since ¢y C ¢ C £ (N), ever element of ¢y and ¢
define elements of their second dual spaces. This is not a coincidence since
the following shows (and note we will now often drop the vector notation
since it will become cumbersome).

Theorem 1.6.3 (Canonical Embedding into Double Dual). Let (X, || - ||)
be a normed linear space. For each x € X, define & : X* — K by

forall f € X*. Then & € X** and ||z|| < ||z| for all x € X. Moreover, if
J X = X s defined by
J(x)=12

for all x € X, then J is a contractive linear map. We call J the canonical
embedding of X' into A™**.

©For use through and only available at pskoufra.info.yorku.ca.



1.6. CANONICAL EMBEDDING AND ADJOINTS 25

Proof. 1t is elementary to see that if z € X, then Z is a well-defined linear
map on X*. Moreover, for all f € X'*, we see that

[2(N] = [F@)] < A1 |

so & is bounded (and thus in X**) with [|Z| < ||z||. The fact that J is linear
follows since for all z,y € X and «a € K,

az +y(f) = flaz +y) = af(z) + f(y) = ai(f) + §(f)
forallfeét'*soﬁy:a:%%—g. [ |

Remark 1.6.4. Recall by Theorem that if p, ¢ € (1, 00) are such that
}D + % =1, then (¢,(N))* = £,(N) via the map @ : £,(N) — (¢,(N))* defined
by

q)((xn)n>1 yn n>1 Z TnlYn

for all (z,,)n>1 € £4(N) and (yn)n>1 € £p(N). Moreover, by reversing the roles
of p and ¢, we know that (¢,(N))* = £,(N) via the map ¥ : £,(N) — (¢,(N))*
defined by

‘P((yn)n>1 mn n>1 Z TnlYn

for all (z,)n>1 € €4(N) and (yn)n>1 € ﬁp(N). Therefore, if 2= (xp)n>1 €
£y(N) and y = (yn)n>1 € £p(N), we see that

§®() = D)) = 3 Ty = ¥(y) (@),
n=1

Hence g € (¢,(N))** agrees with U(y) € ({,(N))* = (¢,(N))**. Since ¥
produces an isometric isomorphism of £,(N) into (£,(N))** (i.e. since £4(N)
and (£,(N))* are isometrically isomorphic, so too are (£4(N))* and (£,(N))**,
see Remark , these spaces have a special property that is important
in functional analysis.

Definition 1.6.5. A normed linear space (X, | -||) is said to be reflezive if
the canonical embedding is an isometric isomorphism of X onto X**.

Remark 1.6.6. In fact, using Theorem Theorem [1.5.6) and Theorem
1.5.7, several canonical embeddings are isometric. Indeed recall that ¢ =
01 (N), ¢ = ¢1(N), and (¢{1(N))* = lo(N). If one considers the canonical
embeddings J : co — (¢0)** = lo(N) and J : ¢ — ¢™* = {(N), by the same
idea as used in Remark we see that these maps are isometric.

This raises the question, “Is the canonical embedding always isometric?”
Note for this to occur, we would need to show for any normed linear space
(X,|-]]) and any Z € X that

1Z]] = sup {lp(@)] | ¢ € &% [l <1}
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The main issue is, “How does one construct a continuous linear functional of
norm at most 1 that almost sends z to ||Z]|?”

For now we turn to another construction via dual spaces (which will let
us complete the missing part of the argument in Remark [1.6.4)).

Theorem 1.6.7 (Adjoint of a Linear Map). Let (X, |- | y) and (Y, || [|y)
be normed linear spaces and let T € B(X,Y). Define T* : Y* — X* by

T*(f) = foT

forall f € Y*. Then T* is a well-defined element of B(Y*, X*). Moreover
|T*|| < ||T||. The map T* is called the adjoint of T

Proof. To see that T* is well-defined map note for all f € Y* that T*(f) is
a bounded linear map with norm at most ||T'|| || f|| being the composition of
bounded linear maps by Corollary Since T* is clearly linear and

1= (HI < ITIHAI

we see that T* € B(Y*, X*) with | T*| < ||T|| as desired. N

Remark 1.6.8. In a similar vein to Remark we can ask, “Is ||| =
|T||?” Indeed we know

1T = sup{[|f o T|| | f e %[ F] <1}
=sup{[f(T'(x))| | feV'xeX fl <1zl <1}

If the answer to Remark was in the affirmative, this would allow us to
conclude

77|} = sup{[T(@)[ly | = € &, ||zl x <1}
= [T}

This question will be addressed in a future Chapter.

For now, we finish with a quick study of some of the fundamental proper-
ties of the adjoint.

Proposition 1.6.9. Let (X, [|x), V[ [ly), (£, |lz) be normed linear
spaces, let S,T € B(X,)), and let R € B(Y, Z). Then

(1) (aS+T)" =aS*+T* for all a € K, and
(2) (RoS)* =5%0 R*.
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Proof. For (1), notice for all f € Y* that
(@S+T)(f)=fo(aS+T)=a(foS)+ (foT)=aS*(f)+T7(f)

since f is linear. Hence (1) follows.
For (2), notice for all f € Z* that

(RoS)*(f) =fo(RoS)=(foR)oS=5(fcR)=S"(R(f))
Hence (2) follows. ]

Remark 1.6.10. Note if (X, || ;) and (), ]| - [|y)) are normed linear spaces
and T € B(X,)) is an isomorphism, then (T71)* : X* — Y* exists and is
defined by

(T (g) =goT .
Thus it is not difficult to show that (771)* = (T*)~! and thus T* € B(Y*, X*)
is an isomorphism. Moreover, if T is an isometric isomorphism, then T is a
bijection from the unit ball of X to the unit ball of ) and thus for all f € V*,

17NN = sup{[[T* (@) | 2 € X, |lz]r <1}
sup{[|f(T (@) | € &, =]y <1}
sup{[lF (W)l [ y €V, llylly <1}

= |IfII-

Hence T is an isometric isomorphism.
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Chapter 2

Banach Spaces

Not all normed linear spaces are created equal. In particular, many of the
spaces examined in Chapter [I] have additional properties that are useful in
functional analysis. One such property is based on convergence of sequences.
As it is often difficult to verify whether or not a sequence converges since
one must ‘guess’ the limit and show the sequence converges to the limit,
the notion of a complete normed linear space where every Cauchy sequence
converges bipasses these difficulties. These so called Banach spaces form
some of the nicest objects in functional analysis and provide some of the
deepest theorems.

In this chapter, we will study Banach spaces. After demonstrating that
most of the spaces developed in Chapter[I]are Banach spaces, we will examine
several properties of Banach spaces. Specifically we will prove some of the
most important theorems for Banach spaces: the Baire Category Theorem

(Theorem [2.3.1)), the Open Mapping Theorem (Theorem [2.5.2]), and the
Principle of Uniform Boundedness (Theorem [2.6.3)).

2.1 Banach Spaces

To be formal, we define the object of study in this chapter.
Definition 2.1.1. A Banach space is a complete normed linear space.

Of course K is complete by undergraduate real analysis. In addition, we
have the following.

Corollary 2.1.2. For every p € [1,00] andn € N, (K", |[-[,) is a Banach
space.

Proof. If a sequence in (K", ||-||,) is Cauchy, it is Cauchy in each entry.
Since K is complete, each entry of our sequence converges. Since a sequence
in (K™, |-][,) converges if and only if it converges entrywise, the result
follows. [
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In infinite dimensions, things become more complicated since entrywise
convergence does not imply convergence of the entire sequence. However,
most of the normed linear spaces we studied above are Banach spaces. As
we will see, the proofs of these results all follow the same pattern: take a
Cauchy sequence, deduce it converges ‘entrywise’, stitch together the results,
check the proposed limit is in the space under consideration, and check the
sequences does indeed converge to the proposed limit.

Theorem 2.1.3. Let (X, |- y) and (3, - |ly) be normed linear spaces. If
Y is a Banach space, then (B(X,Y),|-|) is a Banach space.

Proof. Let (T),)n>1 be an arbitrary Cauchy sequence in B(X,)). For each
Z € X, notice
1T (%) = Ton (D) y < T = T 1 2]]

for all n,m € N. Hence it is elementary to see that (7,,(Z)),>1 is a Cauchy
sequence in Y for all & € X. Therefore, since ) is complete, for each ¥ € X
there exists an 7'(Z) € Y such that T'(Z) = limy—yo0 T (7).

To complete the proof, it suffices to verify three things: that T': X — Y
is linear, that T is bounded, and that lim,, . ||T"— T},|| = 0. To see that T
is linear, notice for all 1,279 € X and a € K that

T(aZ1+73) = nh_}rlgo T (a1 +32) = nh—>Holo o (Z1)+ T (Z2) = oT(71)+T(Z2).

Hence T is linear.
To see that 7' is bounded, notice for all ¥ € X with ||Z||, <1 and m € N
that

IT(@) = Tl @)lly = Jim [ Ta(@) = Ty < linsup [T ~ T

Since (T),)n>1 is Cauchy we know that (T},),>1 is bounded and therefore
limsup,,_, || — Trn|| is finite. In particular, we obtain that there exists a
constant M such that

IT@ Ny <T@y + M < |Tall + M

for all ¥ € X with ||Z||,, < 1. Hence T is bounded with ||T'|| < ||T]| + M.
To see that lim, o [|T — T,|| = 0, let € > 0 be arbitrary. Since (T,)n>1
is Cauchy, there exists an N € N such that ||7},, — T}|| < € for all m,j > N.
Hence if j > N, the above implies ||T'(Z) — T;(Z)|| < € for all ¥ € X with
|Z]| < 1 and thus
IT- T < e

for all n > N. Therefore, since € > 0 was arbitrary, we obtain that (7},)n>1
converges to T' in B(X,Y). Hence, since (T},),>1 was arbitrary, B(X,)) is
complete. ]
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2.1. BANACH SPACES 31

Corollary 2.1.4. The dual space of any normed linear space is a Banach
space.

Proof. Since X* = B(X,K) and K is complete, X* is complete by Theorem
2.1.3 N

To see other normed linear spaces consisting of functions are Banach
spaces, we recall a stronger notion of convergence.

Definition 2.1.5. Let (X,7T) be a topological space and let (Y,d) be a
metric space. For eachn € Nlet f, : X - Y. Given f: X — Y, it is said
that the sequence (fy,)n>1 converges uniformly to f if (fn)n>1 converges to
f with respect to the uniform metric (provided it makes sense); that is, for
all € > 0 there exists an N € N such that dy (f(z), fn(x)) < € for all n > N
and for all x € X

The following result is a staple of a first course in analysis (at least for
continuous functions on and to R) whose proof is a standard important
argument.

Theorem 2.1.6. Let (X, T) be a topological space and let (Y,d) be a metric
space and let f: X — Y. If (fn)n>1 95 a sequence of continuous functions
from X toY that converge to f uniformly, then f is continuous.

Proof. To see that f is continuous, let 9 € X be arbitrary. To see that
f is continuous at zg let € > 0 be arbitrary. Since (f)n>1 converges to
f uniformly, there exists an N € N such that dy (f(z), fx(z)) < § for all
x € X. Since fy is continuous at xg, there exists an open set U € T such
that xo € U and if x € U then dy (fn(z), fn(z0)) < §. Hence if € X and
x € U, then, by the triangle inequality,

dy (f(2), f(x0)) < dy (f(x), fn(2)) + dy (fn(2), fn(20)) + dy (fn(20), f(20))

<€+€+6
-+ -+ - =¢c
3 3 3

Hence, since € > 0 was arbitrary, f is continuous at xg. Thus, since zg was
arbitrary, f is continuous on X. ]

Using the above, we obtain the following result for metric spaces.

Theorem 2.1.7. Let (X,T) be a topological space and let (Y, ||-|y) be a
Banach space. Then (Cy(X, V), |- |l.,) is a Banach space.

o)

Proof. Let (fn)n>1 be an arbitrary Cauchy sequence in Cy(X,Y). For each
x € X, notice

[fn(2) = fm(2)ly < lfn = fnll

for all n,m € N. Hence it is elementary to see that (f,(z))n>1 is a Cauchy
sequence in )Y for all x € X. Therefore, since ) is complete, for each
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x € X there exists an f(z) € Y such that f(z) = lim, 0o fn(x). Clearly the
function x — f(z) defines a function f: X — ).

To complete the proof, it suffices to verify three things: that f is bounded,
that f : X — Y is continuous, and that lim,_, || f — fn|/, = 0. For the
first, notice for all x € X and m € N that

1£@) = @y = lim | fae) = fn(@)lly < limsup | fo = fl

Since (fp)n>1 is Cauchy we know that (fy,)n>1 is bounded and therefore
limsup,,_,o || fn — fmll« is finite. Therefore, by taking the supremum over
all x € X, we obtain that

sup{[|f(z) — fm(z)[ly | € X} < liﬂsogp | fn = frnllso

for all m € N. Thus, by taking m = 1 and using the fact that f; is bounded,
we easily see that f is bounded.

To see that f is continuous, we will show that (f,,),>1 converges uniformly
to f using the above. Indeed let € > 0 be arbitrary. Since (fy,)n>1 is Cauchy in
Cy(X,)), there exists an N € N such that || f; — fi|, < € forall m,j > N.
Hence if m > N, the above implies

sup{[|f(z) = fm(@)lly | = € X} <e

Thus (fn)n>1 converges to f uniformly on X. Hence f is continuous by
Theorem [2.1.61

As the above shows that lim,, oo || f — finlloo = 0, (fn)n>1 converges
to f in Cp(X,Y). Thus, since (fn)n>1 was an arbitrary Cauchy sequence,
Cy(X,Y) is complete and thus a Banach space. n

Corollary 2.1.8. Let (X,T) be a topological space. Then (Cyp(X,K), | ||
is a Banach space.

o)

Corollary 2.1.9. Let (X, T) be a compact Hausdorff space and let (Y, || -||)
be a Banach space. Then (C(X,Y),| ) % a Banach space.

To discuss Cy(X,)) when X is a locally compact Hausdorff topological
space and ) is a Banach space, it is first helpful to make a remark.

Remark 2.1.10. Given a Banach space (X, || -||), if ) is a vector subspace
of X, then (), |- |y) is a Banach space if and only if Y is closed. Indeed if
Y is closed, then it is complete (closed subsets of complete metric spaces are
complete) and if ) is not closed there is a sequence in ) that converges in
X (and thus is Cauchy in X and )) that is does not converges in ) thereby
showing ) is not complete.

For this reason, we often restrict our attention to closed subspaces in
functional analysis. We warn the reader that in main texts in functional
analysis that a ‘subspace’ means a ‘closed subspace’ for just this reason.
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Corollary 2.1.11. Let (X, T) be a locally compact Hausdorff space and
let (V.| -1]) be a Banach space. Then (Co(X,Y),|-|ls) i a Banach space.
Hence cg = Cp(N,K) is a Banach space.

Proof. Recall Cy(X,Y) is a closed subspace of Cp(X,)) and thus a Banach
space. n

Although we know /,(N) are dual spaces by Theorem (and Theorem
for ¢1(N)) and thus Banach spaces, we note the spaces from Proposition
[1.37] are Banach spaces.

Theorem 2.1.12. For each n € N, let (X,, | -|,,) be a Banch space over K.
Let

X ={(Zn)n>1 | Tn € Xy, for all n € N}.

Then @ .y X, is a Banach space for all p € [1,00] and co(X) is a Banach
space.

Proof. Fix p € [1,00]. For notational purposes, let ), = @ieN X,. To see
that ), is complete, let (¥ )r>1 be an arbitrary Cauchy sequence in }),. For
each k € N, write i, = (24 )n>1 Where z;, € &, for all n € N and k£ € N.
Since for all m, k,n € N,

ka,n — Tmn ‘n < H?jk - gm”p’

we see that for each n € N the sequence (z,,)r>1 is Cauchy in X,,. Therefore,
since &), is complete, x,, = limy_, T}, exists in A}, for each n € N.

Let ¥ = (x5 )n>1. To complete the proof, it suffices to verify two things:
that i € Y, and that limyc [|§ — yil[, = 0. We will only discuss the case
p # oo and the case p = oo is similar and uses the same sorts of arguments
as the proof of Theorem [2.1.7]

For p # oo notice for all N, m € N that

N 5 N 7

_ p — i o D . 5 o

<§_: [ — ) = lim (2_: Zkn — Tl ) < hkm_ilip &y — T, -
n=1 n=1

Since (Z)n>1 is Cauchy it follows that (Z,),>1 is bounded and therefore

lim supy,_, o [|Zk — @ml|, is finite. Therefore, by taking the limit as N tends

to infinity, we obtain that

-

P

[ee}
(Z |z, — xm,n|p> < limsup [T} — T, -
n=1

k—o00

By setting m = 1, we see that 2 = (2, — Z15)n>1 € Vp. Therefore, since
y = Z+ 1, we obtain that § € ).

©For use through and only available at pskoufra.info.yorku.ca.



34 CHAPTER 2. BANACH SPACES

To see that limy_,o |7 — gj’ka =0, let € > 0 be arbitrary. Note the above
shows for all m € N that

1§ = Ymll, < limsup [|Zx — Zml,, -
k—o0

Since (Zp)n>1 is Cauchy there exists an N € N such that |[gi — yim ||, < € for
all m,k > N. Hence if m > N, the above implies ||§ — &y |, < e. Therefore,
since € > 0 was arbitrary, we obtain that limg_ | — kl[, = 0. Hence
(Yk)k>1 converges in Y, so, since (yk)r>1 was arbitrary, ), is complete and
thus a Banach space.

Since ¢(X) is a closed vector subspace of @, ey Xy, it follows that co(X')
is a Banach space. ]

Corollary 2.1.13. For all p € [1,00], ¢,(N) is a Banach space.
Corollary 2.1.14. The space c is a Banach space.

Proof. Since ¢ is a closed subspace of £ (N), it follows that ¢ is a Banach
space. n

We also note that the measure-theoretic spaces mentioned above are
indeed Banach spaces. For the proof that L,(X,u) is a Banach space,
see Theorem and Theorem The proof that Mc(X,.A) and
Mp(X, A) are Banach spaces follows from similar arguments to those used
above. Moreover, these spaces provide a nice example of a normed linear
space that is not a Banach space.

Example 2.1.15. Let p € [1,00) and consider C|0, 1] as a vector subspace
of L,([0,1], X) where X is the Lebesgue measure. We claim that C[0, 1] is not
closed and thus not a Banach space with respect to [ - [|,. To see this, for
each n € Nlet f, € C[0,1] be defined by

1 if x € |0, %]
fu(z) = 1—n(x—%> ifxe %,%—i—ﬂ
0 otherwise

We claim that (fy)n>1 is a Cauchy sequence that does not converge. To see
that (fn)n>1 is Cauchy, notice if n,m € N with n > m then

nn—ﬂwp:([uum—ﬁamwm);

3t
=<ﬁ me—mwww>

2
1
3tm |
< / ldx < —
3 mer
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since | fn(z) — fim(2)| < 1 for all z € [0,1]. Therefore, since lim,, oo —1 = 0,

1
we obtain that (f,)n>1 is Cauchy in (C[0, 1], - ],)- "
To see that (fn)n>1 does not have a limit in (C[0,1], - [|,), suppose for
the sake of a contradiction that f € C[0,1] is a limit of (f,)n>1. Then for
all a,b € [0,1] with a < b, we have that

1
lim sup </ | fr (2 )|pdx> < lim sup (/ | fn (2 )\pd:c)p
n—00 n—o0
= limsup || fn — fIl, =
n— oo
1

since the integral of a positive function is positive and the function z +— x»
is increasing on [0, 00). Thus for each a,b € {0, %} with a < b we obtain that

O:hrrzll—sgp (/ | fr (2 \pd:c> (/ 11— f( |pdx>p

However, since f is continuous on [0, 1], this implies that f(z) = 1 for all
T € [O, %] Similarly, if % < a < b <1, we obtain by selecting n large enough
so that % + % < a that

) T :
0 = limsup ( / Ifn(m)lpdl“) =< / If(w)lpdx>

Hence, the same arguments imply that f(xz) = 0 for all = € (%, 1] Thus,

since f is continuous at 7, we have obtained that 0 = f (%) = 1 which is

a contradiction. Thus (fy)n>1 does not have a limit in (C[0,1], - [|,) so
(C10, 1], -1[,) is not complete.

Of course C10,1] is dense in L,([0, 1], \) for p # oo by Theorem
so by adding in ‘a few more functions’, we can turn (C[0,1], | -[,) into a
Banach space. This is the notion of a completion of a normed linear space.
Such completions always exist as Appendix [C| shows.

2.2 Banach Space Properties

One example from Chapter [I| that has not been studied in the Banach space
setting are the quotient spaces from Theorem [I.3:3] In particular, how does
V being a Banach space or not relate to whether V/W is a Banach space or
not for a closed subspace W of V? One method for answering this question
is to look at a useful property of a Banach space which is motivated by
connecting Cauchy sequences and sums as one would in undergraduate real
analysis.
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Definition 2.2.1. Let (X, -||) be a normed linear space. A series > 0 @
is said to be summable if the sequence of partial sums (sy),>1 converges
(where s, = Y 11 Tg).

A series > 0% @, is said to be absolutely summable if Y 02 ||@] < oo.

Theorem 2.2.2. Let (X, ]| -||) be a normed linear space. Then X is a Banach
space if and only if every absolutely summable series is summable.

Proof. Assume X is a Banach space. Let Y 2 ; &, be an arbitrary absolutely
summable series in (X, || -]|). To see that Y o>, &, is summable, let € > 0
be arbitrary. Since Y ;2 ||Zn| < oo, there exists an N € N such that
Yoo l1Znll < €. Therefore, if k,mm > N and, without loss of generality,
m >k, then

[$m — skll =

IA
-
=

IN

0
Z |25 < €.
n=N

Therefore, since € > 0 was arbitrary, the sequence of partial sums (sp)p>1 is
Cauchy. Hence (sy,)n>1 converges since X is complete. Thus, since > 2 | @,
was arbitrary, every absolutely summable series in X is summable.

For the converse, assume every absolutely summable sequence in X
is summable. To see that X is complete, let (Z),>1 be an arbitrary
Cauchy sequence. Since (Z,),>1 is Cauchy, there exists an n; € N such that
|Zn — &|| < § for all m,j > ny. Similarly, since (Z,),>1 is Cauchy, there
exists an np € N such that ng > ny and ||Z,, — 7| < 2% for all m,j > no.
By repeating the above process, for each k& € N there exists an ng € N such
that ny < ngyq for all k and (|7, — 25| < 2% for all m, j > ny.

For each k € N let ¢ = @, ,, — ¥p,. Thus we have that

=1

o0
DGl <D0 of < o0
k=1 2

SO Y21 U is an absolutely summable series in X'. Therefore, by the assump-
tions on X, Y7 ¥ is summable in X'.

Let & = &, + > 521 Uk We claim that (&, )r>1 converges to Z. To see
this, let € > 0 be arbitrary. Then there exists a M € N such that if m > M
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then
o m
U= k|| <e
k=1 k=1

Therefore, if m > M,

o0 m m
||f l'nerlH < Z gk - Z _’k + (| Th, Tnpyt1 + Z _)k
k=1 k=1 k=1
m
<€+ ||Tny — Tpppyr + Z fﬂkﬂ Ly,
k=1

Therefore, since € > 0 was arbitrary, (2, )r>1 converges to &. Thus, since
(Zn)n>1 is Cauchy, (Z,)n>1 converges to Z. Therefore, since (Z),>1 was an
arbitrary Cauchy sequence, X is complete. ]

As an immediate corollary, we obtain the following result pertaining to
convergence of series of continuous functions.

Corollary 2.2.3 (Weierstrass M-Test). Let (X,T) be a topological space
and let (fn)n>1 be a sequence of functions from Cy(X,R). If there exists an
M € R such that Yp2 1 || fulloo < M, then Y02, fn converges uniformly on
X to a continuous function.

Proof. Since (fn)n>1 is absolutely summable in the Banach space Cp(X,R),
Yoy fn converges in Cy(X,R). ]

Using the characterization of Banach spaces involving absolutely summable
series, we can describe when quotients of normed linear spaces will be Banach
spaces.

Theorem 2.2.4. Let (V, | -||) be a normed linear space and let W be a closed
subspace of V. Then V is a Banach space if and only if W and V/W are
Banach spaces.

Proof. Assume V is a Banach space. By Remark that W is a Banach
space. To see that V/W is a Banach space, we will appeal to Theorem m

Let >°0°, ¥, + W be an absolutely summable series in V/W. For each
n € N, by the definition of the quotient norm we can find a @, € W such
that

L 1 .
1T + Wl < o + 180 + W

Therefore, since > o2 ; U, + W be an absolutely summable series in V/W we
see that > >° | ¥, +), is absolutely summable series in V. Hence Y02 | ¢y, +,
converges in V to some vector ¥ € V.
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Since the quotient map ¢ : V — V/W is continuous by Example [1.4.14
we have that

N
q(v) = lim ¢ (Z Un, + wn>
n=1

N—o0

= lim Z q (U, + W)

Hence Y2 ¥, + W converges to ¢(¥). Therefore, since > 72 ; U, + W was
arbitrary, V/W is a Banach space by Theorem

Conversely, assume that W and V/W are complete. To see that V is
complete, let (U,),>1 be a Cauchy sequence in V. By the definition of the
quotient norm, we have that

H(gn +W) - (ﬁm +W)H = H(Un _77m) +W|| < Hgn - 6771”

for all n,m € N. Therefore, since (¢,),>1 be a Cauchy sequence in V we
obtain that (¥, + W),>1 is a Cauchy sequence in V/W.

Since V/W is complete, (U, + W),>1 converges to some vector ¥+ W €
V/W. Unfortunately, ¢ is not the vector we want as we still need to correct
it by the appropriate vector from W. This is where the completeness of W
will come into play.

By the definition of the quotient norm, for each n € N there exists a
Wy, € W such that

L 1 I
17 = T + | < 5 + (T = Ta) + W

Since limy, o0 [[(T — ¥,) + W|| = 0, we see that (¥, — Wy )n>1 converges to ¥
in V and thus is Cauchy. Since (4,),>1 is Cauchy and the difference of two
Cauchy sequences is easily seen to be Cauchy by the triangle inequality, we
obtain that (wy)n,>1 is Cauchy in V. However, since w,, € W for all n € N,
we see that (w,)n>1 is Cauchy in W and thus converges to some vector
w € W since W is complete. Since
v+ 4 = lim v, — W, + lim W, = lim ¥,,
n—oo n—oo n—oo

we have that (,),>1 converges to ¥+ o in V. Therefore, since (¥,,)n>1 was
arbitrary, V is complete. ]

2.3 The Baire Category Theorem

In this section, we will prove one of the most surprisingly useful theorems
pertaining to complete metric spaces (and thus Banach spaces). Although
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its uses will not be apparent from the statement of the theorem, we will see
in the subsequent sections some of its applications.

Theorem 2.3.1 (Baire’s Category Theorem). Let (X,d) be a complete
metric space and let (Up)n>1 be a sequence of open dense subsets of X. Then
> 1 Up is dense in X.

Proof. To see that ("~ Uy, is dense in X, let z € X and € > 0 be arbitrary.
We must show that there exists an element of (72 ; U,, within € of z. To do
this, it is first useful to note that if y € X and r > 0 then for any 0 < v’ <7r
we have that

Bly,r'| € B(y,r)

where B[y, '] is the closed ball centred at y of radius r’.

Let r = %e. Since U; is dense in X, there exists an element xz1 € Uy
such that d(z1,x) < 1. Since Uj is open, by the above comment there exists
an 0 < 79 < %e such that B[z1,72] C U; (i.e. choose an open ball around x;
contained in U; and then decrease the radius of the ball).

Since Us is dense in X, there exists an element xo € Us such that
d(x9,x1) < r9. Hence xo € B(x1,72) so xg € Us N B(x1,72). Hence, since
Us N B(x1,7r2) is open, there exists an 0 < 1o < 2%6 such that Blzg,rs] C
UsN B(wl,T2>.

By recursion, for each n € N there exists an x,, € U, N B(zp—1,7n)
and an 0 < rp11 < ﬁe such that d(zp,xn—1) < 1 and Blzp,rny1] C
U, N B(xp—1,m9).

Notice for all n,m € N with n > m that

n—1

n—1
1
d(xnal'm) < Z d(.’l?kJrl,:L'k) < Z rer1 < 27m6'
k=m

k=m

Therefore, since lim,,_ 2%6 = 0, we obtain that (x,),>1 is Cauchy in (X, d)
and thus converges to some element y € X since (X, d) is complete.

For each m € N, let F,,, = Blxm, "m+1]. Since Fp,41 C F, for all m € N,
we see that (,)n>m is a sequence in Fy, for all m € N. Therefore, since F,
is closed, we obtain that y € F,, for all m € N. Hence, since F},, C U,, for
all m € N, we obtain that y € 02, U,,.

To see that d(x,y) < €, we note that y € F} = Blx1,72] so d(y,z1) < 1.
Hence

d(z,y) < d(z,z1) +d(x1,y) <ri+ry<e

by the triangle inequality. Hence the result follows. ]

Often in functional analysis one desires to work with closed sets since
convergent sequences have limits inside the set. Since a set U is open and
dense if and only if its complement is closed and nowhere dense (which is
equivalent to having empty interior), we obtain the following implication of
the Baire Category Theorem (Theorem .
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Corollary 2.3.2. Let (X,d) be a complete metric space. If (Fp)p>1 s a
sequence of closed sets such that X = J;—; Fy, then there exists an N € N
such that int(Fy) # 0.

Proof. Suppose for the sake of a contradiction that int(F,) = () for all
n € N. Let U, = X \ F, for all n € N. Since X = ;2 F),, it follows that

o> 1 Un = 0. However, since each F), is closed with empty interior, each
Uy, is an open dense subset of (X,d). Since the Baire Category Theorem
(Theorem implies (N;=; U, is dense and thus non-empty, we have a
contradiction. m

There are numerous uses of the Baire Category Theorem. We conclude
this section mentioning one interesting result about continuous functions on
R. First we require some notation.

Definition 2.3.3. Let (X, d) be a metric space. A subset A C X is said to be
Gs if there exists a collection of open sets {Upy }22; such that A = ;2 Up,.

Similarly, a subset B C X is said to be F}, if there exists a collection of
closed sets {F,,}°2 such that A = ;2 F,.

Remark 2.3.4. It is not difficult to see using De Morgan’s Laws that A is
Gs if and only if A°is F,.

Example 2.3.5. Every closed subset of a metric space is Gg. To see this,
assume F is a closed subset of a metric space (X,d). If F' = () then, since ()
is open and since ;2 = 0, we obtain that F is Gs.

Otherwise, assume F' is not empty. For each n € N, let

v Us ().

zeF

Clearly each U, is an open subset such that F' C U,,. Hence
oo
FC () U
n=1

For the other inclusion, assume z € F°. Therefore z ¢ F = F since F is
closed. Hence dist(z, F) > 0. Choose n € N such that

dist(z, F) > — > 0.

S|

Hence d(z,y) > % for all y € F. Thus, by the definition of Uy, z ¢ Up.
Whence = ¢ N2, Up. Hence

DX

F= Un

1

n

so F'is Gg.
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For another example, we prove the following.
Proposition 2.3.6. The rational numbers are not a Gs subset of R.

Proof. Suppose for the sake of a contradiction that Q is Gs. Hence there
exists a collection of open sets {U, }52; such that Q = (72, Uy,. Therefore
Q C U, for all n so each U, is dense in R. Hence each U is closed and
nowhere dense.

Notice that

R\Q=J U
n=1

Since Q is countable, we may write Q = {r,, | n € N}. Thus

R=(R\QUQ= (fj Uﬁ) U (G{rn}>,
n=1 n=1

so R is a countable union of nowhere dense closed sets. As this contradicts
the Baire Category Theorem (Corollary [2.3.2)), the result is complete. n

To use Proposition [2.3.6] to show that certain sets cannot be the disconti-
nuities of a real-valued function, we must analyze the set of discontinuities.

Lemma 2.3.7. Let (X,dx) and (Y,dy) be metric spaces, let f: X — Y,
and let
D(f) ={x € X | f is not continuous at x}.

For each n € N let

for every 6 > 0 there exists x1,x2 € X such that
D,(f)=cx€eX dx(x,21) < §,dx(z,22) < 0, and
dy (f(x1), f(z2)) > &

Then Dy (f) is closed for alln € N and D(f) = Up—y Dn(f). Hence Dy(f)
is an Fy subset of (X,dx).

Proof. Fix n € N. To see that D, (f) is closed, let (xy,),>1 be an arbitrary
sequence of elements of D, (f) that converges to some x € X. To see that
x € Dy(f), let 6 > 0 be arbitrary. Since (z,)n>1 converges to z, there
exists a N € N such that dx(z,zn) < 16. Furthermore, since zx € Dy (f),
there exists a1,az2 € X such that dx(zxn,a1) < %5, dx(xn,a2) < %6, and
dy (f(a1), f(a2)) > L. Since dx(z,a1) < § and dx(z,a) < § by the triangle
inequality, and since dy (f(a1), f(a2)) > %, we obtain that x € Dy(f) since
d > 0 was arbitrary. Hence since (xy,),>1 was arbitrary, D, (f) is closed.
To see that D(f) = Us~y Dn(f), first assume = € Up>; D, (f). Hence
x € Dy(f) for some n € N. To see that f is discontinuous at z, suppose
for the sake of a contradiction that f is continuous at x. Notice by the

definition of D, (f) that for each m € N there exists points 1, x2m € X
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such that dx(z,z1,,) < %, dx(x,z2m) < %, and dy (f(x1,m, f(z2,m)) > %
Since (x1,m)m>1 and (z2,m)m>1 converge to x, the continuity of f im-

plies limy, o0 dy (f(2), f(z1,m)) = 0 = limy—yo0 dy (f(z), f(z1,m)), which,
together with the triangle inequality, contradicts the fact that

dy (f(z1,m), f(T2,m)) >

SRS

for all m > 1. Hence we have obtained a contradiction so x € D(f). Hence
% Du(f) € D(f).

For the other inclusion, notice if x € D(f) then f is discontinuous at z.
Therefore there exists an € > 0 such that for all § > 0 there exists a 1 € X
such that dx(z,x1) < d yet dy (f(z), f(x1)) > e. Choose n € N such that
1 < e. By taking 22 =  in the definition of D, (f), we see that z € D,,(f).
Hence, since = was arbitrary, D(f) C Uy D, (f) since desired. N

Theorem 2.3.8. There does not exists a function f : R — R that is
continuous at each point in Q yet discontinuous at each point in R\ Q.

Proof. Let f : R — R. By Lemma [2.3.7] the set of discontinuities of f are
F,. Thus the points where f is continuous must be a G4 set. Since Q is
not Gs by Proposition [2.3.6) f cannot be continuous at each point in Q yet
discontinuous at each point in R\ Q. [

2.4 Finite Dimensional Normed Linear Spaces

The Baire Category Theorem (Theorem has many applications. In this
section, we will look at the differences between finite dimensional and infinite
dimensional Banach spaces. Looking at finite dimensional normed linear
spaces, our first goal is to characterize which are Banach spaces. It turns
out the answer is all of them! More than that, upto consider the equivalence
of norms, there is only one n-dimensional Banach space.

To begin to see this, it helps to consider bounded linear maps between
an n-dimensional normed linear space and (K", || - ||..)-

Lemma 2.4.1. Let (X, || -||y) be an n-dimensional normed linear space over
K. If K" is equipped with the oco-norm, then there exists a bijective linear
map T : K" — X and two numbers 0 < k1 < ko < 0o such that

kil Zlloe < IT (D2 < k2121l
for all Z € K™.
Proof. Let {v1,...,0,} be a basis for X. Define T : K* — X by
T((21y--+52n)) = 2101 + -+ + 2pUp.
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for all (z1,...,2,) € K. Clearly T is linear and bijective by construction.
Furthermore for all (z1,...,2,) € K"
IT(Cz1,- - 2a))llae = 12101 + -+ -+ 200y

n
<Ozl (|5 x
k=1

n
< (Z IIUk||X> 12155 2n) oo -
k=1

Hence T is bounded with ||| < >°3_; ||Uk|| 4. Hence we may take ko = ||T°]].
To find k; satisfying the other inequality, let

S1={zeK" | ||, = 1}.

Clearly S is a closed bounded subset of K™ and therefore is compact by
the Heine-Borel Theorem. Hence T'(S1) is a compact subset of X’ being the
continuous image of a compact set. Define f : T'(S;) — R by

f(@) = 7]

for all Z € T'(S1). Since f is continuous and since 7'(S1) is compact, by the
Extreme Value Theorem there exists a £y € T'(S1) such that

ki = f(Zo) < [ ()

for all Z € T(Sy). Since &y € T(S;) and since T is a bijection, &y # 0 so
ki1 > 0.
We claim that
FullZllee < ITGE)l 2
for all 2 € K". Clearly the inequality holds when Z = 0. Otherwise if 2’ # 0

then ‘1 7€ St so

[P

. - I S
1T = 171 ||T < Z) > k1 [|Z]l -

121l oo

X

Thus the result follows. m

Note if T : K" — X is since in Lemma then we can identify the
underlying vector space of X with K" and we can define a norm on K"

via ||Z]] = [|[T'(?)| y for all 2 € K". The fact that 7" is linear and bijective
easily yields that this is indeed the norm. Hence (X, ||| ) is isomorphic
to (K™, ||-||) for some norm ||-||. The conclusion of Lemma is that

this norm is equivalent to the infinity norm. Therefore, since equivalence of
norms is an equivalence relation, we automatically have the following.
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Corollary 2.4.2. Let V be a finite dimensional vector space and let | -||,
and || - ||, be norms on V. Then |||, and |- |5 are equivalent.

This characterization of every norm on a finite dimensional normed linear
space being equivalent to the infinity norm on K" yields some more results.

Corollary 2.4.3. Fvery finite dimensional normed linear space is a Banach
space.

Proof. Every finite dimensional normed linear space is isomorphic (K™, || - ||)
for some norm || - ||. Since || - || is equivalent to || - ||, and |- ||, is complete,
we easy see that |- || is complete. Indeed assume (Zp),>1 is an arbitrary

Cauchy sequence in (K™, || - ||). Since there exists 0 < k1 < ko < oo such that
k(|2 < (|17 < R [I]

for all £ € K", the second inequality implies that (Z,),>1 is Cauchy in

(K™, || - |lo)- Since (K™, || - ||, ) is complete, (&, )n>1 converges to some & € K"
with respect to ||-||. Hence the first inequality above implies (Z,)n>1
converges to Z € K" with respect to || -||. Hence (K", || -||) is complete. n

Corollary 2.4.4. Every finite dimensional subspace of a normed linear space
is closed.

Proof. Let W be a finite dimensional subspace of a normed linear space

WV, |- ). Since || -|||w is a norm on W, we see that W is complete with
respect to || - || by Corollary Hence W is closed in V. n

Corollary 2.4.5. FEvery linear map from a finite dimensional normed linear
space into another normed linear space is bounded.

Proof. Let (X, |- ||y) be a finite dimensional normed linear space of dimen-
sion n, let (Y, || - ||5)) be another normed linear space, and let S : X — ) be a
linear map. If K" is equipped with the co-norm, by Lemma [2.4.1] there exists
a bounded linear map T : X — K" such that 77! : K® — X is bounded.
Since

S=(SoT HoT,

if it can be demonstrated that S o T~! is bounded, then S is a composition
of continuous functions and thus will be continuous.
Let R=SoT ! :K"— Y and for each k € {1,...,n}, let
U = R((0,...,0,1,0,...,0))
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where the 1 occurs in the ™" position. Thus for all (z1,...,2,) € K"
1B((z15 -5 za))ly = 2180 4+ 4 zaZnlly

n
< Lzl 1lly
k=1

n
< <Z Hﬁklly) 1215 2n) o -
k=1

Hence R is bounded with [|R|| < 73—, [|%k[/y since desired. []

With the resolution of every norm on a finite dimensional vector space
yielding a Banach space, perhaps the next natural question is to examine
which finite dimensional vector spaces with countable vector space bases are
Banach spaces. It turns out the answer is none.

Theorem 2.4.6. Every vector space basis of an infinite dimensional Banach
space is uncountable.

Proof. Assume (X, | -||) is an infinite dimensional Banach space with a
countable basis {7, }>2 ;. For each n € N, let

F, =span({Z1,...,Zn}).

Clearly each F), is a finite dimensional vector space and thus is closed by
Corollary

We claim that int(F,) = () for each n € N. Indeed, if int(F,) # 0,
then there exists an element ¥ € F, and an € > 0 such that B(Z,¢) C F,.
However, since F}, is a subspace and closed under translation and scaling, this
implies B(0,¢) C F, by translation and B(0,r) C F, for all 7 > 0 by scaling.
Since the later implies F,, = X, we would obtain X is finite dimensional
contradicting the fact that X' is infinite dimensional. Thus int(F,) = { for
each n € N.

The above shows each F), is nowhere dense. Since {Z,}72  is a basis for
X and

o
X=J Fa,
n=1
X is a countable union of nowhere dense sets. As this contradicts the Baire

Category Theorem (Corollary [2.3.2)) since X is a Banach space, the proof is
complete. ]

To conclude our discussions on the differences between finite and infinite
dimensional normed linear spaces, we note that all norms on a finite dimen-
sional Banach space are equivalent by Corollary [2.4.2] Of course this is not
the case for an infinite dimensional Banach space.
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Proposition 2.4.7. Let (X,||-||) be an infinite dimensional Banach space.
Then there exists another norm |-, : X — [0,00) such that (X,|-||,) is a
Banach space, yet || || and || - ||, are not equivalent.

Proof. Let (X,||-]|) be an infinite dimensional Banach space with basis

{Zx}ren. By scaling if necessary, we may assume that ||Z)]| = 1 for all

A € A. Since A must be infinite, choose distinct vectors {Zp}n,>1 from

{Zx}rea. Define a linear map f : X — K by defining f(&,) = n for alln € N,

f(Z) =0 for all ¥ € {Zx}ren \ {Zn}n>1, and by extending the definition of f

by linearity. Since |f(Z,)| > n and ||Z,|| = 1, we see that f is unbounded.
Let = Z1 so that f(y) = 1. Define S : X — X by

S(¥) =7 - 2f(D)y

for all Z € X. Clearly S is well-defined and linear since f : X — K is linear.
We claim that S? is the identity map on X. To see this, notice for all
Z € X that

S%(7) =S

—

T —2f(2)y)

—2f(@)y) — 2/ (D)7 — 2 (H)Y)

I =2f(2)y) — 2f(@)(-y) = 7.

Therefore, since ¥ € X’ was arbitrary, S? is the identity map on X.
Define || - ||, : X — [0, 00) by

8]

o~ o~

1Zllo = I1S@)

for all # € X. Since S? is the identity, S must be bijective which implies
that | - ||, is norm on X.

We claim that (X, -|,) is complete. To see this, let (Z),),>1 be an
arbitrary Cauchy in (X, -|,). We claim that (S(Z,))n>1 is Cauchy in
(X, ]| -1]). To see this, let € > 0. Since (&), )n>1 is Cauchy in (X, ]| -|,), there
exists an N € N such that || &, — Zp||, < € for all n,m > N. Hence for all
n,m > N we have that

15(Zn) = S@m)ll = [I5(Zn = Zm) || = |Zn = Tmlly <e.

Therefore, since € > 0 was arbitrary, (S(#))n>1 is Cauchy in (X, |- |]).

Since (X, || -|) is complete, (S(Zy))n>1 is converges in (X, |- ||). Hence
there exists a vector 2 € X such that lim,_, ||S(Z,) — Z]| = 0. We claim
that (Z,)n>1 converges in (X, |- ;) to S(2). To see this, notice that

[ = Sl = 5@ = SENI| = |S(Fa) — 22| = 15(Fa) - 21

for all n € N. Therefore, since lim,_, ||S(Z,) — Z|| = 0 we obtain that
lim,, o0 |2 — S(2)|| = 0. Hence (#,),>1 converges in (X, |- ||,) to S(2).
Therefore, since (2, )n>1 was arbitrary, (X, || -||,) is complete.
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Finally, we claim that || -|| and || - ||, are not equivalent. To see this, we
claim there exists not exist a constant C' € R such that

17l < €11
for all € X. Indeed if {7}, are as above, then C'||Z,| = C whereas

[Znllo = IS (Zn)ll
= [|Zn — f(an)y]
= [|Zn — ng|
= n |7l — [|1Zn]
>n—1

for all n € N. Hence such a C does not exist. ]

2.5 Open Mapping Theorem

The Baire Category Theorem (Theorem has many applications. In
this section, we will study surjective bounded linear maps between Banach
spaces. In particular, since bounded linear maps are continuous, the inverse
images of open sets are open. The goal of this section is to prove that
surjective bounded linear maps map open sets to open sets. This enables us
to prove that the inverses of bijective bounded linear maps are bounded and
characterize continuous linear maps using their graphs.

To begin, we require the following odd looking result that says if an open
ball is in the closure of the image of a bounded linear map of an open ball,
then we can expand the later open ball to obtain strict containment.

Lemma 2.5.1. Let (X, ||-[|y) be a Banach space, let (Y, || -|y,) be a normed

linear space, and let T € B(X,Y). If By(0,1) C T(Bx(0,m)) for some
m > 0, then By(0,1) C T(Bx(0,2m))

Proof. Let m > 0 be such that By (0,1) C T(Bx(0,m)). Notice for all « € R
(where for a set A, «A = {aa | a € A}) that

By(0,a) = aBy(0,1) C aT(Bx(0,m))
= aT(Bx(0,m))
= T(aBx(0,m)) = T(Bx(0,am))

=i

m
m
by linearity and continuity of T', and by properties of the norm.

To see that By(0,1) C T(Bx(0,2m)), let ¥ € By(0,1) be arbitrary. Since
7 € T(Bx(0,m)) there exists an #; € By (0, m) such that

o . 1
15~ T@)ly < 5.

©For use through and only available at pskoufra.info.yorku.ca.



48 CHAPTER 2. BANACH SPACES

Let 41 = § — T(#1) € Y. Then ¢ € By(0, 1) C T(Bx(0, 3m)). Hence there
exists an Z € By (0, +m) such that

g1 — T'(@2)ly < 52
Repeating this process ad nauseum, we obtain a sequence of vectors (¥, )n>1

in Y and a sequence of vectors (Zp,)n,>1 in X such that ¢, = ¢p—1 — T'(Zy),
UYn € By(O, 2n) Zpy1 € Bx(0, 21n m), and

1

Hgn - T(fn—l-l)Hy < 271

for all n € N.
Since X is a Banach space and since

o0 o0 1
Z | Znll v < 22—nm:2m< 00,
n=1 n=1

we obtain by Theorem that & = > o2 | @), exists and is an element of
Bx(0,2m). To see that T'(Z) = ¥ thereby completing the proof, notice since
T is continuous that

|7~ T(@) ]y = lim |- T (z k) H

= lim ||y — Z T(Zx)

n—oo

k=1
n
= lim |1g7 — kz:;T(fk)
n
= lim 5 — kz:%T(fk)
~ lim (7

1
< lim sup on = 0.

n—oo

Hence T( ¥) = §. Therefore, since i € By(0,1) was arbitrary, By(0,1) C
|

T(Bx(0,2m)).

Combining Lemma together with the Baire Category Theorem
(Theorem [2.3.1]), we obtain the following result.

Theorem 2.5.2 (Open Mapping Theorem). Let (X, || - | x) and (Y, || - ||;)
be Banach spaces. If T € B(X,Y) is surjective and U C X is open, then
T(U) is open in ).
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Proof. Let T € B(X,Y) be surjective. First we will demonstrate that there
exists an r > 0 such that T'(Bx(0,7)) is a neighbourhood of 0 in ).

To begin, for each m € N consider the set F,, = T(Bx(0,m)) C V.
Clearly each Fy, is a closed subset of ). Moreover, since T is surjective,

Y= Fn.
m=1

Therefore, since ) is complete, the Baire Category Theorem (Corollary [2.3.2)
implies there must exists an my € N such that F,,, is not nowhere dense.
Hence int(F,,,,) # 0. Therefore there exists an gy € F,, and a § > 0 such

that By(7o,8) C Fm, = T(Bx(0,m)). Since

By(0,6) C{§— o | 7 € By(ijo, 6)}
C{L — 2 | 91,92 € Fing}
= {1+ | 1,72 € T(Bx(0,m))}
since T is linear, — By (0,m) = B (0, m)
C T(Bx(0,2m))
by continuity, linearity, and the triangle inequality,
we obtain by Lemma that By(0,8) C T(Bx(0,4m)).
To complete the result, let U be an arbitrary open subset of X. To see
that T'(U) is open in Y, let 4 € T(U) be arbitrary. Thus there exists a

¥ € X such that T'(¥) = y. Since U is open, there exists an € > 0 such that
Bx(Z,€e) C U. However since

By (0.42) = 1= By(0.0) € = T(B(,4m) = T(Bx(0.)

4dm

we have that

by the linearity of T'. Hence T(U) contains an open neighbourhood around
y. Therefore, since i € T'(U) was arbitrary, T'(U) is open in ). Hence since
U was an arbitrary open subset of X', the result follows. ]

The Open Mapping Theorem has several applications.

©For use through and only available at pskoufra.info.yorku.ca.



50 CHAPTER 2. BANACH SPACES

Theorem 2.5.3 (The Inverse Mapping Theorem). Let (X,| | y) and
(Vs [l 1ly) be Banach spaces and let T € B(X,Y) be a bijection. Then
T-1eBY,X).

Proof. Let T € B(X,)) be a bijection. Therefore T-! : ) — X exists. Since
T is linear, clearly 7! is linear. To see that 7! is bounded (i.e. continuous
via Theorem [1.4.6)), let U C X be open. Then

is open in ) by the Open Mapping Theorem (Theorem [2.5.2)). Hence T is
continuous. m

Using the Inverse Mapping Theorem (Theorem , we obtain the
following property relating different norms on Banach spaces.

Corollary 2.5.4. Let X be a vector space over K that is complete with
respect to each of two norms || - ||; and || - ||. If there exists a constant ¢c; € R
such that

121y < e[l

for all T € X, then there exists a constant co € R such that
1Z]ly < ez (121l
forallZ e X.

Proof. Define T': (X, || - ||5) = (X, -||;) by T'(&) = &. Clearly T is a linear
map. Moreover, since
121, < e 17l

for all ¥ € X, we see that T" is a bounded linear map from (&X,] -|,) to
(X, -]];)- Hence, by the Inverse Mapping Theorem (Theorem , T-1is
a bounded linear map from (X, || - [|;) to (X, ] -|,). Since T~1(F) = 7 for all
T € X, we obtain that

12, = |77 @], < |7 i,
Thus letting ¢z = ||| completes the proof. n

Another nice application of the Open Mapping Theorem (Theorem [2.5.2))
is the characterization of continuous linear maps via their graphs.

Theorem 2.5.5 (The Closed Graph Theorem). Let (X,| -] ,) and
(Vs [l 1ly) be Banach spaces and let T : X — Y be linear. The graph

g(T) ={(@,T(@) | ¥ X}

is closed in X ©1 Y if and only if T is continuous.
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Proof. To see that G(T') is closed when T is continuous, assume 7' is con-
tinuous and let ((Zy,T(Zy)))n>1 be an arbitrary sequence of elements of
G(T) that converges to some element (¥, %) € X @1 Y. Clearly this implies
(Zn)n>1 converges to & in X and (T'(Zy,))n>1 converges to y € V. Since T is
continuous, (&, )p>1 converging to & in X' implies that (T'(Z,))n>1 converges
to T'(Z). Therefore, due to uniqueness of limits, we must have that § = T'(Z).
Hence (Z,4) € G(T) so G(T) is closed.

Conversely, assume G(7') is closed in X @1 Y. Therefore, since G(T') is a
vector subspace of X @1 ) since T is linear, and since X &1 ) is a Banach
space, G(T') is also a Banach space.

Define S : X — G(T') by

S() = (7, T(%))

for all ¥ € X. Clearly S is a linear map that is injective (by the first
coordinate) and surjective. Hence S is invertible with S~% : G(T) — X
defined by

SH(Z,T(@))) = 7.

Notice for all (Z,T(Z)) € G(T) that
|s@ @), = 17l < 17+ 17@ly = 1E T@E)I, -

Therefore S~! is bounded. Hence, since X and G(T) are Banach spaces,
the Inverse Mapping Theorem (Theorem [2.5.3|) implies that S is bounded.
Therefore, since

IT@)ly < IT@)y + 17l = 1S@, < ISIZ]x

we see that T is bounded as desired. Hence T is continuous as desired. n

2.6 Principle of Uniform Boundedness

For our final major Banach space theorem of this chapter, we will use the
Baire Category Theorem (Theorem to deduce collections of objects
are uniform boundedness from simply knowing they are pointwise bounded!

We begin with the following Uniform Boundness Principles for continuous
functions on complete metric spaces.

Theorem 2.6.1 (Uniform Boundedness Principle). Let (X,dy) be a
complete metric space, let (Y, dy) be a metric space, let y € Y be a fized
element, and let F C C(X,)) be a non-empty set of functions such that for
each xr € X

M, = sup dy(f(x), y) < .
feF
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Then there exists a non-empty open subset U of X and a constant M > 0
such that

dy(f(x),y) <M
forall fe FandxeU.

Proof. For each n € N| let

Fy = { e X |supdy(f(x).y) < n}

feFr

Clearly each F), is a closed set since each element of F is continuous and the
distance function is continuous. Furthermore, if x € X then = € F,, for all
n > M,. Hence

e}
xX=J F.
n=1

Therefore, by the Baire Category Theorem (Corollary [2.3.2), there exists an
no € N such that F,, is not nowhere dense in X. Therefore §) # int(F,,) =
int(F,,) so there exists an open subset U of X with U C F,,,. Hence for all
x € U we have dy(f(x),y) < ng for all f € F as desired. [

Remark 2.6.2. It is actually possible to prove a version of Theorem [2.6.1
for continuous functions on compact Hausdorff spaces. Indeed one need
only verify that every compact Hausdorff space satisfies the Baire Category
Theorem. Such spaces are called Baire spaces in topology and behave in a
very similar fashion to metric spaces. We will not present the proof that
compact Hausdorff spaces are Baire here since to do so we would need to
delve into the separation axioms in topology.

Note Theorem is most useful when Y is a normed linear space and
y = 0. In this case, the assumption becomes

My = sup |[f(z)]]y < oo
fer

and the conclusion becomes

If@)lly <M

forall fe Fand x €U.
Building on the above theorem, we obtain the following Uniform Bound-
edness Principle for bounded linear maps between Banach spaces

Theorem 2.6.3 (Uniform Boundedness Principle - Banach space
version). Let (X,]-||y) be a Banach space, (Y, || -|l) a normed linear space,
and let F C B(X,)) be non-empty. Suppose for each & € X that

sup{[|T(Z)[ly, | T € F} < oo.
Then
sup{||T]| | T € F} < oc.
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Proof. For each T' € F, consider the function fr : X — R defined by

fr(@) = IT@)y

for all £ € X. Since T and the norm are continuous functions on X, it is
elementary to see that fr € C(X,R) for all T € F.
Let
Fo={fr | TeF}CCXR).

Since X is complete and since

sup |f(7)] < o0
feFo

for all ¥ € X, Theorem implies that there exists an M > 0 and a
non-empty open subset U of X such that

IT@ = fr(@)| < M

foral Z€e U and T € F.

Since U is a non-empty open set of X, there exists a vector Zy € U and
an € > 0 so that By (Zy,e) C U. To obtain the conclusion, let T € F be
arbitrary. Notice if Z € By (0, ), then

IT@)ly <T@+ Zo)lly + [[=T(Fo)lly < M+ T (Zo)ly -

since Z + g € By (T, €). Therefore, if Z € Bx(0, 1), then

IT@)ly = S IT Al < < (M + [T(o)ly)

€
since €Z € By(0,¢). Hence

7] < - (M + T @o)lly)

€
Therefore, since 7' € F was arbitrary and since suppcz || T(70)|;) < oo, the
proof is complete. ]

Of course we immediately obtain the following corollary.

Corollary 2.6.4. Let (X,|-||) be a Banach space and let F C X* be non-
empty. Then F is bounded if and only if

sup({f(z) | f € F}) <o
forallx e X.

The Uniform Boundedness Principle (Theorem [2.6.3)) is particularly useful
to show the pointwise limit of bounded linear maps products a bounded
linear map.
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Theorem 2.6.5 (The Banach-Steinhaus Theorem). Let (X, ||| ) be
a Banach space, let (]| -||y) be a normed linear space, and let (Ty,)n>1 be a
sequence of elements of B(X,)) such that for all ¥ € X

g, Tn(2)
exists in Y. Then sup,> [|T,|| < co and the map T : X — Y defined by
T(Z) = limp—o0 T7,(Z) is an element of B(X,Y).

Proof. Since for each ¥ € X the limit lim,_, 75, (Z) exists, the sequence
(T'(#y,))n>1 is bounded. Therefore, by the Principle of Uniform Boundedness
(Theorem [2.6.3)), we obtain that sup,,> [| 7] < oc.

Define T : X — Y by T(Z) = limy, o0 T (¥). Clearly if Z,7Z2 € X and
a € K then
T (71 +Oé.’fg) = nh_}II;o Tn(f1 +ady) = lim Tn(fl)—i-OéTn(fg) = T(fﬂ—l—aT(fg)

n—oo

so T is linear. To see that T is bounded, we note for all ¥ € X that
IT(@)|| = lim [|T,(Z)]| < limsup [[T.] [|Z]] < (SupllTnH) 1]
n—oo nzl

Therefore, since sup,,>; ||T,| < oo, T'is bounded. ]

Of course, there are many other uses of the Uniform Boundedness Princi-
ple (Theorem and the Banach-Steinhaus Theorem (Theorem [2.6.5).
For example, one can use the Uniform Boundedness Principle (Theorem@
to prove that there exists a continuous function whose Fourier series does
not converge pointwise. In addition, there are many more uses in functional
analysis as we will see in later chapters.
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Chapter 3

Topological Vector Spaces

Although Banach spaces and normed linear spaces have essential properties
one wants when performing analytical computations, there are many other
types of convergence that occur in analysis that do not come from norms.
For example, pointwise convergence is very common in analysis. Although
pointwise convergence does not behave as nice as uniform convergence, it still
has its role to play. Thus we desire the appropriate structures to examine
different types of convergence in analysis.

As always, we want to be working in a vector space with a natural
topology making it possible to discuss convergence. To make the topology
‘compatible’ with the vector space structures, it is necessary that vector
addition and scalar multiplication are continuous. These so called topological
vector spaces will be the focus of this section. In particular, for these objects,
we will discuss their elementary properties, a natural way to generate them,
how they behave under various operations, how notions in normed linear
spaces generalize, and the structures of finite dimensional and of locally
convex topological vector spaces.

3.1 Introduction to Topological Vector Spaces

We begin with the central object of study of this chapter.

Definition 3.1.1. A topological vector space is a pair (V,T) where V is a
vector space over K and 7T is a Hausdorff topology on V such that the maps
c:VxV —=Vand p: KxV =V defined by

olx,y) =z +vy and pla,z) = ax

for all z,y € V and a € K are continuous where V x V and K x V are
equipped with their product topologies.

Remark 3.1.2. It is work noting that some authors do not require topological
vector spaces to be Hausdorff. The rationale for why we force topological
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vector spaces to be Hausdorff is that we want unique limits. For those worried
that we are not being general enough and in the event one encounters such
a topology where Hausdorff is excluded, we note it is always possible to
consider a quotient vector space that will be Hausdorff.

By Proposition [I.1.4] it is clear that every normed linear space is a
topological vector space. Of course it is enough to consider sequences in
metric topologies and thus Proposition [I.1.4] suffices. For other topologies
that do others not from norms, one must consider nets when demonstrating
addition and scalar multiplication are continuous.

Before we get to looking at examples of topological vector spaces that
are not normed linear spaces, it is useful to examine elementary properties
satisfied by open sets in topological vector spaces so that we know what
behaviours occur and are necessary. Note that by our definitions (see
Definition , a neighbourhood of a point will always be an open set.

Remark 3.1.3. Let (V,7T) be a topological vector space and let zo € V be
fixed. Since the map f:V — V defined by f(z) = x + x¢ is clearly seen to
be a homeomorphism, we see that a subset U C V is a neighbourhood of a
vector y € V if and and only if

xo+U={x0+u | ueU}

is a neighbourhood of zo +y. By taking y = 0, we see that a neighbourhood
basis in (V,T) at any point is in one-to-one correspondence with a neigh-
bourhood basis at 0. Thus, when considering topological matters, it often
suffices to consider only neighbourhoods of 0 by translating the problem.

Remark 3.1.4. Let (V,7) be a topological vector space and let V' be a
neighbourhood of 0. Since addition is continuous, the set

A:{(:c,y)EV2 |z +yeV}

and

U4+U={z+y|z,ycU} CV.
Such open neighbourhoods are useful in many computations.
Remark 3.1.5. Let (V,T) be a topological vector space and let oy € K\ {0}
be fixed. Since the map f:V — V defined by f(x) = apx is clearly seen to
be a homeomorphism, we see that a subset U C V is a neighbourhood of 0 if

and and only if
aoU ={apu | ue U}

is a neighbourhood of 0. Hence the neighbourhood basis in (V,T) at 0 is
invariant under scaling.
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Recall in a normed linear space (V, |- ||) that balls of the form B¢(0)
form a nice neighbourhood basis of 0. These balls are particularly nice when
it comes to scaling. In particular, for all @ € K with |a| < 1, we know
that aB:(0) C B.(0). As scaling is nice in topological vector spaces, it is
natural to ask whether there are nice neighbourhoods of 0. To simplify these
discussions, it is useful to give these types of sets a name.

Definition 3.1.6. Let T be a topology on a vector space V. A neighbourhood
U of 0 is said to be balanced if U C U for all o € K with |a| < 1.

Lemma 3.1.7. Let (V,T) be a topological vector space. Every neighbourhood
U of 0 contains a balanced neighbourhood V of 0 such that V +V C U.

Proof. Let U be a neighbourhood of 0. By Remark [3.1.5] there exists a
neighbourhood W of 0 such that W + W C U. To complete the proof, it
suffices to find a balanced neighbourhood of 0 contained in W.

Since scalar multiplication is continuous, the set

A={(a,z) e KxV | ar € W}

is open in the product topology. Hence there exists an e > 0 and Vy € T
such that (0,0) € B.(0) x Vi, C A. Hence

{az | € V,0 <o < e} CW.

Let
V = U aVp.
0<|a<e
By the above, we know that V' C W and, by Remark [3.1.5] we know that
aVjp is a neighbourhood of 0 for all 0 < |a| < e. Hence V is a union of open
neighbourhoods of 0 and thus a neighbourhood of 0 contained in U. Thus it
remains only to show that V' is balanced.
Notice if o/ € K is such that |o/| < 1, then for all 0 < |a| < € we have
that o’aVy C V since |/a| < € (and if o/ = 0, then o/aVy = {0}). Thus
o'V CV for all € K such that [o/| < 1. Hence V is balanced. "

In all of the above remarks, the Hausdorff property of topological vector
spaces are not used. In particular, the above arguments allow us to prove
the following that shows it suffices to show that points are closed when
demonstrating the Hausdorff property for a potential topological vector
space. We reminder the reader that points are closed in any Hausdorff
topology.

Proposition 3.1.8. Let T be a topology on a wvector space V such that
addition is continuous, scalar multiplication is continuous, and points in V
are closed with respect to T. Then T is a Hausdorff topology and thus (V,T)
s a topological vector space.

©For use through and only available at pskoufra.info.yorku.ca.



o8 CHAPTER 3. TOPOLOGICAL VECTOR SPACES

Proof. To see that T is Hausdorff, let x,y € V be such that  # y. Since
{z} is a closed set, U =V \ {z} is a neighbourhood of y. Since addition is
continuous, by the same proof as Remark there exists a neighbourhood
Uy of 0 such that U = y + Uy. Furthermore, since addition is continuous, by
the same proof as Remark there exists a neighbourhood V of 0 such that
V +V C Up. Finally, since scalar multiplication is continuous, Remark [3.1.5]
implies that —V is a neighbourhood of 0. Therefore, if W =V N (=V), then
W is a neighbourhood of 0 such that —W =W and W + W CV+V CUy,.

Since addition is continuous, by the same proof as Remark [3.1.3] we obtain
that x + W and y + W are neighbourhoods of z and y respectively. We
claim that (x + W) N (y + W) = 0. To see this, suppose for the sake of a
contradiction that there exists a z € (x + W) N (y + W). Therefore there
exists wi,ws € W such that z =z + wy; = y + we. Thus

r=y+(wy—w) Ey+W+(-W)=y+ W+W)ey+Uy=U

which contradicts the fact that 2 ¢ U. Hence z + W and y + W are disjoint
neighbourhoods of z and y. Therefore, since x and y were arbitrary, 7 is
Hausdorff. ]

There is another property that open balls centred at 0 in normed linear
spaces have. Indeed in a normed linear space (V,|||), if € > 0, then for
all z € V there exists a C' = ||z|| 2 such that for all & € K with |a| > C we
have that z € aB.(0); that is, there is a neighbourhood basis of 0 that can
be scaled to include every vector in the vector space. We encapsulate this
property in the following definition.

Definition 3.1.9. Let T be a topology on a vector space V. A neighbourhood
U of 0 is said to be absorbing if for all z € V there exists a C' € R such that
for all & € K with |a| > C' we have that x € aU.

Lemma 3.1.10. Every neighbourhood of 0 in a topological vector space is
absorbing.

Proof. Let (V,T) be a topological vector space. By the definition of absorbing
and by Lemma [3.1.7] it suffices to show that if U is a balanced neighbourhood
of 0, then U is absorbing.

To see this, let x € V be arbitrary. Consider the function f : K — V
defined by

fla) =ax

for all & € K. Since f is continuous by the properties of a topological vector
space, we know that (f(1)),>1 converges to 0 in V. Hence there exists an
N € N such that %xe U for allm > N.

Let a € K be such that |a| > N. To see that z € aU, note since -z € U

and since U is balanced that éx = % (%x) € U since ‘%) <1. Thusx € aU
as desired. Therefore, since x was arbitrary, U is absorbing. ]

©For use through and only available at pskoufra.info.yorku.ca.



3.2. GENERATING TOPOLOGICAL VECTOR SPACES 59

3.2 Generating Topological Vector Spaces

With our knowledge of the elementary properties of and requirements to have
a topological vector space, we turn our attention to generating some examples
of topological vector spaces. Since it is not clear how to generate topologies
that are not norm topologies but still have these properties, perhaps we
should look at objects that are very close to being a norm.

Definition 3.2.1. Let V be a vector space over K. A seminorm on V is a
function p : ¥V — [0, 00) such that

1. p(a?) = |a|p(V) for all @ € K and ¥ € V, and
2. p(V+ W) < p(¥) + p(w) for all ¥, w € V.

Remark 3.2.2. Note if p is a seminorm on a vector space V, then the first
property implies p(0) = p(00) = 0p(0) = 0. Thus the only difference between
a norm and a seminorm is that a seminorm does not require if p(¢') = 0 then
7 = 0. Of course we could mod out by all vectors in the null set of p and this
would give us a norm on a quotient space and thus a normed linear space,
but instead we would like to use seminorms on V to construct a topology on
V that turns V into a topological vector space. Note we would need to mod
out by the null set of p in order to ensure the Hausdorff property. Since we
do not want to mod out, perhaps we should look at multiple seminorms on
vector spaces.

Of course, there are plenty of examples of seminorms that can be con-
structed using the objects discussed in previous chapters.

Example 3.2.3. Consider V = C(X) for some Hausdorff topological space
(X,T). For each x € X, define p, : C(X) — [0,00) by

for all f € C(X). Clearly {p; | * € X} is a family of seminorms on C(X).

Example 3.2.4. Consider V = Cy(X) for some locally compact Hausdorff
topological space (X,7T). For each K C X compact, define pg : Co(X) —
[0, 00) by

pr(f) = sup [f(z)|

zeK
for all f € Cp(X). Clearly {px | K C X compact} is a family of seminorms
on C(X).
Example 3.2.5. Let H = ¢»(N) and let V = B(#). For each h € H, define
pn: B(H) — [0,00) by
pa(T) = [[T(R)]l,
for all T' € B(H). Clearly {ps | h € H} is a family of seminorms on B(H).
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Example 3.2.6. Let # = (5(N) and let V = B(#). Define (-,-) : HxH = K
by

<($n)n21, (yn)n21> = i TpYn
n=1

for all (n)n>1, (Yn)n>1 € H. Note (-, -) is well-defined by Holder’s inequality.
For all h, k € H, define py, . : B(H) — [0, 00) by

pu(T) = [(T'(h), k)|

for all T' € B(H). Clearly {pnr | h,k € H} is a family of seminorms on
B(H).
Example 3.2.7. Let (X, ]| -]|) be a normed linear space. For all f € &A™,
define py : X — [0, 00) by

p(x) = [f(2)]
for all x € X. Clearly {py | f € X*} is a family of seminorms on X.

Example 3.2.8. Let (X, | -]||) be a normed linear space. For all z € X,
define p; : X* — [0, 00) by

pa(f) = [f(2)]
for all f € X*. Clearly {p, | € X} is a family of seminorms on X™*.

Although all of these collections of seminorms are nice, in order to
generate a topological vector space using seminorms, we will require the
family of seminorm to have an additional property in order to ensure the
topologies are Hausdorff.

Definition 3.2.9. A family F of seminorms on a vector space V is said to
be separating if for all 7 € V' \ {0} there exists a p € F such that p(%) # 0.

Before demonstrating which of the above families of seminorms are
separating, we demonstrate why separating families of seminorms yield
normed linear space.

Theorem 3.2.10. Let V be a vector space and let F be a separating family
of seminorms on V. For each x € V, € > 0, and F C F finite, let

N(z,Fe)={yeV | ply —x) <e forallp € F}.

(When F = {p} for somep € F, we will use N(z,p,¢€) in place of N(z,{p},¢€)).
Let
B={N(z,F,e) | x€V,e>0,F CF finite}.

Then B is a basis for a topology T on V such that (V,T) is a topological
vector space and every element of F is continuous with respect to T. We call
T the topology generated by the family of seminorms F.
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Proof. First we demonstrate that B is a basis for a topology on V. To begin,
clearly B covers V. To demonstrate the other requirement of being a basis,
let z1,z9 € V, let €1,e9 > 0, and let Fy, F» C F be finite sets such that
N($1, F, 61) N N(xg, Fs, 62) #+ 0. Fix RS N(xl, F, 61) N N(JZQ, Fs, 62). Let
F = F, U F, C F, which is finite, and let

e=min({e1 —p(y—x1) | p€ Fi}, {2 —ply —22) | p € F2}) > 0.

We claim that N(y, F,e) C N(z1,Fi,e1) N N(xo, Fa,e2). To see this, let
z € N(y, F,€) be arbitrary. Hence for all p € F; we see that

plz—x1) <p(z —y) +ply —71) <e+ply — 1) < e

so z € (x1, F1, €1). Similarly, for all p € F, we see that

plz—x2) <p(z —y) +p(y —22) <e+ply —22) < €2

S0 z € (x2, Fy,€3). Hence N(y, F,e) C N(x1, F1,€1) N N(z2, Fy, €2) thereby
completing the proof that B is a basis.

To show that (V,T) is a topological vector space, we begin by showing
that 7 is Hausdorff. To see this, let x,y € V be such that x # y. Since
F is a separating family of seminorms, there exists a p € F such that
€= %p(az —y) > 0. Let U = N(x,p,¢) and let V = N(y,p,€). Clearly U and
V are T-neighbourhoods of x and y by construction. To see that UNV =,
suppose for the sake of a contradiction that there exists a z € U N V. Hence
p(z —x) <eand p(z —y) < eso

plz—y) <plx—2)+p(z—y) <ete=px—y),

which is clearly a contradiction. Hence 7 is Hausdorff.

To see that addition is continuous in (V,T), let zg,yo € V and U € T
such that xg + yo € U be arbitrary. Since B is a basis for T, there exists
an € > 0 and a F' C F finite such that N(zo + yo, F,e) C U. Notice that
N(xo, F,§) and N(yo, F, §) are neighbourhoods of x¢ and yg respectively.
Moreover, notice if x € N(zo, F, §) and y € N(yo, F, §), then for all p € F

we have that
p((x +y) — (z0 +y0)) < plz — w0) +p(y — yo) < % + % =€
so x +y € N(xo+ yo, F,e). Hence
N (azo,F, ;) +N (yO,F, ;) C N(zo + yo, Fye) C UL
Therefore, since xg, yo, and U were arbitrary, addition is continuous in (V, 7).
To see that scalar multiplication is continuous in (V,7), let g € V,

ag € K, and U € T such that agzg € U be arbitrary. Since B is a basis for
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T, there exists an € > 0 and a F' C F finite such that N(apzo, F,e) C U.
Let
M =1+ max({p(zo) | p € F'}).

Notice that Bk (ao, m> and N (:I:O,F, 2(\T€|+1)> are neighbourhoods

of ag and x( respectively. Moreover, notice if a € Bk (ao, 72(ME+1)) and
T e N (fEO,F, m), then ’O[ — O[0| < 72(]\46+1) SO ‘a‘ S |a0’ + m and
for all p € I we have that

p(ax — apzo) = pla(z — o) + (a — ap)xg)
< |alp(z — 20) + [ — ao|p(zo)

= (‘0‘0’ " 2<M6+ 1)) (2(\0406! + 1)) " 2(M6+ oM
<€

so ax € N(apzg, F,e) C U. Therefore, since ag,xo, and U were arbitrary,
scalar multiplication is continuous in (V,T).

Finally, to see that each element of F is continuous, note that for all
p e Fand z,y € V that

Ip(z) — p(y)| < plz —y)

since seminorms must satisfy the reverse triangle inequality. Therefore,
by the definition of the basis for 7, it easily follows that each p € F is
continuous. ]

Corollary 3.2.11. Let V be a vector space and let F be a separating family
of seminorms on V. For each x € V, the collection

{N(z,F,¢) | €e>0,F CF finite}
is a neighbourhood basis of x.

Example 3.2.12. Let (X, ]| -]|) be a normed linear space. Then F = {|| - ||}
is a separating family of (semi)norms. If T is the topology generated by F,
then since

N(z, |- €) = B(z,e)

for all z € X and € > 0, we see that 7T is the norm topology as expected.

Before we examine more examples, it is useful to consider how convergence
works in a topology generated by seminorms.

Proposition 3.2.13. Let (V,T) be a topological vector space generated by a
separating family of seminorms F on V. A net (x))rep converges to a point
x €V if and only if limycp p(xy — ) =0 for all p € F.
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Proof. Assume (z))xecp is a net that converges to a point x in V. Let p € F
and € > 0 be arbitrary. Since N(x,p,€) is a neighbourhood of z and (x))xea
converges to z, there exists a \g € A such that z) € N(x,p,¢€) for all A > Ag.
By the definition of N (x, p,€), this implies that p(z) — x) < € for all A > A.
Therefore, since € and p were arbitrary, we obtain that limycp p(xy — z) =0
for all p € F.

Conversely, assume limyep p(xy — ) = 0 for all p € F. To see that
(zx)xea converges to x, let U be a neighbourhood of z. By the definition of
T, there exists an € > 0 and a finite subset F' C F such that N(z, Fe) C U.
Since limycp p(zy — x) = 0 for all p € F, for every p € F there exists a
Ap € A such that p(z) —x) < € for all A > X\,. Due to the properties of
directed sets, F' being finite implies there exists a Ao € A such that A\g > A,
for all p € F. Hence for all A > )y we obtain that p(z) —z) < eforall p € F
and thus z) € N(z, F,e) C U. Therefore, since U was arbitrary, (zx)aea
converges to x. ]

Example 3.2.14. Recall from Example the family
F={p. | z € X}

of seminorms on C(X) where (X, 7)) is a Hausdorff topological space. Clearly
F is a separating family of seminorms on C'(X) and thus generates a topology
Tp on C(X). Since Proposition implies a net converges if and only if
it converges pointwise, this is called the pointwise convergence topology.

Example 3.2.15. Recall from Example the family
F ={prx | K C X compact}

of seminorms on Cy(X) where (X, T) is a locally compact Hausdorff space.
Clearly F is a separating family of seminorms on Cp(X) (since singletons are
compact) and thus generates a topology Tx on Cp(X). Since Proposition
implies a net converges if and only if it converges uniformly on compact
sets, this is called the uniform convergence on compact sets topology.

Example 3.2.16. With % = H = (5(N), recall from Example [3.2.5] the
family 7 = {pp, | h € H} of seminorms on B(H). Clearly F is a separating
family of seminorms on B(#) and thus generates a topology TsoT on B(H).
Note by Proposition a net (T)\)aea converges to T' € B(H) if and only
if limyep Th(h) = T'(h) for all h € H. This topology is called the Strong
Operator Topology and is abbreviated by SOT.

Example 3.2.17. With # = H = (2(N) and (-,-) : H x H — K defined by
<(xn)n217 (yn)n21> - Z xn%
n=1
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for all (zn)n>1, (Yn)n>1 € H, recall from Example the family F =
{pni | h,k € H} of seminorms on B(H)). Clearly F is a separating family
of seminorms on B(H) (since (T(h), T(h)) = | T(h)||5 for all h € H) and
thus generates a topology Twor on B(#H). Note by Proposition a net
(T\)rea converges to T € B(H) if and only if limyep(Th(h), k) = (T'(h), k)
for all h, k € H. This topology is called the Weak Operator Topology and is
abbreviated by WOT.

Example 3.2.18. For a normed linear space (X, || - ), recall from Example
the family 7 = {ps | f € X*} of seminorms on X. It is not at all clear
why given an z € X \ {0} there exists an f € X* such that f(z) # 0. In
fact, this is very similar to the question we encountered in Remark [I.6.6]
Luckily we are approaching an answer (i.e. see Chapter [4)). Thus, for now,
we are unsure if F is a separating family of seminorms and thus generates a
topology.

Example 3.2.19. For a normed linear space (X, || - ), recall from Example
the family F = {p, | © € X'} of seminorms on X*. Clearly F is a
separating family of seminorms on X*. Note by Proposition [3.2.13| a net
(fa)aea converges to f € X* if and only if limyep fo(z) = f(z) for all z € X.
This topology is called the weak* topology (weak because it is weaker than
norm convergence in a topological sense).

Of course, we could investigate all of the individual properties each
of the above distinct topologies have and their importance to functional
analysis. Some of this will be done in Chapter [5| and some will be done via
the assignments. For now, we focus on studying the properties that all of
these topologies share. In particular, all of these topologies share a common
property when it comes to the type of sets they have in their bases.

Definition 3.2.20. A subset C of a vector space V is said to be convez if
for all z,y € C and t € [0, 1] we have that tz + (1 —t)y € C.

Indeed convex sets are well-behaved in topological vector spaces.

Lemma 3.2.21. Let C be a convex subset of a topological vector space (V,T).
Then the following hold:

e x4 C is convex for allz € V.
o C is convez.
o Forallr,s >0 we have rC + sC = (r +s)C.

o If W is another vector space and T : V — W is a linear map, then
T(C) is conve.
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Proof. To see that x + C' is convex for a fixed x € V, let y,z € x + C and
t € (0,1) be arbitrary. Then there exist ¢, co € C such that y = x 4 ¢; and
z = x + c2. Hence

ty+(1—t)z=t(x+c1)+ (1 —t)(x+c2) =z + (tcy + (1 — t)ca).

Since ¢1,c2 € C and C is convex, tc; + (1 —t)cp € C and thus ty + (1 —t)z €
x 4+ C. Therefore, since vy, z, and t were arbitrary,  + C is convex.

To see that C is convex, let x,y € C. Thus there exists nets (z))xca
and (yx)rea of elements of C' that converge to = and y respectively. Notice
for all ¢t € [0,1] that (tzx + (1 — t)ya)aea converges to tz + (1 — t)y since
addition and scalar multiplication are continuous in V. Therefore, since
tzy + (1 —t)yy € C for all X € A, we obtain that tz + (1 —t)y € C for all
t €1[0,1] and x,y € C. Hence C is convex.

Next let r,s > 0. Since t = 2~ € (0,1) and 1 — ¢t = —*—, the convexity of

r+s r+s°
C implies for all z,y € C that o2+ ;3;y € C. Hence rx + sy € (r + 5)C

for all z,y € C, so rC + sC C (r + s)C. Since clearly (r 4+ s)C C rC + sC,
the second property holds.

Finally, to see that T'(C) is convex, let wi,ws € T(C) and let t € [0, 1]
be arbitrary. Hence there exists z1,z2 € C such that T(z1) = w; and
T(x2) = we. Since C' is convex, we see that tx1 + (1 — t)xs € C. Notice that

twy + (1 —t)ywe =tT(z1) + (1 — )T (x2) = T(tz1 + (1 — t)xe) € T(C)

since T is linear. Therefore, since wy, wy, and t were arbitrary, T'(C) is
convex. N

The commonality of all of the topologies considered in this section is the
following.

Definition 3.2.22. A topological vector space (V,T) is said to be locally
convex if there exists a basis for 7 consisting of convex sets.

As Lemma [3.2.21 shows it suffices to consider neighbourhoods of 0 when
showing a topological vector space is locally convex, the following suffices to
showing the topologies of this section are locally convex.

Theorem 3.2.23. Let (V,T) be a topological vector space generated by a
separating family F of seminorms on V. For each € > 0 and F C F finite,
the set N (0, F,€) is balanced and convex. Hence (V,T) is locally convex.

Proof. To see that N(0, F|¢) is balanced, let z € N(0, F, ¢) and o € K with
|a] <1 be arbitrary. Notice for all p € F' that

plaz) = |alp(z) < p(z) <€

so ax € N(0, F,¢e). Therefore, since x and « were arbitrary, N (0, F, ) is
balanced.
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To complete the proof, by Corollary [3.2.11] it suffices to show that
N(z, F,e¢) is convex for all z € V, € > 0, and F' C F finite. To see this, let
x1,x2 € N(x, F,e) and t € [0,1] be arbitrary. Notice for all p € F' that

p((txr + (1 —t)x2) — x) = p(t(x1 — ) + (1 — t)(x2 — 7))
<tp(z1 —z)+ (1 —t)p(z2 — )
<te+(l—te=c¢

so txy + (1 — t)xe € N(z, F,€). Therefore, since x1, x2, and t were arbitrary,
N(z, F,¢) is convex. N

Corollary 3.2.24. Every normed linear space is locally convex. In particular,
every open ball in a normed linear space is convez.

3.3 Constructing Topological Vector Spaces

With the above (locally convex) topological vector spaces that we have
generated via seminorms given use a plethora of examples, we can turn our
attention to constructing new topological vector spaces from old ones in
the same ways we did for normed linear spaces: subspaces, products, and
quotients.

Proposition 3.3.1. Let (V,T) be a (locally convex) topological vector space
and let W be a vector subspace of V. Then W is a (locally convex) topological
vector space with the subspace topology. Moreover W is a vector subspace
of V and thus a (locally convex) topological vector space with the subspace
topology.

Proof. Since addition and scalar multiplication are continuous on V, so too
are the continuous on W equipped with the subspace topology. Hence, since
the subspace topology of a Hausdoff topology is Hausdorff, W is a topological
vector space with the subspace topology.

To see that W is a vector subspace of V, let 2,y € W and o € K be
arbitrary. Since x,y € W there exists nets (z))xeca and (yx)rea in W that
converge to x and y respectively (recall the lexicographic ordering on the
product of two directed sets yields a directed set). Since addition and scalar
multiplication are continuous in V, we know that () + yx)aea and (axy)rea
are nets in WV that converge to x+y and ax respectively. Hence z+y, ax € W.
Therefore, since x,y, and o were arbitrary, W is a vector subspace of V.

Finally, if (V,T) is locally convex, then so too are W and W since the
intersection of a subspace with a convex subset of V is convex. ]

To discuss products, we refer the reader to the product topology con-
structed in Definition [A.3.12l
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Proposition 3.3.2. Let I be a non-empty index set and for each i € I let
Vi, T;) be a (locally convex) topological vector space over K. Then the product
[Licr Vi is a (locally convex) topological vector space over K when equipped
with the product topology.

Proof. It is elementary to verify that [],c; Vs is a vector space over K with
coordinate-wise addition and scalar multiplication. Since the product of Haus-
dorff topologies is Hausdorff and since the product of continuous functions
is continuous (see Theorem , we obtain that [[,c; Vs is a topological
vector space. Finally, if each (V;, 7;) is locally convex, then since each V; is
a convex set and the product of convex sets is easily seen to be convex, we
obtain that [];c; Vs is locally convex. []

In order to discuss quotients of topological vector spaces, we recall the
following quotient topology, which is a simplification of Proposition [A.7.8|

Definition 3.3.3. Let (V, T) be a topological vector space, let W be a vector
subspace of V, and let ¢ : V — V/W be the quotient map. The quotient
topology on V /W is

T,={ACVY/W [ ¢ (4)eT}h

It is elementary to verify that 7, is indeed a topology and is the finest
topology on V/W such that ¢ : V — V/W is continuous; that is, if U € T,
then ¢~ 1 (U) € T. The following shows more is true and should be compared
with the Open Mapping Theorem (Theorem of which we have seen
several uses.

Lemma 3.3.4. Let (V,T) be a topological vector space, let WW be a closed
subspace of V, and let ¢ : V — V/W be the quotient map. If U € T then
q(U) is open in the quotient topology.

Proof. Let U € T be arbitrary. Since
q(U) ={u+W | @ e U},

we know by the definition of the quotient topology that ¢(U) € 7, if and
only if
¢ M q(U) ={a+d | i €U, i e W}

is open in 7. However, notice that

¢ HaU)=|J d+U
weWw

is a union of open sets since £+ U € T for all ¥ € V by Remark Hence
¢ (q(U)) € T so q(U) is open as desired. ]
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In topology, a function that maps open sets to open sets is called a open
map. Thus the canonical vector space quotient map is open by Lemma [3.3.4]
In fact, the quotient map is a quotient map in the sense of topology (see
Definition ; that is, a surjective continuous map with the property
that a subset of the codomain is open if and only if its inverse image is open.

Before we move on to showing the quotients of topological vector spaces
are topological vector spaces, we note there is no difference when it comes to
normed linear spaces. This can be demonstrated using Corollary [A77.21] or
by more direct methods.

Proposition 3.3.5. Let (V,||-||) be a normed linear space and let VW be a
closed subspace of V. The quotient topology on V /W is equal to the topology
induced by the quotient norm from Theorem [1.5.5.

Proof. Let ¢ : V — V/W be the quotient map viewed as a map between
normed linear spaces. To complete the proof, it suffices to show that if
U C V/W, then U is open in the norm topology on V/W if and only if
¢ (U) is open in (V, -]

To begin, note if U C V/W is open in the norm topology on V /W, then
q *(U) is open since ¢ is a bounded (and thus continuous) linear map from
V to V/W.

Conversely, assume U C V/W is such that ¢~ 1(U) is open in V. To see
that U is open in V/W, let @ + W € U be arbitrary. Hence @ € ¢~ !(U).
Hence, since ¢~ (U) is open in V there exists an ¢ > 0 so that if ¥ € V and
|7 — ]| < € then ¥ € g~1(U). We claim that the ball of radius e centred at
i + W is contained in U. To see this, assume ¢ € V is such that

17 = @) + W[ = [+ W) = (@+W)|| <e

Hence, by the definition of the quotient norm, there exists a @ € W such
that

1(0 + @) — @] = ||(7— @) +df| <e.

Hence 7+ 1 € ¢~*(U) by the above computation so
THW = (T4W) +(04W) = (T+W) + (T4 W) = (74+0)+W = ¢(7+@) € U

as desired. Therefore, since 4 + W € U was arbitrary, U is open in V/W.
Hence ¢ is a quotient map by the definition of a quotient map thereby yielding
the proof. [ |

Proposition 3.3.6. Let (V,T) be a topological vector space and let VW be a
closed subspace of V. Then V /W is a topological vector space when equipped
with the quotient topology.

Moreover, if V is locally convez, then V /W is locally conver.
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Proof. First, we claim that o : (V/W) x (V/W) — V/W defined by
oz +W,y+W)=(x+y)+W

for all z,y € V is continuous with respect to the quotient topology. To
see this, let x + W,y + W € V/W be arbitrary and let U be an arbitrary
neighbourhood of (z + y) + W in the quotient topology. By the definition of
the quotient topology, ¢~'(U) is a neighbourhood of x + y in V. Therefore,
since addition is continuous in V, there exist neighbourhoods V, and V, of
and y respectively such that if 2/ € V, and y’ € V;, then 2’ +y' € ¢~ 1(U).

Let U, = ¢q(Vz) and U, = ¢(V,) which are open neighbourhoods of
x + W and y + W in the quotient topology by Lemma Thus U, x U,
is a neighbourhood of (x + W,y + W) in the product topology. Notice
if (z/ +W,y' + W) € U, x Uy, then there exists wi,ws € W such that
' +wy €V and ¢ + wg € V, and thus (2 +w1) + (¥ +we) € ¢ H(U) so
(' + W)+ (v + W) € U. Therefore o is continuous.

Next we claim that p: K x (V/W) — V/W defined by

pla,z+W) =ax +W

for all x € V and a € K is continuous with respect to the quotient topology.
To see this, let @« € K and z +W € V/W be arbitrary and let U be an
arbitrary neighbourhood of ax+)WV in the quotient topology. By the definition
of the quotient topology, ¢~ *(U) is a neighbourhood of az in V. Therefore,
since scalar multiplication is continuous in V), there exist neighbourhoods
V., and V. of a and x respectively such that if o/ € V,, and 2’ € V, then
o2 € g ().

Let U, = ¢q(V;) which is an open neighbourhood of = + W in the quotient
topology by Lemma m Thus V,, x U, is a neighbourhood of («, z + W) in
the product topology. Notice if (o/, 2" + W) € V,, x Uy, then there exists a
w € W such that 2’/ +w € V, and thus o/ (2' +w) € ¢ 1(U) so o2’ + W € U.
Therefore p is continuous.

To complete the proof that V/W is a topological vector space, note by
Proposition it suffices to show that points are closed in V/W. To see
this, let € V be arbitrary. Notice that

¢ Hz+W)={z4+w | weW}

is the translation of the closed subspace W by x. Therefore, since translation
by x is a homeomorphism, ¢~ 1(x + W) is a closed subset of V. Hence
C=V\q¢ (x+W)isopenin V so q(C) is open in V/W by Lemma
Since

(V/W)\q(C) = {z + W},
we obtain that {z + W} is closed in V/W as desired.
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Finally, assume that V is a locally convex topological vector space. To
see that V/W is locally convex, let x + W € V/W and U a neighbourhood
of  +W be arbitrary. Hence ¢~ !(U) is a neighbourhood of x in V. Since
V is locally convex, there exists a convex V € T such that z € V C ¢~ 1(U).
Therefore z + W C ¢(V) C U. However, since ¢ is both a linear and open
map, ¢(V') is convex and open by Lemma Therefore, since x and U
were arbitrary, V/W is locally convex. N

3.4 Properties of Topological Vector Spaces

With the above constructions of topological vector spaces, our next goal is to
generalize several of the properties we know for normed linear spaces to this
setting. In particular, notions of completeness and continuous linear maps
are essential to functional analysis. We begin with the generalization of a
Cauchy sequence.

Definition 3.4.1. A net (z))xea in a topological vector space (V,T) is said
to be Cauchy if for every neighbourhood U of 0 there exists a Ag € A such
that xy, —x), € U for all A\j, Ay > Ao.

Of course, like with normed linear spaces, the simplest example of Cauchy
nets are convergent nets.

Example 3.4.2. Let (V,7T) be a topological vector space and let (x))ea
be a net that converges to . Then (z))xea is Cauchy. Indeed let U be any
neighbourhood of 0. By Lemma there exists a balanced neighbourhood
V of 0 such that V 4+ V C U. Since z + V is a neighbourhood of z, there
exists a A\g € A such that ) € x + V for all A > )\y. Therefore, for all
A1, A2 > Ag we obtain that

Ty —Tr, €E(x+V)=(24+V)=V-V=V4+VCU
Therefore, since U was arbitrary, (z))aea is Cauchy.
The notion of a complete topological vector space now follows easily.

Definition 3.4.3. A subset A of a topological vector space (V,T) is said to
be complete if every Cauchy net consisting of elements from A converges in
Y to an element in A.

The simplest example of complete topological vector spaces are Banach
spaces. Indeed the following result shows the two notions of completeness
for normed linear spaces coincide.

Proposition 3.4.4. Let (V,|-||) be a normed linear space. Then V is
complete since a normed linear space if and only if V is complete as a
topological vector space.
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Proof. Assume V is complete as a topological vector space. If (z,)n>1 is
a Cauchy sequence, then clearly (x,),>1 is a Cauchy net since the open
balls of radius % for N € N form a neighbourhood basis of 0. Hence
(xn)n>1 converges being a Cauchy net in a complete topological vector space.
Therefore, since (z,)n,>1 was arbitrary, V is complete as a normed linear
space.

Conversely, assume V is complete as a normed linear space. To see that
V is complete as a topological vector space, let (x))xecp be an arbitrary
Cauchy net. For each n € N, let U,, = By(0, %) Choose k1 € A such that if
A1, A2 > ki, then =y, — z), € U;. By cofinality, there exists a ka € A such
that ko > ki and if A1, Ao > kg, then z, — x), € Uz. By recursion, there
exists (kp)n>1 € A such that ky, < k41 for all n € N and z), — x5, € U, for
all A1, A2 > k. These two properties together imply (zg, )n>1 is a Cauchy
sequence in V and thus converges to some x € V since V is complete as a
normed linear space.

We claim that (x))aep converges to x. To see this, let U be a neigh-
bourhood of z and choose N € N such that By(z, &) C U. By the above
construction, we know that z), — zy, € Uan for all A1, A2 > kan. Moreover,
since By(z, 5%) is a neighbourhood of « and (zy, )n>1 converges to x, there
exists an N1 € N such that x, € By(z, ﬁ) for all n > Nj. Choose Ny € N
such that Ny = max{2N, N;}. Hence ky, > kon and Ny > N; so we obtain
for all A > kp, that

2y — @ = (&) = Thy,) + (Try, — ) € Uan + Uay = Un.

Hence z) € © + Uy = By(x, %) C U for all A > kpy,. Therefore, since U
was arbitrary, (z))xea converges to x. Hence V is complete as a topological
vector space. m

With respect to subsets, closed and completeness behave as one would
expect.

Proposition 3.4.5. Let (V,T) be a topological vector space and let A C V.
Then the following hold:

o IfV is complete and A is closed in V, then A is complete.
o If A is complete, then A is closed in ).

Proof. Assume V is complete and A is closed in V. To see that A is complete,
let (ax)rea be a Cauchy net in A. Hence (ay)xep is a Cauchy net in V and
thus converges to some x € V. However, since A is closed, we obtain that
x € A. Hence (ay)xep converges to z € A, so A is complete.

For the second part, assume A is complete. To see that A is closed in V,
let (ax)aea be a net in A that converges to some = € V. By Example
this implies (a))xea is a Cauchy net. Hence, since A is complete, (ay)xea
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must converge to some element a € V. However, since T is Hausdorff, this
implies z = a € A. Hence A is closed in V. ]

With the above showing completeness for topological vector spaces be-
haves identically to normed linear spaces, we turn our attention to the
stronger form of continuity: uniform continuity. It is easily seen that the
following definition is a generalization of the notion of uniform continu-
ous functions between two normed linear spaces to functions between two
topological vector spaces.

Definition 3.4.6. Let (V,7y) and (W, Tyy) be topological vector spaces
and let A CV. A function f: A — W is said to be uniformly continuous if
for all Tyy-neighbourhoods W of 0 there exists a Ty neighbourhood V of 0
such that z,y € A and x —y € V implies f(z) — f(y) € W.

To see this is indeed a generalization from normed linear spaces to topo-
logical vector spaces, we note the following thereby providing us immediately
with examples.

Proposition 3.4.7. Let (V,||-l,) and (W, | -ly) be normed linear spaces
and let f 'V — W. Then f is a uniformly continuous function between
normed linear spaces if and only if f is a uniformly continuous function
between topological vector spaces.

Proof. Assume f is uniformly continuous as a function on normed linear
spaces. To see that f is uniformly continuous as a function on topological
vector spaces, let W be an arbitrary Ty neighbourhood of 0. Thus there
exists an e > 0 such that By (0, €) C W. Since f is uniformly continuous as
a function on normed linear spaces, there exists a 0 > 0 such that if z,y € A
and ||z —y|,, < 8, then ||f(x) — f(y)|l,y < €. Hence, with V = By(0,0),
if z,y € Aand z —y € V then f(z) — f(y) € W. Therefore, since W
was arbitrary, f is uniformly continuous as a function on topological vector
spaces.

Conversely, assume f is uniformly continuous as a function on topological
vector spaces. To see that f is uniformly continuous as a function on normed
linear spaces, let € > 0. Since W = BW((_)'7 €) is a Tyy-neighbourhood of 0
and as f is uniformly continuous as a function on topological vector spaces,
there exists a Ty-neighbourhood V' of 0 such that if z,y € Aand z —y € V
then f(z) — f(y) € W. Since V is a Ty-neighbourhood of 0, there exists a
§ > 0 such that By(0,0) C V. Hence if z,y € A and |z — y|, < J, then
1f(x) = f(y)ll,y < €. Therefore, since € > 0 was arbitrary, f is uniformly
continuous as a function on normed linear spaces. [ |

Of course, for a function to be uniformly continuous, it must be continu-
ous.
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Proposition 3.4.8. Let (V,Ty) and (W, Tyw) be topological vector spaces
and let ACV. If f: A — W is uniformly continuous, then f is continuous.

Proof. To see that f is continuous on A, fix a € A and let W be an arbitrary
Tw-neighbourhood of f(a). Since (W, Ty) is a topological vector space,
there exists a Tyy-neighbourhood Wy of 0 such that W = f(a) + Wy. Since
f is uniformly continuous, there exists a Ty-neighbourhood V; of 0 such
that if z,y € A and x —y € Vp then f(z) — f(y) € Wy. However, since
(V,Ty) is a topological vector space, V = a + Vj is a Ty-neighbourhood of
a such that if v € V.= a+ Vp then 2 —a € Vy so f(z) — f(a) € Wy and
thus f(x) € f(a) + Wy = W. Therefore, since a and W were arbitrary, f is
continuous. m

Of course there are functions on normed linear spaces that are continuous
but not uniformly continuous, such as the function f : (0,00) — (0, 00)
defined by f(z) = % However, for linear maps between topological vector
spaces, we have the following which is our best analogue of Theorem [1.4.6]
for topological vector spaces.

Theorem 3.4.9. Let (V,Ty) and (W, Tyy) be topological vector spaces and
let T :V — W be linear. The following are equivalent:

(1) T is uniformly continuous.
(2) there exists an xo € V such that T is continuous at xg.

Proof. By Proposition [3.4.8], if T" is uniformly continuous, then 7" is continu-
ous and hence (2) holds.

Conversely, assume that there exists an zg € V such that T is continuous
at xg. To see that T is uniformly continuous, let Wy be an arbitrary Tyy-
neighbourhood of 0. Since (W, Tyy) is a topological vector space, W =
T(x0) + Wy is a Tyy neighbourhood of T'(xg). Therefore, since f is continuous
at xp, there exists a Ty-neighbourhood V' of zy such that if z € V then
T(x) € W. Since (V,Ty) is a topological vector space, there exists a Ty-
neighbourhood Vp of 0 such that V = z¢ + Vp. However, if z,y € V are such
that x —y € V, then (x —y) + zp € V so

T(x)—T(y) +T(xo) =T((x —y) +x0) € W =T (z0) + Wy

so T(z) — T'(y) € Wy. Therefore, since Wy was arbitrary, T is uniformly
continuous. [ ]

Recall from topology that continuous functions on compact sets are
automatically uniformly continuous. For linear maps, it is convexity that

replaces compactness.
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Proposition 3.4.10. Let (V,Ty) and WV, Tw) be topological vector spaces
and let T :V — W be linear. If C CV is a balanced convex neighbourhood
of 0 such that T|c is continuous at 0, then T|c is uniformly continuous.

Proof. To see that T'|¢ is uniformly continuous, let W be an arbitrary Ty-
neighbourhood of 0. By Lemma there exists a Tyy-neighbourhood Wy
of 0 such that Wy + Wy C W. Since T|c is continuous at 0, there exists a
Ty-neighbourhood V' of 0 such that if z € C NV then T'(z) € Wy. Again by
Lemma there exists a balanced Ty-neighbourhood Vj of 0 such that
WwCV.

Assume z,y € C are such that x —y € V. Since C is balanced, —y € C.
Moreover, since C' is convex, %x + %(—y) € C. However, since 1} is balanced,

%(:U —y) € Vy. Therefore, since %x — %y eCNVyCCNV, we obtain that

%T(a:) - %T(y) =T (lx — 1y> € Wo.

2 2
Hence
T(x) = T(y) € Wo+Wo CW.
Therefore, since W was arbitrary, T'|¢ is uniformly continuous. ]

To complete this section, by combining the notions of completeness and
uniform continuity, we may demonstrate the following.

Proposition 3.4.11. Let (V,Ty) and (W, Ty) be topological vector spaces,
let Vo be a vector subspace of V, and let Ty : Vo — W be a continuous linear
map. If W is complete there exists a continuous linear map T : Vo — W
such that Ty, = Tp.

Proof. To define T'(x) for an arbitrary x € Vy, let (z))aea be an arbitrary net
in Vy that converges to x. To define T', our goal is to show that (Tp(x)))rea
converges in W and the limit is independent of our selection of (x))xep. If
this is the case, we will define T'(x) to be the limit. Clearly this will imply
Ty, = To. Moreover, the linearity of T" will follow from the linearity of Ty
since if y € Vy is arbitrary and (yx)xea is any net in Vy that converges to y
(recall, given two nets we can always ensure they are indexed by the same
directed set without affecting the limits), then for all & € K we have that

(@ +y) = lim To(x +yx) = lim To(2) + To(ys) = T(2) = T(y)
T = lim T; =1i T =aol
(o) lim o(axy) lim o o(xy) = aT(x)
since addition and scalar multiplication are continuous in (V, 7y,) and (W, Tyy).
To see that (To(zr))rea converges in W, we will show that (Tp(zx))ren

is Cauchy. To see this, let W be an arbitrary Tyy-neighbourhood of 0. Since
Vo is a topological vector space with the subspace topology and since Tj is
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linear and continuous at 0 € Vy, Ty is uniformly continuous. Hence there
exists a Ty-neighbourhood V of 0 such that if y, z € Vy and y — z € V then
To(y) — To(z) € W. Since (x))rea converges to x in V, (zx)xep is a Cauchy
net and thus there exists a A9 € A such that xy, —zy, € V for all A, A2 > Ag.
Therefore, for all A, A2 > A\ we have that To(xy,) — To(zy,) € W. Hence,
since W was arbitrary, (To(zx))rea is Cauchy in W and thus converges since
W is complete.

To see that limit is independent of our selection of (zx)xen, let (yx)rea be
another net in ) that converges to x (given two nets we can always ensure
they are indexed by the same directed set without affecting the limits). Let

21 = }\151\ To(zy) and Z9 = }\16151\ To(yn)-

To see that z1 = 23, notice limycp x) — Yy = 0 since addition and scalar
multiplication are continuous in (V, Ty/) and thus the linearity and continuity
of Ty on Vy implies that

6: T()((_i) = }\lerrll\To(x)\ - y)\) = }\légl\To(x)\) - To(y,\) =Z1 — 292.

Hence z; = z thereby completing the proof.

To see that T is continuous, it suffices by Theorem to show that
T is continuous at 0. To see this, let W be a Tyy-neighbourhood of 0. By
Lemma there exists a balanced Tyy-neighbourhood Wy of 0 such that
Wo 4+ Wy € W. Since Ty is continuous at 0, there exists a Ty-neighbourhood
V of 0 such that if z € Vy and = € V, then Ty(z) € Wo.

We claim that if z9 € Vo and zg € V, then T(x) € W. To see this, fix
xo € Vy such that 9 € V. Since g € Vp, there exists a net (z))xea in
Vo that converges to xg. Therefore, by the construction of T', (Tp(xx))ren
converges to T'(zg) in W.

Since (z))xea converges to xg, since xo € V, and since V' is an open set,
there exists a \; € A such that xy € V for all A > A\;. Thus Ty(x)) € Wp.
Moreover, since (To(x)))ren converges to T'(x) and since T'(zg)+ W is a Tyy-
neighbourhood of T'(z¢), there exists a Ay € A such that Ty(zy) € T'(z9)+Wo
for all A > Ag. By cofinality of directed sets, there exists an Ag € A such
that A\g > A1 and \g > \9. Hence

T'(wo) = To(xx,) + (T'(20) — To(xx,))
e Wo—Wy
CWy+ Wy since W is balanced
cw

as desired. Hence T is continuous. ]

Of course, for normed linear spaces, the operator norm is not increased.
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Corollary 3.4.12. Let (V,|-|,) and OV, | - |lyy) be normed linear spaces,
let Vy be a vector subspace of V, and let Ty : Vo — W be a bounded linear
map. If W is complete there exists a bounded linear map T : Vo — W such
that Ty, =Ty and ||T|| = ||To]-

Proof. By Proposition there exists a continuous (and thus bounded)
linear map T : Vy — W such that Ty, = Tp. To see that ||T|| = ||Tp]|, note
Ty, = Ty automatically implies ||T|| > ||Tp||. To see the reverse inequality,
let 2 € Vy such that [|z|l,, = 1 be arbitrary. Since z € V), there exists a
sequence (Yn)n>1 in Vo that converges to « in V. Since || - ||,, is continuous,
we know that lim,_, ||yn|l}, = 1. Hence, there exists an N € N such that
|ynlly, # 0 for all n > N. Hence if z,, = myn € W for all n > N, then
(Zn)n>N is a sequence of norm one elements of V), converges to x in V by
continuity of scalar multiplication. Since the continuity of T" implies
T(x) = lim T(z,) = Jim To(xn),

n—o0

the continuity of || - ||,, implies that
IT@)ly = lim [ To@n)lhy < 175

Hence, since this holds for all z, we obtain ||T'|| = ||7o]|- [

3.5 Finite Dimensional Topological Vector Spaces

Now that we understand the similar properties objects in topological vector
spaces have to normed linear spaces, we will examine two different collections
of topological vector spaces to end this chapter. For the first, we consider
the collection of finite dimensional topological vector spaces. In particular,
although one may feel these are the simplest class of topological vector spaces,
they are one of the most important due to the theoretical results of this
chapter and the fact that every topological vector space contains a plethora
of finite dimensional subspaces.

The main result of this section, Corollary is that given any finite
dimensional vector space V, there is exactly one topology on V that turns V
into a topological vector space. In particular, this will imply that all norms
on V are equivalent! To prove this result, we begin with the one-dimensional
case.

Lemma 3.5.1. Let (V,T) be a one-dimensional topological vector space and
let {e} be a basis for V. The map T : K — V defined by T'(a) = ae for all
a € K is a bijective linear homeomorphism.

Proof. Since scalar multiplication is continuous in (V,7T), we easily see that
T is a bijective continuous linear map. Hence, to complete the proof, it
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suffices to prove that 771 : V — K defined by
T Hae) =a

for all o € K is continuous. Since T is clearly linear, it suffices to prove that
T-! is continuous at 0 (i.e. when a = 0) by Theorem and Proposition
0.4.3

Let (ay)aea be a net in K such that (aye)yea converges to 0. To see that
(aa)aea converges to 0, let € > 0 be arbitrary. Since ee # 0 and since V is
Hausdorff, there exist a neighbourhood U of 0 such that ee ¢ U. By Lemma
there exists a balanced neighbourhood W of 0 such that W C U and
thus ee ¢ W.

Since (axe)rep converges to 0, there exists a A\g € A such that ape € W
for all A > XAg. Notice if there exists a A > Ao such that |ay| > €, then

since W is balanced, which is a contradiction. Hence |ay| < € for all A > A.
Therefore, since € > 0 was arbitrary, (ay)yea converges to 0. ]

We can upgrade Lemma to all finite dimensional topological vector
spaces via induction and considering quotients.

Theorem 3.5.2. Let K™ be viewed as a topological vector space with topology
induced by the infinity norm, let (V,T) be an n-dimensional topological vector
space, and let {e1,...,en} be a basis for V. The map T : K" — V defined by

T((z1,---,2n)) = Z Zkek
k=1

for all (z1,...,2zn) € K" is a bijective linear homeomorphism.

Proof. We will proceed by induction on n with the base case of n = 1
complete by Lemma To proceed with the inductive step, assume the
result is true for all (n — 1)-dimensional topological vector spaces and let
(V,T) be an n-dimensional topological vector space and let {eq,...,e,} be
a basis for V. Since the map T : K" — V defined by

T((z1,---,2n)) = Z Zkek
k=1

for all (z1,...,2,) € K" is a bijective linear map that is continuous since
addition and scalar multiplication are continuous, it suffices to show that
T~ is continuous.
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Let W = span({e1, ea,...,en_1}). By Proposition we know that W
is an (n — 1)-dimensional topological vector space with the subspace topology.
Thus by the inductive hypothesis, the map 77 : W — K"~! defined by

(Z zkek> Zl,...,zn_1>

for all (z1,...,2n,-1) € K"~ is a homeomorphism.

By Definition [3.4.1] it is easy to see that homeomorphisms provide a bijec-
tion between Cauchy nets and between convergent Cauchy nets. Therefore,
since K"~ ! is complete as a topological vector space by Proposition
we see that W is complete as a topological vector space with the subspace
topology. This immediately implies that W is complete as a subset of V and
thus closed by Proposition

Since W is closed, the quotient space V/W is a topological vector space
by Proposition and the map ¢ : V — V/W defined by g(z) =z + W is
a continuous map. Since V/W is one-dimensional with basis {e, + W}, the
induction hypothesis implies the linear map 75 : V/W — K defined by

Tr(aen, + W) =«

is a homeomorphism.

By similar arguments, Wy = span({e,}) is a closed topological vector
space so the quotient space V/W, is a topological vector space. Thus
the quotient map ¢qp : V — V/W) is continuous. Since V/W) is (n — 1)-
dimensional with basis {e; + Wy, ..., en—1 + W}, the induction hypothesis
implies the linear map T3 : V/Wy — K"~! defined by

n—1
T3 (Z ageg + Wo) = (a1,...,0n1)

k=1

is a homeomorphism.
Consider the map S : V — K" ! x K = K" defined by

() = (mem (G e ()
(ot z) = T ((kz ))

for all (z1,...,2,) € K™ Since T; and T» o ¢ are continuous linear maps, we
obtain that S is a continuous linear map and thus 7! is continuous as desired.
Hence the result follows by the Principle of Mathematical Induction. ]

Corollary 3.5.3. Given any finite dimensional vector space V, there is
exactly one topology on V that makes V into a topological vector space.
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Proof. Since the composition and inverse of homeomorphisms between topo-
logical spaces are homeomorphisms, Theorem implies that any two
topologies on V that make ) into topological vector spaces are homeomorphic
via the identity map and thus the same topology. ]

This characterization of every finite dimensional topological vector space
being homeomorphic to the infinity norm on K" yields some more results.

Corollary 3.5.4. Fvery finite dimensional topological vector space is com-
plete. Hence every finite dimensional normed linear spaces is a Banach
space.

Proof. The proof of this result can be found in the inductive step of the
proof of Theorem [3.5.2 ]

Corollary 3.5.5. Every finite dimensional subspace of a topological vector
space is closed.

Proof. Let W be a finite dimensional subspace of a topological vector space
(V,T). By Corollary W is complete as a topological vector space with
the subspace topology. This immediately implies that W is complete as a
subset of V and thus closed by Proposition [3.4.5 ]

In fact, not only are finite dimensional subspaces closed, but when we
add them to closed subspaces, the result remains a closed subspace.

Corollary 3.5.6. Let (V,Ty) be a topological vector space. If W and X
are closed subspaces of V such that X is finite dimensional, then W + X is
closed.

Proof. Since W is a closed subspace of V, Proposition [3.3.0] implies that
V/W is a topological vector space. Let g : V — V/W be the quotient map.
Since X is a finite dimensional subspace of V, ¢(X) is a finite dimensional
subspace of V/WW and thus closed by Corollary By the definition of
the quotient topology, the inverse image under ¢ of a closed subset of V/W
is closed and thus

g Hq(X) =X +W

is a closed subspace of V. N

As linear maps are essential to functional analysis, we note the following
corollary of Theorem [3.5.2

Corollary 3.5.7. Every linear map from a finite dimensional topological
vector space into another topological vector space is continuous.
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Proof. Let (V,Ty) and (W, Tyy) be topological spaces with V finite dimen-
sional with basis {ej,...,ep} and let S : V — W be a linear map. If
K" is equipped with the infinity norm, by Theorem the linear map
T : K™ — V defined by

T((z1,...,2n)) = Z 2L
k=1

for all (z1,...,2,) € K" is a homeomorphism. Since
S=(SoT)oT !,

if it can be demonstrated that So7T~! is continuous, then S is a composition
of continuous functions and thus will be continuous.

Let R=SoT ! : K" — W and for each k € {1,...,n} let y,, = R(ey).
Thus for all (21,...,2,) € K"

R((z1,...y2n)) = i ZkYk-
k=1

Since addition and scalar multiplication are continuous functions in W, we
obtain that R is continuous thereby completing the proof. [ |

In fact, finite dimensional topological spaces belong to another class of
topological vector space we have already considered.

Corollary 3.5.8. Fvery finite dimensional topological space is locally convex.

Proof. Every finite dimensional topological space has a topology induced by
a norm by Corollary [3:5.3] and thus is locally convex by Corollary [3.2.24, m

However, there is another characterization of finite dimensional topologi-
cal spaces that is less apparent related to the following topological property.

Definition 3.5.9. A Hausdorff topology 7 on a set X is said to be locally
compact if one of the following two equivalent conditions hold:

o For every € X there exists a U € T and a compact set K C X such
that r €e U C K.

e For every z € X and neighbourhood U € T of z, there exists a V € T
such that z € V C V C U and V is compact.

Remark 3.5.10. In respect to the definition of a locally compact topology,
of course it is easier to verify the first definition since the second definition is
stronger and, therefore, we will usually use the second definition when proving
results. The first definition the usual definition from topology whereas
the second is equivalent when we restrict to our attention to Hausdorff
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topologies; something we almost always do in functional analysis since we
want our topologies to have unique limits. The equivalence between these two
definitions can be obtained via the one-point compactification of a locally
compact Hausdorff topology which places said topology as a topological
subspace of a compact Hausdorff topology.

The relation between finite dimensions and local compactness in the
context of topological vector spaces is quite nice.

Theorem 3.5.11. A topological vector space (V,T) is locally compact if and
only if V is finite dimensional.

Proof. First assume V is an n-dimensional topological vector space. Since V
is homeomorphic to (K", | - ||, ,) by Theorem and since the notions of
open and compact sets are preserved under homeomorphisms, it suffices to
prove (K", || - || ) is locally compact. If z € K™ and U is a neighbourhood of
z, there exists an € > 0 such that z € B(x,e) CU. Let V = B (z,§). Then
V' is such that

:I:EVQVQB(%E)QU

by basis metric space arguments. Since V is a closed bounded set, V is
compact in K" by the Heine-Borel Theorem (Theorem . Thus, since
x and U were arbitrary, V is locally compact.

Conversely, assume that (V,7) is a locally compact topological vector
space. Let U be any neighbourhood of 0. Since V is locally compact, there
exists a V € T such that if K =V then K is compact and 0eVCKCU.
By Lemma there exists a neighbourhood V of 0 such that Vo+ Wy C
V CK.

Since x + Vj is open in V for all x € V, since K is compact, and since

Kc|Jz+W,
zeV
there exists a finite number x1,xs,...,x, € V such that
n
C U zg + Vo.
Let W = span({z1, ...,z }). Since W is a finite dimensional subspace of

Y and thus closed by Corollary the quotient space V /W is a topological
vector space by Proposition and the quotient map ¢ : V — V/W is
continuous and open. Hence

c U aler+Wo) = U (Vo) = q(Vo) € q(K)
k=1 k=1
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since q(x) =0 for all k € {1,...,n}. Hence q(Vj) = ¢(K). However, since
Vo + Vo C K, we obtain that

2¢(K) C q(K) + q(K) = q(Vo) + q¢(Vo) = q(Vo + Vo) C q(K).

Hence induction implies that 2™q¢(K) C ¢(K) for all m € N. However,
since ¢(Vp) is a neighbourhood of 0 since ¢ is an open map and since every
neighbourhood of 0 is absorbing by Lemma |3.1.10, we obtain that

() = U 27a(K) = | 2"a(Ve) = v/w.
m=1 m=1

Therefore, since K is compact and ¢ is continuous, V/W is compact.
Assume V/W is not the zero vector space. Thus there exists a vector
y € V such that y + W # 0+ W. Therefore X = span({y + W}) is a
one-dimensional subspace of V/W. Since X is closed in V/WW by Corollary
m and V/W is compact, X is compact. However X’ is homeomorphic to K
by Theorem thereby proving K is compact, a clear contradiction. Hence
V/W is the zero vector space implying that ¥V = W is finite dimensional
since desired. |

Corollary 3.5.12. The closed unit ball of a normed linear space (V, || -||) is
compact if and only if V is finite dimensional.

Proof. First assume V is finite dimensional. Thus V is locally compact by
Theorem Hence there exists a neighbourhood V of 0 such that V
is compact. Since V is a neighbourhood of 0, there exists an € > 0 such
that the closed ball B[0, €] is contained in V and thus in the compact set
V. Therefore B[0, €] is compact. Since B[0, 1] = 1 B[0, ] and non-zero scalar
multiplication is a homeomorphism, B[G, 1] is the homeomorphic image of a
compact set and thus compact.

Conversely, assume B[ﬁ, 1] is compact. Since non-zero scalar multiplica-
tion and translation are homeomorphisms in topological vector spaces and
since 7B[0,1] + 2 = B[z, 7] for all » > 0 and z € V, we see that every closed
ball in V is compact.

To see that V is finite dimensional, it suffices by Theorem [3.5.11] to show
that V is locally compact. To see this, let £ € V and U be an arbitrary
neighbourhood of z. Thus there exists an € > 0 such that B(z,€) C U. Note
if V.= B (x,§), then V C B[z, §] and thus is compact being a closed subset
of a compact set. Moreover

erQVQBFé}QM%ng

Therefore, since x and U were arbitrary, V is locally compact. ]
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3.6 Locally Convex Topological Vector Spaces

We turn our attention now to the other collection of topological vector spaces
we desire to study: locally convex topological vector spaces. Recall that all
topological vector spaces from Section were locally convex by Theorem
B:2:23] and all of the constructions of topological vector spaces from Section
when applied to locally convex topological vector spaces produce locally
convex topological vector spaces. Thus we will begin this section by first
providing a topological vector space that is not locally convex. Subsequently,
our main goal of this section is to demonstrate that every locally convex
topological vector spaces arises in via Theorem [3.2.10

Before we demonstrate a topological vector space that is not locally
convex, it is useful to examine be behaviour of convex sets in locally convex
topological vector spaces. In particular, for a locally convex topological vector
space, we know there exist bases of 0 consisting of balanced neighbourhoods
and consisting of convex neighbourhoods. However, does there exists a basis
of 0 consisting of convex balanced neighbourhoods? Using following method
for generating convex sets, we will show that this is indeed the case.

Definition 3.6.1. The convezx hull of a subset A of a vector space V, denoted
conv(A), is the set

conv(A) = {zn: (7%

k=1

neN{zp}i CA{t )i C0,1],) te = 1}
k=1

Example 3.6.2. In R?, it is not difficult to verify that if

A= {(17 0)7 (07 1)’ (_170)7 (07 _1)}

then conv(A) is the closed unit ball with respect to || - ||; and if
B={(1,1),(1,-1),(-1,1),(-1,-1)}
then conv(B) is the closed unit ball with respect to || - || .

Unsurprisingly, when dealing with convexity, the convex hull of a set is a
well-behaved object.

Lemma 3.6.3. Let (V,T) be a topological vector space and let A CV. The
following are true:

1. conv(A) is the smallest (under inclusion) convex set containing A.
2. If A is open, then conv(A) is open.

3. If A is open and balanced, then conv(A) is open and balanced.
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Proof. The fact that the convex hull of a set is convex follows from a simple
computation using the fact that if {tx}7_;,{s;}72; C [0,1] are such that
kit = iy sj = 1, then if 37 370" tys; = 1. Moreover, note if
tn, # 0 that

n n—1 tk
Z trr = (1 —ty) Z x| +thxy,
st 1—1t,

k=1
where

”i e _l-ta_

1ty 1—t,

Therefore, it follows from an induction argument on n that if C' is a convex
set of V containing A, then

n
Z LTk
k=1

for all n € N, {z}}7_; C A, and {t;}}_; C [0,1] such that >}_; ¢ = 1.
Hence conv(A) C C as desired.

Next assume that A is open. To see that conv(A) is open, note that
conv(A) is the union over all n € N, all {#;}7=1 € [0,1) and ¢, € (0,1] such
that > 5, tg, and all x1,...,2,-1 € A of the sets

n—1
(Z thk> +t,A.

k=1
Since addition and scalar multiplication by non-zero numbers are homeomor-
phisms and since A is open, each of these sets is open. Hence conv(A) is a
union of open sets and thus is open.

Finally, to see that conv(A) is balanced when A is open and balanced
follows easily from the description of conv(A) and the definition of a balanced
set (i.e. for each Y p_;trxr and o € K with |of < 1, ad }_ trzr =
Yop—q te(azy) with axy, € A for all k). N

Before we get to our example of a non-locally convex topological vector
space, some corollaries are in order.

Corollary 3.6.4. Let (V,T) be a locally convex topological vector space.
Every neighbourhood U of 0 contains a balanced, convex neighbourhood V- of
0 such that V +V CU.

Proof. Let U be a neighbourhood of 0. By Lemma there exists a
neighbourhood Uy of 0 such that Uy + Uy C U. Since (V,T) is locally convex,
there exists a convex neighbourhood W of 0 such that W C Up. Lastly, again
by Lemma there exists a balanced neighbourhood Wy of 0 such that
Wy CW.

Let V' = conv(Wy). By Lemma V' is a balanced convex neighbour-
hood of 0. Since Wy € W and W is convex, we obtain that V C W so
VCUyCUand V+V CUy+ Uy CU thereby completing the proof. =
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Corollary 3.6.5. Fvery locally convex topological vector space admits a
neighbourhood basis of O consisting of balanced, convex sets.

Using the notion of convex hull in topological vector spaces, we can
demonstrate the following topological vector space is not locally convex.

Example 3.6.6. Let p € (0,1) and let

KP(N) = { (Zn)nzl

[ee]
Z|zk|p<oo}.

n=1

Note £, (N) differs from our ¢,-normed linear spaces from previous sections
since p € (0,1).
For each a € [0, 00), consider the function f, : [0,00) — R defined by

fa(x) = 2P 4+ af — (z + a)P.
Since f,(0) = 0 and f, is differentiable with

/ _ p—1 p—1 __ p o p
fa(x) = px p($+a) - l‘l_p ($+ a)l—?’ >0

since 1 —p > 0, we obtain that f,(z) > 0 for all x € [0, 00). This shows that if

(zn)n>1, (Wn)n>1 € €p(N) then (z, +wp)n>1 € £,(N). Since clearly a € K and

(zn)n>1 € €p(N) implies (azy)n>1 € £p(N), we obtain that ¢,(N) is a vector

space with respect to coordinate-wise addition and scalar multiplication.
Define ¢ : ¢,(N) — [0, 00) by

q((zn)nz1) = D lzf?
n=1

for all (2p)n>1 € £p(N). Notice by the above that
(1) ¢((#n)n>1) = 0 if and only if z, =0 for all n € N,
(2) q(a(zn)n>1) = |afPq ((zn)n>1) for all & € K and (2,)n>1 € £,(N), and

(3) q((zn +wn)n>1) < q((2n)n>1) + q ((wn)n>1) for all (21)n>1, (Wn)n>1 €
p(N).

Note there is no + for otherwise the triangle inequality would fail! Thus ¢
is not a seminorm in that (2) is not quite correct. However, the proof of
Theorem can easily be adapted (specifically the argument involving
the fact that scalar multiplication is continuous - just replace |a] et al. with
|a|P in the appropriate places) to obtain that if for each & € £,(N) and € > 0
we let

N(Z€) ={y € r(N) | ¢(§ - T) < ¢}
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and
B={N(z,e) | ¥ € {,(N),e >0},

then B is a basis for a topology 7 on ¢, (N) such that (¢,(N), 7) is a topological
vector space.

However, T is not a locally convex topology. To see this, assume to that
(¢,(N),T) is locally convex. Since

U=A{7e,(N) | ¢(7) <1}

is a neighbourhood of 0, locally convexity would imply there exists a convex
neighbourhood V of 0 contained in U. Furthermore, since V is a neighbour-
hood of 0, this implies there exists an € > 0 such that

{Z e lp(N) | q(Z) <e} CV CU.

Let 6 = (£)7 > 0 and for all k € N let 7, € £,(N) be defined by

N 0 ifk=n

Tr(n) = ,

0 ifk+#n
(note clearly #) € £,(N)). Since ¢(Z) < €, we obtain that
TreV CU
for all k € N and thus
conv({Zxtren) SV CU

since V' is convex. Therefore, for all n € N we obtain that >7_; %:E’k ceVCuU
S0

“1 ZL 0P

1>gq —Z | = — = PntP,

However, since § > 0 and 1 — p > 0, the above inequality is impossible for
all n € N. Hence we have a contradiction so (¢,(N),7) is not locally convex.

Remark 3.6.7. Of course, given a measure space (X, .4, ) and p € (0,1),
one may define £,(X, p1) to be

Ly(X,p) = {f:X—>K ’f measurable,/ |fIPdu < oo}
X

and L, (X, ) to be £,(X, 1) modulo the subspace of all functions equal to
0 p-almost everywhere. By the same argument as used in Example
L,(X, i) a vector space and can be equipped with a topological vector space
structure. Provided A contains a collection of pairwise disjoint sets with
positive p-values, a similar argument can be used to that L, (X, ) will not
be locally convex.
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With the above example of a topological vector space that is not locally
convex, we turn our attention to characterizing all locally convex topological
vector spaces as those constructed in Section To do so, we need to
construct seminorms based on the given locally convex topology. As a priori
the functions constructed need not be seminorms and, for uses in Chapter [4
we introduce the following notion.

Definition 3.6.8. Let V be a vector space. A function p: )V — R is said to
be a sublinear functional if

1. p(z+y) < p(z)+p(y) for all x,y € V, and
2. p(rx) = rp(x) for all x € V and r > 0.

Example 3.6.9. Clearly every seminorm is an example of a sublinear
functional whereas the identity map on R is a sublinear functional that is
not a seminorm since it is not positive. Similarly, the map p : R — [0, 00)

defined by
xz ifx>0
p(z) = {

0 otherwise

is an example of a sublinear functional that is not a seminorm (since 0 =

p(=1) =p((=1)1) # | = 1|p(1) = 1).

The way locally convex topologies will give rise to sublinear functionals
and, eventually, seminorms is via the following.

Definition 3.6.10. Let (V,T) be a topological vector space and let C' be a
convex neighbourhood of 0. The function pc : V — R defined by

po(x) = inf{r € (0,00) | x € rC}

for all z € V is called the Minkowski functional (also called the gauge
functional).

Remark 3.6.11. It is useful to note that although the Minkowski functional
uses the word ‘functional’, the Minkowski functional is not a linear functional
since, in particular, it never takes negative values. Moreover, it is not
difficult to see that pc(x) € [0,00) for all z € V. Indeed, recall that if C' is a
neighbourhood of 0, then C' is absorbing by Lemma Hence for every
x € V there exists an r € (0,00) such that z € rC so pc(x)[0, 00).

It is also useful to note what pco(z) tells us about the values of r € (0, 00)
for which = € rC. To see this, assume s € (0, 00) is such that pc(z) < s.
Thus there exists a po(x) < t < s such that x € tC. Hence there exists a
¢ € C such that x = tc. However, since C' is convex, for every r > s we see
that

t t\ -
:L'—tC—(rc)—i—(l—)OerC
r r
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since rC' is convex (which is elementary to verify), 0,r7c e rC, and 0 < % <1
Thus if pc(x) < s, then z € rC for all r > s.

The relations between the Minkowski functional, sublinear functionals,
and seminorms is observed via the following result.

Proposition 3.6.12. Let (V,T) be a topological vector space and let C be a
convex neighbourhood of 0. Then the Minkowski functional po is a sublinear
functional on V such that

C={zeV|pclx) <1}
Moreover pc is a seminorm whenever C is balanced.

Proof. To see that pc is sublinear, let z,y € V be arbitrary. If r, s € (0, c0)
are such that x € rC and y € sC, then

x+yerC+sCC(r+s)C

by Lemma so pc(x +y) <7+ s. Since this holds for all r, s € (0, 00)
such that x € rC and y € sC, we obtain that po(z + y) < pc(x) + po(y)
thereby demonstrating the first property of being a sublinear functional.

To see the second property of being a sublinear functional, let x € V and
s € (0,00) be arbitrary. For any r € (0,00) we see that sz € srC' if and only
if z € rC, we obtain that po(sz) = spo(x) thereby completing the proof
that po is sublinear.

To see that C = {z € V | po(x) < 1}, first assume = € V is such that
po(x) < 1. Hence there exists an r € (0,1) such that z € rC. Thus there
exists a y € C' such that

z=ry=ry+ (1—7r)0.

However, since r € (0,1), y, 0 € C, and C is convex, we obtain that z € C.
Hence C D {z €V | pc(x) < 1}.

To see the reverse inclusion, let x € C be arbitrary. Since C' is open and
scalar multiplication is continuous, there exists a € > 0 such that if [t — 1] < €
then tx € C. Thus (14+§)zeCsox e Hl%C and hence po(z) < % < 1L
Therefore, since  was arbitrary, C' = {x € V | pc(z) < 1}.

To see that pc is a seminorm when C'is balanced, we note pc : V — [0, 00)
and pc¢ is sublinear so it suffices to examine how pc behaves with respect to
scalar multiplication. Thus let x € V and a € C be arbitrary. If a = 0, then
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clearly pc(az) = po(0) = 0 = ape(x). Otherwise, if a # 0, then
po(ax) =inf{r € (0,00) | azx € rC}
1
T € T‘C}
a
1 ) o .
T € TC} since C' = —C as C is balanced
laf |al
= inf{|als € (0,00) | z € sC}
= |a]inf{s € (0,00) | = € sC}

= |alpc(z)

= inf {r € (0,00)

= inf {r € (0,00)

as desired. Hence pc is a seminorm. ]

With the above construction of seminorms in locally convex topological
vector spaces complete, we need only one more ingredient in order to show
the locally convex topological is generated by seminorms: we need to know
which seminorms are continuous.

Proposition 3.6.13. Let (V,T) be a topological vector space and let p be
a seminorm on V. Then p is continuous on V if and only if there exists a
neighbourhood U of O such that p is bounded on U.

Proof. Assume p is continuous on V. Therefore U = {z € V | p(x) < 1} is
an open neighbourhood of 0 such that p is bounded by 1 on U. Thus one
direction is complete.

For the converse, assume there exists a neighbourhood U of 0 such that p
is bounded on U by M € (0,00). To see that p is continuous, let = € V and
€ > 0 be arbitrary. Then V' = x + ;U is a neighbourhood of z. Moreover, if
y € V then y — x = ;u for some u € U so

€ €
p(y) —p(@)| <ply —z) =p (U) = —p(u) <e.
Therefore, since  and € > 0 were arbitrary, p is continuous. [ |

Corollary 3.6.14. Let (V,T) be a locally convez topological vector space
and let C' be a convex balanced neighbourhood of 0. Then pc is a continuous
seminorm on (V,T).

Proof. By Proposition [3.6.12] pc is a seminorm on V and
C={zeV | pc(zr) <1}

Since C is a neighbourhood of 0, the above set equality implies that pc is
bounded by 1 on a neighbourhood of 0 and thus is continuous by Proposition

B.6.13 ]
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Theorem 3.6.15. If (V,T) is a locally convex topological vector space, then
there exists a separating family of seminorms on V that generated T .

Proof. By Corollary there exists a T-neighbourhood basis C of 0 con-
sisting of convex balanced sets. Therefore

F={pc | CeC}

is a collection of seminorms on V by Proposition

To see that F is separating, let = € V' \ {0} be arbitrary. Since (V,T) is
Hausdorff, there exists a neighbourhood U of 0 such that = ¢ U. By Corollary
there exists a C' € C such that C C U so = ¢ C. Hence pc(z) > 1 by
Remark Therefore, since x was arbitrary, C is separating.

Let 7o be the topology on V generated by F. Thus (V, 7p) is a topological
vector space by Theorem and 7Ty is a locally convex topology by
Theorem It remains only to show that 7 = 7.

Notice if C' € C, then by Proposition [3.6.12]

C={zeV |pc(r) <1} =N(@0,p,1) €T

by definitions. Therefore a neighbourhood basis for 0 from 7 is contained
in 7p. Hence, since 7 and 7y make V into a topological vector space and
thus are completely defined by any neighbourhood basis of 0, we obtain that
T S To-

For the reverse inclusion, note by Corollary that pc is continuous
on (V,T) for all C € C. Hence for every € > 0, the set

N(ﬁ,p, €) = pal((—e,e)) eT.

Hence, for all € > 0 and F C F finite, we have that

N0, Fe)= () N(@O,p,e) €T
peEF

Therefore a neighbourhood basis for 0 from 7y is contained in 7. Hence, since
T and Ty make V into a topological vector space and thus are completely
defined by any neighbourhood basis of 0, we obtain that 7o C 7~ completing
the proof. ]

To conclude this section, we note that there are many collections of
seminorms that could generated the same topological vector space structure.
As all such seminorms must be continuous, the following result not only aids
in determining which seminorms must be included, but has a few corollaries
that will be of use in future chapters.

Proposition 3.6.16. Let (V,T) be a locally convex topological vector space
and let F be a separating family of seminorms that generated T. If p is a
seminorm on V, then the following are equivalent:
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e D is continuous on V.

e There exists a constant M > 0 and p1,...,pn € F such that

p(x) < M max({p1(x),...,pn(z)}) forall x € V.

Proof. First assume there exists a constant M > 0 and py,...,p, € F such
that
p(z) < M max({p1(z),...,pn(x)}) for all z € V.

Let U = N(0,{p1,...,pn},1). Then U € T and pi(z) < 1 for all z € U and
ke {1,...,n}. Hence p(z) < M for all x € U so p is bounded on U and
thus continuous by Proposition [3.6.13

Conversely, assume p is continuous on (V,T). Hence U = p~!((—1,1)) is
a neighbourhood of 0. Since F generated T, there exists p1,...,pn € F and
an € > 0 such that

N(67 {plv v 7pn}7€) g U.

Therefore, if x € V is such that pgp(z) < € for all k£ € {1,...,n}, then
z € N(0,{p1,...,pn}t, €) CUsop(z) <1
We claim if M = %, then

p(x) < Mmax({pl(:r), s ,pn(x)})

for all z € V. To see this, let x € V be arbitrary. If max({pi(z),...,pn(2)}) =
0, then pi(z) =0 for all k € {1,...,n} so pr(rz) = 0 for all r > 0 thereby
implying rp(x) = p(rz) < 1 for all » > 0, which implies p(z) =0 < 0 =
M max({pi(z),...,pn(z)}). Otherwise, if My = max({p1(z),...,pn(x)}) >

0, then y = 2]\6409: € V has the property that

pe(y) < = <e

DN

for all k € {1,...,n}. This implies p(y) < 1 and thus

2My
€

p(z) < = %max({pl(x), cospn(@)}) < Mmax({p1(z),...,pn(x)}).

Therefore, since x was arbitrary, the proof is complete. ]

Corollary 3.6.17. Let (V,Ty) and (W, Tyw) be locally convex topological
vector spaces, let Fy and Fyy be separating family of seminorms that generated
Ty and Ty respectively, and let T : V — W be linear. The following are
equivalent:

o T is continuous.

e For all g € Fyy there exists M > 0 and p1,...,pn € Fy such that

q(T(x)) < M max({p1(x),...,pn(x)}) forall x € V.
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Proof. Note it is elementary to verify the composition of a seminorm with a
linear map is a seminorm.

Assume T is continuous. Since ¢ is a continuous seminorm on (W, Tyy),
goT is a continuous seminorm on (V,7y). Hence the result follows from
Proposition [3.6.16

To prove the converse, note Proposition [3.6.10] implies that ¢ o T is a
continuous seminorm on (V, 7y) for all ¢ € Fyy. To see that T is continuous,
let U be an arbitrary neighbourhood of 0 in (W, Tyy). Hence there exists an
e>0and q,...,q, € Fy such that

N(ﬁa {(ha-“aQn}aE) cVU.

Since gx o T is a continuous seminorm on (V,7Ty) for all k € {1,...,n},
V=N(0{q107.....quoT},e)

is a neighbourhood of 0 in (V, 7y). Notice if # € V then ¢(T'(z)) < e for all
ke{l,....,n} soT(x) € NO,{qi,...,qn},€) C U. Therefore, since U was
arbitrary, T is continuous at 0 and thus continuous by Theorem ]

Corollary 3.6.18. Let (V,T) be a locally convex topological vector space. A
linear map f:V — K is continuous if and only if there exists a continuous
seminorm p on V such that

|f(@)] < p(z)
forallz e V.

Proof. If f:V — K is a continuous linear map, then the function p: V — K
defined by

p(z) = |f(z)]
for all x € V is clearly a continuous seminorm on V. Hence one direction is

complete.
Conversely, assume there exists a continuous seminorm p on V such that

[f(z)| < p(x)

for all x € V. Since (V,T) is a locally convex topological vector space,
Theorem [3.6.15] implies T is generated by a separating family of seminorms
F. Since p is continuous, 7 is also generated by F U {p} and thus f is

continuous by Corollary n

One final corollary of Proposition is the following which informs us
how a separating family of seminorms on a locally convex topological space
behaves with respect to quotients. Since Proposition [3.6.16| implies that
the maximum of a finite number of seminorms from a separating family of
seminorms that generates a locally convex topology is a continuous seminorm
and thus can be added into the family without modifying the topology, the
assumption we add on the separating family in the following is moot.
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Proposition 3.6.19. Let (V,T) be a locally convex topological vector space,
let W be a closed subspace of V, and let p:V — [0,00) be a seminorm on V.
Ifp: V/W — [0,00) is defined by

p(v+W) =inf({p(v+w) | weW})

for allv+W €V, then p is a seminorm on V/W. Moreover, if F is a
separating family of seminorms on V that generate T and is closed under
taking the mazimum of finitely many elements, then F = {p | p € F} is a
separating family of seminorms on V /W that generate the quotient topology.

Proof. If p is a seminorm on V), then by nearly identical arguments to those
used in Theorem it follows that p is a seminorm on V/W.

Let F be a separating family of seminorms on V that generate 7. To
see that F = {p | p € F} is separating on V /W, suppose for the sake of a
contradiction that there exists a vog + W € V/W such that p(vg + W) =0
for all p € F. We claim that vo € W. To see this, let U be an arbitrary
neighbourhood of vg. Thus, since F is a separating family of seminorms,
there exists an € > 0 and py,...,p, € F such that

N(Uﬂa {pl) o 7pn}75) g U.

Recall if py : V — [0, 00) is define by

po(v) = max({p1(v),...,pn(v)})

for all v € V, then py € F by assumption and

N(U07p076) = N(”O?{pla <. 7p7l}7€) cU.

However, since po(vo+WW) = 0, there exists a w € W such that po(vo+w) < e.
Therefore —w € WNU so WNU # (). Therefore, since U was arbitrary,
we obtain that vg € WW. However, since W is closed, this implies vg € W so
vo+W = 0+ W. Hence F is separating.

Let 7 be the topology on V/W generated by F. To show that 7T is
the quotient topology, we will follow the same idea as Proposition [3.3.5
Let ¢ : V — V/W be the vector space quotient map. To complete the
proof, it suffices by Corollary to show that ¢ is a quotient map in the
topological sense.

To see that ¢ is a quotient map, first we note that ¢ is clearly surjective.
To show that ¢ is continuous, note for all v € V, p € F, and € > 0 that

¢ (Nw+W,p,e) = |J Nu+w,p,e).
weWw

Hence ¢ '(N (v + W, p,¢€)) is open in (V,T) being the union of open sets.
Since

{N@w+W,p,e) | veV,pe F,e> 0}
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form a subbasis of 7~', it follows that ¢~ '(U) € T for all U € T so q is
continuous.

To see that ¢ is open, assume U is an arbitrary subset of V/W such that
q Y(U) is open in V. To see that U is open in V/W, let x + W € U be
arbitrary. Hence x € ¢~'(U). Hence, since ¢! (U) is open in V there exists
an € > 0 and p1,...,p, € F so that

N(z,{p1,..-,pn},€) Cq ' (U).
Again, if we let pg = max({p1,...,pn}), then py € F and
N(z,po,€) = N(z,{p1,...,pn},€) € ¢ (V).

We claim that N(x 4+ W, pg,€) C U. To see this, assume v € V is such that

po((v—2)+W) =po((T+W) - (T+W)) <e.
Hence, by the definition of pg, there exists a w € W such that

po(v —x +w) < e
Hence v +w € ¢~ }(U) by the above computation so
v+W=qv+w)eU

as desired. Therefore, since z + W € U was arbitrary, U is open in V/W.
Hence q is a quotient map by the definition of a quotient map thereby yielding
the proof. ]
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Chapter 4

Hahn-Banach Theorems

With our introduction to topological vector spaces and, more importantly,
locally convex topological vector spaces complete, we can move on and obtain
more in-depth knowledge about these spaces and their properties. As such,
we will follow a similar pattern as we did for normed linear spaces; we will
examine the continuous linear maps between such spaces. In particular, we
will examine a specific collection of results pertaining to the continuous linear
maps on a locally convex topological vector space known as the Hahn-Banach
Theorems. These theorems are debatably the most important results in
elementary functional analysis.

The Hahn-Banach Theorems separate into two classes of theorems: ex-
tension and separation. As motivation for the Hahn-Banach Extension
Theorems, we note we still have questions relating to whether the canonical
embedding of a normed linear space X into its second dual is an isometry
(Remark and whether the adjoint of a bounded linear map 71" between
normed linear spaces has the same norm as T' (Remark [1.6.8)). Both of
these questions can be answered via extending continuous linear function-
als. Indeed by Corollary we know that every linear map on a finite
dimensional topological vector space is continuous so we can easily construct
continuous linear functionals on finite dimensional subspaces of locally convex
topological spaces. Being able to extend these linear functionals to the entire
space will enable us to solve these (and many other) questions.

The Hahn-Banach Separation Theorems are more geared towards the
geometric structures of locally convex topological vector spaces. Indeed the
goal of the Hahn-Banach Separation Theorems is when given two disjoint
sets to construct a continuous linear functional for which translates of the
kernel separates the two sets. Since kernels of continuous linear functionals
are closed subspaces of co-dimension 1, we are effectively cutting our vector
space in half with one set on either side of our space. Such geometric results
are particularly useful for describing closed convex subsets of locally convex
topological vector spaces using linear functionals.
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We should also note that all authors use “the Hahn-Banach Theorem” to
denote one of these many theorems. We will do the same, but will always
provided a reference to the specific version of the theorem we are using.

4.1 Linear Functionals and Hyperplanes

Before we can attempt to prove our desired results in locally convex topo-
logical vector spaces, we must first retrace our steps and return to some
elementary linear algebra that is not generally done in undergraduate courses
since its uses are not seen until this point in pure mathematics. In particular,
this section will focus on (not necessarily continuous) linear functionals and
the subspaces their kernels define. We begin with the following.

Definition 4.1.1. Given a vector space V over K, a linear functional on V
is a linear map f : V — K. The set of all linear functionals on V is denoted
VE and is called the algebraic dual of V.

Given a topological vector space (V,T) over K, a continuous linear
functional on V is a continuous linear map f : V — K. The set of all
continuous linear functionals on V is denoted V* and is called the (topological)
dual of V.

Clearly if V is a topological vector space, then V* C V! Whereas
Corollary implies V* = V! if V is a finite dimensional topological vector
space, it is not surprising that V* # V¥ is possible in the infinite dimensional
setting.

Example 4.1.2. Given an infinite dimensional normed linear space (X, || - ||),
X* # X*. To see this, fix a vector space basis {x }xca. By scaling if necessary,
we may assume that ||z)|| =1 for all A € A. Since A must be infinite, choose
distinct vectors {zp}n>1 from {z)}rep. Define a linear map f: X — K by
defining f(z,) =n for alln € N, f(z) =0 for all z € {zx}xea \ {zn}n>1,
and by extending the definition of f by linearity. Since |f(zy)| > n and
|zn|| = 1, we see that f is unbounded.

Of course, any linear functional on a normed linear space that is not
bounded is not continuous and several examples of this were given in Section

L4
Of use in our theory will be the ability to reduce from the K = C case to

the K = R case. The first step of doing this is the following.

Definition 4.1.3. Let V be a vector space over C. Given f € V¥, the real
and imaginary parts of f are the maps Re(f),Im(f) : V — R defined by

f(@) = £(9)
2

~—

;f@ and  Tm(f)(@) =

for all v € V.

©For use through and only available at pskoufra.info.yorku.ca.



4.1. LINEAR FUNCTIONALS AND HYPERPLANES 97

Of course, the following is trivial to demonstrate.

Lemma 4.1.4. Let V be a vector space over C and let f € V. Then
f=Re(f) +idm(f) and Re(f),Im(f) : V — R are R-linear.

However, what we are after is the following way to take R-linear function-
als and produce C-linear functionals. In particular (3) deals with continuity
in the normed linear space setting whereas (2) deals with the continuity in
the locally convex topological vector space setting via Corollary and
knowledge of seminorms.

Lemma 4.1.5. Let V be a vector space over C and let f : V — R be R-linear.
Then the following hold:

(1) If fc : V — C is defined by
Je (@) = f(v) —if (iv)
for all v €V, then fc is C-linear.

(2) If p is a C-seminorm on V), then |f(0)| < p(¥) for all U €V if and only
if |fe(0)] < p(¥) for all T V.

(3) If V is a normed linear space, then fc is bounded if and only if f is
bounded. Moreover, if f is bounded, then || fc|| = ||f]-

(4) If g : V — C is C-linear and Re(g) = f, then fc =g.

Proof. For (1), we first note that fc preserves addition since f and the scalar
multiplication are additive. To see that fc preserves C-scalar multiplication,
let a,b € R and ¥ € V be arbitrary. Then, since f is R-linear,

fe((a+bi)0) = f((a+ bi)?) —if(i(a + bi)?)
= f(a?¥) + f(ib¥) — i f(ia?) — i f(—bD)
= af(V) + bf(iV) — ai f (i0) + bi f(7)
= (a+ bi) f(V) — (a + bi)if(i0) = (a + bi) fc (7).
Hence, since a, b, and ¢ were arbitrary, fc preserves C-scalar multiplication.

Hence fc is C-linear.
To see (2), note if | fc (V)| < p(¥) for all ¥ € V, then

F@) < IF@)2 + if (D)2 = |£(@) — if (i7)] = | fe(@)] < p(D)

for all ¥ € R since f(v), f(iv) € R. Conversely, assume |f(¥)| < p(?) for all
v € V. To see that |fc (V)| < p(¥) for all 7 € V, fix ¥ € V and choose z € C
such that |z| = 1 and zfc(?) € R with zfc(¢) > 0. Thus

[fe(@)] = 2fc(V) = fe(20) = f(20) — if (i20).
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However, since f(z?), f(iz¥) € R, we obtain that f(izt) = 0 and

[fe(@)] = f(20) = |f(20)] < p(20) = |2]p(V) = p(V).

Therefore, since ¥ € V was arbitrary, (2) is complete.

To see (3), note for all M > 0 that the map v +— M ||¢]| is a seminorm
on V. Therefore, by (2) we see that |f(v)] < M ||¢]| for all ¥ € V if and only
if | fc(¥)] < M ||7|| for all v € V. Hence (3) follows.

Finally, to see (4), note that Re(g) = f implies that

(i) = Re(g)(iv) =

for all ¥ € V. Hence

as desired. [

The next ingredient we require pertaining to linear functionals are their
connections with the following objects.

Definition 4.1.6. Given a vector space V over K, a hyperplane in V is a
vector subspace W of V such that dim(V/W) = 1.

Remark 4.1.7. Clearly if f € V¥ is non-zero, then ker(f) is a hyperplane
since if 7ip € V and f(¥)) # 0, then V/ ker(f) is spanned by i + ker(f) which
is non-zero. Conversely, if VW is a hyperplane in V, then the quotient map
q:V —V/W =K is a linear functional with kernel equal to W.

In fact, given multiple linear functionals, much is known about the
intersection of their kernels.

Lemma 4.1.8. Let V be a vector space over K and let fi,..., fn € VI If
W =n}_, ker(fi), then dim(V/W) < n.

Proof. We will proceed by induction on n. If n = 1, then W = ker(f;). If
f1 =0 then W =V so V/W is the zero vector space and thus 0-dimensional.
Otherwise, choose any vector ¥} € V such that fi(#) # 0. It is elementary
to see that V = Ko + )V and hence V/W = span({) + W}) is 1-dimensional.
Hence the base case has been demonstrated.

©For use through and only available at pskoufra.info.yorku.ca.



4.1. LINEAR FUNCTIONALS AND HYPERPLANES 99

To proceed by induction, assume the result has been demonstrated
for n linear functionals and let fi,..., fu, far1 € V¥ be arbitrary. Let
W= ﬁZill ker(f) and let Wy = N}!_; ker(fi). By the induction hypothesis,
dim(V/Wy) < n. Hence there exists v, ..., 0, € V such that

V/Wo = span({ffl +Wo,...,0n + Wo})

and hence
V =Wy + span({¥1, ..., Un}).

Let g = fn+1lw,- Clearly g is linear and thus by the base case Wy/ ker(g)
is at most one-dimensional. Thus there exists a v,+1 € Wy (possibly the
zero vector) such that Wy/ker(g) = span({th,+1 + Wy}). Hence Wy =
Kty +1 + ker(g) so

V = ker(g) + span({¥1, . .., Un, Unt1}).

However, since

ker(g) = ker(frr1) "N Wo =W

we obtain that
V =W +span({71, ..., Un, Unt1})-

Thus {th + W, ..., Uy + W, Upy1 + W} spans V/W and hence dim(V/W) <
n + 1 thereby completing the inductive step. ]

Using Lemma [£.1.8) we can examine exactly when one linear functional is
in the span of other linear functionals based on the kernels.

Lemma 4.1.9. Let V be a vector space over K and let f, f1, fa, ..., fn € VI
Then Ni—1 ker(fx) C ker(f) if and only if f € span({f1,..., fn})-

Proof. If f € span({fi1,..., fn}) then it is trivial to verify using definitions
that (Np—; ker(fx) C ker(f).

To prove the converse, first note by the previous direction we may assume
without loss of generality that {fi,..., fn,} are linearly independent (for
otherwise one is a linear combination of the others and can be removed
without modifying the intersection of the kernels). Let W = N}'_; ker(fy),
which is a vector subspace of V. For all k € {1,...,n}, define f, € (V/W)?
by N

Je@+W) = fi(0)
for all 7 € V. It is necessary to note that fj, is well-defined since if @ + W =
Uy + W, then vy — vp € W C ker(fx) so fi(¥h) = fr(U2). Moreover, note
if ¢V — V/W is the canonical quotient map, then f; = fk o g for all
ke {1,...,n}. Similarly, if f € (V/W)! is defined by

f@+W) = f(©)
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for all 7 € V, then f is well-defined since W C ker(f), and f = foq.

Recall from Lemma that dim(V/W) < n. Hence dim((V/W)*) <n
We claim that {]71, ..., fn} is linearly independent and thus a basis for
(V/W)!. To see this, assume zy, ..., 2, € K are such that

afi bty =0
Hence, the definitions of fk implies that

Zlfl(U) +---+ ann(l_f) =0

for all ¥ € V. Therefore, since {f1,..., fn} are linearly independent, we
obtain that z; = --- = z, = 0. Hence { fi,..o, fn} is linearly independent
and thus a basis for (V/W)L.

Since f € (V/W)!, there exists z1,..., z, € K such that

fzzlﬁ-l----—i-znﬁl.
By the definitions of f and fk, this implies
f==zfi+ - +zfa
so f €span({fi,..., fn}) as desired. N

The last ingredients we need pertaining to linear functionals are various
methods to know when they are continuous. In particular, the following is
the simplest method to verify a linear functional is continuous.

Proposition 4.1.10. Let (V,T) be a topological vector space. If f € V¥,
then f € V* if and only if ker(f) is closed.

Proof. 1f f € V*, then ker(f) = f~1({0}) is closed since f is continuous and
{0} is a closed set.

Conversely, assume f € V¥ and W = ker(f) is closed. If f = 0, then
clearly f is continuous. If f # 0, then note by Proposition that V/W is
a topological vector space and the canonical quotient map ¢ : V — V/W is
continuous. Moreover, since f € V¥, we know that V/W is one-dimensional.

Recall if f € (V/W)! is defined by

F@+W) = f(v)

for all ¥ € V, then f is well-defined and f = f o q. Since q is continuous
and f is continuous by Corollary |3 - 7| since V/W is one-dimensional, f is
continuous being the composition of continuous functions. ]

Combining the following result, which is proved using elementary ideas,
with Proposition [{.1.10] tells us the behaviour of kernels of discontinuous
linear functionals.
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Proposition 4.1.11. If (V,T) is a topological vector space and M CV is a
hyperplane, then either M is closed inV or M is dense in V.

Proof. If M is a hyperplane, then we know that M is a subspace of V such
that M C M C V. Since dim(V/M) = 1, this implies either M = M (so
M is closed), or M =V (so M is dense in V). ]

Finally, we arrive at an analogue of ‘bounded linear functionals are
continuous’ for topological vector spaces.

Proposition 4.1.12. Let (V,T) be a topological vector space and let f € VE.
If there exists a neighbourhood U of 0 and a constant M such that Re(f(x)) <
M for all x € U, then f is uniformly continuous.

Proof. By Lemma there exists a balanced neighbourhood Uy of 0
contained in U. Notice for any = € Uy there exists an z, € K with |z;| =1
such that

|f(x)| = me(x) = f(za:x) = Re(f(zzm))

However, since Uy is balanced, z,x € Uy so this implies that |f(z)| < M for
all x € Uy.
Define p: V — [0, 00) by

for all z € V. Clearly p is a seminorm since f € V!. Hence, since p is
bounded on Uy, Proposition [3.6.13] implies that p is uniformly continuous
on V and thus continuous by Proposition [3.4.8] Since f(0) = 0 = p(0), this
implies that f is continuous at 0 and thus Theorem [3.4.9| implies that f is
uniformly continuous. |

4.2 Hahn-Banach Extension Theorems

With the preliminaries out of the way, we can proceed to show on locally
convex topological vector spaces that continuous linear functional on sub-
spaces can be extended to continuous linear functionals. This is accomplished
via Proposition by showing linear functionals bounded by seminorms
extend to linear functionals bounded by seminorms. This is accomplished
by showing linear functionals bounded by sublinear functionals extend to
linear functionals bounded by sublinear functionals. This is simplified by
first looking at hyperplanes in the following result, which is purely algebraic
in nature.

Proposition 4.2.1. Let V be a vector space over R, let p : V — R be a
sublinear functional, let VW be a hyperplane of V, and let f : W — R be a
linear functional such that f(W) < p(w) for all & € W. Then there exists a
linear functional g : V — R such that glyy = f and g(v) < p(¥) for all T € V.
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Proof. Fix g € V\ W. Since W is a hyperplane of V, we know for all v € V
there exists a unique z € R and a @ € W such that v = zvjy + . Thus, by
linearity, it suffices to extend f to have a value on .

To proceed, let us consider the collection of all elements h of V¥ such
that h|yy = f. Indeed, by the above decomposition of elements of V', such h
are uniquely determined by their values on ¢. In particular, for each r € R
there exists a unique h, € V¥ such that h, (%) = r and h,|yy = f; that is,
hy 1V — R defined by

hy(z0 + W) = xr + f (W)

for all z € R and @ € W is a well-defined element of V!. The question is, “is
there an element of {h, },cr that satisfy the conclusions of the proposition?”

To proceed, let us consider what is required of an h, to satisfy the con-
clusions of proposition. Indeed h, satisfies the conclusions of the proposition
if and only if for all x € R and @ € W we have that

re + f(W) < p(avh + 0).

Clearly this holds when z = 0 by the assumptions of the proposition. For
x # 0, we obtain two equivalent inequalities based on the sign on z:

e if x > 0 then by using xw in place of @, the above inequality is
equivalent to

1 o L 1 . R . .
r < oy (ztp + zW) — ;f(xw) = p(tp + W) — f(w)
for all @ € W.

e if £ < 0 then by using —zw in place of @, the above inequality is
equivalent to

P2 <p (el — o) — —f(~ed) = f() — p(~7 + )

for all @ € W (since p is sublinear so we can pull out —z).
Therefore, h, satisfies the conclusions of the proposition if and only if
f(@1) = p(=o + 1) <7 < p(Vy + W) — f ()

for all w,ws € W. In particular, the above show that there exists an h,
that satisfies the conclusions of the proposition if and only if

sup({ f () — p(=vo + 1) | @ € W})
< inf({p(vp + W) — f(w2) | w2 € W})
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(in which case we can take r to be either the supremum, the infimum, or any
real number in-between).
To see that such an r exists, notice for all wh, Wy € W that

f() + f(We) = f(wW + W) < p(W; + W)
= p((—ﬁo + U71) + (?70 + 1172))
< p(—io + W) + p(Uo + W)

which implies that
f(y) — p(—=2o + 1) < p(Uy + wWa) — f(W2).
Hence the result follows. [ ]

Upgrading from hyperplanes to arbitrary subspaces is easily accomplished
with a maximality argument via Zorn’s Lemma.

Theorem 4.2.2 (Hahn-Banach Extension Theorem - Real Vector
Spaces). Let V be a vector space over R and let p:V — R be a sublinear
functional. Assume W is a vector subspace of V and f : W — R is a linear
functional such that f(W) < p(W) for all & € W. Then there exists a linear
functional g : V — R such that gl = f and g(¥) < p(¥) for all T € V.

Proof. Let

P {00 [\ 2B R L )
Note that (W, f) € F so F # 0.

Define a relation < on F by setting (V1,h1) =< (X2, he) if and only if
V1 C Vs and hal|y, = hi. It is not difficult to see that < is a partial ordering
on F.

Let C = {(Vi, hi) | i € I} for some ordered set I be a chain in F. It
is not difficult to verify that Y = (U;c; V; is a subspace of V containing W
and if we define h € Y* by h(%) = hi(¢;) for all ¥ € Y; and i € I, then h
is well-defined, (Y, h) € F, and (Y, hi) = (Y, h) for all i € I. Hence every
chain in F has an upper bound.

By Zorn’s Lemma there exists a maximal element (Wp, ho) of F. If
Wy # V, fix tp € V\ Wy and let Vy = Rty + Wy. Since W is a hyperplane
in Vy by construction and p|y, is a sublinear functional such that that
ho(W) < ply, (W) for all & € Wy, Proposition implies there exists an
h € Vi such that (Vo,h) € F, Wo, ho) # (Vo,h), and W, ho) = (Vo, h)
thereby contradicting the maximality of (W, hg). Hence Wy = V and the
proof is complete. ]

To upgrade from sublinear functionals to seminorms is accomplished via
linearity in the K = R case and using the linear functionals from Lemma
415 in the K = C case.
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Theorem 4.2.3 (Hahn-Banach Extension Theorem - Seminorm).
Let V be a vector space over K, let p: V — R be a seminorm, let W be a
vector subspace of V, and let f : W — K be a linear functional such that
| f(@0)| < p(W) for allb € W. Then there exists a linear functional g : V — K
such that glw = f and |g(V)| < p(V) for all ¥ € V.

Proof. In the case that K = R, recall that every seminorm is a sublinear
functional. Therefore, since

f(@) < [f(@)] < p(w)

for all W € W, we obtain by Theorem that there exists a linear functional
gV — R such that g|yy = f and ¢(¥) < p(?) for all ¥ € V. Since

—9(0) = g(=7) < p(—7) = p(7)

since p is a seminorm, we obtain that ] g(v)| < p(¥) for all ¥ € V as desired.

In the case that K = C, let fi; = Re(f). By Lemma (using (2) and
(4)), this implies that f; is a R-linear functional on W and fl( ) < p(w) for
all W € W. Since every vector space over C is a vector space over R and the
restriction of a seminorm on a vector space over C to a vector space over R
remains a seminorm, we obtain by the K = R case that that there exists a
R-linear functional gg : V — R such that go|lyy = f1 and |go(?)| < p(¥) for
all v € V. Luckily, if ¢ = (go)c as in Lemma |4.1.5 u then the same lemma
implies g is C-linear, that g|yy = f, and that |g(¥)| < p(¥) for all € V. n

Upgrading to continuous linear functionals on locally convex topological
vector spaces is easily obtained via the connection between continuous linear
functionals and continuous seminorms from Proposition [3.6.16]

Theorem 4.2.4 (Hahn-Banach Extension Theorem - Continuous
Linear Functionals). Let (V,T) be a locally convex topological vector space
and let W be a vector subspace of V. If f € W*, then there exists a g € V*
such that gly = f.

Proof. Since (V,T) is a locally convex topological vector space, there exists
a separating family of seminorms F on V that generate 7 by Theorem [3.6.15
Since W is equipped with the subspace topology from V), it is elementary
based on the definition from Theorem [3.2.10] to see that

Fw=A{plw | pe F}

is a separating family of seminorms on WV that generate the subspace topology.

Since W +— | f(w)] is a continuous seminorm on W since f € W* and since
Fy generates the topology on W, Proposition [3.6.16] implies there exists a
constant M and p1,...,p, € F such that

/()] < Mmax({p1(2),...,pn(2)})
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for all z € W. Since

x — M max({pi(x),...,pn(x)})

is a seminorm on V, Theorem implies that there exists a g € V¥ such
that g|yy = f and

l9(2)| < M max({p1(x),...,pn(2)})

for all z € V. Since another application of Proposition [3.6.16| implies |g| is a
continuous seminorm on V and thus g € V* by Corollary [3.6.18] the proof is
complete. ]

Finally, we return to the case of normed linear spaces with the additional
question on norm bounds present.

Theorem 4.2.5 (Hahn-Banach Extension Theorem - Bounded Linear
Functionals). Let (X, || -||y) be a normed linear space and let W be a closed
vector subspace of V. If f € W*, then there exists a g € V* such that gl = f

and ||g|| = || f]]-
Proof. Consider the map p: X — [0, 00) defined by

p(@) = [| Il x

for x € X. Clearly p is a seminorm on X" such that |f(x)| < p(x) for all
x € W. Hence Theoremimplies there exists a g € V¥ such that glw=7r
and lg(z)| < p(z) = |f] [zl This later inequality implies | < ||f]
whereas g|pq = f implies ||g]| > || f]| thereby completing the proof. ]

4.3 Corollaries of the Extension Theorems

There are many immediate corollaries of the Hahn-Banach Extension The-
orems from Section [4.2] which are also often called “the Hahn-Banach
Theorem”. As such, we will examine such corollaries in this section. We
begin with the implications for normed linear spaces by finally answering
the question posed in Remark

Corollary 4.3.1. Let (X,|-||) be a normed linear space and let x € X.
Then

2]l = max{|f(z)| | fe &7 [F] =1}

Proof. Fix z € X. Clearly the result holds when z = 0 so assume z #* 0.
Since

[f@) < 1=
for all f € X*, we easily obtain that

]l < sup{|f (=) [ f e X% | f]] = 1}.
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Thus, to complete the proof, it suffices to show there exists an f € X* such
that [If]] < 1 and |f(x)] = |||

Consider M = span({z}) which is a one-dimensional subspace of V.
Define fp : M — K by

folaz) = allz|

for all @ € K. Clear fy is linear and note for all a € K that
[folax)| = lev [zl | = |af [Jz]} = [lo]]

so fo € M* with || fo|| = 1. Thus, by the Hahn-Banach Extension Theorem
(Theorem [4.2.5)) implies there exists an f € X* such that f(z) = fo(z) = ||z]]
and ||f|| = || fol = 1, thereby completing the proof. n

Corollary 4.3.2. Let (X,]|-|) be a normed linear space. The canonical
embedding J : X — X** from Theorem 18 isometric.

Proof. This immediately follows from Theorem Remark [1.6.6 and
Corollary [4.3.1] ]

Along similar lines, we have our answer to the question posed in Remark

L63

Corollary 4.3.3. Let (X,|-|ly) and (V,||-|ly) be normed linear spaces
and let T € B(X,Y). If T* is the adjoint of T from Theorem then
1T = 1T1-

Proof. This immediately follows from Theorem Remark [1.6.8] and
Corollary [4.3.1] ]

The above combined with the Uniform Boundedness Principle (Theorem
2.6.3)) gives us another way to demonstrate if a subset of a Banach spaces is
bounded in a similar manner to Corollary [2.6.4]

Corollary 4.3.4. Let (X,|-||) be a normed linear space and let A C X be
non-empty. Then A is bounded if and only if

sup({|f(a)| | a € A}) < oo
for all f € X*.

Proof. First assume that A is bounded. Thus there exists an M € R such
that |ja|]| < M for all a € A. Hence for all f € X*

[f @) < [[f[Hall < M £

sup({[f(a)| | a € A}) < M| f]| < oo.
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Conversely, assume that

sup({[f(a)| | a € A}) < o0

for all f € X*. Recall for all a € A the map & : X* — K defined by

for all f € X* is a bounded linear map with ||a|| = ||la|| by Corollary
Since the assumption of this direction of the proof implies that

sup({la(f)] | a € A}) < oo

for all f € X*, and since X* is a Banach space, the Uniform Boundedness
Principle (Theorem [2.6.3) implies there exists an M € R such that ||a| < M
for all a € A. Hencella| < M for all a € A, so A is bounded. []

Returning to the generality of locally convex topological vector spaces,
we can construct continuous linear functionals mapping any finite number of
vectors to any preselected scalars we choose. The reason we cannot do so
with a countable number of vectors and remain continuous is contained in

Example

Corollary 4.3.5. Let (V,T) be a locally convex topological vector space.
Given a finite linearly independent set {xy}}l_; and constants {ay}}_; C K,
there exists a f € V* such that f(x) = oy for all k € {1,...,n}.

Proof. Let W = span({z1,...,2,}) which is a finite dimensional vector
subspace of V. Since {xj}}_, is linearly independent, elementary linear
algebra implies there exists an h € W¥* such that h(zy) = ay for all k €
{1,...,n}. Since W is finite dimensional Corollary [3.5.7 implies that h € W*.
Hence the Hahn-Banach Theorem (Theorem implies there exists an
f € V* such that flyy = h and thus f(zg) = o for all k € {1,...,n} as
desired. [

One use of Corollary [4.3.5] is to show that certain subspaces of locally
convex topological vector spaces behave in a similar way to subspaces in
finite dimensional inner product spaces as follows.

Definition 4.3.6. A closed subspace W of a topological vector space (V,T)
is said to be topologically complemented if there exists a closed subspace )
of V such that V = W @ Y; that is, WN )Y = {0} and for all 7 € V there
exists (unique) W € W and ¢ € Y such that ¥ = & + 7.

Of course, a Zorn’s Lemma maximality argument shows that if W is
a closed subspace of a topological vector space (V,T), then there exists a
vector subspace Y of V such that V =W & ). Of course, the ‘topological’

©For use through and only available at pskoufra.info.yorku.ca.



108 CHAPTER 4. HAHN-BANACH THEOREMS

portion of ‘topologically complemented’ is that } is closed. It turns out
that not every closed subspace of a locally convex topological vector space
is topologically complemented. Indeed ¢y as a subspace of o (N) is one
such example, although the proof is difficult. However, having topologically
complemented subspaces is useful for a wide variety of applications. For
example, one can construct linear ‘projections’ onto each of the subspaces
via the quotient maps. Consequently, the following is perhaps not surprising.

Corollary 4.3.7. Every finite dimensional subspace of a locally convex
topological vector space is topologically complemented.

Proof. Let (V,T) be a locally convex topological vector space and let W be
a finite dimensional subspace of V. Let {x}}}_; be a vector space basis for
W. Thus Corollary implies for all j € {1,...,n} there exist an f; € V*
such that f;(xy) = dx,; where 0 ; is the Kronecker delta; that is

1 ifj=k
0 otherwise

Let ¥ = N} ker(f;), which is a closed subspace of V since f; € V* for
all j € {1,...,n}. Thus, to complete the proof, it suffices to show that
V=Wao).

To see that WNY = {0}, let = € W N'Y be arbitrary. Since z € W,
there exists ay,...,a, € K such that

n
T = Z QRX .
k=1

However, since « € ), we obtain that f;(z) =0 so

0=f(z (Z ak%) =D bk = q;
k=1

for all j € {1,...,n}. Hence z = 0 as desired.

To see that V = W+, let & € V be arbitrary. For each j € {1,...,n}, let
a; = fr(z). Clearly w = Y_}_; gz, € W. Moreover, for all j € {1,...,n}
we see that

file —w) = fi(x) — fi(w) = o — Zak%—o

and thus x — w € ). Hence there exists a y € ) such that  — w = y so
r=w+1y € W+Y. Therefore, since x was arbitrary, ¥V = W + ) thereby
completing the proof. ]
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Returning to examples of constructing specific continuous linear func-
tionals, we can further construct linear functionals that vanish on certain
subspaces and take a non-zero value on a vector outside of the subspace.

Corollary 4.3.8. Let (V,T) be a locally convex topological vector space and
let W be a closed subspace of V. If x € V\ W, then there exists a f € V*
such that flyy =0 and f(z) # 0.

Proof. Consider V/W, which is a locally convex topological vector space
by Proposition [3.3.6] Since 2 € V\ W, 2 +W # 04+ W in V/W. Hence
Corollary implies there exists a g € (V/W)* such that g(x + W) # 0.
If ¢g: V — V/W is the canonical quotient map, let f: )V — K be defined
by f = gogq. Clearly f € V* be the composition of continuous linear maps.
Since flyw = 0 and f(z) = g(x + W) # 0 by construction, the result is
complete. ]

Note one can improve Corollary [£.3.8| to multiple linearly independent
vectors outside in V /W via Corollary provided the span of these vectors
has trivial intersection with W.

Corollary .3.§ allows us to revisit a family of seminorms from Chapter [3]
we could not show were separating.

Example 4.3.9. Recall from Example [3.2.18| that given a normed linear
space (X, -||) we have a family 7 = {p; | f € &*} of seminorms on X
where

py(x) = [f(2)]
for all x € X and f € X*. By Corollary F is a separating family of
seminorms on X. Note by Proposition [3.2.13 a net (z))yep converges to

x € X if and only if limyep f(z)) = f(z) for all f € X*. This topology is
called the weak topology (weak because it is weaker than norm convergence).

Of course Example [£.3.9]can be extended to any locally convex topological
space, which will be the topic of the next chapter. For now, in the case of a
normed linear space, we also have control over the norms in Corollary

Corollary 4.3.10. Let (X,|-]|) be a normed linear space, let Y be a closed
subspace of X, and let x € X\ Y. If

d = dist(z,¥) = |lz + V|,
then there exists an f € X* such that || f|| =1, fly =0, and f(x) =d.

Proof. Consider X /Y, which is a normed linear space by Theorem [1.3.3] By
Corollary [4.3.1] there exists a g € (X/Y)* such that ||g|| = 1 and g(z+Y) = d.

If g: X — X /Y is the canonical quotient map, let f : X — K be defined
by f =gogq. Clearly g € X* be the composition of continuous linear maps.
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Moreover f|y =0 and f(z) = g(z + Y) = d by construction. Since ||¢|| <1,
we see that || f]| < |lg] |l¢]] < 1. Thus, to complete the proof, it suffice to
show that | f|| > 1.

Since ||g|| = 1, there exists a sequence of vectors (x,),>1 in X such that
lim, o0 |g(zn, + W)| = 1 and ||z, + W|| < 1 (note we can get strictly less
than one by scaling each vector by 1 — % if necessary). By Theorem m
there exists (wy,)n>1 in Q such that ||z, + w,|| < 1. Therefore, since

nh—{%o |f(zn +wn)| = nh_{lolo 9(zn + W)| =1
we obtain that || f|| > 1 thereby completing the proof. N

Finally, we conclude with a description of every closed subspace of a
locally convex topological vector space via the kernels of continuous linear
maps.

Theorem 4.3.11. If (V,T) is a locally convex topological vector space and
W is a vector subspace of V, then

= ﬂ ker(f).

fEV* and
WCker(f)

=

Proof. First, assume that f € V* and W C ker(f). Since ker(f) is closed,
this implies that W C ker(f). Hence

W C ﬂ ker(f).
fEV* and
WCker(f)

For the reverse inclusion, let z € ¥V \ W be arbitrary. By Corollary
there exists an f € V* such that f|yy =0 and f(z) # 0. Hence W C ker(f
but x ¢ ker(f). Therefore, since z was arbitrary, the proof is complete. m

4.4 Hahn-Banach Separation Theorems

Theorem [4.3.11] demonstrates a connection between continuous linear func-
tionals and the geometry of locally convex topological vector spaces. Thus
the goal of this section is to demonstrate a different class of the Hahn-
Banach theorems that emphasize this connection further. This is done via
the following types of sets.

Definition 4.4.1. Let (V,T) be a topological vector space over K. A open
half-space is any subset S of V of the form

S={x eV | Re(f(z)) >k}

where f € V* and k € R.
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Similarly, a closed half-space is any subset S of V of the form
S={z eV [ Re(f(z)) = r}
where f € V* and k € R.

Remark 4.4.2. It is not difficult to verify one can replace > with < and >
with < in the definitions of open and closed half-spaces respectively since
f € V*if and only if —f € V*. Moreover, since taking the real part of
an open (respectively closed) subset of K produces an open (respectively
closed) subset of R, we see that open (respectively closed) half-spaces are
open (respectively closed). Finally since if a,b € R are such that a,b > k
(respectively > k) then ta + (1 —t)b > k (respectively > k) for all t € [0, 1],
we see that open (respectively closed) half-spaces are convex subsets.

Of course, the terminology is motivated by the following examples.

Example 4.4.3. For all a,b € R, consider the R-linear map f : R? — R
defined by

f((z,y)) = az + by

for all (z,y) € R. Thus for all ¥ € R, the set {(z,y) | f((z,y)) =k} isa
line so

S={(z.y) eR* | f((z,9)) > r}

is the (half-)space on one side of the line.

Example 4.4.4. For all w € C, consider the C-linear map f : C — C defined
by
f(z) = 2w

forall z € C. If w =a+ bt and 2z = x + iy, then
Re(f(z)) = ax — by.
Thus, viewing C as R?, we see the set
S={z€C | Re(f(2)) > r}
is the (half-)space on one side of a line.

As half-spaces are analogues of dividing a topological vector space in half,
we make the following definitions.

Definition 4.4.5. Let (V,7) be a topological vector space. A subset A C V
is said to be an affine hyperplane (respectively affine vector subspace, affine
closed subspace) if A is a translate of a hyperplane (respectively vector
subspace, closed subspace); that is, there exists an x € A such that A — x is
a hyperplane (respectively vector subspace, closed subspace).
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Definition 4.4.6. Let (V,7) be a topological vector space over R. Two
subsets A, B C V are said to be separated if there exists closed half-planes
Sa and Sp of V such that A C S4, B C Sg, and S4 N Sp is a closed affine
hyperplane.

Similarly, two subsets A, B CV are said to be strictly separated if there
exists disjoint open half-planes S4 and Sp of V such that A C S, and
B C Sp.

Remark 4.4.7. Clearly if two subsets A and B are separated by the closed
half-planes S4 and Spg, then there must exist an f € V* and a k € R such
that

Sa={z eV | Re(f(z)) >k} and Sp={z €V | Re(f(x)) <k}

Similarly, if two subsets A and B are strictly separated by the closed half-
planes S4 and Sp, then there must exist an f € V* and a k € R such
that

Sa={x eV | Re(f(x)) >k} and Sp={z €V | Re(f(z)) < k}.

Example 4.4.8. In R?, consider the sets

If
S1={(z,y) | y>0} and Sy ={(z,y) | y <0},

then A and B are strictly separated by S; and So whereas A and C' are
separated by S; and Ss. It can be verify that A and C cannot be strictly
separated.

Notice the sets described above are convex sets. Our first step to separate
such sets in any locally convex topological vector space is the following.

Proposition 4.4.9. Let (V,T) be a locally convex topological vector space.
If U is a non-empty, open, convex subset of V that does not contain 0, then
there exists a closed hyperplane W such that U N W = ().

Proof. To proceed in the case that K =R, fix xg € U. Then C = g — U is
an open convex set containing 0 such that zo ¢ C (since 0 ¢ G).
Consider the Minkowski functional pc, which is a sublinear functional by

Proposition 3.6.12] Since z¢ ¢ C, we obtain that pc(xg) > 1.
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Let M = span({zo}) and define f : M — R by f(azo) = « for all a € R.
Clearly f is linear. We claim that f(z) < pco(z) for all x € M. Indeed
f(0) =0 < pc(x), if @ > 0 then

flaxg) = a < apc(xg) = pc(axg),

and if o < 0 then
flazg) = a < 0 < po(axg)

as desired. By the Hahn-Banach Extension Theorem (Theorem [4.2.2)), there
exists a linear functional g : V — R such that g|p = f and g(z) < pc(x) for
all z € V.

Notice for all z € C' that

Hence Proposition [4.1.12 implies that g is uniformly continuous. Therefore
W = ker(g) is a closed hyperplane in V.

To complete the case K = R, assume y € UNW. Sincey € U, zg—y € C
so pc(zo —y) < 1 and thus

9(wo) — g(y) = g(zo —y) < pc(zo —y) <1

Moreover, g(y) = 0 since y € W so the above implies 1 = f(z¢) = g(zo) < 1,
which is a clear contradiction. Hence U N W = () as desired.

In the case that K = C, recall that V is also a locally convex topolog-
ical vector space over R and thus the previous case implies there exists a
continuous non-zero R-linear functional g : V — R such that ker(g) N U = 0.

Let gc : V — C be as defined in Lemma[d.1.5} that is, gc(z) = g(z)—ig(iz)
for all x € V. Then g¢ is C-linear so W = ker(gc) is a hyperplane in V.
Since z € ker(gc) if and only if x, iz € ker(g), we see that

W = (ker(g)) N (iker(g))

is the intersection of two closed subsets (since g is continuous) and thus W
is a closed hyperplane in V. Since

WnU Cker(g)NU =0,
the proof is complete. |
Using this, we arrive at our first version of a Hahn-Banach Separation
Theorem. Note Example shows why ‘open’ cannot be removed from

either set, and some basic thought about R?-geometry shows why ‘convex’
cannot be removed.
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Theorem 4.4.10 (Hahn-Banach Separation Theorem - Open in Real
Vector Spaces). Let (V,T) be a locally convex topological vector space over
R. If A and B are non-empty, disjoint, open, convexr subsets of V, then there
exists an f € V* and a k € R such that

fla) > k> f(b)
foralla € A and b € B. In particular, A and B are strictly separated.

Proof. Let
C=A-B={a—-b|lacAbe B}

Clearly C # () since A and B are non-empty. Moreover, since AN B = (),
we see that 0 ¢ C. Since C' = J,cp(—b) + A is a union of open sets since
A is open, we obtain that C is open. Finally, we claim that C is convex.
To see this, assume t € [0,1] and ¢1,c2 € C. Hence there exist aj,as € A
and by, by € B such that ¢; = a; — by and ¢o = ag — by. Since A and B are
convex, we know that ta; + (1 —t)ag € A and thy + (1 — t)by € B so

tc; + (1 — t)CQ = (ta1 + (1 — t)ag) — (tbl + (1 — t)bg) c A- B.

Therefore, since c1, co, and t were arbitrary, C' is a non-empty, open, convex
subset of V that does not contain 0.

By Proposition there exists a closed hyperplane W in (V, T) such
that CNW = (. By Remarkthere exists an f € V¥ such that W = ker(f)
and thus f € V* by Proposition [4.1.10

Since f € V* and C' is convex, f(C) is a convex subset of R by Lemma
3.2.21] Moreover, since C N W = C Nker(f) =0, 0 ¢ f(C). Hence either
f(C) C(0,00) or f(C) C (—00,0). By replacing f with —f if necessary, we
may assume that f(C) C (0, 00).

By the definition of C = A — B, we obtain that f(a) — f(b) > 0 for all
a € A and b € B. Hence there exists an k € R such that

sup({/(b) | b€ B}) < x <inf({f(a) | a € A}).

It remains only to show that f(b) < k < f(a) for all b € B and a € A.

Recall V/W is a locally convex topological space by Proposition m
Moreover, since YW = ker(f) is a hyperplane, V/W is one-dimensional. Let
xo € V be any vector such that f(z¢) = 1. Hence xo ¢ W so {xo + W} is a
basis for V/W and the map T : V/W — R defined by

T(axg+ W) =«

for all @ € R is a homeomorphism by Lemma [3.5.1]
Let g : V — V/W be the canonical quotient map. Notice for all x € V
there exists a unique o, € R such that ¢(x) = azxo + W and thus

f(@) = flagzo) = aw = T(q(x)).
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Since ¢ is an open map by Lemma q(A) and ¢(B) are open subsets of
V/ker(f). Therefore, since T' is a homeomorphism, we obtain that f(A) =
T(q(A)) and f(B) = T'(¢(B)) are open subsets of R. Hence f(b) < k < f(a)
forall be B and a € A so if

Spa={zeV | f(z)>r} and Sp={zxeV | f(z) <k},

then S4 and Sp are disjoint open half-spaces containing A and B respectively.
Hence A and B are strictly separated. ]

To deal with the complex case, we simply invoke our connection between
real and complex linear functionals.

Theorem 4.4.11 (Hahn-Banach Separation Theorem - Open in
Complex Vector Spaces). Let (V,T) be a locally convex topological vector
space over C. If A and B are non-empty, disjoint, open, convex subsets of
V, then there exists an f € V* and a k € R such that

Re(f(a)) > £ > Re(f(b))

foralla € A and b € B. In particular, A and B are strictly separated.

Proof. Recall (V,T) can also be viewed as a locally convex topological vector
space over R. Hence by Theorem there exists a continuous R-linear
functional g : ¥V — R and a & € R such that

BC{zxeV | g(x) <k} and AC{zxeV|g(z) >k}

By Lemma and together with Corollary [3.6.18] implies there exists an
f € V* such that Re(f) = g. Hence the result follows. ]

Of course, if we want to reduce the ‘strictly separated’ conclusion to just
‘separated’, we can prove the following.

Corollary 4.4.12. Let (V,T) be a locally convex topological vector space. If
A and B are non-empty, disjoint, convex subsets of V such that A is open,
then there exists f € V* and a k € R such that

AC{z eV | Re(f(x)) > Kk} and BC{zx eV | Re(f(z)) <k}

Proof. As the only part where we required B to be open in the proof of
Theorem [4.4.10| was to deduce f(B) was open in order to obtain strict
separation, the result follows. N

It turns out we can prove something stronger. Indeed, being able to
separate closed subsets of locally convex topological vector space will be
to functional analysis as being able to separate closed sets is to topology
(the topological concept known as a normal topology, which is vital in many
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essential results such as Urysohn’s Lemma). However, by Example we
know it might be impossible to strictly separate closed sets. Luckily if at
least one set is compact, we do not have an issue. Again, considering R?, it
is not difficult to find examples where convexity is required.

Theorem 4.4.13 (Hahn-Banach Separation Theorem - Closed). Let
(V,T) be a locally convex topological vector space. If A and B are non-empty,
disjoint, closed, convex subsets of V such that B is compact, then there exists

an f € V* and o, 8 € R such that

Re(f(a)) > a > 8 > Re(f(b))

foralla € A and b € B. In particular, A and B are strictly separated.

Proof. Our goal is to invoke the previous versions of the Hahn-Banach
Separation Theorem by constructing disjoint open convex sets containing A
and B. This will be accomplished using local convexity and the compactness
for B. In particular, it is not difficult to construct an open set containing B
that is disjoint from A. By ‘scaling back by a third’, we can construct the
open set around A.

Since V \ A is an open set containing B, we have by Corollary that
for each b € B there exists a balanced, convex neighbourhood Uy of 0 such
that b+ U, CV \ A. Since

1
b+ =U,
{+3"

beB}

is an open cover of B and since B is compact, there exists an n € N and
bi,...,b, € B such that

" 1
B C U b, + Uy, .
k=1 3

Let U = Np—; %Ubk, which is an intersection of balanced, convex neigh-

bourhoods of 0 and thus a balanced, convex neighbourhood of 0. Furthermore,
let

Ay=A+U={a+u|acAueclU}
By=B+U={b+u|bcAucU}.

Clearly A C Ap and B C By since 0 € U. Thus Ay and By are non-empty
since A and B are non-empty. Moreover, since

Ay=|Ja+U and By=|Jb+0,
acA beB

we have Ag and By are unions of open sets and thus open. Finally, we claim
that Ag and By are convex. To see this, let 1,29 € Ap and t € [0, 1] be
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arbitrary. Hence there exists a1, a2 € A and w1, us € U such that 1 = a1+u;
and x9 = ag +ugy. Therefore, since ta; + (1 —t)ay € A and tu; + (1 —t)ug € U
as A and U are convex, we obtain that

try + (1 — t).%'g = (ta1 + (1 — t)ag) + (tu1 + (1 — t)UQ) cA+U = Ag.

Therefore, since x1, x2, and t were arbitrary, we obtain that Ag is convex. A
nearly identical argument shows that By is convex.

Finally, we claim that Ay and By are disjoint. To see this, suppose for
the sake of a contradiction that Ag N By # (). Hence, there exists a € A,
b € B and uq,us € U such that a + u; = b+ us. Since b € B, the above
construction yields a k € {1,...,n} such that b € by + %Ubk- Therefore,

1 1 1 1
a=>b+ (u; —ug) € (bk + 3Ubk> + <3Ubk . 3Ubk> since U C gUbk

1 1 1
=by+ gUbk + gUbk + gUbk since Uy, is balanced
= by, + Uy, by Lemma |3.2.21| since Uy, is convex.

However, this contradicts the fact that by + Uy, €V \ A. Hence Ay and By
are disjoint.

Consequently, Theorem [£.4.10] when K = R and Theorem [£.4.11] when
K = C implies there exists an f € V* and a o € R such that

Re(f(a)) > a > Re(f(b))

for all @ € Ay and b € By. In particular, since A C Ag and B C By, we
obtain that
Re(f(a)) > a > Re(f(b))

for all a € A and b € B. However, since B is compact, f(B) is a compact
subset of K so Re(f(B)) is a compact subset of R so if

f =sup({Re(f(b)) | b€ B}) €R,

then
Re(f(a)) > a > B > Re(f(b))

for all a € A and b € B as desired. ]

To conclude this section, we will use Theorem [£.4.13]to describe all closed
convex subsets of a locally convex topological vector space via continuous
linear functionals as a generalization on how Theorem [£.3.11] described closed
subspaces via continuous linear functionals. This is done via the following
useful concept in functional analysis.

Definition 4.4.14. Let (V,T) be a topological vector space and let A C V.
The closed convex hull of A, denoted conv(A), is the closure of the convex
hull of A.

©For use through and only available at pskoufra.info.yorku.ca.



118 CHAPTER 4. HAHN-BANACH THEOREMS

Corollary 4.4.15. Let (V,T) be a locally convex topological vector space. If
A CV is non-empty, then conv(A) is the intersection of all closed half-spaces
that contain A.

Proof. Let
IT={SCV | ACS,S aclosed half-space in V}.

Since every S € 7 is convex by Remark and contains A, we easily obtain
that
conv(A) C ﬂ S
SeZ

since the intersection of convex sets is convex and thus

conv(A) C (S
SeT

since the intersection of closed sets is closed.

To demonstrate the reverse inclusion, let z € V \ conv(A) be arbitrary.
Since {z} and conv(A) are non-empty, disjoint, closed, convex subsets of
B such that {z} is compact, Theorem implies there exists a closed
half-space Sy such that A C conv(A) C Sy and x ¢ Sy. Hence Sy € Z so
x ¢ Ngez S- Therefore, since z was arbitrary, the proof is complete. ]

Corollary 4.4.16. Let V be a vector space and let T1 and T2 be topologies on
V such that (V,Ty) and (V,T2) are locally convex topological vector spaces. If
(V,T1) and (V,T2) have the same continuous linear functionals, then (V,T1)
and (V,T2) have the same closed convex sets. Moreover, if A C V), then

comv(A)T1 = conV(A)7~2

Proof. This follows immediately from Corollary do to the correspon-
dence between closed half-spaces and linear functionals. ]
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Chapter 5

Dual Space Topologies

As seen in the previous chapter, the Hahn-Banach Theorems have the
powerful ability to extend continuous linear functionals thereby answering
some of our earlier questions and can be used to separate specific subsets
via affine hyperplanes. Thus we desire to delve deeper into the functional
analytical aspects dual spaces produce.

First, we recall by Chapter [3|that any separating family of seminorms on
a vector space produces a locally convex topological vector space structure
and Example combined with the Hahn-Banach Theorem (Corollary
4.3.5)) produces a nice separating family of seminorms based on the dual space.
Thus our first goal of this chapter is to analyze such topologies induced by
and on dual spaces. In particular, we will be able to complete determine the
continuous linear functionals on such spaces.

Subsequently we will transition to proving three of the most fundamental
results in elementary functional analysis. First we will examine the Banach
Alaoglu Theorem(Theorem which determines the closed unit ball is
actually compact with respect to a certain dual topology. This is quite
striking as Theorem shows the only locally compact topological vector
spaces are finite dimensional (for which our result does not contradict as the
closed balls do not form a neighbourhood bases in this topology). This shows
such topologies are easier to handle and should have many commonalities
with finite dimensional spaces.

Subsequently, we will examine Goldstine’s Theorem (Theorem
which shows the image of the canonical embedding is dense in a certain
topology we can place on the double dual. Finally, we end with the Krein-
Milman Theorem (Theorem for which we can describe any non-empty
compact convex set via the points “on the boundary”.
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5.1 Weak and Weak* Topologies

To begin, we shall reintroduce the weak and weak* topologies in a more
general context. Basically, any separating family of linear functionals on a
space can be taken and a topology can be produced. Thus we introduce such
pairings as follows.

Definition 5.1.1. A dual pair consists of pair (V, L) where V is a vector
space over K and £ C V¥ is a vector subspace that separates points.

Of course, if £ C V* is just a set of linear functionals that separates
points, one can always take span(L) to construct a dual pair.

Remark 5.1.2. Notice if (V, L) is a dual pair, then for each f € £ we can
define a seminorm ps : V — [0, 00) by

pr(x) = [f(2)]

for all z € V. The family F = {py | f € L} is a separating family
of seminorms on V and thus defines a topology 7 on V such that (V,7)
is a locally convex topological vector space by Theorem [3.2.10l Recall a
topological base for 7T is

B={N(z,F,e) | x€V,e>0,F C F finite}
where
N, F.e) = {y €V | |f(y) - f(@)| <  for all € F},

and, by Proposition [3.2.13] a net (x))aep converges to x with respect to T
if and only if lim,_,o f(x)) = f(z) for all f € L.

Definition 5.1.3. Given a dual pair (V, L), the topology 7 on V from
Remark is called the weak topology generated by £ and is denoted by
oV, L).

The reason this topology is called “the weak topology” is that it is the
weakest topology on V for which the elements of £ are continuous. Indeed
this must be a weaker topology than the initial topology 7T since

N(z,Fe)= () f ' (B(0,e)) € T.

fer

Moreover, the following result demonstrates that we know the exact set of
continuous linear functionals with respect to o(V, £).

Theorem 5.1.4. If (V, L) is a dual pair, then
L=V, oV,L))".

That is, L is exactly the collection of continuous linear functionals on V with
respect to the weak topology generated by L.
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Proof. As shown above, by Proposition if a net (z))xea converges to
x with respect to T then lim, _,~ f(z)\) = f(x) for all f € £. Thus every
element of £ is a continuous linear functional so £L C (V,a(V, L))*.

Conversely, assume f € (V,o(V, £))*. Hence x — |f(x)| is a continuous
seminorm on (V,o(V, £)). Since the absolute values of elements of L is a
family of seminorms on V that generated o(V, L), Proposition implies
there exists an M > 0 and f1,..., f, € £ such that

[f(2)] < Mmax({[f1(2)], .., [fa()[})
for all z € V. Thus Nj_; ker(fx) C ker(f) so Lemma implies that

f €span({fi1,...,fn}) C L.
Hence £ = (V,0(V, L))*. n

Of course, we can use the above to extend our notion of the weak topology
on a normed linear space to any locally convex topological vector space.

Example 5.1.5. Let (V,7T) be a locally convex topological vector space
and let £ = V*. Then (V,V*) is a dual pair by Corollary and thus
(V,a(V,V*)) is a locally convex topological vector space by Remark
Since this is the most common and important weak topology for a locally
convex topological vector space, opposed to calling o(V,V*) “the weak
topology generated by V*” we refer to it as the weak topology on V.

Moreover, to simplify terminology, we say that a net (x))xepx weakly
converges to an z € V if (x))xep converges to x with respect to o(V, V*);
that is,

lim f(xy) = f(z)

AEA

for all f € V*. Notice if (x))rep converges to x in (V, T), then, by continuity,
for all f € V* we have that
li =
lim f(zy) = f(z)
and thus (z))xea weakly converges to . Thus the weak topology is indeed
weaker than the initial topology.
Finally, we note by Theorem [5.1.4] that the weakly continuous linear

functionals on 'V (that is, the elements of V¥ that are continuous with respect
to this topology) are exactly V*.

As a consequence, and perhaps what is particularly interesting about the
weak topology, is the following.

Theorem 5.1.6. Let (V,T) be a locally convex topological vector space and
let C CV be convex. Then the closures of C in (V,T) and in (V,o(V,V*))

coincide.

©For use through and only available at pskoufra.info.yorku.ca.



122 CHAPTER 5. DUAL SPACE TOPOLOGIES

Proof. Recall that the closure of a set A is the smallest closed set containing
A. Since C' is convex, the closure of C' in any topological vector space
structure is also convex by Lemma [3.2.21| and thus the smallest closed convex
set containing C'. Since (V,o(V,V*))* = V* by Theorem we have that
(V,T) and (V,o(V,V*)) are locally convex topological spaces with the same
continuous linear functionals. Hence Corollary [£.4.16|implies that (V, T) and
(V,o(V,V*)) have the same closed convex sets and thus the closures of C'
must coincide. |

Corollary 5.1.7. Let (X, -||) be a normed linear space. If (xp)pn>1 is a
sequence in X that converges weakly to x € X, then

x e convl I({z,, | n e N}).

Proof. If (z5,)n>1 is a sequence in X' that converges weakly to z € X, then
clearly
z € comv"**({x, | n € N}).

Hence = € convll Il({z,, | n € N}) by Theoremm ]

To give some examples of how the weak topology behaves, we consider
the following.

Example 5.1.8. Given any finite dimensional vector space V and any sub-
space £ C V* that separates points, we have that (V, o(V, £)) is automatically
a locally convex topological vector space and thus must be (K", | -/,) in
disguise (where n = dim(V). That is, the weak and norm topologies coincide
on any finite dimensional normed linear space.

Example 5.1.9. Consider p € (1,00). We claim that the weak topology
on £, (N) does not agree with the norm topology. To see this, consider the
sequence (ey)n>1 where e, € (,(N) is the sequence with a 1 in the pth
position and zeros everywhere else. Clearly e, € £,(N).

We claim that (ey),>1 converges weakly to 0. To see this, recall by
Theorem |1.5.4] that £,(N)* = £,(N) where ¢ € (1,00) is such that % + % =1
via the map ® : (,(N) — £,(N)* where for all ¥ = (yn)n>1 € £4(N) and
T = (zn)n>1 € £p(N) we have that

(D) = ) Tnyn.
n=1

Thus, for all ¥ = (yn)n>1 € €4(N) and ¢ # oo we see that

(y)(en) = yn-

Hence, since i € ¢,(N), we obtain that
lim ®(7)(en) = 0 = (7)(0).

n—00
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Thus (e )n>1 converges weakly to 0

Since clearly (e,,)n>1 does not converge to 0 in norm since ||e,|| = 1 for
all n € N, we see that the weak and norm topologies on ¢, (N) disagree since
they have different convergent sequences.

Exampleraises the question, “What about the weak topology ¢1(N)?”
The following sequence of results will show that the norm topology is strictly
finer (meaning contains more open sets) than the weak topology, yet the
norm and weak topology have the same convergent sequences! This is one
of the most fundamental examples of why examining nets is required in
topology.

Proposition 5.1.10. The norm topology on ¢1(N) is finer than the weak
topology on £1(N).

Proof. This immediately follows since the weak topology is always weaker
than the norm topology. ]

Although we could use Theorem together with the facts that
/1 (N)* = l(N) and £+ (N) is not separable to show that the weak topology
on /1(N) is indeed not induced by a norm, there is a simpler proof of this
fact.

Proposition 5.1.11. The weak topology on £1(N) is not a topology induced
by a norm. Hence the weak and norm topologies on £1(N) differ.

Proof. Assume the weak topology is induced by a norm ||-||,, and let U
be the | -||,,-ball of radius 1 centred at the zero vector 0. By the defi-
nition of the weak topology and by Theorem there must exist an
m €N, Zi, = (2gn)n>1 € loo(N) for k € {1,...,m}, and an € > 0 such that
N, {0 C U.

For each k € {1,...,m} let

~ 1
U = (Zk71, ZE2y Zk,m—i—l) S K™t
Then the set {t | k € {1,...,m}} is a set with m vectors in K™*!. Hence
there exists a non-zero vector ¥ = (21, 22, ..., Zm+1) € K™! such that
m+1

0= ﬁk -52 Z 2§ 2k,j
J=1

for all k € {1,...,m}.
Since ¥ € K™*! is non-zero, if we define x; = 0if j > m + 1, then the
sequence ¥ = (zp)p>1 is a non-zero element of ¢;(N) such that for all t € R

(0.)
Z txnzkn =0
n=1
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for all k € {1,...,m}. Hence
1 € N(0, ()10 C U.

However, since U is the | -||,,-ball of radius 1 centred at the zero vector 0,
t# € U for all ¢ € R implies that [¢| ||Z|| = ||tZ]| < 1 for all ¢ € R. However,
this is impossible since Z # 0 so ||Z] > 0. Thus we have a contradiction so
Tw cannot be induced by a norm. ]

Now onto the main result that the norm and weak topologies on ¢;(N)
have the same convergent sequences.

Theorem 5.1.12. In (1(N), a sequence (Z,)n>1 converges to a point T in
the norm topology if and only if it converges in the weak topology.

Proof. Let (Z%)r>1 be a sequence in ¢;(N). By Proposition we know
that if (& )x>1 converges to a point & in the norm topology, then it converges
to the same point in the weak topology.

To see the converse, notice that (Zx),>1 converges to a vector & € £1(N)
in the norm topology if and only if limy_, |2 — Z||; = 0 if and only if
the sequence (2 — Z);>1 converges to 0 in the norm topology. Similarly
(2% )k>1 converges to a vector Z € £1(R) in the weak topology if and only if
the sequence (T} — Z)i>1 converges to 0 in the weak topology. Thus we need
only consider sequences that converge to zero in the weak topology.

Let (Zx)r>1 be a sequence of elements in ¢(N) that converges to 0 in
the weak topology. To see that (Z)r>1 converges to 0 in the norm topology,
suppose for the sake of a contradiction that (Z)r>1 does not converge to 0
in the norm topology. Thus there exists an € > 0 and a subsequence (fkj )j>1

such that H:E’kJHI > e for all j € N. By replacing (7% )x>1 with (Z%,);>1 if
necessary, we may assume that (Z)r>1 converges to 0 in the weak topology
and that there exists an 6 > 0 such that ||Zx|| > § for all £k € N.

Write &, = (g5 )n>1 for all & € N. We claim for each m € N that
limy_yo0 Zk,m = 0. Indeed fix m € N and let €, = (émn)n>1 € loo(N) where

1 ifn=m
Emn =

0 otherwise

If @ :l(N) — £1(N)* is the isomorphism from Theorem then we know
that

0= lim ®(&,)(Z) = lim zj,,
k—o0 k—oco 7

as desired.

Using the facts that ||Z|| > ¢ for all £ € N and that limj_,oc 2, = 0 for
all m € N, we will obtain a contradiction to the fact that (Zx),>1 converges
weakly to 0 by constructing a subsequence that does not converge weakly
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to 0. Let k; = 1 and let n; € N be such that it |Th gl < %, which is
possible since Ty, € ¢1(N). Since limk_ﬂ>o xp,m = 0 for all m € N, there exists
a ky > ky such that 371 (g ;| < § 3 for all k > ky. Thus since T, € £1(R),
there exists an no > mny such that > et |Tha j| < 5. By repeating the
above construction inductively, we obtain increasing sequences (K, )m>1 and
(Mm)m>1 such that 35" | ] < § 8 for all k > kyy, and D1 [Tk < g.

Consider the subsequence (ka)mzl Since (Zx)r>1 converges weakly to
0, (Zk,, )m>1 converges weakly to 0. Consider 7 = (yn)n>1 € foo(N) defined
by

_ Jsen(x1,)  ifn<m
n sgn(xy,, ) whenever np,_1+1<n <y,

where

1 ifz=0
@) =3z o

||
We claim that 5
B, ¢ N (0,75

for all m € N thereby contradicting the fact that (Z,, )m>1 converges weakly
to 0. Indeed notice by construction that

Nm—1 Nm o0
8 <NTnlly = D Wokgl+ D, okpsl+ Do |kl
Jj=1 J=nm-1+1 Jj=nm+1
5 | I+ 1)
- Lk ,j -
6 J=nm-1+1 6
SO
am 20
Jj=nm—1+1
However, notice that
o) Nm—1 o0
D T Y| = Z Ty ,jYj + Z gl + D ThgY
Jj=1 j=nm-1+1 Jj=nm+1
Nm, Nm—1 [ee]
> 3 kgl = D kgl = DL |kl
Jj=nm—-1+1 j=1 Jj=nm+1
2 o0 0 _9
-3 6 6 3

Hence @), ¢ N (_’, Y, g) for all m € N thereby yielding a contradiction and
the proof. ]

As an immediate corollary, we have the following.
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Corollary 5.1.13. The weak topology on ¢1(N) is not metrizable.

Proof. Since convergent sequences completely determine a metric topology, if
the weak topology on ¢1(N) was metrizable, then Theorem 5.1.12| would imply
that the weak and norm topologies coincide, which contradicts Proposition

B.LIT u

To examine other examples of convergent sequences in weak topologies,
we note the following result which puts restrictions on the limits of a weakly
convergent sequence.

Proposition 5.1.14. Let (X, | -||) be a normed linear space. If (zp)n>1 is
a sequence in X that converges weakly to x € X, then

 suppen [z < o0, and
o |lz|| < liminf, o |20

Proof. Let (z)n>1 be a sequence in X' that converges weakly to x € X.
Hence f(x) = limy, 00 f(zy) for all f e X™*.

Consider the canonical embedding J : X — X** defined by J(x) = 7 as
defined in Theorem [1.6.3] which is an isometry by the Hahn-Banach Theorem

(Corollary 4.3.2)). Since (xy,),>1 converges weakly to z,
2(f) = f(z) = lim f(z,) = lim Z,(f)

for all f € X*. Thus the Uniform Boundedness Principle (Theorem [2.6.3))
applied to the Banach space X** implies that (Z,),>1 is a bounded sequence
80 (Zn)n>1 is bounded. Moreover, since

F()] = lim [7(f)] < liminf 2] £ = liminf |z, | | /]

for all f € X*, we easily obtain that
lz|l = ||Z|| < liminf ||z,] . n
n—oo

The following useful example in functional analysis does require some
measure theory.

Corollary 5.1.15. Let X be a compact Hausdorff space. Then a sequence
(fr)n>1 in C(X,K) converges weakly to f € C(X,K) if and only if (fn)n>1
is || - || o -bounded and converges to f pointwise.

Proof. To begin, assume (f)n>1 is a sequence in C(X,K) that converges
to f € C(X,K) weakly. By Proposition we obtain that (fy,)n>1 is
| - || -bounded. To see that (f,)n>1 converges to f pointwise, notice for all
x € X that the map ¢, : C(X,K) — K defined by
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for all g € C(X,K) is a continuous linear functional. Therefore, since ( fy,)n>1
converges to f weakly, we must have that

for all x € X as desired.

Conversely, assume (f,)n>1 is || - || o-bounded and converges to f point-
wise. To see that (f,)n>1 converges to f weakly, let T € C(X,K)* be
arbitrary. By the Riesz-Markov Theorem (Theorem there exists a
K-valued, finite, regular, Borel measure  on X such that

T(g) = /ngu

for all g € C(X,K). Since p is finite, since (fn)n>1 is || - || .-bounded, and
since (fn)n>1 converges to f pointwise, the Dominated Convergence Theorem
implies that

1) = [ fdn= i [ adn= Jim T
Hence, since T' € C(X,K)* was arbitrary, (f,),>1 converges to f weakly. m

Furthermore, the weak topology interacts well with continuous linear
maps.

Lemma 5.1.16. Let (V,Ty) and (W, Tyw) be locally convez topological vector
spaces. If T -V — W be a continuous linear map, then T is also continuous
when V and W are equipped with their weak topologies.

Proof. Let T : ¥V — W be a continuous linear map. To see that T is
continuous when V and W are equipped with their weak topologies, let
(ua)rea be an arbitrary net in V that converges weakly to v € V. To see
that (T'(vy))aea converges weakly to T'(v) thereby completing the proof,
let f € W* be arbitrary. Since T is continuous, f o T € V*. Since (v))aea
converges weakly to v, foT € V* implies (f(T'(vy)))rea converges to f(T'(v)).
Therefore, since f € W* was arbitrary, (T'(vy))rea converges weakly to T'(v).
Therefore, since (vy)xea was arbitrary, 7' is continuous when V and W are
equipped with their weak topologies. ]

Of course, given a topological vector space (V,T), we know that V* is
also a vector space that can be given the weak topology induced by V** as
the generalization of canonical embedding will separate points. However, we
can construct a (potentially) different and generally more useful topology to
turn V* into a locally convex topological vector space.
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Example 5.1.17. Let (V,7) be a topological vector space. Recall V* is a
vector space. For each x € V, define z : V* — K by

for all f € V*. Let V = {Z | = € V}, which clearly is a vector subspace of
(V*)!. Notice V separates points since if f € V* is such that Z(f) = 0 for all
x €V, then f =0. Hence (V*, ]7) is a dual pair and thus (V*, o (V*, 17)) is a
locally convex topological vector space by Remark As this is the most
common and important weak topology on the dual of a topological vector
space, opposed to calling o(V*, 17) “the weak topology generated by V” we
refer to it as the weak® topology on V* generated by V. In addition, since %
is really V in disguise, by convention o(V*, V) is usually denoted o(V*, V).

To further simplify terminology, we say that a net (f))aea is weak*
convergent to an f € V* if (f))rea converges to f with respect to o(V*,V);
that is,

lim fy(z) = f(z)

AEA

for all z € V.

Finally, we note by Theorem that the weak* continuous linear
functionals on V* (that is, the elements of V¥ that are continuous with
respect to this topology) are exactly V=V.

It is useful to compare the examples of the weak topology given above
with the following examples of the weak* topology.

Example 5.1.18. Let V be a finite dimensional vector space. It is elementary
to verify that V! has the same dimension as V and thus is isomorphic to V.
Using this, the weak* topology turns V! into a locally convex topological
vector space, which then must be isomorphic to (K", || - || ) where n = dim(V)

by Theorem [3.5.2]

Example 5.1.19. Let p € (1,00) and consider ¢,(N). Since £,(N) = £,(N)*
by Theorem where ¢ € (1, 00) is such that % + é =1, we see that there
is a weak® topology on ¢,(N) induced by ¢,(N). However, again by Theorem
we know that ¢,(N)* = {,(N). Therefore, since Remark shows
that £4(N) is reflexive in that the canonical embedding 7 : £4(N) — £,(N)**
is the identity map, we see that the weak and weak* topologies on ¢,(N)
coincide.

Example 5.1.20. Consider ¢;(N). Recall from Theorem that ¢ =
¢1(N). However, recall from Theorem that ¢* = ¢1(N). Thus there are
two potentially different weak* topologies that can be placed on ¢;(N) since
a priori ¢y and ¢ are not isomorphic.

We claim that these two weak™ topologies differ. To see this, for each
n € N let €, be the sequence with a 1 in the n'" entry and zeros everywhere
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else. Clearly €, € ¢;(N) for all n € N. We claim that (€,),>1 converges
weak* to 0 with respect to ¢g. Indeed, if ® : ¢y — 4 (N)* is as defined in
Theorem then for all 2= (2,,)n>1 € o we see that

lim &(2)(é,) = lim z, = 0= 9(2)(0)
50 (€p)n>1 converges weak® to 0 with respect to ¢o. However, (€n)n>1 does

not converges weak* to 0 with respect to c. Indeed if ® : ¢ — £1(N)* is as
defined in Theorem then Z = (1),>1 € ¢ we see that

lim @(2)(€,) = lim 1=1% 0= &(2)(0).

Note this does not prove c and cg are not isometrically isomorphic. Indeed
it is elementary to show that if ¢ and ¢ are isomorphic then ¢* and ¢ are also
isomorphic. However, the composition of the isomorphisms from Theorem
and Theorem may not yield the identity map on ¢;(N) and thus
the above many not yield a contradiction. We note it is true that ¢ and ¢
are isomorphic but not isometrically isomorphic, but wait until Corollary

b.5.T14

Example [5.1.20] is why we do not refer to “the weak* topology” on a
dual space; that is, to be precise, we always need to refer to the space we
are taking the dual of and not just the dual space. To be formal, if a dual
space has many of the following objects, then there are many possible weak*
topologies.

Definition 5.1.21. Let V be a vector space. A (continuous) predual of V is
any topological vector space (W, T) such that W* =V as vector spaces.

Example 5.1.22. Let (X,7T) be a compact Hausdorff topological space and
let V denote the vector space of all K-valued, finite, regular, Borel measures
on X. By the Riesz-Markov Theorem (Theorem , we obtain that
C(X,K)* = V. Thus if V is equipped with the weak™ topology with respect
to this vector space isomorphism, we see that a net (uy)aea in V converges
weak® to p € V if and only if

li dupy = d
féﬁ/xf O /Xf v
for all f € C(X,K).

As with the weak topology, weak™ convergent sequences have some nice
properties.

Lemma 5.1.23. Let (X, ||-||) be a normed linear space. If (fn)n>1 is a
sequence in X* that is weak® convergent to f € X*, then

o suppen || fall < 00, and
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o [IfIl < liminf, e || full-

Proof. Assume (f,)n>1 is a sequence in X'* that weak™ converges to f € X™*.
Hence

fw) = T fa()

for all z € X. Thus sup,,cy || fn| < 0o by the Uniform Boundedness Principle
(Theorem [2.6.3]). Moreover, since

@) = lim [fu(z)] < limint | £,] [ 2]

for all z € X, it follows that || f|| < liminf, o || fnll- n

5.2 Quotients and Dual Spaces

With the above constructed topologies, we can now answer a fundamental
question: What do the dual space of a quotient of topological vector spaces
and the quotient of a dual space of a topological vector space look like? The
answer to both of these is apparent when the weak*-topology is used and
are based around the following object.

Definition 5.2.1. Let (V,T) be a topological vector space. The annihilator
of a subset A of V is the set

At ={fecV*| fla)=0forallac A}.

It is elementary to see that the annihilator of a subset of a topological
vector space is automatically a weak*-closed subspace of the dual space.
Using annihilators, we can describe the dual of a quotient space.

Theorem 5.2.2. Let (V,T) be a locally convex topological vector space, let
W be a closed subspace of V, and let q : V — V/W be the canonical quotient
map. Define © : (V/W)* — W+ by

O(f)=foq

for all f € (W/W)*. Then © is a well-defined bijective linear map. Further-
more, if (V/W)* is equipped with the weak*-topology induced by V /W and
W is equipped with the subspace weak*-topology induced by V, then © is a
homeomorphism. Finally in the case that V is a normed linear space, © is
an isometry.

Proof. Clearly if f € (V/W)*, then (f o q)(w) = 0 for all w € W and
foq € V* since the composition of continuous linear maps is continuous.
Thus O(f) € W for all f € (V/W)* so O is well-defined. It is elementary
to verify that © is linear.
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To see that © is injective, assume fi, fo € (V/W)* are such that ©(f;) =
O(f2). Hence fioq= faoq so

filv+W) = fi(q(v)) = f2(q(v)) = fa(v + W)

for all v € V so fi = fo. Hence O is injective.
To see that O is surjective, let g € W+ be arbitrary. Define g : V/W — K
by
g+ W) =g(v)

for all v € V. Since g € W so g(w) = 0 for all w € W, we see that g is
well-defined. Furthermore, clearly g is linear since g is linear and g = g o gq.
To see that g € (V/W)* and thus ©(g) = g, notice that

¢ {o+W [ glu+ W) <1}) ={z eV | [g(z)| <1}

since W C ker(g). Since {x € V | |g(z)| < 1} is open since g € V* and since
¢ is an open mapping by Lemma [3:3.4] we obtain that

{v+W | |glv+W)| <1}

is open in V/W. Hence Proposition implies that g € (V/W)*. Thus
© is surjective and thus bijective.

To see that © is a homeomorphism with respect to the designated topolo-
gies, let (fa)aea be a net in (V/W)* and let f € (V/W)*. Then (f))rea
weak® converges to f if and only if (f)(v+W))rea converges to f(v+ W) for
all v € Vif and only if (O(fy)(v))rea converges to O(f)(v) for all v € V if and
only if (O(fa))aea weak® converges to O(f). Hence O is a homeomorphism.

Finally, assume V is a normed linear space and let f € (V/W)* be
arbitrary. Notice that

1O = I1f o all < IlfHlall = LA

For the reverse inequality, let € > 0 be arbitrary. By the definition of the
operator norm, there exists a v + W € V/W such that |[v + W| < 1 and
|f(v4+W)| > ||f]| — €. By the definition of the quotient norm there exists a
w € W such that ||[v + w|| < 1 and thus

O +w)=I[flo+W)]>|f] —e
Since ||v +w| < 1, this implies ||O(f)|| > ||f|| — €. Therefore, since € > 0
was arbitrary, ||©(f)|| = || f||. Hence, since f € (V/W)* was arbitrary, © is
an isometry. |

In a similar vein, we have the following.
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Theorem 5.2.3. Let (V,T) be a locally convex topological vector space and
let W be a closed subspace of V. Define © : V* /WL — W* by

O(f +Wh) = flw

for all f € V*. Then © is a well-defined bijective linear map. Furthermore,
if V"‘/VVL is equipped with the quotient topology when V* is equipped the
weak*-topology induced by V and W* is equipped with the weak*-topology
induced by W, then © is a homeomorphism. Finally in the case that 'V is a
normed linear space, © is an isometry.

Proof. Clearly if f € V*, then f]|yy is a continuous linear functional on W.
To see that © is well-defined, assume f; + W=, fo + W+ € V*/W* are such
that fi + Wt = fo + W+, Hence f1 — fo € W so (f1 — fo)(w) = 0 for all
w € W and thus fi|y = falw. Thus © is well-defined. It is elementary to
verify that © is linear.

To see that © is injective, assume f; + W=, fo + Wt € V*/W+ are
such that O(f;) = O(f2). Hence fi(w) = fo(w) for all w € W. Thus
(fi — fo)(w) =0 for all w € W so f1 — fo € WE. Hence fi + W+ = fo + W+
so O is injective.

To see that © is surjective, let g € W* be arbitrary. By the Hahn-Banach
Theorem (Theorem there exists an f € V* such that f|yy = g. Hence
O(f + W) = g. Therefore, since g was arbitrary, © is surjective and thus
bijective.

To see that O is a homeomorphism with respect to the designated topolo-
gies, let ¢ : V* — V*/W" denote the canonical quotient map and let
r . V* — W?* denote the restriction map. Thus r = © o q. Note r is
weak*-weak™ continuous, and ¢ is weak*-quotient continuous by construction.

To see that the above implies © is continuous, we repeat the proof of
Theorem for convenience. Let U C W* be open in the weak* topology.
Hence

r H(U) = ¢ (07H(U))

is open. However, since ¢ is an open map by the definition of the quotient
topology, we obtain that ©~1(U) is open. Therefore, since U was arbitrary,
© is continuous.

To see that ©~! is continuous, recall by the definition of the weak*
topology and the characterization of the seminorms on a quotient of a locally
convex topological vector space from Proposition that if for all z € V
we define p, : V*/W+ — [0,00) by

pa(f + W) = inf({|(f + 9)(@)| | g € WH})

for all f € V*, then the topology on V*/W+ is generated by {p, | = € V}.
We claim that if ¢ W, then p, = 0. To see this, assume = ¢ W and let
f € V* be arbitrary. Let £ = span({z}). Thus LNW = (). Since L is finite
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dimensional and W is closed, £ + W is a closed subspace of V by Corollary
and £ and W are topological complements of each other in £+ W.
Thus, if we define g : L+ W — K by

glox +w) = f(w)

for all @ € K and w € W, then g is a well-defined linear map. Moreover,
since

ker(g) = L+ (ker(f) N W),

we obtain that ker(g) is closed by Corollary Therefore g € (L +W)*.
Hence the Hahn-Banach Theorem (Theorem [4.2.4)) implies there exists an
h € V* such that h|z4yy = g. Since hlyy = gly = f, we have that f—h € W+
S0

0 < pi(f + W) =pa(h + W) < |h(w)| = 0.
Therefore, since f was arbitrary, p, = 0.

Returning to showing ©~! is continuous, assume (fy + W) cn is a net
in V* /W% such that (O(fy + W™))xea converges weak* to O(f + W) for
some f € V*. To see that (fy + W) eca converges weak* to f + W, let
x € V be arbitrary. If ¢ W, then

Pa(fa+ W) = 0=pa(f + W)
for all A € A. However, if € W, then the fact that (O(f\ + W™))aea
converges weak® to O(f + W) implies that
lim pi (f + W) = lim fi(z) = f(x) = pa(f + W5).
AEA AEA

Therefore, since {p, | * € V} is a separating family of seminorms that
generate the weak* topology on V/W=, Proposition implies that (fy +
W) sen converges weak* to f4+W as desired. Hence O is a homeomorphism.

Finally, assume V is a normed linear space and let f + W+ € V*/w+

be arbitrary. If Hf + WLH < 1, then there exists a ¢ € W+ such that
Ilf + gl <1. Thus

|00+ W) = 1wl = 1F + 9wl < If +gll < 1.

Therefore, since f + W+ was arbitrary, ||©|| < 1. Hence H@(f + WL)H <
Hf + Wi\ for all f+ WL e Ve /Wt
For the other inclusion, notice let f € W+ be arbitrary. By the Hahn-

Banach Theorem (Theorem [4.2.5)), there exists a g € V* such that ||g|| = || f||
and glyy = f. Since this later condition implies that g — f € W=, we obtain

le~' )] = [ £ +wH| = [lg = wH| < llall = 171

Hence, since f € W was arbitrary and © was a bijection, © is an isometry.
|
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5.3 The Banach-Alaoglu Theorem

One nice property of any weak® topology is that it is characterized by con-
vergence of functions at points. Since this is very similar to the convergence
in the product topology, Tychonoff’s Theorem (Theorem enables us to
prove the Banach-Alaoglu (Theorem which shows that the norm closed
unit ball of any normed linear space is weak*-compact. This is quite useful
in that any net in the closed unit ball has a weak*ly convergent subnet.

In order to prove the Banach-Alaoglu (Theorem , we recall the
proof of Tychonoff’s Theorem (Theorem via the following lemma.

Lemma 5.3.1. Let (X,T) be a topological space and let F C P(X) be a
non-empty collection of sets with the finite intersection property. Then there
exists an M C P(X) such that

(1) F S M,
(2) M has the finite intersection property,

(3) if F € P(X)\ M, then MU{F} does not have the finite intersection
property,

(4) if {Fr}}i_y € M for somen € N, then (j_ F, € M, and
(5) if Y CX andY N M # 0 for all M € M, then Y € M.
Proof. Let

C={SCP(X) | FCS and S has the finite intersection property}.

Clearly C # 0 since F C C. For 81,8 € C, define §; < S; if and only if
S1 C 8y Clearly (C, =) is a partially ordered set.

We claim that every chain in (C, <) has an upper bound. To see this,
assume that {S,}aer is a chain in (C, <). Let

S=J Sa

acl

We claim that S € C from which it trivially follows that & is an upper bound
for {Sa}acr. To see that S € C, first notice since F C S, for all a € I that
F C S by construction. To see that S has the finite intersection property,
assume that n € N and S1,.59,...,5, € §. By the properties of a chain,
there exists an ag € I such that Sy € Sy, for all k € {1,...,n}. Therefore,
since Sy, has the finite intersection property as S,, € C, we obtain that
Ni—q Sk # 0. Therefore, since n € N and Sy, ...,S, € S were arbitrary, S
has the finite intersection property and thus S € C.

Since (C, <) is a non-empty partially ordered set such that every chain
has an upper bound, Zorn’s Lemma implies that there exists an M € C such
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that if S € C and M < S, then S = M (i.e. M is maximal in (C, <)). We
claim that M has the desired properties. Indeed F C M and M has the
finite intersection property since M € C. Thus (1) and (2) hold.

To see that (3) holds, let F' € P(X)\ M be arbitrary. If Mg = MU{F}
had the finite intersection property, then since F C M C Mgy we would
have that My € C, My # M since F € Mo\ M, and M < M, thereby
contradicting the maximality of M. Therefore (3) holds.

To see that (4) holds, let n € N and {Fj}}_; € M be arbitrary. If
F = i~ Fk, then clearly M U {F'} has the finite intersection property
since M has the finite intersection property. Thus (3) implies that F' € M.
Therefore, since n € N and {Fj}}_; € M were arbitrary, (4) follows.

Finally, to see that (5) holds, assume Y C X is such that Y N M # () for
all M € M. Therefore (4) implies that for all n € N and {Fj}}_; € M that
Y N (Ni_y Fx) # 0. Thus M U{Y} has the finite intersection property so
(3) implies that Y € M as desired. ]

Theorem 5.3.2 (Tychonoff’s Theorem). Let {(X,,7Ta)}acr be com-
pact topological spaces. Then [],cr Xo i a compact topological space when
equipped with the product topology.

Proof. Let X = [],c; Xo and let 7 denote the product topology on X. To
see that (X, 7T) is compact, we will apply Theorem and verify that any
set of closed subsets of (X, 7") with finite intersection property has non-empty
intersection.

Let F be an arbitrary set of closed subsets of (X,7) with the finite
intersection property. Let M be a set with the finite intersection property
containing F as created via Lemma Since

RENE

FeF AeM

it suffices to show that e A # 0.

For each a € I, let 1, : X — X, be the projection map from X to X,
from Example Since M has the finite intersection property, it is clear
that

[ra(d) | A M)

has the finite intersection property in (X,,7y) so
{ma(A) | Ae M}

is a collection of closed sets in (X, T,) with the finite intersection property.
Therefore, since (X, 7o) is compact, Theorem implies for all a € T
there exists an z, € X, such that

To € ﬂ To(A).

AeM
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Let 2 = (za)aer € X. We claim that x € (4 A thereby completing
the proof that M 4cn A # 0.

To begin, let ap € I and U € 7,, be such that z,, € U. Since z,, €
Teo(A) for all A € M, Theorem implies that ma,(A) N U # 0 for all
A e M. Hence AN 7r;01(U) # () for all A € M. Therefore, the properties of
M from Lemma imply that 7, ) (U) € M for all g € I and U € Ty,
such that z,, € U.

Since M is closed under finite intersections from Lemma [5.3.1]

{ m ﬂgl(Ua)

aed

Uq a Ta-neighbourhood of z, for all aeJ

JCI finite and }

is both contained in M and is a neighbourhood basis of z in (X, 7). Therefore,
since M has the finite intersection property, every element of M has non-
empty intersection with each element of a neighbourhood basis of . Hence
Theorem implies that z € A for all A € M. Thus x € Ny A
thereby completing the proof. ]

Of course, the proof of Tychonoff’s Theorem (Theorem relies on
Zorn’s Lemma and it is well-known that Zorn’s Lemma is equivalent to the
Axiom of Choice). It is perhaps surprising that Tychonoff’s Theorem is
equivalent to the Axiom of Choice. The proof that Tychonoff’s Theorem
implies the Axiom of Choice is as follows.

Theorem 5.3.3. Assume Tychonoff’s Theorem holds; that is, the product of
compact topological spaces is compact when equipped with the product topology.
Then for any non-empty set I and any set {Xqs}acr of non-empty sets, the
product [[,c; Xa is non-empty.

Proof. Let I be an non-empty set and let {X,}aecr be a set of non-empty
sets. For each a € I, let Y, = X, U {004} for some symbol oo, and let
Y =]],er Yo We note that Y is automatically non-empty without the use
of the Axiom of Choice. Indeed we already know for all « € I that oo, € Yg;
that is, we do not need to choose an element of Y, for each o € I since we
already know (i.e. have assigned) an element of Y, for each o € I. Hence
the element 0o = (004 )aer is an element of Y without the use of the Axiom
of Choice.

For each o € I, let T, = {0,Yy, Xa,{o0a}}. Clearly T, is a topology
on Y,. Furthermore, since 7, only has a finite number of sets, every 7g,-
open cover of Y, has a finite subcover (namely the original open cover) so
(Yo, Ta) is compact. Hence Tychonoff’s Theorem implies that Y = [],c; Ya
is compact when equipped with the product topology.

For each ag € I, let

UOéo = H Uao,a
ael
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where
Ungor = Y, %f a % ag '
{0a} ifa=a

Again, the construction of U,, does not require the Axiom of Choice since
we do not need to choose an element of 7, for each a € I since we already
know an element of 7, for each o € I. Clearly U,, is open in the product
topology on Y by definition.

We claim that U = {Uy }aer cannot cover Y. To see this, suppose for the
sake of a contradiction that U is an open cover of Y. Since Y is compact, there
exists a finite subset J C I such that Y = (J,c; Us. For each a € J, choose
T € X,. Note this does not require the Axiom of Choice since J is finite.
For each a € T\ J, let x, = 00,. Again, this does not require the Axiom
of Choice. Thus z = (za)acr € Y by definition. However z ¢ |J,c; Ua by
construction since z, ¢ {004} for all @ € J. Hence we have a contradiction
so U is not a cover of Y.

Since U is not a cover of Y, there must exist an element y = (Yo )acr € Y
such that y ¢ U, for all a € I. Then, by the definition of U,, we see that
Yo ¢ {00a} for all o € I. Hence y, € X, for all a € I so that y € [],c; Xa-
Hence Tychonoft’s Theorem implies the Axiom of Choice. |

Theorem 5.3.4 (The Banach-Alaoglu Theorem). Let (V,T) be a topo-
logical vector space and let U € T be a neighbourhood of 0. Then the set

Uoz{fev*

sup | f(z)] < 1}
zelU

(which is often called the polar of U) is compact with respect to the weak*
topology o(V*, V).

Consequently, for any normed linear space (X,| - ||), the closed unit ball
of X* is weak*-compact.

Proof. Clearly if U is the closed unit ball in a normed linear space (X, ]| -||),
then U° is the closed unit ball of X* by definition. Thus it suffices to prove
the first statement.

For each € V we note since U is a neighbourhood of 0 and thus absorbing
by Lemma that there exists an r; € (0,00) such that x € r,U. Note
if x € U, we can take r, = 1.

For each x € V, let

K, ={ze€K | |z| <rg}.
Clearly each K, is a compact subset of K being closed and bounded and thus

K =]],cy K, equipped with the product topology is compact by Tychnoft’s
Theorem.
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For each f € U° and x € V, we know that there exists a u, € U such
that ¢ = rpu, and thus

|f(@)] = |raf(uz)] = ral f(uz)] < 7o

so f(x) € K,. Therefore, the map ® : U° — K defined by

®(f) = (f(2))zev

for all f € U° is a well-defined map.

We claim that @ is a weak*-homeomorphism onto ®(U®). To see this, we
first note that ® is clearly injective. Next let (f))xea be an arbitrary net in
U° and let f € U°. Then (f))xea converges to f weak™ if and only if

lim @(f3)(2) = lim f1(x) = f(z) = B(f)(z)

for all x € V, if and only if (®(f\))rea converges entrywise to ®(f) if and

only if (®(fx))rea converges to ®(f) in K (see Theorem |A.4.22)). Hence
® is a weak*-homeomorphism onto ®(U®). Therefore, to show that U® is

weak*-compact, it suffices to show that ®(U°) is a closed subset of K (since
closed subsets of compact spaces are compact).

To see that ®(U°) is closed, let (fi)aea be an arbitrary net in U° such
that (®(fy))aea converges to f € K. Hence f:V — K. To see that f € VE,
let x1,29 € V and « € K be arbitrary. Since (®(f)))aea converges to f in
K, we know that (f))xea converges to f pointwise so

flax) + x2) = }\1611% In(azy + z2)
= lim afy(21) + fa(22)

= af(z1) + f(z2).

Therefore, since 7,7 € V and a € K were arbitrary, f € VI

Since f(x) € K, for all x € V, we know that |f(z)] < 1 forallz € U
and thus we will have f € U° provided f € V*. However since the seminorm
x +— |f(x)| is bounded on U and thus continuous by Proposition we
obtain that f € V* so f € U°. Therefore, since (fx)rep was arbitrary ®(U°)
is a closed subset of K thereby completing the proof. ]

Of course, there are some clear corollaries of the Banach-Alaoglu Theorem

(Theorem [5.3.4]).

Corollary 5.3.5. Let (X,||-||) be a normed linear space and let A C X*. If
A is bounded and weak*-closed, then A is weak®-compact. Conversely if A is
weak*-compact and X is a Banach space, then A is bounded and weak*-closed.
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Proof. By the Banach-Alaoglu Theorem (Theorem, the unit ball of X™*
is weak*-compact. Hence, since X* is a (locally convex) topological vector
space so scalar multiplication and translation are homeomorphisms, every
closed ball is weak*-compact. Since every bounded subset of X* is contained
in a closed ball of X* and since every weak*-closed subset of a weak*-compact
set is weak*-compact, this direction follows.

Conversely, assume X is a Banach space and A is weak*-compact. Since
the weak*-topology is Hausdorff, A being weak*-compact implies A is weak*-
closed. To see that A is bounded, note for all z € X’ that the map 6, : A — K
defined by

for all f € A is weak*-continuous. Therefore, since A is weak*-compact,
0(A) ={f(z) | fe A} CK

is compact and thus bounded. Hence A is pointwise bounded. Therefore,
since X is a Banach space, the Uniform Boundedness Principle (Theorem
2.6.3) implies that A is bounded. |

Corollary 5.3.6. Every normed space (X, || -||) is isometrically isomorphic
to a wvector subspace of (C(X,K), || |l) for some compact Hausdorff space
X. Moreover, if (X,]||-|) is a Banach space, then the corresponding vector
space is closed.

Proof. Let (X,]|-||) be a normed linear space, let X" denote the closed unit
ball of X*, and let X = A} equipped with the weak* topology. By the
Banach-Alaoglu Theorem (Theorem , X is a compact Hausdorff space.

Recall that the canonical embedding J : X — X** defined by J(z) ==
for all x € X where

by

for all x € X is a well-defined contractive linear map.

To see that ® is isometric, let x € X be arbitrary. By the Hahn-Banach
Theorem (Corollary there exists an f € X} such that |f(z)| = ||=].
Hence |®(x)(f)| = ||z| so |®(f)||., = ||z||. Therefore, since x was arbitrary
and ¢ was contractive, ® is isometric.

Finally, if (X, || - ||) is a Banach space, then X" is complete so ®(X) is also
complete and thus closed in C(X, K). []
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5.4 Goldstine’s Theorem

Since the Banach-Alaoglu demonstrates the closed unit ball of the dual of
any normed linear space is weak*-compact, a further examination of such
closed unit balls in the weak® topology is meritted. In particular, we will
prove the following theorem related to the weak™ topology on the double
dual induced by the dual. In that which follows, given a normed linear space
(X, -]]) we will use X} to denote the closed unit all of X' for convenience.

Theorem 5.4.1 (Goldstine’s Theorem). Let (X,||-||) be a normed linear
space. If X** is equipped with the weak*-topology induced by X* and J :
X — X** is the canonical embedding, then J(X1) is weak*-dense in X;™*.
Hence J(X) is weak*-dense in X**.

Proof. Clearly the fact that J(X) is weak*-dense in X** will follow from the
fact that J (X)) is weak*-dense in X;™*. To see that J(X;) is weak*-dense in
X, note since J is a isometric linear map that J(X7) is a balanced convex

subset of A7, Hence J (X)) is a weak*-closed, balanced, convex subset of
P

Assume there exists an fo € X\ J(X1) . Since {fo} is weak*-compact,
the Hahn-Banach Theorem (Theorem 4.4.13)) implies there exists a weak*-
continuous linear functional g : X** — K and a,b € R such that

Re(g(fo) = a > b= sup ({Re(g(f)) | f € T(@)" }).

*

Note since J(X;)" is balanced that

sup ({Re(g(f)) | f € T@)" }) =sw ({lg(Nl | feT@)" }).
Moreover, since g € (X**, o(X™, X*))* = X* (by Theorem [5.1.4]), there
exists a gop € X" such that g = gg. Hence we obtain that

Re(fo(g0)) = a > b= sup ({If(90)] | f € T()" }).

However, notice that

sup ({1£(g0)l | £ € T(X)" }) = sup ({[7(g0)] | = € 11})

= sup ({|go(2))] | = € X1})
= [lgoll

whereas
Re(fo(g0)) < [fo(go)l < [[foll llgoll < llgoll

so that
lgoll = a>b>llgoll ,

which is a clear contradiction. Hence X7\ J (Xl)w must be empty so the
result follows. [
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Goldstine’s Theorem (Theorem [5.4.1]) has several theoretical applications
that relate properties of a space and properties induced by a dual topology.

Proposition 5.4.2. Let (X,|-||) be a normed linear space. Then X is
reflexive if and only if X1 is weakly compact.

Proof. Assume X is reflexive. Hence the canonical embedding J : X — A™**
is an isometric isomorphism. Since the weak topology on X is equal to
the weak*-topology on J(X1) = &A™, and since AX;™ is weak*-compact by
the Banach-Alaoglu Theorem (Theorem , it follows that X is weakly
compact.

Conversely, assume X is weakly compact. To see that X is reflexive,
consider the canonical embedding J : X — X**. Since the weak topology on
X} is equal to the weak*-topology on J(X}), it follows that J is a weak-weak™
homeomorphism onto is range so J(X;) is weak*-compact. Thus, since the
weak*-topology on X** is Hausdorff, J(X}) is weak*-closed. However, since
J is contractive and since J(X}) is dense in X by Goldstine’s Theorem
(Theorem [5.4.1)), it follows that J (1) = X;*. Hence J(X) = X** so X is

reflexive. ]

Theorem 5.4.3. If (X,]|-||) ¢s a normed linear space, then X| is weak*-
metrizable if and only if X is separable.

Proof. Assume that X is separable. Hence there exists a set {z,}7>; C X
that is dense in X. Define d : X] x &) — [0,00) by

|f(zn) — g(xn)]
Z 20t (||, H +1)

for all f,g € &Xf. Clearly d(f,g) > 0 for all f,g € X} and since

[f(@n) = g(@n)| <If = gll llznll < 2l

it follows that d(f,g) <1
We claim that d is a metric on X} the induces the weak*-topology. To see
that d is a metric, clearly d(f, f) =0 for all f € X}". Next, assume f,g € X}
are such that d(f,g) = 0. Hence f(z,,) = g(x,) for all n € N. Therefore, since
f and g are continuous and {x, }52; is dense in X, it follows that f(z) = g(z)
for all x € X. Hence f = g. Since it is clear that d(f,g) = d(g, f) for all
f,g € X and the triangle inequality holds, d is a metric on A7
To see that the metric topology on A} induced by d agrees with the
weak*-topology, assume that (f))xea is a net in X" that weak*-converges
to f € X}. To see that (f)rea converges to f with respect to d, let € > 0.
Choose N € N such that
=1
2 i<

n=N+

l\J\m
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and note for all A € A that

oo [e.9]
— 2
nonvyy 2 Nl +1) = S 27 (el +1) 2
by the above computations. Next, note for each n € {1,..., N} that since

(fx(zn))ren converges to f(x,) there exists an A, € A such that

2 (o, +1) 2N

for all A > \,,. Let \g = max({A1,...,A\,}). Thus for all A > Ay we have
that

Z!fw:n — f(xn)|

= 2" ([lznll + 1)

€ Z|f)\l'n_ ()

=9 2 i (e, 1 1)

€ €
N— .
< = —1— ON =€

Therefore, since € > 0 was arbitrary, we obtain that (f))yca converges to f
with respect to d.

Conversely, assume (fy)aea is a net in X} that converges to f with
respect to d. To see that (f))ren weak*-converges to f,let x € X and € > 0
be arbitrary. Since {z,}>2; is dense in X, there exists an n € N such that
|z — x| < §. Moreover, since

|[falan) = F(@n)| < 27 (lzall + 1)d(fr, f)

so limyep fa(zn) = f(zy), it follows that there exists an Ao € A such that
|fa(@n) = f(zn)| < § for all A > Ag. Hence for all A > Xg

a@) = F@)] < 1fa@) = Fal@a)l + |fa(@a) = Flan)] + () - f(@)]
< Wil e =2l + g + 171 lan — 2

3 53 3 +3 3
Therefore, since x and e were arbitrary, (f)xea weak*-converges to f. Hence
the weak*-topology on &7 is metrizable.

Conversely, assume the weak*-topology on X} is metrizable. Thus, since
the open balls of radius 2 centred at 0 have intersection {0}, there is a
sequence (U, )n>1 of weak*-open sets in A; such that 022, U,, = {0}. Recall
for each U, there exists an €, > 0 and a finite subset F;,, C X such that

{fex;||f(z)<e forall z e F,} =N(0,Fp,en) C U,
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Hence (%%, N(0, Fy, €,) = {0}.

Let A = ;2 F,,. By the above, if f € X} and f(z) =0 for all z € A,
then f € N(0, Fp,€,) for all n € Nso f = 0.

Let W = span(A), which is a separable subspace of X' (i.e. K is separable
and A is countable so there is a countable dense subset of span(A)). Thus,
if W = X, the proof is complete.

Suppose for the sake of a contradiction that there exists an z € X'\ W.
By the Hahn-Banach Theorem (Corollary there exists an f € XY
such that || f]| =1, |f(z)| = ||=|, and f|yy = 0. However, the above shows
flw = 0 implies f = 0, which contradicts the fact that ||f|] = 1. Thus
W = X completing the proof. N

Corollary 5.4.4. If (X, | -||) is a separable normed linear space, then X; is
separable in the weak*-topology.

Proof. By Theorem the weak*-topology on Xj is metrizable. Since
A} is weak*-compact by the Banach-Alaoglu Theorem (Theorem [5.3.4)), A7
must be totally bounded and therefore separable. [

Remark 5.4.5. Note Corollary is the best that one can hope for in
that there exists separable normed linear spaces (X, || -||) such that &7} is
not separable in the norm topology. Indeed ¢;(N) is readily verified to be
separable whereas Theorem implies that ¢1(N)* = (s (N) for which the
closed unit ball is not separable (all the sequences of Os and 1s cannot be
finitely covered by open balls of radius %)

Of course, we can reverse the roles of the initial space and its dual space.

Theorem 5.4.6. If (X, -||) is a normed linear space, then X is weakly
metrizable if and only if X* is separable.

Proof. Assume X* is separable. Thus Theorem implies that X;™ is
weak*-metrizable. This implies if 7 : X — X** is the canonical embedding
then J (X)) is weak*-metrizable and thus &) is weakly metrizable since J is
a weak-weak* homeomorphism of X; onto J(&X}).

Conversely, assume X) is weakly metrizable. Let U, denote the weakly
open ball of radius % centred since 0 and recall for each U, there exists an
€, > 0 and a finite subset F;, C X* such that

{zeX | |f(x) <epforall feF,}=N(0,FE,,e) C Up,.

Let F = U,~; F» and let W = span(F'), which is a separable subspace
of X* (i.e. K is separable and A is countable so there is a countable dense
subset of span(A)). Thus, if W = X*, the proof is complete.

Suppose for the sake of a contradiction that there exists an fy € X*\ W.
Let d = dist(fp, ). By the Hahn-Banach Theorem (Corollary there
exists an g € X}* such that ||g|| =1, g(fo) = d, and g|yy = 0.
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Let
Vb = {.CEG X1

o)l < 5 }-

Since Vj is a weakly open neighbourhood of 0, there exists an N € N such
that Uy C Vj. Let

V= {h e X** [R(f)—g(f)|<en for all fEFN}

and |(fo)—g(fo)|<2

which is clearly a weak*-neighbourhood of g. Note Goldstine’s Theorem
(Theorem [5.4.1)) implies there exists an xo € &} such that Ty € V. Since
Fy CW and gly = 0, this implies that

|f(zo)l = |zo(f) — 9(f)] < en

for all f € Fy and thus 29 € Uy C V). Hence |fo(zg)| < %. However, this

implies that
d

l9(fo) — zo(fo)| = d — zo(fo) > 7

which contradicts the fact that zg € V. Therefore, since we have obtained a
contradiction, X* = W as desired. n

Remark 5.4.7. Theorem [5.4.6] can also be used to show that the weak
topology on ¢;(N) is not metrizable. Indeed since ¢;(N)* = (. (N) by
Theorem and since £ (N) is not separable, Theorem implies that
the weak topology on the unit ball of ¢;(N) is not metrizable and thus the
weak topology on ¢1(N) cannot be metrizable.

5.5 The Krein-Milman Theorem

To conclude this chapter, we will look at one of the fundamental results in
elementary functional analysis that characterizes any non-empty, compact,
convex set via a simpler collection of points. Since the closed unit ball of
a normed linear space is weak*-compact by the Banach-Alaoglu Theorem
(Theorem , this is particularly useful for simplifying the study of dual
spaces. We begin with the definition of the points we are interested in using
to describe such sets and examples of how these points arise in geometry.

Definition 5.5.1. Let V be a vector space and let C' C V be a non-empty
convex set. A point e € C' is said to be an extreme point of C' if whenever
z,y € C and t € (0,1) are such that

e=tx+(1—-1t)y,
then x = y = e. The set of all extreme points of C' is denoted Ext(C).
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For some examples, we note the following where we have left the proofs
to the reader since they can be easily seen via basic Euclidean geometry.

Example 5.5.2. In R?, consider the unit square
C={(z,y) eR? | z,y € [-1,1]}.
It is elementary to see that
Ext(C) = {(1,1),(1,-1),(-1,1),(-1,-1)}.
Example 5.5.3. In R?, consider the closed disk
D={(z,y) e R? | 2 +¢y* < 1}.
It is elementary to see that
Ext(D) = {(z,y) € R? | 2% +y* = 1}.
Example 5.5.4. In R?, consider the open disk
D={(z,y) e R? | 2 +¢y* < 1}.
It is elementary to see that Ext(D) = 0.

Of course, there is a generalization of the notion of an extreme point that
allows for more flexibility.

Definition 5.5.5. Let V be a vector space and let C' C )V be a non-empty
convex set. A non-empty convex subset F' C (' is said to be an face of C' if
whenever z,y € C' and t € (0,1) are such that

tr+(1—t)yeF
then z,y € F.

Clearly any non-empty convex set is a face of itself and a singleton {e} is
a face if and only if e is an extreme point. The reason for the name ‘face’ is
the following example.

Example 5.5.6. In R3, consider the unit cube
C={(x,y,2) R’ | w,y,z € [-1,1]}.
Clearly
Ext(C) ={(2,y,2) | ,y,2z € {+1}}

and each of these singleton points is a face. Furthermore, it elementary to
verify that each edge of the cube is a face, and each face (from geometry) of
the cube is a face (in this course). Finally, it is possible to verify that these
are the only proper subsets that are faces of C.
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Of course, the structure of faces of a cube satisfy the following result.

Lemma 5.5.7. Let V be a vector space and let C' be a non-empty convex
subset of V. If F is a face of C and let A is a face of F, then A is a face of
C.

Proof. To see that A is a face of C, let z,y € C and t € (0,1) be such that
tr+ (1 —t)y € A.

Since A is a face of F, A C F so tx + (1 — t)y € F. Therefore, since F is a
face of C', we obtain that x,y € F. Finally, since z,y € F, tx + (1 —t)y € A,
and A is a face of F', we obtain that xz,y € A. Hence A is a face of C' (in
your face!). N

Corollary 5.5.8. Any extreme point of any face of a non-empty convex set
C is an extreme point of C.

Unsurprisingly, we can extend the definition of a face to include more
than just convex combinations of two points.

Lemma 5.5.9. Let V be a vector space, let C' be a non-empty convex subset
of V, and let F be a face of C. If {zx}}_; € C and {t;}}_; C (0,1) are such
that > p_1tr =1 and
n
Z tpxy € F),
k=1
then x, € F for all k € {1,...,n}.

Proof. We proceed by induction with the case n = 2 being trivial. Assume
the result holds for some n € N with n > 2 and let {z;}}*] C C and
{t;}741 € (0,1) be such that Y71 ¢4 = 1 and

n+1
Z trxy € F.
k=1

Let t = t,41 so that t € (0,1) and 1 — ¢t = > _}'_; tx, and let

= Th.
Yy kz::ll_tk

Since {£; € (0,1) for all k € {1,...,n} and since j_; {%; = 1, we obtain
that y € C since C is convex. By construction

n+1

tTpy1 + (1 - t)y = Z tyzy € F.

k=1
Therefore, since F is a face of C, we obtain that x,+1,y € F. Since y € F,
I € (0,1) for all k € {1,...,n}, and since }_; % = 1, the induction
hypothesis implies that x € F for all k € {1,...,n} thereby completing the
inductive step and the proof. ]
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With the preliminaries on faces and extreme points out of the way, we can
proceed to begin our examination of extreme points of non-empty, compact,
convex sets in locally convex topological vector spaces. We begin with the
following method of constructing faces.

Lemma 5.5.10. Let (V,T) be a locally convex topological vector space and
let K be a non-empty, convex, compact subset of V. If f € V* and

r = sup({Re(f()) | = € K}),

then
F={zeK | Re(f(z)) =7}

is a compact face of K.

Proof. To begin, we note since K is compact that the Extreme Value Theorem
implies that F' is non-empty. Moreover, since F' is clearly a closed subset of
K, F is compact.

To see that F is convex, let x,y € F and ¢ € [0, 1] be arbitrary. Then
Re(f(x)) =r and Re(f(y)) =r so

Re(f(tx 4+ (1 —t)y)) =tRe(f(x)) + (1 —t)Re(f(y)) =tr+ (1 —t)r=r

and thus tx + (1 — t)y € F. Hence F is convex.
To see that F' is a face of K, let x,y € K and t € (0,1) be such that
tx + (1 —t)y € F. Therefore, since Re(f(z)) <r and Re(f(y)) <,

r=Re(f(tx+ (1 —t)y)) = tRe(f(z)) + (1 —t)Re(f(y)) <tr+ (1 —t)r =1

Hence equality must occur in Re(f(z)) < r and Re(f(y)) <rsox,y € F as
desired. m

With Lemma [5.5.10] giving us a method of constructing faces using
linear functionals, we can use a maximality argument together with the
Hahn-Banach Theorem to obtain extreme points.

Lemma 5.5.11. If (V,T) is a locally convex topological vector space and K
is a non-empty, convez, compact subset of V, then Ext(K) # 0.

Proof. Let
F={F CK | Fis a closed face of K}.

Clearly F is non-empty since K € F. Define a partial ordering < on F by
reverse inclusion; that is F; = F5 if and only if F; D F>.

Let C be a chain in F and let Fy = (pee F. We claim that Fy € C
and thus Fp is an upper bound for C. Since C is a chain, C has the finite
intersection property. Therefore since any collection of closed sets with the
finite intersection property in a compact Hausdorff space has non-empty
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intersection, we obtain that Fy # (). Clearly Fj is closed and convex being
the intersection of closed convex sets. Finally, to see that Fjy is a face of
K, assume z,y € K and t € (0,1) are such that tx + (1 — t)y € Fy. Thus
tr + (1 —t)y € F for all F € C so z,y € F since F is a face of K. Hence
x,y € Fy so Fy is a face of K.

By Zorn’s Lemma there exists a maximal closed face F,,, of K. If F},, = {e}
for some e € K, then e is an extreme point of K. Suppose otherwise that
there exists x,y € Fy, such that x # y. Since {z} and {y} are non-empty,
disjoint, compact, convex sets of V, the Hahn-Banach Theorem (Theorem

4.4.13)) implies there exists an f € V* and a,b € R such that
Re(f(z)) = a > b= Re(f(y)).

Let
r =sup({Re(f(2)) | z € F,}) > a.

Since Fy, is a closed face of K, F,, is a non-empty, convex, compact subset
of V. Therefore Lemma [5.5.10 implies that

Fp={2 € Fn | Re(f(2)) =1}

is a compact face of F,. Since (V,T) is Hausdorff, FT; is a closed subset of
(V,T). Moreover, since F), is a face of F), and since F,, is a face of K, F,,
is a face of K by Lemma [5.5.7 However, since

Re(f(y)) <b<a<r,

we see that y ¢ 1?,; SO fn; is a strict subset of F,,. Since this contradicts
the maximality of F},, we have our contradiction. Hence F}, is a singleton
thereby yielding an extreme point of K. ]

With Lemma [5.5.11] we can now prove the main result of this section.
Note since the proof of Lemma[5.5.11]is the vast majority of the work, Lemma
is often considered as part of this theorem.

Theorem 5.5.12 (The Krein-Milman Theorem). If (V,T) is a locally
convez topological vector space and K is a non-empty, convex, compact subset
of V, then

K = conv(Ext(K)).

Proof. By Theorem [5.5.11] we know that Ext(K) # (). Let C = conv(Ext(K))
which is a non-empty, closed, convex subset of K.

Assume there exists an z € K \ C. Since {z} and C are non-empty,
disjoint, closed, convex subsets of V such that {z} is compact, the Hahn-
Banach Theorem (Theorem implies there exists an f € V* and
a,b € R such that

Re(f(2)) = a > b > Re(J(c))
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for all c € C.
Let

r=sup({Re(f(y)) | y € K}) > a.
Thus Lemma [5.5.10] implies that
F={yeK|Re(f(y) =r}

is a compact face of K. Hence Lemma implies that there exists a
extreme point e of F'. Therefore, since F' is a face of K, e is an extreme
point of K by Corollary and thus e € C. Since e € F, we know that
Re(f(e)) = r. However, since e € C, we know that

Re(f(e) <b < a<r=Re(f(c))
which is a clear contradiction. Hence K = C as desired. (]

One immediate application of the Krein-Milman Theorem (Theorem
5.5.12)) is an extension of one of our previous results.

Corollary 5.5.13. Let (X,|-||) be a Banach space and let A C X*. If A
is bounded, convex, and weak”-closed, then A is weak™-compact and A =
conv?” (Ext(A)).

Proof. By Corollary we know that A is weak*-compact. Hence the Krein-
Milman Theorem (Theorem [5.5.12) implies that A = conv®” (Ext(A)). m

Of course, the Krein-Milman Theorem has other applications.

Corollary 5.5.14. The spaces ¢ and cy are isomorphic but not isometrically
isomorphic as normed linear spaces.

Proof. Exercise. ]

Corollary 5.5.15. The space of real-valued continuous functions C[0,1] is
not the continuous dual space of a normed linear space.

Proof. Exercise. ]
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Chapter 6

Operator Theory

Now that we have dealt with some of the most general objects in functional
analysis, we proceed in the opposite manner. In particular, instead of gener-
alizing normed linear spaces to topological vector spaces we will become more
specific and study complete normed linear spaces with norms coming from
an inner product structure, which are called Hilbert spaces. By restricting
our study to bounded linear operators on Hilbert spaces, we can develop a
deep theory of operators.

To begin, we will study a nice collection of bounded linear operators
between Banach spaces that play an introductory role in operator theory.
Subsequently, we will develop the theory of Hilbert spaces. It will be shown
that Hilbert spaces have orthonormal bases (i.e. maximal orthonormal sets,
not orthonormal sets that are vector space bases) and Hilbert spaces can be
characterized by the cardinality of their orthonormal bases. We will then
begin an introduction to the theory of operators on Hilbert space culminating
in a generalization of the spectral theorem for normal matrices. In particular,
this entire chapter can be viewed as generalizing the results from finite
dimensional inner product spaces to the infinite dimensional setting.

6.1 Compact Operators on Banach Spaces

To begin our study of operator theory, we will examine the following collection
of operators, which will end up being one of the nicest ideals of the bounded
linear operators on a Banach space.

Definition 6.1.1. Let (X, [|,) and ()] -]/y,) be Banach spaces. An
element T' € B(X,)) is said to be compact if T'(X}) is compact in ). The set
of all compact operators from X to ) is denoted by K(X,)) and by I(X)
in the case that Y = X.

In order to construct examples of compact operators, we note the following
class of operators which will easily seen to be compact.
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Definition 6.1.2. Let (X,||-[|,) and (J,]-[|y,) be Banach spaces. An
element T' € B(X,)) is said to be of finite rank if dim(7'(X')) is finite. The
set of all finite rank operators from X to ) is denoted by F(X,)) and by
F(X) in the case that Y = X.

Proposition 6.1.3. If (X, ||-||y) and (Y, | -|ly) are Banach spaces, then
F(X,Y) CK(X,Y).

Proof. Let T € F(X,)). Thus W = T'(X) is a finite dimensional subspace
of Y. Since T'(X}) is a bounded subset of W as T is bounded, T'(X}) is a
closed bounded subset of a finite dimensional normed linear space and thus
compact by Theorem Hence T' € K(X,)) as desired. ]

As the following shows, except in the finite dimensional setting, there
will always be operators that are not compact.

Proposition 6.1.4. Let (X, | -||) be a Banach space. Then K(X) = B(X)
if and only if X is finite dimensional.

Proof. If X is finite dimensional, then B(X) = F(X) C L(X) C B(X) by
Proposition and thus (X)) = B(X).
Conversely, assume K(X) = B(X). Thus the identity map Iy : X — X

is a compact operator so Iy(X1) = X; = X} is a compact subset of X. Since
this implies (X, || -||) is locally compact, X is finite dimensional by Corollary

B.5.12 ]

For an example of a compact operator that is not finite dimensional, we
turn to the following use of some results from compact metric space theory.

Example 6.1.5. Fix g € C[0, 1] and define 7, : C[0, 1] — C0, 1] by

7,(N@) = [ £(O)g(t)

for all f € C[0,1]. It is elementary to verify that T} is a well-defined linear
operator. Furthermore, since

Ty(f)(@)] < /0 [F®)llg(t)] dt < /0 1/ lloo 9lloe @ < [1.flloo lglloo
for all « € [0, 1], we see that T} is bounded with ||Ty|| < ||g|| -
We claim that Ty is a compact operator. To see this, it suffices to show
that
F- {h € C[0,1] ‘h(az) :/ F(0)g(¢) dt for some f € C[0,1] with ||f]|. < 1}
0

has compact closure. Thus, by the Arzela-Ascoli Theorem, it suffices to
prove that F is equicontinuous and pointwise bounded.
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Clearly the elements of F are pointwise bounded by ||g||,, by the above
computation. To see that the elements of F are equicontinuous, let ¢ > 0
and x € [0,1] be arbitrary. Let § = W. Thus for all f € C[0, 1] with

|| fllo <1 and for all y € [0,1] with |z — y| <, we see that

o) dt — /Ozf(t)g(t) dt‘ _ dt‘
<z =yl Iflle 9]l

€
<7 (D 9l <€
19llo0 + 1 =

Hence F is equicontinuous as desired. Thus T}, is a compact operator.

In order to construct additional examples of compact operators, it is
useful to develop all equivalent characterizations of compact operators via
the different methods of verifying a subset of a metric space is compact.

Proposition 6.1.6. Given Banach spaces (X, |- | y) and (Y, |- |y) and a
T € B(X,)), the following are equivalent:

(1) T is compact.
(2) T(F) is compact in' Y for all bounded subsets F' of X.

(8) If (xn)n>1 is a bounded sequence in X, then (T(xy))n>1 has a convergent
subsequence in Y.

(4) T (A1) is totally bounded.

Proof. Note that T is compact if and only if 7(X;) is compact if and only
if T(X1) is totally bounded. Hence (1) and (4) are equivalent. Moreover,
since the notions of compactness and sequential compactness are equivalent
in metric spaces, (2) and (3) are equivalent.

Clearly (2) implies (1). Conversely, if T'(X}) is compact, we obtain that
T(X,) is compact for any r > 0. Since a closed subset of a compact subset is
compact in normed linear spaces, we obtain that (1) implies (2). ]

With Proposition [6.1.6| complete, we can produce some nice non-trivial
examples of compact operators.

Example 6.1.7. Fix p € [1,00] and d = (dp)n>1 € loo(N). Define D :
tp(N) = £,(N) by
D((IL‘n)nzl) = (dnxn)nzl

for all (z,)n>1 € £p(N). Note D is a well-defined bounded linear operator
since

H( nTn n>1” HCZH xn n>1”
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for all (n)n>1 € £,(N) by a simple computation.

We claim that D is compact if and only if d € ¢y. To see this, note if d ¢ co
then there exists an € > 0 and an infinite increasing sequence (ng)r>1 of
natural numbers such that |d,, | > € for all £k € N. Thus, if €,, is the element
of £,(N) with a 1 in the n{" entry and zeros everywhere else, we see that
(€ny )k>1 is a bounded sequence in £,(N) such that (D (€, ))k>1 = (dny€ny )k>1
has no convergent subsequences (i.e. the only possible limit point is 0 and
|dy, | > eforall k € N). Hence if d ¢ co, then D is not compact by Proposition
0. 1.0l

Conversely, assume that de co. To see that D is compact, we will use
Proposition and show that A = D((¢,(N))1) is totally bounded. Thus

let € > 0 be arbitrary. Since d € ¢o there exists an N € N such that |dy| < s
for all n € N.

Since (K, || - || p) is finite dimensional, any closed bounded set is compact
and thus any bounded set is totally bounded. Since

AO = {(dlxl,.. .,deN) | (ml,.. .,ZEn) S BHHP[Q 1]}

is a bounded subset, we obtain that Ay is totally bounded. Hence there
exists a finite set {74}, of Bj. ||p[6, 1] such that if Z = (zg1,...,2kN) for
all k € {1,...,m}, then

Eg = {(dixk;-- - dNTE,N) Fiet

is an §-net for Ag.

For each k € {1,...,m}, let
2y = (Tk1,-- -, TEN,0,0,0,...).

Clearly Zj; € coo € £p(N) and ||z, = [[Zk[, < 1 for all k € {1,...,m}. We
claim that {D(Z})}}", is an e-net for A. To see this, let @ € A be arbitrary.
Hence there exists a ¥ = (yn)n>1 € £,(N) such that [y, <1 and D(y) = a.
Since (y1,-.-,yn) € Bj. ||p[(_f, 1], the fact that Dg is an §-net for Ay implies
there exists a k € {1,...,m} such that

€
I(dry1, ..., dvyn) — (dizka, - - - dyvae )|, < >
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Hence, when p # oo,

@ — D(Zk)l],

— ||(dnyn)n21 - (dlxk,b E) dek,Nv 07 Oa Oa <. )Hp
1
p

< l(dayr, -y dnyn) = (dazp s - - - dvae ), + (Z !djyj!p)
j=N
o0 € P
+ Z (2> |y;[”
j=N
1
o0 p
(50
j=N
€

<<+ Sl < e
2 2 p

S =

DN

_l’_

N ™
N o

(where the triangle inequality was used to obtain the first inequality). Since
a similar computation holds when p = oo, we obtain that {D(%;)}}2, is an
e-net for A. Therefore, since € > 0 was arbitrary, A is totally bounded so D
is a compact operator.

One nice corollary of Proposition is the following.

Corollary 6.1.8. If (X,|-|ly) and (Y, |- |ly) are Banach spaces, then
K(X,Y) is a closed subspace of B(X,)).

Proof. First, to see that K(X,)) is a vector subspace of B(X,)), let
T,5 € K(X,)Y) and « € K be arbitrary. To see that o'+ S is compact,
let (x)n>1 be an arbitrary bounded sequence in X. Since T is compact,
Proposition implies there exists a subsequence (2, )r>1 of (Z5)n>1 such
that (T'(xy, ))r>1 converges. Since S is compact, Proposition implies
there exists a subsequence (z,, )m>1 of (7n,)r>1 such that (S(zn,, ))m>1
converges. Hence (T'(wp, ))m>1 also converges so ((aT + S)(zn,, ))m>1
converges. Hence, since (x5, )n>1 was arbitrary, Proposition implies that
aT + S is compact. Thus K(X,)) is a vector subspace of B(X,)).

To see that K(X,)) is closed, assume (77,),>1 is a sequence in K(X,))
that converges to some T' € B(X,)). To show that T is compact, it suffices
by Proposition to show that T'(X}) is totally bounded. Thus let € > 0
be arbitrary. Since (T7,),>1 converges to T', there exists an N € N such that
|T — Ty|| < §. Moreover, since T (A1) is totally bounded by Proposition
there exists a finite subset {x}}}"; C & such that {Ty(zx)}7L, is an
%—net for TN(Xl).

We claim that {T'(xj)}}" is an e-net for T'(X;). To see this, let yo €
T (X1) be arbitrary. Hence there exists an 2o € X such that yo = T'(x).
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Since {Tn(xx)}}L, is an §-net for Tiy(&X1), there exists an j € {1,...,m}
such that || Ty (xo) — Tn(z5)|| < §. Hence

lyo = ()l < IT(20) = T (wo) | + T (x0) — Tiv (25)[ + 1T () — ()]
€
< T = TnlHlzoll + 5 + 1T = Tl ]

< ELELE
- t+-+-=e

3 3 3

Hence {T'(zy)}}~, is an e-net for T'(X;). Therefore, since € was arbitrary,
T'(AX)) is totally bounded and thus 7" is compact. Hence (X, )) is closed. =

More importantly, when combined with Corollary [6.1.8] the following
shows that the compact operators are an ideal in B(X') for any Banach space
X.

Corollary 6.1.9. Let (X, |- [l), (Y, |- [ly), and (2, - || z) be Banach spaces.
IfT e K(X,Y), Re B(),2), and S € B(Z,X), then RT € K(X,Z) and
TS € K(Z,)).

Proof. To see that RT is compact, let (x,),>1 be an arbitrary bounded
sequence in X. Since T is compact, Proposition [6.1.6] there exists a subse-
quence (zp, )k>1 such that (T'(xy, ))r>1 converges in Y. Therefore, since R is
continuous, (RT'(xy,))r>1 converges. Therefore, since (z,,),>1 was arbitrary,
Proposition [6.1.6] implies that RT is compact.

To see that T'S is compact, note since S is bounded that S(X}) is a
bounded subset of X. Hence Proposition implies that T(S(&X1)) =

TS(X1) is a compact subset of ). Hence T'S is compact. [

Finally, compact operators behave well with respect to adjoints.

Theorem 6.1.10. Let (X, |- [|y) and (I, -|ly) be Banach spaces. If T €
K(X,Y), then T* € K(V*, X*).

Proof. Let T € K(X,)). To show that T* € K(Y*,X*), it suffices by
Proposition to show that 7%())}) is totally bounded. Thus let € > 0
be arbitrary. Since T is compact, T'(X7) is totally bounded and thus there
exists {xy}7_; C &1 such that {T'(zx)}j_; is an §-net for T'(Xy).

Define R : Y* — K" by

R(f) = (f(T(xl))7 ) f(T(mn)))

for all f € Y*. Clearly R is a well-defined linear operator. Moreover, since
K™ is finite dimensional, R is a finite dimensional operator and thus compact.
Hence there exists {f;}72; C Y} such that {R(f;)}2; is an §-net for R(J}).

We claim that {T™(f;)}7L; is an enet for T*()7). To see this, let
g € Y be arbitrary. Since{R(f;)}7%; is an g-net for R(J)}), there exists a
Jo €{1,...,m} such that [[R(g) — R(fj,)ll < 5.
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We claim that |T*(g) — T™(fj,)|| < €. To see this, let x € X} be arbitrary.
Since {T(zx)};—; is an §-net for T'(A}), there exists a ko € {1,...,n} such
that || T'(x) — T'(xk,)| < §. Therefore

T (9) () = T (f5) ()]
= 19(T(x)) = f5o(T(x))]

9(T(x)) = g(T (ko)) + 19(T (ko)) = Fio (T (xho )| + [ 50 (T (ko)) = o (T())]
g1l IIT( ) T(@ro) [l + 1R(g) = B(Fi0)ll + [1Fso | 1T (ko) = T()]

<& 8
_3+3+3 €

Therefore, since x was arbitrary, we obtain that ||T7(g) —T%(fj,)|| < e.
Hence, since g was arbitrary, {T7(f;)}L; is an e-net for T*()}) thereby
completing the proof. N

6.2 Hilbert Spaces

We now turn to the nicest example of Banach spaces. Since a Banach space
is a complete normed linear space, and an inner product space is a normed
linear space with a norm induced by an inner product, by combining these
two notions we get the following. We refer a reader unfamiliar with inner
product spaces to Appendix

Definition 6.2.1. A Hilbert space is a complete inner product space.
A few of the spaces we have already seen are actually Hilbert spaces.

Example 6.2.2. The space (5(N) is a Hilbert space. Indeed if we define
(+,+) : £2(N) x lo(N) — K by

<(xn)n>l7 yn n>1 Z TnYn

for all (zn)n>1, (Yn)n>1 € €2(N), then (-, -) is well-defined inner product on
l5(N) (see Example [B.1.10]) that induces || - ||,. Since £2(N) is complete with
respect to || - ||y, 2(N) is a Hilbert space.

Example 6.2.3. For any measure space (X, .4, 1), the space La(X, u) is a
Hilbert space (and when X = N and p is the counting measure, we obtain
l5(N)). Indeed if we define (-,-) : La(X, u) X Lo(X, ) — K by

9) z/Xfﬁdu

for all f,g € Lo(X, p), then (-,-) is well-defined inner product on Lo(X, 1)
by Holder’s inequality (Theorem and the fact that integration against
1 doesn’t distinguish between functions that are equal p-almost everywhere.
Since (-,-) induces | - ||, and since La(X, ) is complete by the Riesz-Fisher
Theorem (Theorem [D.2.1]), we obtain that Lo (X, p) is a Hilbert space.
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In fact, we will show shortly that the above examples are really the only
examples of Hilbert spaces in existence. Before we get to that, we need to
analyze why Hilbert spaces are particularly nice. Since inner products give
length and angles to vector spaces, it is unsurprising that Hilbert spaces have
a ‘nicer geometry’ than Banach spaces. In particular, we have the following
which will be of use in developing the notions of orthogonality in infinite
dimensions.

Theorem 6.2.4. Let H be a Hilbert space and let C C H be a non-empty,
closed, convex subset of H. For each x € H there exists a unique point y € C
that is closest to x; that is

|z — z|| = dist(x, C)
if and only if z = y.
Proof. To begin, let d = dist(x,C). We will first demonstrate there exists a

point y € C such that ||z — y|| = d. By definition of the distance, for each
n € N there exists y, € C such that

1
o = yal® < & + —.
n

We claim that (yy,),>1 is Cauchy in #H. To see this, notice by the Parallelo-
gram Law (Theorem |B.1.18|) we have for all n,m € N that

lyn = ymll* = (@ = ym) — (= — ya)|®
= 2|z = yml* + 2|z — yal® = [|(z = ym) + (= = ya)

_ym+yn 2
2

2

=2w—yﬂﬁ+2m—ym2—4k

1 1
<2<d2+>+2<d2+>—4d2
n m
2 2

n m

(where the third to fourth line follows since W € C since C was convex).
Hence we obtain that (yy,),>1 is Cauchy in H. Therefore y = lim, 00 yn
exists since H is complete. Since C was closed in H, we obtain that y € C.
Furthermore, since

[z =yl = lim |lz—ya| <d,

n—oo
we obtain that ||z — y|| = d.
To see that y is the unique vector with this property, assume z € C' is
such that ||z — z|| = d. A similar computation to the one above show that

Y+ z 2

2

\@—dﬁ—mu—mf+2m—zW—4%

< 2d% +2d% — 4d® = 0.

Hence y = z as desired. ]
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Of course it would be nice to be able to determine the vector y in Theorem
[6.2:4] In general this is a difficult task for arbitrary closed convex subsets of
Hilbert spaces. However, closed vector subspaces of a Hilbert space are an
abundant collection of examples of closed convex sets for which we can solve
this problem!

To begin, we must use the geometry of Hilbert spaces and the following.

Definition 6.2.5. Let (V,(-,-)) be an inner product space and let S C V.
The orthogonal complement of S in V is the set

St={zeV | (x2) =0foral z € S}.

Example 6.2.6. The orthogonal complement of the z-axis in R? with
respect to the standard inner product is the y-axis. Similarly, the orthogonal
complement of the y-axis in R3 with respect to the standard inner product
is the yz-plane.

Remark 6.2.7. Clearly if S C V, then S is a closed vector subspace of

V. Furthermore S+ = (span(S))* and S+ = (S)*. Thus the notion of the
orthogonal complement is really a notion for closed vector subspaces of inner
product spaces.

Returning to Theorem [6.2.4], we can obtain a description of the closed
vector using orthogonal complements.

Theorem 6.2.8. Let H be a Hilbert space and let K be a closed subspace of H.
Given x € H and y € K, ||z — y|| = dist(x, K) and and only if z —y € K*.

Proof. First assume y € K is such that ||z — y|| = dist(z, £). To see that
x —y € K-, suppose for the sake of a contradiction that there exists a z € K
such that o = (z — y,2) # 0. Note this implies z # 0. By scaling z if
necessary (changing the value of a), we may assume that ||z|| = 1.

Consider the vector v = y + az which is an element of K since K is a
vector subspace. Then

|z —v)* = (x—y—az,2 —y — az)
2 — 2
=llz —yl* — alz,x —y) —a(z —y, 2) + o |12
2
=z =yl - [
< dist(z, K)?,
which is a contradiction since v € K. Hence it must be the case that
r—yekt.
Conversely, assume x —y € K+. Clearly ||z — y|| > dist(x, K) whereas
for all z € IC,

lz = 2[* = Iz = y) = (= = )II”

= [lz —yll* + Iz = ylI* > [|lz — y|I”
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by the Pythagorean Theorem since z — y € K (since K is a vector subspace)
and z —y € K+, Hence ||z — y| = dist(z, K). n

Using the above, given a Hilbert space ‘H and a closed subspace K, we
can decompose H nicely.

Theorem 6.2.9. Let H be a Hilbert space and let K be a closed subspace of
H. Then H =K & K*; that is, every element x € H can be written uniquely
as a sum of elements from IC and K-. Moreover, for ally € K and z € K+,

2 2
ly + 2l < /llyll™ + ll=)1"

Proof. Let x € H. By Theorems and there exists a unique vector
y € K such that z = z —y € Kt. Hence, since z = y + z, we obtain that
H = K + K*. Furthermore, the uniqueness follows from the uniqueness of y.
The norm inequality then follows from the Pythagorean Theorem. ]

In particular, since the orthogonal complement of any set is a closed
subspace of a Hilbert space, we see that any closed subspace of a Hilbert space
is topologically complemented in an orthogonal way. Using the following
theory of topological complements, we obtain a nice bounded idempotent
linear map related to this decomposition.

Proposition 6.2.10. Let (X, || -||) be a Banach space and let ) and Z be
closed subspace of X. Then Y and Z are topological complements if and
only if there exists a bounded linear map E : X — X such that E* = E,
Im(E) =Y, and ker(E) = Z.

Proof. Assume ) and Z are topological complements. Thus for each z € X
there exist unique y € Y and z € Z such that x = y 4+ z. Consider the map
©:)Y P Z — X defined by

O((y,2)) =y + 2

for all y € YV and z € Z. Clearly © is a well-defined bijective linear map.
Moreover, since

1Oy, 2Nl = lly +2llx < lyllx + 212 = lI(y, 2)lly 5

we see that © is bounded. Hence the Inverse Mapping Theorem (Theorem
implies that © is an isomorphism.

Define 7 : Y @1 Z2 — Y by 7((y,2)) =y for all y € Y and z € Z. Clearly
7 is a well-defined bounded linear map due to the norm structure on Y @1 Z.
Thus if we define £ : X - Y C X by E=n007!, then F is a well-defined
bounded linear map. Moreover, notice by construction that for each x € X if
y € Y and z € Z are the unique elements such that x = y + z then E(x) = y.
Thus it readily follows that E2 = E, Im(E) = Y, and ker(E) = Z.
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Conversely, assume E : X — X is a bounded linear map such that
E? = E,Im(E) = Y, and ker(E) = Z. Notice if y € Im(E), then y = E(x)
for some x € X and thus

E(y) = E*(z) = E(z) = y.

Thus, since Z = ker(FE), we easily see that YNZ = (). To see that X = Y+ Z,
let © € X be arbitrary. If y = E(z) and z = 2 — E(z), then y € Im(E) = Y,
r=y+zad

E(z) = E(z) — E(E(x)) = E(x) — E(z) = 0
so z € ker(F) = Z. Hence ) and Z are topologically complemented in X. n

Corollary 6.2.11. Let ‘H be a Hilbert space and let K be a closed vector
subspace of H. There is a unique linear map P : H — K C H such that
P(z) =z for all x € K and P(y) = 0 for all y € K*+. The linear map
P is called the orthogonal projection of H onto K. Furthermore, P is
bounded with ||P|| < 1 (with equality whenever K # {0}), P> = P, and
lx — P(z)|| = dist(x, K) for all z € H.

Proof. By Theorem and Proposition there exists a bounded
linear map P : H — H such that P? = P, Im(P) = K, and ker(P) =
KC+. Since for each x € H we may write 2 = y + 2z with y € K (such
that ||z — y|| = dist(x,K)) and 2z € K+, and since P(z) = y, we see that
|z — P(x)| = dist(z, L) and

2 2 2 2 2
IP@)I" = llyll” < lyll” + l[=0" = ll=]
for all x € H so ||P|| < 1. ]

It is elementary to verify that if P is the orthogonal projection onto
a subspace K and Iy : H — H is the identity map, then Iy — P is the
orthogonal projection on K .

We will see how useful orthogonal projections are in the following section.
For now, we can use the concept of a direct sum in Hilbert spaces to prove
the following.

Corollary 6.2.12. Let H be a Hilbert space and let S C H be non-empty.
Then (S+)*+ = span(9).

Proof. To begin, let x € span(S) be arbitrary. Thus there exists a sequence
(n)n>1 of elements of span(S) such that z = lim,_, zp. Let y € St be
arbitrary. Then

(z,y) = lim (zn,y) =0

since y € St and z, € span(S) for all n. Therefore, since y € S+ was
arbitrary, z € (S+)*. Thus, since x € span(S) was arbitrary, span(S) C
(S4)*.
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For the other inclusion, let z € (S+)* be arbitrary. Since span(S)
is a closed vector subspace, Theorem implies there exists a vector

y € span(S) such that z —y € span(S’)L. Notice for all z € span(.S) that
<l’ - Y, Z> =0
. e . — L
since x —y € span(S) . Similarly, if z € span(S)~ then z € S— so

(x —y,z) = (x,2) — (y,2) =0—-0=0.

Therefore, since every vector in H can be written as the sum of elements from
span(S) and span(S)L, we obtain that (x —y,z) = 0 for all z € H. Hence
by choosing z = x — y, we obtain that x = y € span(.S). Therefore, since
x € (S1)* was arbitrary, we obtain that (S+)* C span(S) as desired. ]

6.3 Isomorphisms of Hilbert Spaces

Using the theory of orthogonal projections, we can develop a notion of bases
for Hilbert spaces that is far superior to taking a vector space basis. In
particular, recall from Theorem that any vector space basis for an
infinite dimensional Banach space must be uncountable. Thus we desire ‘nice’
bases for Hilbert spaces that to avoid this problem and use the geometry of
Hilbert spaces. These nice bases will also produce a way for us to identify
all of the possible Hilbert spaces! Thus we begin with the following.

Definition 6.3.1. Let (X, || - ||) be a normed linear space. An element z € X
is said to be a unit vector if ||x| = 1.

Definition 6.3.2. Let H be a Hilbert space. A subset {eq}qen is said to be
an orthonormal set if each e, is a unit vector and (eq,eg) =0 o, f € A with
a # [ (i.e. an orthogonal set of unit vectors).

Remark 6.3.3. It is not difficult to see that every orthonormal set of vectors
is automatically linearly independent. Indeed assume {e, }qep is orthonormal
and there exists aq,...,a, € A and aq,...,a, € K are such that

Z Aoy, =

For each j € {1,...,n}, taking the inner product with e,, produces

n

0={ Oeaj :Z eak,ea] = aj.

Hence a; =0 for all j € {1,...,n} so {eq}aen is linearly independent.
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We desire to construct special orthonormal sets. Unfortunately, unlike
with finite dimensional theory that students may have seen previously, the
notion of spanning orthonormal sets is not the correct notion for infinite
dimensional Hilbert spaces.

For the correct notion, given a Hilbert space H let £y denote the set of
all orthonormal subsets of H. Notice we may place a partial ordering on £y
via inclusion. Since the union of any chain of orthonormal sets under this
ordering is an upper bound for the chain (and since £y # 0)), Zorn’s Lemma
implies there is a maximal element of £y under inclusion. These are the
objects we are after.

Definition 6.3.4. Let H be a Hilbert space. An orthonormal basis of H is
a maximal orthonormal set.

Example 6.3.5. For n € N consider the vectors é1,...,¢e, € K" where for
each j € {1,...,n}
€; =(0,0,...,0,1,0,...,0)

where the unique 1 occurs in the j* spot. Clearly & = {é1,...,&,} is
orthonormal with respect to the standard inner product. Assume that &
were not a maximal orthonormal set. Then there would exist a vector
= (21,...,2,) € EX with ||| = 1. The fact that z € £ implies

0:<x7€j>:$j

forall j € {1,...,n}. Thus x = 0, an obvious contradiction. Hence & is an
orthonormal basis for K.

Example 6.3.6. For each n € N let €, € /3(N) be the sequence with a
1 in the n'" entries and Os everywhere else. By the same arguments as
Example E = {€,}52, is an orthonormal basis for ¢5(N). However,
it is elementary to see that £ does not span ¢2(N) (indeed the sequence
(1),>1 € £5(N) is not a finite linear combination of elements of £).

Remark 6.3.7. Using the argument preceding Definition [6.3.4], it is easy
to see if F is an orthonormal subset of a Hilbert space H then there exists
an orthonormal basis € for H containing F (i.e. restrict the Zorn’s Lemma
argument to orthonormal sets containing F).

In the finite dimensional world, we recall we even have an algorithm for
constructing orthonormal bases.

Theorem 6.3.8 (Gram-Schmidt Orthogonalization Process). Let V
be an inner product space and let L = {1, ...,9,} be a linearly independent

subset of V. Then there exists an orthonormal set O = {€é1,...,€,} such
that span(L) = span(O).
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Proof. Since ¥ # 0 as L is linearly independent, let & = mvl. Then
1 1
el = | ot | = o el = 1
71 [71]]
Assume for some k € {1,...,n — 1} we have constructed €y, ..., € such
that {€1,...,éex} is orthonormal and {éi,...,€ek, Ukt1,...,0n} is linearly

independent with the same span as L. Let

k

Trop1 = Up1 — D _ (U1, €)€;.
=

Since {é1,..., €} is orthonormal, it is easy to see that ¥4 is orthogonal
to {€1,...,€x}. Furthermore, since {€1, ..., €, Ux+1} is linearly independent,
we see that &y is non-zero and {€7, ..., €k, Txt1, Vgt2,-- ., Un} is linearly inde-
pendent. If we define €11 = mfk.ﬁrl, we easily obtain that {é1, ..., €1}
is orthonormal and {é1,..., €11, Ukto,..., U} is linearly independent with
the same span as L. The proof is then complete by recursion. ]

Remark 6.3.9. The proof of the Gram-Schmidt Orthogonalization Process
actually makes use of a formula for the orthogonal projection onto a finite
subspace. Notice that if I is a finite dimensional vector subspace of a
Hilbert space H, K is closed by Corollary and the Gram-Schmidt
Orthogonalization Process implies K has a orthonormal basis which is a
vector space basis, say {é1,...,é,}. If P is the orthogonal projection onto

K, we claim that
n

k=1
for all z € H. Indeed if y denotes the right-hand side of the above expression,
clearly x — y is orthogonal to each &, and thus z —y € Kt. Since P(x) is
the unique vector such that  — P(z) € K+ by Theorems [6.2.4 and [6.2.8]

and by Corollary [6.2.11] we obtain that y = P(x).

Although orthonormal bases for finite dimensional vector subspaces are
useful for the above projection formula, since orthonormal bases need not be
vector space bases in infinite dimensional Hilbert spaces, we must ask, “How
close are orthonormal bases to actual vector spaces bases?” We will see that
orthonormal bases are ‘bases with respect to analytic conditions’ To begin,
we first note the following result for countable orthonormal bases.

Theorem 6.3.10 (Bessel’s Inequality, Countable). Let H be a Hilbert
space and let {eq}aecn be an orthonormal set with A countable. For each

reH
>z ea)* < |z

aEA
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Proof. Without loss of generality A = N (the proof of the result for finite A
is contained within). For each n € N, let K,, = span({ey,...,e,}). Then, if
P, is the orthogonal projection onto IC,,, we obtain for all x € H that

lz)* > ||1P ()|

by the Pythagorean Theorem (Theorem|B.1.17)), Corollary|6.2.11]and Remark
Hence the result follows by taking the limit as n tends to infinity. m

Using Bessel’s Inequality for countable orthonormal sets, we obtain the
following important result in the case of uncountable orthonormal bases.

Lemma 6.3.11. Let H be a Hilbert space and let {eq}acp be an orthonormal
set. For each x € H the set {a € A | (z,e4) # 0} is countable.

Proof. For each n € N let

1
En—{aeA’<m,ea>]>n}.

We claim that each &, is finite. Indeed suppose for the sake of a contradiction
that &, is infinite. Hence there exists a collection {cu, }men C &, such that
am # o whenever k # m. Therefore we obtain by Theorem [6.3.10] that

1
2 2
[z]]* > > Kz, eam)® > D =,
n

meN meN

which is impossible. Hence each &, must be finite.
Since
{a e A | (x,eq) #0} = U En,
neN

the set under consideration is a countable union of countable sets and thus
is countable. ]

Using the above, we immediately obtain a version of Bessel’s Inequality
for uncountable sets. In that which follows, we will be summing non-negative
real numbers over an uncountable set via nets. However, since only countable
many terms in the sum are non-zero, this sum can be thought of as a
countable sum of positive real numbers.

Theorem 6.3.12 (Bessel’s Inequality). Let H be a Hilbert space and let
{ea}acn be an orthonormal set. For each x € H

> Hzyea)l® < el

a€A
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Corollary 6.3.13. Let H be a Hilbert space and let {es}acp be an orthonor-
mal set. For each x € H the sum

Z(w,ea>ea

a€EA
CONVETGES.

Proof. By Lemma [6.3.11], only a countable number of coefficients in this
sum are non-zero. By Theorem we obtain that the sum (by which
we mean sum the countable number of terms with non-zero coefficients) is
absolutely summable. Hence the sum converges by Theorem since H is
complete. ]

Finally, we obtain the characterization of an orthonormal basis that shows
orthonormal bases are good analytical bases for Hilbert spaces.

Theorem 6.3.14. Let {eq}aen be an orthonormal set in a Hilbert space H.
The following are equivalent:

(1) {ea}taca is an orthonormal basis for H.
(2) span({eq}aca) is dense in H.

(3) Forallz € H, =3 ,cr (T, €a)€a-

(4) For allz € H, |[z]* = Coen [(z, ea) .

Proof. To see that (1) implies (2), assume {eq }oecn is an orthonormal basis for
H. If span({eq }aecn) is not dense in H, then K = span({eq }aeca) is a closed
vector subspace of # that is not equal to . Hence K+ # () by Theorem
so K1 must contain a vector z of length 1. Since z is orthogonal to
each element of IC and thus each ey, we obtain that {x} U {eq}aen is an
orthonormal set which is larger than {e, }q4ea. Since this contradicts the fact
that {eqs }aca is a maximal orthonormal set, we have obtained a contradiction.
Hence (1) implies (2).

To see that (2) implies (3), let € H be arbitrary. By Corollary
the vector y = > ,ca (%, €a)eqn is an element of H. Hence there exists an
increasing sequence of finite subsets A, of A such that

y = lim Z (x,eq)eq-
QEAn

Therefore, by the continuity of the inner product, we obtain that

<$ - Y, ea> = nh%Holo <$ - Z <$,€a>€a,€5>

aEA,
- nhanc}o<x’ €5> - XA: (:L‘, 60‘><ea’ 65>
acNy
=0
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for all 3 € A. Hence z — y € (span({eq tacr))™ = H' = {0}. Thus z = y as
desired. Therefore, since z € H was arbitrary, (2) implies (3).

To see that (3) implies (4), let € H be arbitrary. Notice there exists an
increasing sequence of finite subsets A,, of A such that

x = lim Z (x,eq)eq and Z (z,eq) | = nangO Z |z, eq)|?.

n—00
aEN, acA aEN,

Thus, by the continuity of the inner product

”.TU”2 — nh_}rgo< Z (x,eq)eq, Z <:r,ea)ea>

aEAn OLEAn

1 2
= lim > [(z,eq)

OLGAn

= Z ‘(x? €a>‘2-

a€EA

Hence (3) implies (4).

Finally, to see that (4) implies (1), suppose for the sake of a contradiction
that {eq }aeca Was not an orthonormal basis. Thus there exists a vector x € H
such that ||z[* = 1 yet 2 is orthogonal to each e,. However, the formula in
(4) then implies 1 = 0 which is impossible. Hence {eq }qcp is an orthonormal
basis. [

Using the same arguments as in Remark [6.3.9] we obtain a version of the
orthogonal projection formula for infinite dimensional subspaces.

Corollary 6.3.15. Let K be a closed vector subspace of a Hilbert space H.
If {ea}acn is an orthonormal basis for IC and P is the orthogonal projection

of H onto IC, then for all x € H

P(z) = Z(x,ea>ea.

a€EA

Using orthonormal bases, we can completely characterize all Hilbert
spaces in existence. The following is our first step.

Proposition 6.3.16. If H is a Hilbert space then any two orthonormal basis
for H have the same cardinality.

Proof. If ‘H has a finite orthonormal basis, then # is finite dimensional. Since
each orthonormal basis for a finite dimensional Hilbert space is a vector space
basis, the result trivial follows. Hence we will assume H has only infinite
dimensional orthonormal bases.

Let {eq}ace and {fg}ger be orthonormal bases for H. Recall for each
«a € & the set

Fo={B€F | (ea; f5) # 0}
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is countable by Lemma [6.3.11] Furthermore, by Theorem |6.3.14] applied to
{ea}ace, for each B € F there exists an a € £ such that g € F,,. Therefore
F = Uapee Fa s0, since |Fo| < |N|,

[FI < INJIE] = |€]

by cardinality theory. By replacing the roles of F and £, we obtain that
IE| < |F| so |E| = |F| as desired. n

Because of Proposition [6.3.16, we can now make the following definition.

Definition 6.3.17. The dimension of a Hilbert space H, denoted dim(H),
is the cardinality of an orthonormal basis for H.

Unsurprisingly, two Hilbert spaces will be “the same” if they have the
same dimension. To formalize this, we must discuss the appropriate notion
of isomorphism for Hilbert spaces.

Definition 6.3.18. Let #; and Hs be Hilbert spaces. A unitary operator
from H;y to Hs is a surjective linear map U : H1 — Hs such that

(U@), Uy))ns = (@ 9)m
for all x,y € H.

Note since [|U(x)[l3, = [|z[ly, for all x € Hy, unitary operators are
injective (and thus bijective). Since clearly U~! will also be a unitary
operator, the following defines an equivalence relation on the class of all
Hilbert spaces.

Definition 6.3.19. Two Hilbert spaces H1 and Hs are said to be isomorphic
if there exists a unitary operator from Hi to Ho.

Finally we can now characterize Hilbert spaces via their dimensions.

Theorem 6.3.20. Let Hi and Ho be Hilbert spaces. Then Hi and He are
isomorphic if and only if dim(H1) = dim(Hs).

Proof. First assume H; and Ho are isomorphic. Therefore there exists a
unitary operator U : H1 — Ha. Let {eq}aeca be an orthonormal basis for #H;.
By the definition of a unitary, we see that {U(eq)}aea is an orthonormal
set. Furthermore, Theorem implies that span({eq}aca) is dense in H;
so, since U is a linear map and a homeomorphism, span({U(ey)}aecp) must
also be dense in Hy. Hence {U(eq)}aca is an orthonormal basis of Ha by
Theorem [6.3.14] Hence dim(H;) = |A| = dim(Hs2) as desired.

For the converse direction, we note that since isomorphism of Hilbert
spaces is an equivalence relation that it suffices to prove the following.
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Corollary 6.3.21. Let H be a Hilbert space and let A be a set such that
|A| = dim(H). Then H is isomorphic to the Hilbert space

{a€A| f(a)#0} is countable
l(AK) = {f A K a3 @) <oo }

equipped with the inner product

(fs D esa) = Y, f(@)g(a).

aEA

Proof. First we must proof that f2(A,K) together with the inner product
described is indeed a Hilbert space. The proof that (f,g)s, k) is a well-
defined inner product is as in Example The proof that f2(A,K) is a
Banach space follows from the Riesz-Fisher Theorem (Theorem by
taking the counting measure g on A and equating Lao(A, ) with fo(A, K).
Hence /2(A,K) is a Hilbert space.

To complete the proof, let {e,}oca be an orthonormal basis of H. Define
U:H — ly(AK) by

U(h)() = (b, eal

for all « € A and h € H. Note if h € H then U(h) is indeed an element of
l5(A,K) by Bessel’s inequality (Theorem [6.3.12). Hence U is a well-defined
linear map that maps the orthonormal basis {e,}acp to the orthonormal
basis { fa}aca Where
1 =«
0 B#a
Therefore Theorem [6.3.14] implies that U is surjective. To see that U is a

unitary (and thus injective), notice for all z,y € H that by Theorem [6.3.14
and the fact that the inner product is continuous in each entry, we have

fa(ﬁ) = {

U@), U ear) = (T ea)nlea y)n

aclA
= Z <<.%', ea)’i—leou <€aa y>H€a>’H
aceA
= Z <<.ZL', ea>’H€a; <€/3, y>7‘[65>’H
a,BEA
= <Z (7, ea)tCa Z<657y>7{65>
acA BeEA H
= <:Ea y>7‘l
Hence U is a unitary so H is isomorphic to ¢2(A, K). ]
This completes the proof of Theorem [6.3.20 ]
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6.4 Bounded Linear Operators on Hilbert Spaces

With the above theory of Hilbert spaces complete, we turn our attention to
bounded linear functions on Hilbert spaces. In particular, we will be able to
quickly characterize the dual space of any Hilbert space. This leads us to
a particular behaviour of the adjoints and a theory of the bounded linear
operators on a Hilbert space. We begin with the following.

Theorem 6.4.1 (Riesz Representation Theorem). Let H be a Hilbert
space. For each y € H define ¢, : H — K by

py(2) = (2, y)

for allx € H. Then ¢, € H* for ally € H.
Moreover, if we define ® : H — H* by

D(y) = oy
for all y € H, then ® is a conjugate linear, isometric, and bijective.

Proof. To begin, it is elementary to see that ¢, is a linear map for all y € H.
To see that ¢ is continuous, note by the Cauchy-Schwarz inequality that

oy (@) < =]l ][yl

for all z € H. Hence ¢ is continuous and ||| < |ly]|

To see that [|¢y|| = ||y| thereby Showmg ® is isometric, notice said
equality is trivial if y = 0. Otherwise let z = Ty Hy so that z is a unit vector.
Since

py(2) = <H;H“> = iyl

the other equality follows.

It is elementary to verify that ® is conjugate linear. Moreover, since ® is
isometric, ® is injective. To see that & is surjective, let ¢ € H* be arbitrary.
If p(x) = 0 for all x € H, then clearly ¢ = ¢5. Otherwise, assume ¢ is not
the zero linear functional. Hence ker(y) is a closed vector subspace of H
that does not equal . Thus there exists a vector z € ker(¢)* \ {0}. Since
©(z) # 0, by scaling z if necessary, we may assume that ¢(z) = 1.

We claim that span({z}) = ker(¢)*. To see this, it suffices to show that
if 21 € ker(¢)®\ {0} and ¢(z1) = 1, then z = z;. Indeed if z; has the desired
properties, then z — z; € ker(¢)* and

plz—21)=1-1=0

so z — 21 € ker(p). Hence z — 21 € ker(p) Nker(p)t =
desired. Hence span({z}) = ker(p)* and thus {z}* = ke
0.2.12)

{0} so z = 2 as
r(¢) by Corollary
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Since z # 0, let y = %z Therefore {y}+ = {2} = ker(¢). We claim

ll=l

that ¢ = p,. To see this, we notice for all z € ker(p) that z € {y}* so

(z,y) =0=p(z).
Otherwise, if z = By for some 5 € K, we see that

o(x) = Bo(y)
- ﬁnzl”ng)
B

K
B
= W<Zaz>

= (z,y).

Therefore, since H = ker(p) @ ker(p)* = ker(¢) @ span({y}) by Theorem
it follows that ¢ = ¢, as desired. []

Clearly the Riesz Representation Theorem (Theorem shows that
Hilbert spaces are reflexive and thus the weak and weak*-topologies on a
Hilbert space are the same. In fact, the whole point of examining reflexive
Banach spaces is that they behave more similarly to Hilbert space than other
Banach spaces.

Of course, a characterization of the dual space immediately gives us some
results based on our knowledge of linear functionals

Corollary 6.4.2. Let H be a Hilbert space. If x € H then

[z]] = sup{[(z, y)[ | y € 1, [ly] < 1}.
Proof. This follows immediately from Corollary n
Corollary 6.4.3. Let H and K be Hilbert spaces and let T : H — IC be
linear. Then
IT] = sup{|{T'(x), y)x| | = € H,y € K, |zl lyllc <1}
(with both sides being infinity if T is not bounded).

Moreover, if H and K are Hilbert space and T' € B(H, K), we know the
Banach space adjoint 7% of T is an element of B(K*, H*), which can be
identified as an element of B(K,H) via the Riesz Representation Theorem
(Theorem . Due to the identification of dual spaces, the Banach space
adjoint of an operator between two Hilbert spaces can be alternatively defined
as follows and is known as (Hilbert space) adjoint of T. We include the
following construction as an alternative method.
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Theorem 6.4.4. Let H and K be Hilbert spaces and let T € B(H,K). Then
there exists a unique linear map T € B(K,H) such that

forallz € H and y € K. Furthermore ||T*| = ||T.

Proof. Fix T € B(H,K). For each y € K, consider the linear map f,, : H — C
defined by

for all x € H. Since

[fy(@)l = (T (@), vl < 1T @)l [yl < 1T 12l ylic

via the Cauchy-Schwarz inequality, we see that f, is a bounded linear map.
Therefore, by the Riesz Representation Theorem (Theorem [6.4.1)) there exists
a unique vector, denoted 7,7 € H such that

(T'(x),y)xc = fy(x) = (&, T)n

for all x € H.
We claim that the map 7% : K — H defined by T*(y) = T, is a bounded
linear map. To see linearity, notice for all z € H, y1,y2 € K, and o € K that

(@, Ty, ay,)

» Ly +aye T(IL'), Y1 + ayQ)IC

=
= (T(z),y1)c + a(T'(2), y2)k
= (&, T ) + e, T
= (z,T,, + Ty, ).

Therefore, since the above holds for all € H, we see (for example, by the
uniqueness part of the Riesz Representation Theorem (Theorem [6.4.1])) that

T*

_ % *
yitays = Ly, T Ty,

Therefore, since y1,y2 € K and a € K were arbitrary, T™ is linear.
To see that T™ is bounded, we notice that

sup{[(T*(y), 2)u| | = € H,y € K, [lxlly [yl <1}
= sup{[(y, T(x))x| | z € H,y € K, [[zllyy, lyllx <1}
= sup{[(T'(z),y)x| | z € H,y € K, [|zlly, lyllxc <1}
=17l

Thus it follows from Corollary that 7™ is bounded with || 77| = ||T.
Finally, uniqueness of T comes from construction and the uniqueness in the
Riesz Representation Theorem. ]
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Remark 6.4.5. Note if H and K are Hilbert spaces and T' € B(H, K), then

(x, T*(y))n = (T*(y), x)n = (y, T(x))x = (T(x),y)x
for all y € K and =z € H.

Of course, the Hilbert space adjoint has the same properties as the Banach
space adjoint from Proposition Note due to the conjugate linearity
in the isomorphism between H and H* that the Hilbert space adjoint is
conjugate linear. Moreover, since H** = H, the Hilbert space adjoint has
square equal to the identity. We note the following are trivial to prove based
on the above definition.

Lemma 6.4.6. Let H, IC, and L be Hilbert spaces. Then
(1) (T+S)*=T*+8* forall T,S € B(H,K),

(2) (aT)* =aT™* for allT € B(H,K) and o € K,

(8) (T*)* =T for all T € B(H,K), and

(4) (ST)* =T*S* for allT € B(H,K) and S € B(K,L).

At this point we can finally explain why the notation we are using for the
adjoint is the same as the notation used in linear algebra for the conjugate
transpose.

Proposition 6.4.7. Let ‘H be a complex separable Hilbert space and let
E = {en}ner be an orthonormal basis for H (so either I is finite or countable).
If T € B(H), then the matrixz of T* with respect to £ is the conjugate transpose
of the matriz of T with respect to .

Proof. Recall the (n, m)-entry of the matrix of T" is (T'(ey,), €5,) whereas the
(m, n)-entry of the matrix of T is

(T"(en); em) = (€n, T'(em)) = (T'(em), €n)
as desired. n

Example 6.4.8. Let A € M,,(K) and define Ly : K* — K" by La(z) =
Az for all z € K™ (where we write x as a column vector and use matrix
multiplication). Then (L4)* = L4~ by Proposition

One surprising useful result related to the norm of an adjoint is the
following.

Theorem 6.4.9. Let H be a Hilbert space and let T € B(H). Then |T||*> =
[T=T.
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Proof. First, we note for all x € H that
1T*(T @) < 1T @) < (TN ] -

Hence | T*T| < ||T*|| | T]| = |T* since |7 = ||T| by Theorem [6.4.4}
To see the other inequality, notice that

ITI* = sup{|IT(@)* | = € H, Jally < 1}
=sup{(T(z),T(x)) | = € H,|[|lz]l <1}
= sup{(T"T(x),z) | x € H, x|y <1}
<sup{(T"T(x),y) | .y € H, [lzlly, lylly < 1}
= [T

by Corollary [6.4-3] n

To further our study of bounded linear operators on Hilbert spaces, we
desire a deeper analysis of the orthogonal projections. To begin, we prove
the following which further relates an operator and its adjoint.

Lemma 6.4.10. Let H and K be Hilbert spaces and let T € B(H,K). Then
(T*)* =T and
(Im(T))* = ker(T™).

Hence Im(T) = ker(T*)*.

Proof. Since (T*)* = T by Lemma m clearly Im(7T) = ker(T*)* will
follow from (Im(7'))* = ker(T*) using Corollary [6.2.12]

To prove that (Im(T))* = ker(T*), let = € ker(T*) be arbitrary. If
y € Im(T) is arbitrary, then there exists a vector z € H such that y = T'(z).
Hence

(y.2)c = (T(2),2)c = (2, T" (@) = (2,005 = 0.

Therefore, since y € Im(T) was arbitrary, it follows that = € (Im(7))" .
Hence, since z € ker(T*) was arbitrary, ker(7*) C (Im(T))*.

For the other direction, let z € (Im(7'))* be arbitrary. Then for all y € H
we see that

(T(2),y)n = (2, T(y)x =0

since T'(y) € Im(T) and = € (Im(7T))*. Therefore, since y € H was arbitrary,
we see (for example, by the uniqueness part of the Riesz Representation
Theorem (Theorem ) that = € ker(T*). Hence, since z € (Im(7T))* was
arbitrary, ker(T*) = (Im(7T))* as desired. N

Thus we arrive at an alternative characterization of the orthogonal
projections.
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Proposition 6.4.11. Let H be a Hilbert space. An element P € B(H) is
an orthogonal projection onto a closed vector subspace of H if and only if
P? = P and P* = P.

Proof. Assume P is the orthogonal projection onto a closed vector subspace
IC of H. Since we have previously seen that P? = P, it suffices to show
that P* = P. To see this, let x,y € H be arbitrary. By Theorem [6.2.9| we
can write © = xp 4+ x¢ and y = yp + yo where zp,yp € K and zg, yg € K.
Therefore we have that

P(xp)=xzp, P(yp)=yp, Pxy= 6, and Pyg = 0.
Hence

(P*(z),y) = (z, P(y))

= (zp + xo, P(yr + y0))
= (zp + 20, YP)

= (zp,ypr) + (0, ypP)

= (zp,yp)

= (zp,yp) + (TP, Yo)

= (zp,ypP) + Yo)

= (P(zp + 20),yP) + ¥0)
=

P(x),y).

Therefore, since the above holds for all y € H, we see that P*(x) = P(z) for
all z € H. Hence P* = P as claimed.

For the other direction, let P € B(H,H) be such that P? = P = P*.
Thus K = ker(P) is a closed vector subspace. Notice by Lemma that

Kt = ker(P)t = Im(P*) = Im(P).

We claim that P is the orthogonal projection onto Im(P). To see this, first
we notice that

m(P) = (KLYt =k

by Corollary [6.2.12] Therefore, since P(z) = 0 for all z € K, it suffices to
show that P is the identity on Im(P). If x € Im(P), then x = P(y) for some
y € ‘H and thus

P(z) = P2(y) = P(y) = a.

Therefore, P is the identity on Im(P). Hence P is the identity on Im(P) by
continuity. Thus the result follows. [ |

Orthogonal projections are examples of the following useful class of
operators, which are a generalization of those studied in linear algebra.
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Definition 6.4.12. Let H be a Hilbert space. An element T € B(H) is said
to be self-adjoint (or Hermitian) if T* =T.

An alternative characterization of self-adjoint operators is as follows.

Proposition 6.4.13. Let H be a Hilbert space over C. Then T € B(H) is
self-adjoint if and only if (T'(h),h) € R for all h € H.

Proof. Clearly if T is self-adjoint, then T* =T so
(T'(h),h) = (h,T(h)) = (T"(h), h) = (T'(h), h)

for all h € H. Thus (T'(h),h) € R for all h € H.
Conversely, assume (T'(h),h) € R for all h € H. Hence

(T7%(h), h) = (h,T(h)) = (T'(h),h)
for all h € H. Thus the Polarization Identities (Theorem [B.1.20)) imply that
(T*(h), k) = (T(h), k)
for all h,k € H and thus T* =1T. ]

In fact, we can examine isometries and thus unitaries using adjoints as
follows.

Proposition 6.4.14. Let H and K be Hilbert spaces and let V € B(H,K).
The following are equivalent:

1 V'V = Iy
2. \V(x)|lc = x|y for all x € H (that is, V is an isometry).

3. (V(2),V(Y)k = (#,y)n for all z,y € H.
Proof. First, to see that (1) implies (2), assume (1) holds. Then for all x € H

IV (@)l = (V(@), V(@) = (V*V (@), 2)n = (2, 2)n = |23, -

Hence (2) holds so (1) implies (2)
Next, to see that (2) implies (3), assume (2) holds. By the same proof of
the Polarization Identity (Theorem |B.1.20)), we see that

V() Ve = 3 IVE) + VI - V@) - V)P
1

1 2 1 o2
=1 1V (z+y)l 1 1V (z—y)

1 2 1 2
Y P
= <‘T7y>'H
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if K=R and
1< 2
V@), Ve =7 Y ||[V@) +i V)|

IS s

gLt

if K = C. Hence (3) follows so (2) implies (3)
Finally, to see that (3) implies (1), assume (3) holds. Then for all z,y € H
(In(@), y)n = (@, y)n = (V(2), V(Y = (VV(2), y)n.

Hence it follows that V*V = I as desired. ]

Corollary 6.4.15. Let H and K be Hilbert spaces and let U € B(H,K). The
following are equivalent:

1. U*U = Iy and UU* = Ix.
2. |U(x)|lc = l|lz|ly for all z € H and U is surjective.

3. (U(x),U(y))x = (x,y)n for all x,y € H and U is surjective (i.e. U is
a unitary).

Hence, if U € B(H,K) is a unitary, then |U]| = 1.

Proof. Clearly (1) implies (2) and (2) implies (3) by Proposition
Assume (3) holds. Then U*U = Zy by Proposition Since (3) holds,
we obtain U is an isometry by Proposition Hence U is injective and
thus invertible as a linear map between vector spaces. Therefore, due to the
uniqueness of the inverses, we obtain that UU* = I. ]

Using all of the above (in fact, using substantially less technology), we
can prove the following.

Theorem 6.4.16. Let A € M, (K) and define Ly : K" — K" by La(z) =
Az for all x € K" (where we write x as a column vector and use matrix
multiplication). Then

|Lal = max {\5 | A\ an eigenvalue for A*A}.
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Proof. First, consider the case A = diag(dy,da,...,d,) and let
M = max{|d1|, |d2|a B |dn|}

To see that ||La|| = M, first notice for all k € {1,...,n} that if €} is the
vector in C" with a 1 in the k' entry and Os elsewhere, then ||é;|, = 1 and

I La(€k)lly = lldréklly = |d].

Hence ||La|| > M.

To see the reverse inequality, notice for all z = (z1,x9,...,x,) € C" such
that [l]l, = /3T [l < 1 that
[La()lly = [[(diz1, dox2, . .., dnn)|

n
= | D kil
k=1

n
= [ D ldi w2
P

n
< ZMQ,QUIJQ
k=1

n
=M > |zl> =M.
k=1

Hence ||La|| < M so ||[La|| = M as desired.

Next, let A € M,,(C) be arbitrary and let U € M,,(C) be an arbitrary
unitary matrix. Then Ly«ay = Ly«LaLy = Lj;LaLy and Ly is a unitary
operator. Hence

ILv-avl = Lo LaLull < [[L || Lall | Loll = [ Ll

since unitary operators have norm 1. Moreover, since Ly=ay = Li;LaLy
implies
La = LyLy~avLu~

since (Lj;)~! = Ly and (Ly)~! = Ly+, we also have that
[Lall = L Lu-av Lyl < Lol I Lv-av|[ | Ly || = (| Ll

Hence || Ly=avl| = || La|| as desired.

Since A*A is a self-adjoint matrix and positive semi-definite, the Spectral
Theorem for Self-Adjoint Matrices implies there exists a unitary matrix
U € M,(C) and a diagonal matrix D = diag(di,ds,...,d,) such that
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A*A =U*DU and Ay, ..., \, € [0,00) are the eigenvalues of A*A. Hence we
have that

|Lall = | LALAl 2
= | Laeal®
= | Ly-pul®
= |lLpl)?
= max{| 1], [ Xo|, ..., [An[}2
= max {\F/\ | A an eigenvalue for A*A}

as desired. ]

Finally, returning to compact operators, we have the following nice
characterization.

Theorem 6.4.17. Let H be a Hilbert space and let T € B(H). The following
are equivalent:

(1) T is compact.
(2) T* is compact.
(3) There ezists a sequence (Fp)p>1 € F(H) such that T = lim,,_,o F,.

Proof. To see that (1) implies (3), let T' be a compact operator. Thus
T(H1) is a totally bounded subset of H and thus separable. Therefore
K = span(T(H1)) is a closed separable subspace of H and thus a separable
Hilbert space. Hence there exists a countable orthonormal basis {e, }>2 ; of
K.

For each n € N, let P, be the orthogonal projection onto span({ey, ..., en})
and let F,, = P,T. Since P, has finite dimensional range, F,, € F(H) for all
n € N. To complete the proof, it suffices to show that T = lim,,_, o F,.

Let € > 0 be arbitrary. Since T" is compact, T'(H1) is totally bounded so
there exist a finite set {z;}72; C H; such that {T'(x;)}]L, is an §-net for
T(H1). Moreover, since lim, o Pn(T(z;)) = T(x;) for all j € {1,...,m}
by Theorem there exists an N € N such that

|Fules) = T = | Pal(T(ey) = Tlap)ll < g

for all n > N.
Let x € Hy be arbitrary. Since {T'(z;)}L; is an §-net for T'(H1) there
exists a jo € {1,...,m} such that | T(x) — T'(x,)|| < §. Therefore, for all
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n >N,

IT (@) = Fu(@)]] < IT(@) = T(wjo) | + 1T (250) — Fuwio)|| + [ Fulzjo) — Fo(@)]
<S4S+ IPT(e5)) — T())]
+ 2 P 1T (50) — T(a)|

€
<
-3 3
€

Therefore, since x € H; was arbitrary, ||T'— F,|| < € for all n > N. Hence
T = lim, o0 Fj-

To see that (3) implies (2), let (F},)p>1 € F(H) such that T = lim, o0 Fr.
Hence T* = lim,,_,o F}} by Theorem

We claim that F}; is finite rank for all n € N. Indeed since F), is finite rank,
YV, = Im(F},) is a finite dimensional subspace of H. Recall Im(F},)* = ker(F)
so that so that F*(x) = 0 for all € Im(F,)*. Hence F*(H) = F*(Im(F},)),
which must be finite dimensional since Im(F},) is finite dimensional. Hence
E is finite rank for all n € N so T is a limit of finite rank operators and
thus compact by Proposition and Corollary

Finally, to see that (2) implies (1), assume 7™ is compact. Hence, by
(1) implies (3) implies (2), we obtain that (7T%*)* = T is compact thereby
completing the proof. n

Remark 6.4.18. For a compact operator T, note in the proof of Theorem
that if we replace P, with any sequence of projections that converge to
the identity in the Strong Operator Topology, then P, T converges in norm to
T. Thus, by repeating the same argument with 7™ in place of T', we obtain
since each orthogonal projection is self-adjoint that TP, also converges in
norm to 1". Therefore, since

[ PaT Py =T < |PaT P — TPy + [[TF, = T
< NBT =TI [ Poll + |7 Fn = T
<|IPT =T+ TP, =T,

we obtain that P, TP, converges to 1T in norm. This is quite useful in that
which follows.

Thus we can produce another interesting example of a compact operator.

Example 6.4.19. Let H = L2([0,1],\) where X is the Lebesgue measure
and let K € L2([0,1]%,A x A). The Volterra operator with kernel K is the
map V : H — H by

1
Wﬁ@zéf@K@w@
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for all x € [0,1] and f € H. Note as (z,y) — f(y)K(z,y) is an element of
L1([0,1)2, X x A) by Hélder’s inequality (Theorem [D.1.7)) that V f is indeed
a measurable function by Fubini’s Theorem. Moreover, since

V(s m-/| (o) do

K(z,y)dy

L/ (/ﬂlf :ry|dy)2dx

S/ Hng/ |K (x,y)*dyde by Cauchy-Schwarz
0 0

= /I 1K -

2
dzr

Hence V' does indeed map H into H. Since V is clearly linear, the above
shows that V' is bounded with ||[V|| < 1.

We claim that V' is compact. To see this, we claim that V is a limit of
finite rank operators. To see this, let € > 0 be arbitrary and let

A= { Zn: fi(2) gk (y)
k=1

n € NA{fe, gk ti=1 € C0, 1]} :

By the Stone-Weirstrass Theorem, A is dense in C(]0, 1]2) with respect to the
infinite norm. Therefore, C([0,1]?) is dense in Ly([0,1]2, A x A\) by Lusin’s
Theorem. Hence there exists a K € A such that ||K — Kyl|, < e. Hence if
we define Vj to be the Volterra operator with kernel K¢, then V' — Vj is the
Volterra operator with kernel K — Ky so

[V =Wl < [[K = Koll, <e.

We claim that Vj is finite rank. Indeed, since Ky € A, we can write

Ko=>_ fu()g(y)
k=1
for some n € N and {f, gr}}_; € C[0,1]. Thus for all f € H
(Vo)(a /f %xy@—Z%h

for some {ay}}_, € K for all € [0,1]. Hence V} is finite rank. Therefore,
since € > (0 was arbitrary, V is a compact operator.
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6.5 Spectral Theorem for Compact Operators

“Thank you Mario! But our Princess is in another castle.”

To be precise, the proof of the Spectral Theorem for Compact Operators
is absent from these notes as the proof will be presented to start Functional
Analysis II.

©For use through and only available at pskoufra.info.yorku.ca.



Appendix A

Topological Spaces

In this section, we will briefly review the basics of topological spaces to the
extent that is required for functional analysis. More advanced requirements
from topology will be produced as needed throughout these notes.

A.1 Topologies

Topology, from the Greek T76moo meaning place and A\éyoo meaning study,
is the study of properties of spaces and their deformations. Such a study
is performed by looking at subsets that cover the entire space with certain
properties.

Definition A.1.1. Let X be a set. A set 7 C P(X) is said to be a topology
on X if

1) 0,XeT,
(2) (closed under unions) if {Ua }aer € 7T, then Uye; Ua € T, and

(3) (closed under finite intersections) if {Uy}aer € T and I is finite, then
NactUa €T.

The pair (X, T) is called a topological space and elements of T are called the
open sets of (X, T).

There are many topologies we can place on a given set X so by saying
that (X, 7T) is a topological space means we have fixed 7 to be the topology
on X. Once a topology is fixed on a set, one can think of the open sets as
the sets that describe how points are related to one another. In particular,
open sets provide some notion of whether two points are ‘close’ together;
that is, given two points x,y € X and a U € T such that x € U, then y
is close to x with respect to U only if y € U. Thus we can see the above
definition and thoughts are motivated by undergraduate real analysis where
the ‘open sets’ on R were the sets that were unions of open intervals and
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184 APPENDIX A. TOPOLOGICAL SPACES

that two points were ‘close’ only if there was a ‘small’ open interval around
open point which contained the other.

As we desire to study topological spaces, it is useful to have some examples
to keep in mind. Of course the examples presented in this section are not all
the examples in existence and we will continually encounter new topologies
through the course.

Example A.1.2. Let X be a set. Then 7 = {(), X} is a topology on X
known as the trivial topology. This name derives from the fact that the open
sets do not distinguish any two elements of X and most topological results
become trivial if we consider this topology. We remark that it is trivial to
verify the trivial topology is a topology.

Example A.1.3. Let X be a set. Then 7 = P(X) is a topology on X
known as the discrete topology. This name derives from the fact that every
set is open so singleton sets are open and thus every point is separated from
the others. We remark that it is trivial to verify the discrete topology is a
topology.

Example A.1.4. Let X be any set and let
T={0tU{AC X | X\ A is finite}.

Then 7 is a topology on X. To see this, we note that clearly §) € 7 and
that X € T as X \ X = (). Next, to see that T is closed under unions, let
{Au}taer €T be arbitrary. Thus X \ A, is finite for all & € I. Since

X\(UAa>=ﬂ<X\Aa>,

a€cl ael

we see that X \ (Uper Aa) is a subset of a finite set and thus finite. Hence
Uaer Aa € T by definition. Finally, to see that 7 is closed under finite
intersections, let {Aqy}tacr € T with I finite be arbitrary. Thus X \ A, is
finite for all € I. Since

X\(ma):uoma),
acl acl

we see that X \ (N,er Aa) a finite union of finite sets and thus finite. Hence
Nacr Aa € T by definition.
The topology 7 on X is called the cofinite topology on X.

Example A.1.5. Let X be any set and let
T={0}U{AC X | X\ Ais countable}.

Then 7T is a topology on X. To see this, one need to simply repeat the proof
of Example with ‘finite’ replaced with ‘countable’ in the appropriate
places.

The topology T on X is called the cocountable topology on X.
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Example A.1.6. Let X be any set and let
T ={AC X | Ais finite}.

Notice if X is finite then 7 = P(X) so that 7 is the discrete topology on X.
However, if X is infinite then 7T is not a topology on X as 7 is not closed
under unions (i.e. a countable union of finite sets is not finite).

Since we have seen that there are many possible topologies on a given set,
it is useful to be able to compare the size of these topologies. The simplest
way to compare topologies is based on inclusion.

Definition A.1.7. Let 7 and 7’ be two topologies on a set X. It is said
that 7 is finer that T or, equivalently, that 7’ is coarser than 7 if T/ C T.
In the case the inclusion is strict (i.e. 7/ C 7)), it is said that T is strictly
finer that T" or, equivalently, that 7" is coarser strictly than T. Finally, it
is said that 7 and T’ are comparable if T CT or T' C T.

The above terminology is derived from the fact that “if you have more
sets in your topology, you can ‘divide up your space’ more finely”. That is,
the more pixels per square inch, the finer the image.

Example A.1.8. The discrete topology on a set is always finer than any
other topology on the set and the trivial topology is always coarser than any
other topology on the set. Provided the set is non-empty and not a singleton,
the discrete topology is strictly finer than the trivial topology.

Example A.1.9. The cofinite topology is coarser than the cocountable
topology and will be strictly coarser provided the set is infinite.

Example A.1.10. Consider the set X consisting of three distinct points
{a,b,c} and the following topologies on X:

7-1 = {(2)7 {b}7 {C}, {b7 C}7 X}
7-2 = {07 {b}7 {CL, b}, {b7 C}, X}

As Ti € Tz and T3 € T1, T1 and T3 are not comparable topologies on X.
Hence it is possible to have topologies that are not comparable.

A.2 Bases

In order to have a better understanding and control over topologies, we
desire to describe smaller collections of open sets that determine the entire
topology. For example, the metric topologies it is know that all open sets
are unions of open balls, so provided we can understand the open balls we
should be able to understand the entire topology. In particular, if we have
the following sets whose properties are in analogy with the open balls in a
metric space, we can form topologies with specific properties.
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Theorem A.2.1. Let X be a non-empty set and let B C P(X) be such that
(1) if v € X then there exists a B € B such that x € B, and

(2) if x € X and By, By € B are such that x € By N Ba, then there exists a
Bs € B such that x € Bs, B3 C By, and B3 C B».

Let Tg be the set of all subsets U of X such that for all x € U there ezists a
B € B such that x € B and B CU. Then Tg is a topology on X such that
BCT.

Proof. To see that Tp is a topology, we must verify the three properties in
Definition It is clear by definition of 75 that () € T5.

To see that X € T recall by property (1) that for each z € X there
exists an B, € B such that z € B,. As B, C X by definition, we obtain that
X € Tp by the definition of 5.

Next suppose {Uq }acr is a set of elements of 7. To see that ,c; Ua €
75, let * € Uyer Ua be arbitrary. Then there must be an o € I such that
x € Uy,. Since Uy, € Tp, there exists a B € B such that x € B and B C U,,.
Hence B C Uyy € Uper Ua- As © € Uyer Ua was arbitrary, we obtain that
Uaer Ua € T by definition.

To complete the proof that 73 is topology, suppose Uy, ..., U, € Tz. To
see that Ni_; Ux € Tg, let © € N, Uy, be arbitrary. Hence x € Uy, for all k
so, as each Uy, € Tg, there exists a By € B such that x € By, and By, C Uy.
By applying property (2) recursively n — 1 times, there exists a B € B such
that x € Band B C By, for all k. Hence B € B, x € B, and B C B, C U, for
all k so that B C (;;_; Ug. Therefore, as z € X was arbitrary, (i_, U € Tp
as desired.

Finally, the fact that B C Tz follows from the definition of 73. ]

As subsets of the power set of a given set as described in Theorem [A:2.T]
are useful in constructing topologies, we define the following.

Definition A.2.2. Let X be a non-empty set. A basis for a topology on X
is a collection of subsets B C P(X) such that

(1) if z € X then there exists a B € B such that = € B, and

(2) if x € X and By, By € B are such that © € By N By, then there exists a
B3 € B such that B3 C By and Bg C Bs.

The topology 75 on X from Theorem [A:2.1] is called the topology generated
by the basis B. Note that a set U C X is open with respect to 75 if and
only if for every x € U there exists a B € B such that x € B and B C U.
Consequently B C T5.

Here is one example of how we can construct topologies via bases that
turns out not to be a topology we have previously seen.
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Example A.2.3. Let
B ={[a,b) | a,b € R,a < b}.

We claim that B is a basis for a topology on R. To see this, it suffices to
verify the two defining properties of being a basis from Definition [A22:2] To
being, notice if x € R then = € [z,z + 1) € B. Hence the first property is
satisfied. To see the second property, let [ai, b1), [az,b2) € B and x € R such
that x € [a1,b1) N [a2,b2) be arbitrary. Let

a = max({ai,az}) and b = min({b1, b2})

and let B = [a,b). Since = € [a1,b1) N [ag,b2), we see that a < z < b so
B € B and x € B. Furthermore, by construction, B C [a1,b1) N [a2,b2).
Hence, since [a1, b1), [az,b2) € B and 2 € R were arbitrary, B is a basis for a
topology on R.

The topology Tz, on R generated by the basis B is called the lower limit
topology on R.

The fact that Tz, is not the same as the canonical topology on R will come
from material in Section [A.4] where we show that ‘limits’ behave different
in these topologies. In particular, we will see why we call 77 the lower
limit topology. Alternatively, we know that [a,b) is open in the lower limit
topology, but is not open in the canonical topology.

Topologies generated by a basis are particularly nice since it is very simple
to completely understand the entire topology via the basis elements based
on the above and below descriptions of open sets.

Theorem A.2.4. Let X be a non-empty set and let B be a basis for a
topology on X. Then
By CB } .

Proof. Notice, since T is a topology and since B C Tg, we know that for all
By C B that
U B

BeBy

we{ys

BeBy

is a union of elements of Tz and thus in 7. Hence

TBQ{ U B BOQB}-

BeBy
To see the other inclusion, let U € T be arbitrary. By the definition
of Tg, for each x € U there exists a B, € B such that x € B, and B, C U.
Hence we see that

U=J B..
zeU
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Therefore, as U € T was arbitrary, we obtain that

BOQB}

as claimed. n

wfyo

BeBy

As bases for a topology give us multiple nice descriptions of the open
sets for that topology, it is useful when given a topology to have a basis that
generates the given topology. Thus to simplify this terminology, we define
the following.

Definition A.2.5. Let (X,7T) be a topological space. A set B C P(X) is
said to be a basis for (X,T) if B is a basis for a topology on X and Tz =T.

Remark A.2.6. Of course, as B C T for any basis of a topology B, for a
set B C P(X) to be a basis for a topology T, it must be the case that B C T.
Furthermore, by Theorem and Theorem we see that if B is a
basis for (X,7T) then

(1) aset U C X is open if and only if for every 2 € U there exists a B € B
such that x € B and B C U, and

(2) the open sets in (X, 7)) are exactly the union of elements of B.

Furthermore, it is not difficult to see that every topology is generated by
a basis as the following example shows.

Example A.2.7. Let (X, 7T) be a topological space. Then T is a basis for
(X, T). Of course this is not the most useful basis as our goal is to better
understand T by using a basis with as few elements as possible.

Of course, many of our previously discussed topologies have far nicer
bases.

Example A.2.8. Let X be a non-empty set and let 7 be the discrete
topology on X. Then

B={{z} | € X}

is a basis for (X, 7). Indeed clearly B C T as T is the discrete topology. Next
clearly the first property of Definition holds and the second property
also clearly holds since the only way z € X and By, By € B are such that
x € BiN By isif By = By = {z} € B. Hence B is a basis for (X, 7).

Of course, we have our motivating example.
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Example A.2.9. Let (X, d) be a metric space. Then the set B of all open
balls forms a basis for (X, 7). Indeed clearly B C T and if z € X then
By(x,1) € Ty so the first property of Definition is satisfied. To see the
second property of Definition [A:2.2] is satisfied, let x € X and By, By € B
be arbitrary such that x € By N Ba. Then there exists points z;, x5 € X
and r1,72 > 0 such that By = Bgy(x1,71) and By = By(x2,72). Thus, as
x € B1 N By, we see that

d(x,z1) <m and d(x,x2) < 1ra.

Let
r =min{r; —d(x,z1),ry — d(z,x2)}.

Then r > 0. It is elementary to verify that By(x,r) C Bg(z1,7r1) and
By(z,7) C By(xa,72). Hence, as € X and By, By € B were arbitrary, the
second property of Definition is satisfied so that B is a basis for (X, 7).

Example A.2.10. Let (X,d) be a metric space and let € > 0. The set B
of all open balls with radius at most € forms a basis for (X, 7;). Indeed the
proof is identical to that of Example with the additional restraint that
all radii involved are at most e.

Example A.2.11. Let (X, d) be a metric space. The set B of all open balls
with radius positive rational radii forms a basis for (X, 7). Indeed the proof
is identical to that of Example [A:2.9] with the additional restraint that all
radii involved are rational. This is advantageous over Examples and
[A72710] as this basis only has a countable number of elements centred at each
point.

There are alternate characterization for a basis for a topological space.
In particular, the following is superior to Definition [A:2.2]in checking that a
collection of sets is a basis for a specific topology and is the converse to fact

in Remark

Proposition A.2.12. Let (X,T) be a topological space. Suppose B C T has
the property that for all U € T and for all x € U there exists a B € B such
that x € B and B CU. Then B is a basis for (X,T).

Proof. To see that B is a basis for a topology on X, we will simply verify
the two properties in Definition [A22.2] To begin, let x € X be arbitrary.
Then, as X € T, the assumptions of the proposition imply there exists a
B € B such that x € B and B C X. Hence, as ¢ € X was arbitrary, the first
assumption of Definition has been verified.

To see the second property of Definition [A.2.2] holds, let z € X and
By, By € B such that x € By N By be arbitrary. As B C T, we see that
Bi,By € T and thus B; N By € T. Therefore, by the assumptions of the
proposition there exists a Bs € B such that x € B3 and B3 C BN By. Hence,
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as ¢ € X and By, By € B were arbitrary, the second property of Definition
[A22:2 has been verified. Thus B is a basis for a topology on X.

To see that T = T, we first note that as B C 7 and as T is closed under
unions, Theorem [A.2.4] implies that

w{y

BeBy

BOQB}QT.

Conversely, if U € T then the assumptions of the proposition imply that
U € Tg by Definition [A.2:2] Hence T = T as desired. n

Using the above, we obtain our final characterization of a basis for a
topological space which acts as a converse to Theorem

Corollary A.2.13. Let (X,T) be a topological space. Suppose B C T has
the property that for every U € T there exists a subset By C B such that
U =Upep, B- Then B is a basis for (X,T).

Proof. To prove this result, we will verify that the assumption of Proposition
[A2.12) holds. To see this, let U € T and « € U be arbitrary. Then, by
the assumptions of this corollary, there exists a subset By C B such that
U = Upep, B- Hence, as z € U, there exists a B, € By such that x € B,
and By € Upgep, B =U. Therefore, as U € T and x € U were arbitrary, the
assumption of Proposition holds. Hence the result follows. n

It is often more useful and convenient to work with a basis for a topological
space than the topology itself. For example, the following demonstrates how
to use bases to determine when one topology is finer or coarser than another.
In particular, we will often use the case that one of the bases for one of the
topologies is the topology itself, which is valid by Example

Theorem A.2.14. Let T and T’ be topologies on a set X and let B and B’
be bases for T and T’ respectively. Then the following are equivalent:

(i) T' is finer than T.

(it) For every x € X and B € B such that x € B there exists a B' € BB
such that x € B' and B' C B.

Proof. First suppose that 7 is finer that 7. Thus 7 C 7’. To see that (ii)
holds, let x € X and B € B such that z € B be arbitrary. Since B is a basis
for T, BC T CT'. Thus B € T'. Therefore, as x € B, as B € T', and as
B’ is a basis for 7', we obtain that there exists a B’ € B’ such that x € B’
and B’ C B. Therefore as x € X and B € B were arbitrary, (ii) follows.
Conversely, suppose that (ii) holds. To see that T” is finer than T, let
U € T be arbitrary. To see that U € T, let x € U be arbitrary. As U € T,
there exists a B € B such that x € B and B C U. Then, by assumption (ii),
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there exist a B’ € B’ such that x € B’ and B’ C B C U. Therefore U € T’
as B’ is a basis for 7’. Hence, as U € T was arbitrary, T C T’ so 7" is finer
than 7. [

Of course, to generate a topology from a basis, we need a basis. This
leads to the question about how can we construct collections of sets that
satisfy the assumptions of Definition As the second property required
in Definition [A22.2] relates to the intersection of basis elements containing
basis elements, one way to avoid this problem is by taking all intersections of
the sets we want to use to form a basis. Thus we define the following object.

Definition A.2.15. Let (X, 7) be a topological space. A subbasis for (X, T)
is a collection of subsets & C 7 such that the set of all finite intersections of
elements of S is a basis for (X, 7).

Of course, for a set S to be a subbasis of some topology 7 on X, it is
necessary that
x=s.

Ses

as for each x € X there must be a basis element containing X. In fact, this is
the only restriction for a collection of sets to be a subbasis for some topology
on X.

Theorem A.2.16. Let X be a non-empty set and let S C P(X) be such that

xX=s.

Ses

Let B CP(X) be the set of all finite intersections of elements of S. Then B
s a basis for a topology on X for which S is a subbasis.

Proof. To see that B is a basis for a topology on X, we need only check the
two conditions on a basis from Definition For the first, let x € X be
arbitrary. Since X = [Jgcs S there exists an S, € S such that z € §,. As
S C B, the first property of being a basis holds for B.

For the second property, let x € X and let By, By € B such that x €
B1 N By be arbitrary. Since By, Bo € B, By and B» are finite intersections of
elements of S. Hence By N By is a finite intersection of elements of S so that
Bi1N By € B. Therefore, as x € X and let By, Bo € B were arbitrary, the first
property of being a basis holds for B. Hence B is a basis for a topology on
X. The fact that that S is a subbasis is a subbasis for Tz is then trivial. m

Subbases are not as desirable as bases as the description of the entire
topology is far more difficult using subbases than bases and thus make
subbases far more difficult to use thereby limiting their applications. However,
subbases are excellent for constructing topologies as the conditions that are
required are far simpler.
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A.3 Constructing Topologies

Since bases and subbases are so great for constructing topologies, let us
examine how we can construct new topologies from old topologies. The first
such example of this comes from restricting a topology on a set to a subset
of the set.

Lemma A.3.1. Let (X, T) be a topological space and let' Y C X be non-
empty. The set

Ty ={YNnU | UeT}

is a topology on Y.

Proof. To verify that Ty is a topology on Y, we verify Definition First
clearly Ty C P(Y) by construction. Next, as (), X € T, we obtain that
D=YNOeTyandY =Y NX € Ty. The fact that Ty is closed under
unions and finite intersections then follows from the facts that

Uy nt.)=vn (U Ua> and

acl acl
(Y NU.,)=YnN (ﬂ Ua>
acl ael
for all {Ua}aer C T. ]

Definition A.3.2. Let (X,7) be a topological space and let Y C X be
non-empty. The subspace topology on Y is the topology

Ty ={ANU | UeT}.
In addition, the pair (Y, Ty) is called a subspace of (X, T).

Remark A.3.3. The subspace topology is very useful when one only wants
to consider a portion of a topological space. For example, we often want to
consider subspaces of R such as Y = [0, 1] for analytical reasons. However,
one should be careful as open subsets of Y need not be open subset of R.
Indeed since [0,1) = [0,1] N (—1,1) we see that [0,1) is an open subset of ¥’
in the subspace topology but is not an open subset of R as 0 € [0,1) yet no
open interval centred at 0 is contained in [0,1). Thus we really do need to
specify the topology and space we are looking at when talking about open
sets!

Of course, it is not surprising that a basis for a topological space yields a
basis for any subspace.
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Proposition A.3.4. Let (X,T) be a topological space, let B be a basis for
(X,T), and let Y C X be non-empty. Then

By:{YﬂB | BGB}
is a basis for (Y, Ty).

Proof. To prove this result, we will verify Proposition As such, first
notice that By C Ty by the definition of the subspace topology. Next, let
U € Ty and x € U be arbitrary. Thus z € Y and, by the definition of the
subspace topology, there exists a V' € T such that U =Y NV. Since x € U
we see that # € V. Therefore, as B is a basis for (X,7), Remark
implies that there exists a B € B such that x € B and B C V. Therefore
YNBeBy,zeYNB,andYNBCYNV =U. Thus, as U € Ty and
x € U were arbitrary, By is a basis for (T, 7y) by Proposition |

Unsurprisingly, we can use Proposition along with our knowledge
of open balls in metric spaces to understand subspaces of metric spaces.

Proposition A.3.5. Let (X,d) be a metric space and let Y C X be non-
empty. Then the subspace topology on Y is induced by the metric dy :
Y XY — [0,00) defined by

dy (y1,y2) = d(y1,y2)
for all y1,y2 € Y.

Proof. Since d is a metric and restricting the domain of d will yield a metric,
dy is a metric. Notice for all y € Y and r > 0 that

de (y7 T) =Yn Bd(ya T).

Therefore, since {Y N By(y,r) | y € Y,r > 0} is a basis for the subspace
topology on Y induced by (X, d) by Proposition[A.3.4] since {By, (y,r) | y €
Y,r > 0} is a basis for (Y, dy) by definition, and since each basis completely
determines the topology by Remark [A:2.6] the result follows. n

Furthermore, a subspace of a subspace is a subspace. More accurately
put, we have the following.

Proposition A.3.6. Let (X,T) be a topological space and let AC B C X
be arbitrary non-empty sets. Let Tp be the subspace topology on B inherited
from (X,T), let Ta be the subspace topology on A inherited from (X, Tx),
and let Ta,p be the subspace topology on A inherited from (B,Tg). Then
Tap="Ta.
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Proof. By definitions and since BN A = A, we have that

Tap={ANU | U € Ts}
—{AN(BNV) | V eTx}
={ANV | VeTx}=Ta

as desired. m

Since subspaces create a topology on a smaller set from a topology on
a larger set, it is useful to think of the opposite; that is, can we construct
topologies on larger sets from topologies on smaller sets? The simplest way to
construct a larger set from two sets is to take their product. Unsurprisingly
perhaps, taking the product of the topologies then yields a (basis for a)
topology.

Proposition A.3.7. Let (X,T) and (Y,T') be topological spaces. Then
«={UxV |UeT,VeT}CPXxY)
is a basis for a topology on X X Y.

Proof. To see that By is a basis for a topology on X x Y, we simply verify
Definition . Indeed clearly By € P(X x Y). Moreover, notice for all
re€XandyeY that z xy € X XY and X xY € Byx. Hence the first
condition of Definition holds.

To see the second condition, let z x y € X x Y and By, By € By such
that = x y € B1 N By be arbitrary. By the definition of By there exists
Ui,Uy € T and V4,Va € T’ such that By = U; x V] and By = Uy x Vs.
Since Uy NUy; € T and Vi NVy € T" as T and T’ are topologies, and since
BiN By = (U NUy) x (Vi NVa), we see that By N By € By so we may
take B3 = By N By in Definition Therefore, as © x y € X x Y and
By, By € By were arbitrary, By is a basis for a topology on X x Y. ]

Since we are taking the set of Cartesian products of the two topologies
to form a topology on the product, this topology has an unsurprising name.

Definition A.3.8. Let (X, 7) and (Y, T’) be topological spaces. The product
topology is the topology generated by the basis

{UxV |UeT,VeT}CPX xY).

Of course, the product of R with itself yields a topology on R? that we
have seen before.

Example A.3.9. As K2 = K x K, we can consider the product topology on
K? where each copy of K is equipped with the canonical topology. In this
case, we know a basis of K x K consists of open sets of the form

U1XU2
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where U; and Uz are open subset of K with respect to the canonical topology.
As each point in each such product contains a || - || ,-ball in the product,
and as each || - || -ball is such a product, we easily obtain that the product
topology on K" is the same as the metric topologies by Theorem [A.2.14]

Perhaps unsurprisingly, we can repeat the proof of Proposition to
simplify the basis for the product topology.

Proposition A.3.10. Let (X, T) and (Y, T') be topological spaces with bases
B and B’ respectively. Then the set

By ={BxB' | BeB B e€B}
s a basis for the product topology on X x Y.

Proof. To see that By is a basis for a topology on X x Y, we will apply
Proposition To see this, let U be an arbitrary open subset of X x Y
with respect to the product topology and let x X y € U be arbitrary. By the
definition of the product topology (Deﬁnition there exists sets Ux € T
and Uy € T’ such that x x y € Ux x Uy and Ux x Uy CU. Thus z € Ux
and y € Uy. Since B and B’ are bases for (X, T) and (Y, T’) respectively,
there exists B € B and B’ € B’ such that x € B, y € B', B C Ux and
B’ CUy. Hence x xy € Bx B"and B x B' C Ux x Uy CY. Therefore, as
U and z X y were arbitrary, By is a basis for the product topology on X x Y

by Proposition [A:2.12] n
Alternatively, we can consider the product topology via a subbasis.
Proposition A.3.11. Let (X,T) and (Y,T') be topological spaces. Then
S={UxY |UeT}U{XxV |VeT}
is a subbasis for the product topology on X x Y.
Proof. Since finite intersections of elements of S yields the set
By ={UxV |UeT,VeT'}

as T and T’ are topologies and thus closed under finite intersections, and
since By is a basis for the product topology on X x Y by Definition [A.3.8]
the result follows. [

It turns out that the subbasis approach to the above product topologies
is far superior in functional analysis (and topology) when generalized to

infinite products.
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Definition A.3.12. Let I be a non-empty set and let {(Xq, 7a)}acr be a
non-empty indexed family of topological spaces. The product topology on
[Ioer Xo is the topology generated by the subbasis

S=A{S | bel}

where

SBZ{HYa

acl

Ya:Xaifa#ﬁ,Y[gE?}g}.

Of course, we should note that the set S described in Definition
is actually a subbasis for some topology on [],c; X«, but this simply follows
from Theorem [A:2.16] Furthermore, defining the subbasis immediately tells
us a basis for the product topology.

Corollary A.3.13. Let I be a non-empty set and let {(Xu, Ta)}acr be a non-
empty indexed family of topological spaces. The product topology on [[,c; Xa
has as a basis the set of all sets of the form [],c; Ua where U, € T, and
Uy = X for all but a finite number of o € 1.

Proof. As the set of all finite intersections of the subbasis for the product
topology described in Definition is exactly the sets described here as
To is closed under finite intersections for all « € I, the result follows by the
definition of a subbasis (Definition [A.2.15)). N

Corollary A.3.14. Let I be a non-empty set, let {(Xa, Ta)}acr be a non-
empty indexed family of topological spaces, and for each o € I let B, be
a basis for (Xo,Ta). Then the set of all sets of the form [],c; Ba where
B, = X, for all but a finite number of a € I and By € By, for all remaining
indices is a basis for the product topology on [[,cr Xa-

Proof. Let B be the set described in the statement. To see that B is a
basis for the product topology on [],c; Xa, we simply verify Definition
Indeed clearly B C P(I],er Xa). Moreover, notice for all (zq)acr € [Taer Xa
that (za)acr € [1aer Xo € B. Hence the first condition of Definition
holds.

To see the second condition, let (z4)acr € [Ioer Xo and By, By € B such
that (zq)aer € B1 N By be arbitrary. By the definition of B there exists
Bi,a, B2 € By for all a € I such that By = [[,e7 Bi,a, B2 = [laer B2,as
and only a finite number of B; , and B3, are not equal to X, over all o € 1.
Thus, as (zq)acr € B1 N Ba, we see that o € B o N By, for all a € 1. If
Bl,a = X, or Bgya = Xq, let B3’a = Bl,a N Bg7a so that either Bgﬂ =X,
or B3 o € By. Otherwise By o, B2 o € By 50, since By, is a basis for (Xq, 7a),
there exists a B3, € B, such that z, € B3, and B3, C By N By, for
all « € I. Hence B3 = [[,e1 B3,n € B as B, € B, for all but a finite
number of a € I and B, = X, for all remaining indices, (z4)acs € Bs,
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and Bs C By N By. Therefore, as (za)acr € [lacr Xa and By, By € B were
arbitrary, B is a basis for the product topology on [[,c; Xa- ]

Example A.3.15. Let n € N be arbitrary. Then K" = ]3¢, n K so
we can consider the product topology on K™. In this case, we know from
Corollary [A.3.14] that a basis for the product topology on K" is

Il><[2><-~><fn

where each [}, is an open ball in K with respect to the absolute value. As
each point in each such product is contained in a || - || -ball that is contained
in the product, and as each | - || -ball is such a product, we easily obtain
that the product topology on K" is the same as the metric topologies by

Theorem [A2.T4]

A.4 Nets and Limits

Now that we have seen several topologies and how to study them, we return
to the notion that the open sets should yield some information about how
close points are in topological space. In particular, we can ask what it means
for a collection of points to get ‘closer and closer’ to a given point in a
topological space.

In metric spaces, the answer is the well-known concept of convergent
sequences. In particular, the e-N notion of a limit of a sequence of real
numbers easily generalizes to metric spaces. However, such considerations
are insufficient for topologies due to the absent of a total ordering on a basis
of open sets centred at each point.

Thus, in order to have a similar notion of convergence in an arbitrary
topological space that is sufficient to deduce properties of the space, we need
to generalize the notion of a sequence. To do this, we first need to generalize
the structure and ordering on the natural numbers.

Definition A.4.1. A directed set is a pair (A, <) where A is a non-empty
set and < is a relation on A such that

(1) (reflexivity) A < A for all A € A,

(2) (transitivity) if A1, A2, A3 € A are such that A; < A2 and A9 < Ag, then
)\1 S )\3, and

(3) (existence of upper bounds) if A1, Ao € A, then there exists a A3 € A such
that A1 < Az and Ay < As.

The relation < is sometimes called the direction of A.

As we are generalizing the order structure of the natural numbers, our
first example is no surprise.
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Example A.4.2. The pair (N, <) where < is the natural ordering on the
natural numbers is easily seen to be a directed set.

Example A.4.3. The pair (R, <) where < is the natural ordering on the
real numbers is easily seen to be a directed set.

Example A.4.4. Let X be any non-empty set and let F C P(X) be non-
empty and closed under finite unions. For two sets A, B € F, we define
A < Bifand only if A C B. Then (F, <) is a directed set. Indeed it is clear
that < is reflexive and transitive. Furthermore, if A, B € F, then AUB € F
has the property that A C AUBso A < AUB,and BC AUBso B < AUB.
Hence (F, <) is a directed set by Definition

Example A.4.5. Let X be any non-empty set and let F C P(X) be non-
empty and closed under finite intersections. For two sets A, B € F, we define
A < Bifand only if B C A. Then (F, <) is a directed set. Indeed it is clear
that < is reflexive and transitive. Furthermore, if A, B € F, then ANB € F
has the property that ANB C Aso A < ANB,and ANB C Bso B< ANB.
Hence (F, <) is a directed set by Definition

Of course, there are many more directed sets. For notational convenience,
instead of writing (A, <) for a direct set, we will often just say that A is a
directed set provided there is no ambiguity for the direction relation which
will then be denoted by <.

With the generalization of the ordering on N, we can describe a general-
ization of the notion of a sequence.

Definition A.4.6. A net is a function F' : A — X where A is a direct set
and X is a non-empty set. For notational convenience, we will use (x))aea
to denote the net F': A — X where F(\) = x).

There are many examples of nets, some of which we are quite familiar
with.

Example A.4.7. Every sequence is a net. Indeed a sequence (xy,),>1 can
be realized as a net by taking the directed set (N, <) (where < is the usual
ordering of the natural numbers) and defining F' on N by F(n) = zy,.

Example A.4.8. Consider a closed interval [a,b] and the collection P of all
finite partitions of [a, b]; that is, all finite subsets P = {t;}}_, C [a, b] such
that

a=1tg <t <---<tp=b

For two sets P;, Py, € P, if we define P, < P, if and only if P, C Py,
then (P, <) is a directed set by Example as the collection of all finite
partitions is closed under finite unions.
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Let f : [a,b] — R be a function. For each partition P = {t}}_, € P and
each 1 < k < n, choose ¢, € [tx_1,tx] and define

Sp = Zn: flew)(tk — te—1).
k=1

Then (Sp)pep is a net of Riemann sums.

The next example is motivated by trying to take sums over uncountable
sets.

Example A.4.9. Let I be any infinite (and not necessarily countable)
set. Let F be the set of all finite (non-empty) subsets of I. For two sets
Fi, F, € F, if we define F} < Fy if and only if F} C Fy, then (F,<) is a
directed set by Example as finite unions of finite sets are finite.

For each o € I, let z, € R be non-negative. For each F' € F, define

SF: Zxav

aeF

which is well-defined as F' is finite. Then (Sp)per is a net of all finite sums
of {zo | @ €I}.

Of course, our interest does not stem from the existence of nets as
generalizations of sequences, but the properties and results that the notion
of the convergence of a net will yield. Thus, building on the idea of using
open sets to describe convergence in metric spaces, we generalize the notion
of a convergent sequence for nets in arbitrary topological spaces.

Definition A.4.10. Let (X,7) be a topological space. A net (z))rea in
X is said to converge to a point g € X (or equivalently, xq is a limit of
(zx)ren) if for every U € T such that xy € U there exists a A\g € A such that
xy € U for all A > ).

Before we get to examples, the notion of taking a set from the topology
containing a specified point is occurring in greater and greater frequency.
Thus, at this point, it is about time we gave it a name.

Definition A.4.11. Let (X,7) be a topological space. A subset U C X is
said to be a neighbourhood of a pointx € X if r € U and U € T.

Remark A.4.12. The term ‘neighbourhood’ comes from the notion that
an open set containing a point x contains all points that are ‘geographically’
close to x. However, one must be careful with the term ‘neighbourhood’ in
topology as many authors do not require a neighbourhood of a point to be
open; they just require that a neighbourhood contains an open set containing
the specified point. As we will want to be working with mainly open sets in
this course, our definition is preferable.
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Now onto examples. Of course, this is nowhere near an exhaustive list.

Example A.4.13. It is clear that a sequence in a metric space converges to
a point as a net if and only if it converges as a sequence to the same point.

Example A.4.14. Consider the net (Sp)pep from Example If fis
Riemann integrable, then (Sp)pep converges and converges to [’ f(z) dz.
Indeed suppose f is integrable and let U neighbourhood of [, : f(z)dx. Hence
there exists an € > 0 such that

"f@yde—e, [ f@)dete) CU
/ /

By the definition of the Riemann integral, there exists a partition Py € P
such that if U(f, Py) is the upper Riemann sum of f corresponding to Py
and L(f, Py) is the lower Riemann sum of f corresponding to Py, then

b
L(f.R0) < [ f(@)do SU(f.R) < LS. Po) e
If PP and P > Py, then P is a refinement of Py so

Hence

Sp € (/(lbf(a:)dx—e,/(lbf(x)da:—i—e) cvu.

Therefore, as U was arbitrary, (Sp)pep converges to | f f(x)dx.

Somewhat conversely, if every net from Example [A74.8] converges and
converges to the same number, then f is Riemann integrable. In fact, it
is only required that the net of upper Riemann sum (Up)pep and the net
of lower Riemann sums (Lp)pep converge to the same number I. To see
this, suppose (Up)pep and (Lp)pecp both converge to I and let € > 0 be
arbitrary. Since (Up)pep converges to I, there exists a P, € P such that

€ €
I——1+-
UP€< 3’ +2)

for all P > P;. Similarly, since (Lp)pep converges to I, there exists a P, € P
such that
€ €
Lp e (I—2,I+2)
for all P > P». Thus, if Py = PL U P,, then Py € P, Py > P, and Py > P; so

€ €
UPO,LPO € (I— 2,[—1—2) .

Hence, as Lp, < Up,, we obtain that Up, — Lp, < €. Therefore, as € > 0 was
arbitrary, f is Riemann integrable.
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Example A.4.15. Consider the net (Sp)prer from Example Then
(SF)Fer converges if and only if

L =sup{Sr | F € F}

is finite, in which case (Sr)per converges to L. Indeed suppose L is finite
and let U be a neighbourhood of L. Then there exists an € > 0 such that

(L—e,L+¢) CU.
By the definition of the supremum, there exists an Fy € F such that
L—e< Sk <L
Hence, as x, > 0 for all a € I, we see that for all F' € F with F' > F{ that
L—-—e<Sp <Srp<L.

Hence Sp € U for all F > F,y. Therefore, as U was arbitrary, (Sr)pecr
converges to L.

Conversely suppose that L = oco. Hence for any M € R there exists
an Fy; € F such that Sg,, > M. To proceed by contradiction, suppose
(SF)Fer converges to some point K € R. Then there exists an Fy € F such
that Sp € (K —1,K + 1) for all F' > Fy. Hence, as Fy U Fg11 € F and
FoU Fgy1 > Fp, we must have that

SFOUFK+1 €e(K—-1,K+1).

However
SFUFg41 = SFreyy = K +1

as xo > 0 for all & € I so Spyury,, € (K —1,K +1). Hence we have a
contradiction as desired.

The above is quite useful in summing over uncountable sets. In particular,
we define the sum of {zo | a € I}, denoted Y o, to be

> xq =sup{Sp | F € F} € [0,00].

acl
Furthermore, if > ;2o < 0o then for all n € N we must have that F,, =
{a €l | x> %} is finite for otherwise for each m € N we can find a finite

subset I}, ;, C F, with m elements so that Sg,, > 7% thereby yielding
> ael Ta = 00. Therefore if ) ;x4 < 0o then, each F), is a finite set so

UF ={ael | z,>0},

n>1

is countable. Thus, after removing all x, that take the value 0, we can
simply add a countable sum of non-negative numbers to determine the value

of Y nerTa-
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Of course, as bases determine a topology, we need only check neighbour-
hoods of a point that come from a basis.

Lemma A.4.16. Let (X,T) be a topological space and let B be a basis for
(X,T). A net (xx)ren in X converges to xg € X if and only if for every
B € B such that xo € B there exists a \yg € A such that x\ € B for all
A >N

Proof. If (x))xep converges to g, then Definition implies that for
every B € B such that xg € B there exists a Ay € A such that x) € B for all
A> ) since BC T.

Conversely, suppose for every B € B such that xg € B there exists a
Ao € A such that x) € B for all A > A\g. To see that (x))ycp converges to zo,
let U be an arbitrary neighbourhood of xy. Then, as B is a basis for (X, 7),
there exists a B € B such that z € B C U. Thus, by assumption, a A\g € A
such that x) € B C for all A > Ag. Therefore, as U was arbitrary, the proof
is complete. ]

Of course, in Lemma we need only information about the neigh-
bourhoods of zg. Consequently, we do not need to consider a basis for the
entire space. In particular, we need only consider the following.

Definition A.4.17. Let (X,7) be a topological space and let x € X. A set
B C T is said to be a neighbourhood basis of x if x € B for all B € B and for
all neighbourhoods U of x there exists a B € B such that x € B C U.

Theorem A.4.18. Let (X, T) be a topological space, let xg € X, and let B
be a neighbourhood basis for xo. A net (x\)xen in X converges to xq if and
only if for every B € B such that xo € B there exists a A\g € A such that
xx € B for all A > Xp.

Proof. The proof of this result is identical to the proof of Lemma ]
Unsurprisingly, we can construct a basis from neighbourhood bases.

Proposition A.4.19. Let (X,7T) be a topological space and for each x € X
let B, be a neighbourhood basis for x. Then Uyex Bz is a basis for (X,T).

Proof. This follows immediately from the definition of a neighbourhood basis
and Proposition [A:2.12] n

Returning to the notion of convergent nets, we can easily use bases to
describe convergence in the lower limit, subspace, and product topologies. In
particular, the following is the reason the lower limit topology has its name.

Proposition A.4.20. Let Ty, be the lower limit topology on R. A net (x))rea
in R converges to a point x in (R,Tr) if and only if for every e > 0 there
exists an A\g € A such that x < x\ < x + € for all A > )\g.
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Proof. To begin, suppose a net () e in R converges to a point x in (R, 77).
To see the result, let € > 0 be arbitrary. Since [z, x + €) is a neighbourhood
of x, the definition of a convergent net implies there exists an Ag € A such
that z) € [x,z +¢€) (that is, z < z) <z +€) for all A > A\g. Therefore, as
€ > 0 was arbitrary, the result holds.

Conversely, suppose (zx)xea is an net in R and = € R are such that for
every € > 0 there exists an A\g € A such that x < z) < x+eforall A > A\g. To
see that (x))xep converges to x in (R, 7r), let B = [a,b) € B be an arbitrary
element such that x € B. Hence a < x and z < b so there exists an ¢ > 0
such that z < x + € < b. Therefore, by the assumptions on (x))ea, there
exists a A\g € A such that x < x) < x + ¢ for all A > A\g. Hence

zy € [z, x+¢€) Cla,b) =B e B.

Therefore, as B € B was arbitrary, (z))yep converges to z in (R,7z) as
desired. -

Proposition A.4.21. Let (X, T) be a topological space, let A C X be non-
empty, let Ty be the subspace topology on A, let (ax)xea be a net in A, and
let a € A. Then (a))xep converges to a in (A, Ta) if and only if (ax)rea
converges to a in (X, T)

Proof. Since ay € Aforall A € A, the result follows immediately by Definition
A.4.10[as the neighbourhoods of a in (A, T4) are precisely the neighbourhoods
of @ in (X, 7)) intersected with A. n

Theorem A.4.22. Let I be a non-empty set, let {(Xa, Ta)}acr be a non-
empty indexed family of topological spaces, let (fa)xea be a net in [[,e; Xa,
and let (za)act € Ilaer Xa- Then (fi)aen converges to (To)acr when
[Toer Xa is equipped with the product topology if and only if (fa(a))rea
converges to o, i (Xo, Ta) for alla € 1.

Proof. Suppose that (f))aea converges to (q)aer when [],c; Xq is equipped
with the product topology. To see that (f(a))xea converges to x4 in (X, 7o)
for all a € I, fix ap € I and let U,, be an arbitrary neighbourhood of z,, in
(Xag, Tag)- For each a € I\ {ap}, let Uy = Xo. As [[aer Uq is an element
of the subbasis for the product topology on [],c; X by Definition
and thus open, we easily see that [],c; Us is a neighbourhood of (24)acr-
Therefore, as (fy)rea converges to (zo)acr when [ 7 Xq is equipped with
the product topology, there exists a A\g € A such that f) € [[,c; Us for all
A > Xo. Hence fa(ag) € Uy, for all X > X\g. Therefore, as ag € I and U,,
where arbitrary, (f(a))yea converges to z in (X, 7o) for all a € 1.
Conversely, suppose (f(a))rea converges to zq in (X, T, ) for all a € 1.
Recall from Corollary that the product topology on [],c; X« has
as a basis B consisting of all sets of the form [[,c; Uy where U, € 7, and
Uy = X, for all but a finite number of o € I. To see that (f\)aea converges
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to (a)aer, let [Toer Ua be an arbitrary element of B that is a neighbourhood
of (zq)aer. Hence U, is a neighbourhood of z,, for all a € I and

{ael | Uy# Xa} ={a1,00,..., 05}

for some n € N. Since for each k£ € {1,...,n} we know that (f(ax))rea
converges to Zq, in (Xa,,Tn,), there exists a A\, € A such that f(ax) € Uy,
for all A > A\;. Luckily, by the properties of a direct set, there exists a
X € X such that X > A\ for all k € {1,...,n}. Hence fy(ax) € U,, for
all A > X and for all £k € {1,...,n}. Since fi(a) € X, = U, for all
ael\{a,ar,...,a,}, we obtain that (fy)rea € [Toer Ua for all X > N,
Therefore, as [[,c; Ua was arbitrary, Lemma implies the result. m

Convergent nets are enough to completely determine topologies.

Theorem A.4.23. Let X be a non-empty set and let T and T’ be two
topologies on X. Then T is finer than T' if and only if whenever (x))xea 18
a net that converges to x in (X,T), then (xx)xepn converges to x in (X, T).

Consequently, if (X, T) and (X,T") have exactly the same nets converging
to the same points, then T = T'.

Proof. If T is finer than 77, then 7’ C 7. It is then clear that if (z))xep is
a net that converges to z in (X, 7)), then (z))xea converges to z in (X, 7”)
by the definition of a convergent net.

Conversely, suppose whenever (x))xcp is @ net that converges to z in
(X, T), then (z))xea converges to z in (X, T"). To proceed by contradiction,
suppose there exists a set U € 7 such that U ¢ T. By Theorem
there exists an zp € U such that for each 7T-neighbourhood V of zg, V' \ U
is non-empty.

Let

A ={V C X | Visa T-neighourhood of zp}.

As A is closed under finite intersections, if for V1, Vo € A we define V; < V5
if Vo C Vi, then (A, <) is a direct set by Example

For each V € A, let xy € V' \ U (note we are using the Axiom of Choice
here). We claim that (zv)yea is a net that converges to g in (X,7T) but
does not converge to xq in (X,7T’) thereby yielding a contradiction. To see
that (zy)yea is a net that converges to zg in (X, 7), let Vj be an arbitrary
T-neighbourhood xy. Then for all V' > V[ we have that zyy € V C Vj. Hence
(xy)vea is a net that converges to g in (X, 7T) by Definition To see
that (zv)yep does not converge to zp in (X, 7’), we simply note that U is a
T’-neighbourhood of zg but zy ¢ U for all V € A. Hence we have obtained
a contradiction thereby finishing the proof. ]

A clever observer at this point would have likely noticed that we have
only defined ‘a limit and not ‘the limit’ of a net when we defined when a net
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converges to a point. This is because, in a general topological space, a net
can converge to multiple points so the ‘the’ in ‘the limit’ no longer make
sense. This is even true if we consider sequences in general topological spaces
as the following example demonstrates.

Example A.4.24. Consider the set X = {a, b, c} and the topology
T = {(Dv {a’}v {ba C}v X}

It is not difficult to see that a sequence (z,),>1 in X converges to a if and
only if there exists an N € N such that x,, = a for all n > N as {a} is a
neighbourhood of a. However, (z,),>1 in X converges to b if and only if
there exists an N € N such that z,, € {b, ¢} for all n > N as the only open
sets containing b are X and {b, c}. Similarly (z,),>1 in X converges to c if
and only if there exists an N € N such that x,, € {b,c} for all n > N. Thus
there are several sequences in X that converge to both b and c.

The reason the above example does not yields unique limits is that there
are not enough open sets to distinguish the points. The correct notion in
order for there to be unique limits is the following.

Definition A.4.25. A topological space (X,T) is said to be Hausdorff
(equivalently (X,7) is a Hausdorff space) if for all z,y € X where x # y
there exists sets U,V € T such that z € U,y € V,and UNV = ().

Example A.4.26. The trivial topology on a set with at least two points is
not Hausdorff as the only open sets are the empty set and the entire set.

Example A.4.27. The discrete topology on any set is Hausdorff as every
singleton is an open set.

Example A.4.28. Let X be finite. The only topology on X that is Hausdorff
is the discrete topology. Indeed suppose 7 is a Hausdorff topology on X
and fix a point x € X. For each point y € X \ {y} there exists an open set
Uy € T such that x € Uy but y ¢ U,,. Then, as X \ {z} is finite, we see that

{z} = ﬂ U,eT.

yeX\{z}

Therefore, as x € X was arbitrary, every singleton from X is in 7. Therefore,
as X is finite, 7 must be the discrete topology.

Example A.4.29. The cofinite topology on an infinite set is not Hausdorff
as the intersection of any two non-empty open sets in the cofinite topology
on an infinite set must contain an infinite number of points. Similarly
the cocountable topology on an uncountable set is not Hausdorff as the
intersection of any two non-empty open sets in the cocountable topology on
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an uncountable set must contain an uncountable number of points. However,
the cofinite topology on a finite set and the cocountable topology on a
countable set are Hausdorff as every singleton is open (and thus the topologies
are discrete in this case).

Example A.4.30. The metric topology on a metric space (X, d) is Hausdorff.
Indeed given two points x,y € X with « # y, let 6 = %d(w,y). Then
By(x,d) and By(y,0) are disjoint open sets one of which contains x and the
other of which contains y. Hence the topology is Hausdorff by definition.
Consequently, any non-Hausdorff topology is not induced by a metric.

Example A.4.31. The lower limit topology on R is Hausdorff. To see this,
let a,b € R be such that a < b. Then U = [a,b) and V = [b,c0) are open
sets in the lower limit topology such that a € U, b€ V,and UNV = (.
Thus, as a,b € R were arbitrary, the lower limit topology is Hausdorff.

Example A.4.32. A subspace of any Hausdorff space is Hausdorff. This
follows directly from the definition of a Hausdorff space and the description
of the open subsets in the subspace topology (i.e. the open sets are simple
the intersection of open sets with the subspace).

Example A.4.33. The product topologies of Hausdorff spaces are Hausdorff.
This follows directly from the description of the open sets in these topologies.
To be specific, given two elements of the product [],c; Xo of Hausdorff
spaces, they differ at one value of «, say ag € I. Thus we can find disjoint
open sets in (X, 7a,) that separate these two values and by taking the
product of these open sets with X, for all a # «g, the desired open sets
separating the two elements of the product have been found.

As advertised, Hausdorff spaces have unique limits.

Theorem A.4.34. Let (X,T) be a Hausdorff space. If a met (xx)xea
converges to two points x1,x2 € X, then x1 = xo.

Proof. Suppose to the contrary that there exists a net (z))yca that converges
to two points 1,2 € X where z1 # x2. As (X, T) is Hausdorff, there exist
UV €T such that z1 € U, 20 € V,and UNV = 0. As (x))rea converges
to x1, there exists a A\ € A such that x) € U for all A > A\;. Similarly
as (x))xep converges to xa, there exists a Ao € A such that x) € V for all
A > Xo. However, by the properties of directed sets, there exists a A3 € A
such that A\; < A3 and Ay < A3. Hence the above yields x), € U NV which
contradicts the fact that U N’V = (). Hence the result follows. ]

In particular, for Hausdorff spaces, we can define limits.

Definition A.4.35. Let (X,7T) be a Hausdorff space and let (z))xcp be a
net in X that converges in X. The unique point that (z))ycp converges to
in X is called the limit of (z))xea and is denoted limyep ).
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In fact, the only topological spaces that have unique limits for every
converging net are Hausdorff spaces.

Theorem A.4.36. Let (X,7T) be a topological space such that every conver-
gent net in (X, T) converges to exactly one point. Then (X, T) is Hausdorff.

Proof. Let (X,7T) be a topological space such that every convergent net in
(X, T) converges to exactly one point. Suppose to the contrary that that
(X, T) is not Hausdorff. Then there exist points z,y € X such that for every
neighbourhood U of z and neighbourhood V of y, U NV # ().

Consider the set

A={(U,V) | UV €T aresuch that z € U and y € V'}.

For (U, V1), (Ua, Vo) € V, we define (Uy, V) < (Us, V2) if and only if Uy C Uy
and Vo C V4. We claim that (A, <) is a directed set. Indeed, clearly < is
reflexive and transitive. Furthermore, if (Uy,V3), (U2, V2) € V, then by
taking U3 = Uy N Uy and V3 = Vi N Va, we easily see that (Us, V3) € A),
(U, V1) < (Us, V3), and (U, Va) < (Us, V3). Hence (A, <) is a directed set.
For each (U, V) € A, choose a z(,) € UNV, which exists by assumption
(note we are using the Axiom of Choice here). Hence (2(7,v))(w,v)en is a net.
We claim that (z(yv))w,v)ea converges to both x and y. Indeed if U is an
arbitrary neighbourhood of x, then for all (U’, V') > (U, X) we see that

Z(U/yvl) c UlﬂV/ Q UNnX=U.

Hence (zv))(w,v)ea converges to z. Similarly, if V' is an arbitrary neigh-
bourhood of z, then for all (U’, V') > (X, V) we see that

Z(U/’V/)EUIQVIQXQV:V.

Hence (Z(Uy))(U,V)eA converges to y. As this contradicts the fact that
every convergent net in (X,7) converges to exactly one point, the proof is
complete. ]

In general, asking that a space is Hausdorff is a very mild condition in
that it is simply asking that we can separate any two distinct points with
open sets. However, the fact that nets in Hausdorff spaces have unique
limits is very useful for the study of spaces that are Hausdorff. In particular,
trying to prove results for arbitrary topological spaces can often be difficult
or impossible as they need not have enough structure. Thus, we will often
impose conditions like being Hausdorff on certain topological spaces in order
to be able to prove certain results, which will then only apply to certain
collections of topological spaces.

To finish off this section, we recall one useful tool in undergraduate
analysis is the ability to take subsequences. For nets, things are a little more
delicate, but will be equally useful.
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Definition A.4.37. Let X be a non-empty set, let (A, <) and (M, <) be
two directed sets, and let F': A — X be a net. A subnet of F directed by
(M, <p) is the composition F o ¢ : M — X where ¢ : M — A is such that

(1) (increasing) if w1, p2 € M are such that p; <g pa, then p(u1) < o(p2),
and

(2) (cofinal) for each A € A there exists a p € M such that A < o(u).

Remark A.4.38. Note it is elementary to see that a subnet of a net is a net.
In particular, if the net F' is denoted by (zx)xea, we will often use (zy,)uenm
to denote a subnet where p(p) = A,.

Subnets can be a little tricky.

Example A.4.39. A subnet of a sequence need not be a subsequence. Indeed
consider the sequence (zy),>1 and consider the directed set (R, <). Then if
we define ¢ : R — N by

o) = {1 ifr<1

n ifxe(n—1,n]

then ¢ is increasing and cofinal. However, clearly (x,,).cr is not a subse-
quence of (zp)n>1.

Example A.4.40. Let (z))xea be a net in a topological space. Choose
A1 € A. Then there exists a Ay € A such that Ay > A\;. By repetition, we
can obtain a sequence (Ay)p>1 of elements of A that are increasing. However
(2, )n>1 need not be a subnet of (z))xea as it need not be cofinal (even if
A # Ak+1)- Note this is quite different than the situation with sequences.

However, as with sequences, subnets of convergent nets still converge.

Proposition A.4.41. Let (X,T) be a topological space, let (xx)rep be a
net in X, and let (z),)uem be a subnet of (wa)ren- If (Tx)ren converges to
some point x € (X, T), then (xx,)uenm converges to x in (X, T).

Proof. Suppose (z))xea converges to some point z € (X, 7). To see that
(wx, )uem converges to x in (X, T), let U be an arbitrary neighbourhood of
x. As (z))rep converges to x, there exists an \g € A such that z) € U for
all A > Ag. Due to the properties of subnets, there exists a ug € M such that
Ao = Ao. Hence, by the properties of subnets, if 1 > pg then A, > A0 > Ao
and thus x,, € U. Therefore, as U was arbitrary, (z),)uenm converges to
in (X,7). n
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A.5 Sets and Points

With the completion of our basic understanding of nets, we can now turn out
attention to types of points and sets inside topological spaces. These various
types of points and sets occur regularly throughout topology and will be of
incredible use in this course. Most of these notions are generalizations of
known types of sets and points in metric spaces. In particular, the following
type of sets are well known.

Definition A.5.1. Let (X,7) be a topological space. A set F' C X is said
to be closed it X \ F € T.

Example A.5.2. Every closed interval [a, b] is a closed subset of R with its
canonical topology as R\ [a,b] = (—00,a) U (b, 00) is the union of two open
sets and thus is open.

Example A.5.3. The set [0, 1) is neither open nor closed when R is equipped
with its canonical topology. Indeed [0,1) is not open as there is no neigh-
bourhood of 0 that is contained in [0,1). Similarly [0,1) is not closed as
R\ [0,1) = (—00,0) U[1,00) is not open as there is no neighbourhood of 1
that is contained in R\ [0,1). Thus it is possible that sets are neither open
nor closed.

Example A.5.4. Given a topological space (X, T), the sets () and X are
always closed as X \ ) = X and X \ X = () are open.

Example A.5.5. In the discrete topology, every set is closed as every set is
open so the complement of every set is open.

Example A.5.6. In the cofinite topology, the closed sets are exactly the
entire space and the set of finite subsets. Similarly, in the cocountable
topology, the closed sets are exactly the entire space and the set of countable
subsets.

Example A.5.7. Let (X,d) be a metric space. Given an x € X and an
r > 0, the closed d-ball of radius r centred at x, denoted Bylz,r], is the set

Bylz,r] ={y € X | d(z,y) <r}.

Any closed ball in any metric space is closed. Indeed to see that By[z,r]
is closed, let y € X \ By[z,r] be arbitrary. Then d(z,y) > r. Thus
By(y,d(x,y) — r) is an open set in (X,d). Furthermore, notice if z €
By(y,d(x,y) —r) then d(z,y) < d(z,y) —r so

d(xaz) > d([]?,y) - d(yaz) > d(l‘,y) - (d(x7y> - 7’) =r

and thus z ¢ Bglz,r]. Hence By(y,d(z,y) — r) is an open set containing y
that is contained in X \ By[x,r|. Therefore, as y € X \ By, r| was arbitrary,
X \ By[z,r] is open and thus By[x,r] is closed.
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Example A.5.8. If (X,7) is a Hausdorff space, then every singleton is
closed. Indeed let 2z € X be arbitrary. As (X, 7) is Hausdorff, for each y € Y
there exists a U, € T such that y € U, but = ¢ U,. Thus

X\ {z} = U U,eT.

yeX\{z}
Hence {x} is closed.

As the notion of a topological space immediately invokes properties on
open sets, we immediately have the following properties of closed sets by
taking complements and using De Morgan’s Laws.

Proposition A.5.9. Let (X,T) be a topological space. Then:
(1) 0 and X are closed sets.
(2) If {Fa}taer are closed sets in (X, T), then Noes Fo is closed in (X,T).

(3) If {Fo}acr are closed sets in (X,T) and I is finite, then Uyer Fo is
closed in (X, T).

Proof. Simply apply Definition and De Morgan’s Laws. [

Example A.5.10. In any Hausdorff space, any finite union of points is
closed as Example [A’5.8| shows singleton points are closed and Proposition
[A.5.9] concludes finite unions of closed sets are closed.

Example A.5.11. Let Py = [0,1]. Construct P; from Py by removing the
open interval of length % from the middle of Py (i.e. Py = [0,3] U [3,1]).
Then construct P, from P; by removing the open intervals of length 3% from
the middle of each closed subinterval of P;. Subsequently, having constructed
P, construct P,+; by removing the open intervals of length ﬁ from the
middle of each of the 2™ closed subintervals of P,. Specifically, P, is the

union of the 2" closed intervals of the form
" Qaf 1 " af
—_— - _I_ _
Z k> Z k
k=1 S k=1 3

where ay,...,a, € {0,2}.
The set

cC=()Pn

n>1

is known as the Cantor set. The Cantor set is closed by Proposition
being the intersection of finite unions of closed sets. In fact, it can be shown
that C is uncountable.

When we restrict to subspaces of topological spaces, the closed subsets
are easy to understand.
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Lemma A.5.12. Let (Y,Ty) be a subspace of a topological space (X,T). A
subset A CY is closed in (Y, Ty) if and only if A=Y NF where F is a
closed set in (X, T).

Proof. First suppose A =Y N F where F is a closed set in (X, 7). As F' is
closed in (X,7),V=X\F € T. Hence U =Y NV is open in (Y, Ty) so

Y\U={yeY |y¢Ut={yeY |y¢gV}=A4

is closed.

Conversely, suppose A C Y is closed in (Y, 7y). Then U =Y \ A is open
in (Y,7y). By the definition of the open subsets of a subspace, there exists
aV €T such that U =Y NV. Hence FF = X \ V is closed in (X, 7) and

YNF={yeY |y¢Vi={yeY |y¢U}=A
Hence the result is complete. ]

Example A.5.13. Consider Y = (0, 2) with the subspace topology inherited
from the canonical topology on R. Then

(07 1] =Yn [_17 1]
is closed in the subspace topology even though (0, 1] is not closed in R.

The reason closed sets are awesome is due to their relations with limits
of nets.

Theorem A.5.14. Let (X,T) be a topological space and let F C X. Then
the following are equivalent:

(i) F is a closed set in (X,T).

(ii) Whenever (x))xen @S a net such that xy € F for all A € A that converges
to a point xog € X, then xg € F.

Proof. To begin, suppose F is a closed set in (X, 7) and that () e is a net
such that x) € F for all A € A that converges to a point zg € X. Suppose to
the contrary that xo ¢ F'. Then 2o € X \ F. As F is closed, X \ F' is open
so zg € X \ F and the definition of a convergent net implies there exists a
Ao € A such that ) € X \ F for all A > \g. As this contradicts the fact that
x) € F for all A € A, we have a contradiction. Hence zg € F' as desired.

Conversely, suppose that whenever (x))aeca is a net such that z) € F
for all A € A that converges to a point zg € X, then xg € F. To see that F
must be closed, suppose to the contrary that F' is not closed. Then X \ F’
is not open. Hence there exists a point zyp € X \ F such that for every
neighbourhood U of xg, U N F # ().
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Let
A={U C X | U is a neighourhood of z¢}.

As A is closed under finite intersections, if for Uy, Us € A we define U; < Us
if Uy C Uy, then (A, <) is a direct set by Example

For each U € A, let zy € F NU (note we are using the Axiom of Choice
here). We claim that (x17)pep is a net that converges to xp. This then leads
to a contradiction as xyy € F for all U € A but xg ¢ F thereby completing
the proof. To see that (zy7)yea is a net that converges to zg in (X, 7), let
Up be an arbitrary neighbourhood x. Then for all U > Uy we have that
xy € U C Up. Hence (xy)yep is a net that converges to xg in (X, 7T) as
claimed. ]

Example A.5.15. Let I be a non-empty set, let {(X4, 7o) }acr be a non-
empty indexed family of topological spaces, and let F,, be a closed subset of
(Xa,Ta) for all o € I. We claim that [[,c; Fy is closed in [[,c; Xo when
equipped with the product topology. Indeed let (f))rea be an arbitrary net in
[loer Fo that converges to some element f € [],c; Xo. By the ‘if’-direction
of Theorem for each o € I the net (f\(a))rep converges to f(a) in
(Xa, To). Therefore, as fy(a) € F, for all A € A and Fy, is closed in (X4, 7o),
Theorem implies f(a) € F,, for all a. Hence f € [[,c; Fa. Therefore,
as (fx)aea was arbitrary, Theorem implies [[ e Fa is closed.

Given a subset of a topological space, there will be potentially lots of
convergent nets contained in a given subset. It would be nice to find a closed
set that contains all the possible points of convergence. In particular, it
would be nice to find the smallest possible set with this property.

Construction A.5.16. Let (X,7) be a topological space and let A C X.
Note the set

F={FCX | ACF and F is a closed set in (X,T)}

is non-empty as X € F. Consequently, Proposition implies the set
A= F

is a closed set in (X, 7) that contains A. As clearly A C A, we obtain that
A € F and thus A is the smallest closed set in (X, 7) that contains A. This
causes us to define the following.

Definition A.5.17. The closure of a set A in a topological space (X, 7)) is
the set A obtained by taking the intersection of all closed subsets of (X, T)
that contain A.
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Example A.5.18. Given R with its canonical topology and a,b € R with
a < b, the closure of each of (a,b), [a,b], (a,b], and [a,b) is [a, b]. Indeed |[a, b]
is a closed set containing each of these sets. Furthermore, as every other
close subset of R containing one of these sets must also contain a and b by
Theorem [a, b] is the smallest closed subset of R containing each of
these sets and thus must be the closure of each of these sets.

Example A.5.19. Let (X, d) be a metric space with at least two points, let

xz € X, and let r > 0. It is possible that By(z,r) # Bg[x,r]. Indeed let d be
the discrete metric on X. Then {z} = By(x, 1) is closed and thus equal to
its own closure. However By[z, 1] = X which does not equal Bgy(x,1).

Of course, closures of sets behave well with respect to subspaces and
products.

Lemma A.5.20. Let (Y,Ty) be a subspace of a topological space (X,T)
and let ACY. The closure of A in (Y,Ty) is the intersection of Y and the
closure of A in (X, T).

Proof. Let B denote the closure of A in (Y, 7y) and let C denote the closure
of Ain (X,7T). As Cis closed in (X, 7), Y NC is closed in (Y, 7y) by Lemma
[A5.12] Therefore B C Y N C by definition.

To see the other inequality, recall since B is a closed set in (Y,7y)
that Lemma implies there exists a closed set F'in (X, 7)) such that
B=YNF. Howeveras AC B=Y NF C F, and as I is a closed subset in
(X, T), the definition of the closure of a set implies C' C F. Hence

YNnCCcYnF=B
as desired. []

Before we show how closures work for the product and box topologies,
we demonstrate the following useful tool.

Theorem A.5.21. Let (X,T) be a topological space, let A C X, and let
x € X. The following are equivalent:

(i) z € A.
(ii) There exists a net (xx)rep of points in A that converges to x.
(iii) For every neighbourhood U € T of x, UN A # (.

Furthermore, if B is a basis for (X,T) or a neighbourhood basis for x, then
the above are equivalent to

(iv) For every neighbourhood U € B of x, UN A # ().
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Proof. First suppose z € A. To see that (iii) holds, suppose to the contrary
that there exists a neighbourhood U € T of x such that U N A = (). Then
X\ U is a closed set containing A so A C X \ U. However x € U and x € A
contradict the fact that A C X \ U. Hence (i) implies (iii).

Next, suppose (iii) holds. To see that (ii) holds, let

A ={U C X | U is a neighourhood of z}.

As A is closed under finite intersections, if for Uy, Us € A we define U; < U,
if Uy C Uy, then (A, <) is a direct set by Example

For each U € A, let xiy € ANU (note we are using the Axiom of Choice
here). We claim that (zy)pea is a net that converges to x. To see this, let
Uy be an arbitrary neighbourhood z. Then for all U > Uy we have that
xy € U C Uy. Hence (zy)yen is a net that converges to x in (X,7T) and, as
xzy € A for all U € A, we have constructed an acceptable net. Hence (iii)
implies (ii).

To see that (ii) implies (i), we note that if exists a net (x)) ea of points in
A that converges to x, then x must be in every closed subset of X containing
A by Theorem Thus = € A by the definition of the closure of a set.
Hence (ii) implies (i).

Finally, in the case B is a basis for (X,7) or a neighbourhood basis for
x, i) implies iv) by identical arguments. Furthermore to see that (iv) implies
(ii), consider

A ={U € B | U is a neighourhood of z}.

Then A is a net with the same ordering as above by the properties of bases
and neighbourhood bases. A net (zy)pea is constructed as above and still
converges to x by the properties of bases and neighbourhood bases. ]

Using Theorem we can describe closure in the box and product
topologies.

Proposition A.5.22. Let I be a non-empty set, let {(Xa,Ta)}acr be a
non-empty indexed family of topological spaces, and let A, C X, for all
a € I. Then, when [[,c; Xao is equipped with the product topology,

T 4. = [[ 4.

acl acl
Proof. By Example |A.5.15| we see that [],c [Ta is a closed set containing
[loer Aa- Hence

ITA.c ] 4

acl acl

by definition.
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To see the other inequality we will use Theorem € [uer Aa
be arbitrary and write = (24)acr. To see that x € [[ 5 Aa, let V be a
neighbourhood of x. Thus, by our knowledge of bases, we can find a set
U =1laer Ua where U, € T, (with U, = X, for all but finitely many a € 1
in the case we are using the product topology) such that z € U C V. Since
x € U we have that z, € U, for all o € I. Moreover, since = € Hag/Ta
we know that z, € A, for all & € I by Theorem Therefore, since
zo € U, and since z, € A, there exists an aq, € A, NU, for all a« € I by a
property of the closure. Thus

(aa)acr €U N (H Aa> cvn <H A(X> .

acl ael

Therefore, as V was an arbitrary neighbourhood of x, we obtain that z €
[Iner Aa by Theorem [A.5.21) as desired. |

Of course, when studying closures and closed sets via limits, for each
element x in a set A there is clearly a net with elements from A that converges
to x; namely a constant net where every value is . Thus when taking a
closure or asking whether a set is closed, we are more interested in nets that
do not take the value of a specific point in a set. In particular, analysing the
proof of Theorem we easily see the following.

Corollary A.5.23. Let (X,T) be a topological space, let A C X, and let
x € X. The following are equivalent:

(i) There exists a net (xx)rep of points in A\ {z} that converges to x.
(ii) For every neighbourhood U of x, UN (A \ {z}) # 0.

Proof. The proof that (ii) implies (i) is identical to the proof that (iii) implies
(ii) in Theorem [A.5.21} Conversely, the proof that (i) implies (ii) follows
directly from the definition of a convergent net. ]

As being able to determining points of convergence from non-constant
nets is useful in many scenarios, we give said object a name.

Definition A.5.24. Let (X,7) be a topological space and let A C X. A
point & € X is said to be a cluster point of A if one of the two equivalent

conditions from Corollary |A.5.23 hold for z, A, and (X, 7).
The set of cluster points of A is denoted cluster(A).

Remark A.5.25. Note some authors use the term ‘limit points’ instead of
cluster points. However a disjoint set of authors use the term ‘limits points’
to mean the set of all points of convergence. Thus we endeavour to ignore
this ambiguity.
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Example A.5.26. Given R equipped with its canonical topology and a,b € R
with a < b, it is not difficult to see that the set of cluster points for [a, ], (a,b),
[a,b), and (a,b] are all [a, b] as every point in [a, b] is a point of convergence
for some non-constant net from (a,b).

Example A.5.27. Let A = {% | ne N} viewed as a subset of R with its

canonical topology. Then the only cluster point of A is 0. Indeed clearly the
n

To sce that 0 is the only cluster point of A, we first claim that A = AU {0}.

To see this, we note that AU {0} is closed as its complement is a countable

union of open intervals and thus is open. However A is not closed by Theorem

1

A.5.14) as (5) - is a sequence from A that converges to 0, which is not in
n

A. Hence A = AU {0}. Therefore, by Theorem [A 5.14] the set of possible
cluster points must be contained in AU {0}. However, it is clear that no

point in A can be a cluster point of A since the distance between % and any

other point in A is at least L — —1— so it is impossible for a net from A\ { }

sequence (1) _, converges to but never equals 0 and thus 0 is a cluster point.
n

1
n n—1 n

to converge to % Hence the only cluster point of A is 0.

Example A.5.28. Let C be the Cantor set from Example Then the
set of cluster points of C is precisely C. To see this, note as C is closed that
the cluster points of C are contained in C. To see that every point in C is a

cluster point of C, let © € C be arbitrary. Thus, by the definition of C, for

2kp 2kn+1}
3n b 3n

where k, € {0,1,...,1(3" — 1)}. Choose z, to be one of the endpoints of
I,, that is not equal to x (as there are two distinct endpoints, such a point
exists). As it is elementary to verify that the endpoints of I,, are elements
of C, we see that z,, € C and |z — x| < % Hence (z,)n>1 is a sequence in
C \ {z} that converges to x. Hence C is equal to its cluster points.

each n € N there exists a unique closed interval I, of the form [

Example A.5.29. Let A be a non-empty subset of a topological space
(X,T). Then the closure of A in the subspace (A,7T4) is A as A is closed in
the subspace topology.

Perhaps unsurprisingly, the only thing that prevents a set from begin
closed is it not containing its cluster points.

Theorem A.5.30. Let (X,T) be a topological space and let A C X. Then
A = AU cluster(A).

Proof. First, it is clear that A C A and that cluster(4) C A by Theorem
and the definition of a cluster point. Hence

A D AU cluster(A).
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To see the other inequality, let + € A be arbitrary. If + € A then z €
A U cluster(A) and there is nothing left to show. Thus we may suppose
that = ¢ A. Since z € A, Theorem implies that U N A # () for every
neighbourhood U of z. Asx ¢ A, UN(A\{z}) # 0 for every neighbourhood U
of z. Hence Corollary [A.5.23|implies that = € cluster(A). Therefore, in either
case © € A U cluster(A). Hence, as z € A was arbitrary, A = A U cluster(A)
as desired. []

Corollary A.5.31. Let (X, T) be a topological space and let A C X. Then
A is closed if and only if cluster(A) C A.

Proof. If A is closed, then A = A = AU cluster(A) by Theorem and
hence cluster(A) C A. Conversely, if cluster(A) C A, then Theorem
implies that A = A U cluster(A) = A. Therefore, as A is equal to its closure
and the closure of a set is a closed set, A is closed. [ |

All of the above has been focused on closures and closed sets via describing
points of convergence for nets based on a set. However, it is often useful
to understand just the points inside a set. In particular, it is useful to
understand the set of points in a set that are ‘far away’ from the complement
of the set. These points are described based on the following, which is
constructed in a similar fashion to how we constructed the closure of a set.

Construction A.5.32. Let (X,7) be a topological space and let A C X.
Note the set
U={UCX |UCAandU €T}

is non-empty as ) € A. Consequently, Definition implies the set
int(A) = (J U

veu
is an open set in (X,7) that is contained A. As clearly int(A) C A, we
obtain that int(A) € U and thus int(A) is the largest open set in (X, 7) that
is contained in A. This causes us to define the following.

Definition A.5.33. The interior of a set A in a topological space (X, T)
is the set int(A) obtained by taking the union of all open subsets of (X, 7))
contained A.

Example A.5.34. Given R equipped with its canonical topology and a,b € R
with a < b, it is not difficult to see that interior of [a,b], (a,b), [a,b), and
(a,b] is (a,b) as clearly (a,b) is open, is contained in these sets, contains all
points in these sets for except possible a and b, and as the addition of a or b
to (a,b) creates a set that is not open.

Example A.5.35. Let A = {% | ne N} viewed as a subset of R with its
canonical topology. Then the interior of A is the empty set as no open
interval is contained in A.
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Example A.5.36. The Cantor set C, viewed as a subset of R, has no interior.
Indeed suppose to the contrary that int(C) is non-empty. Hence there exists
an open interval (a,b) C int(C) C C by the definition of the interior. By
the elementary properties of real numbers, we can choose N € N such that
:,%N < b — a. This then implies that (a,b) cannot be contained in Py as
defined in Example [A’5.11] as none of the separated intervals in Py have
length greater than ?%N Hence the Cantor set has no interior (even though

it is uncountable and every point is a cluster point).

Example A.5.37. Let A be the z-axis in R? equipped with its topology
from the Fuclidean norm. Then the interior of A is empty as A contains no
open balls from R2.

Example A.5.38. Let A be a non-empty subset of topological space (X, T).
Then the interior of A in the subspace (A4,74) is A as A is open in the
subspace topology.

Although we do not have any theory here related to the interior like we
did with the closure results seen above, the interior will be useful later in
the course.

As we can see based on these examples, the set of interior points to a set
are those that are ‘far away’ from the complement of the set as there is an
open set containing these points that does not intersect the complement. To
formalize this, we define another type of point for a given set.

Definition A.5.39. Let (X,7) be a topological space and let A C X.
A point z € X is said to be a boundary point of A if ANU # () and
(X \A)NU # 0 for every neighbourhood U € T of x.

The set of boundary points of A is denoted bdy(A).

Before we look at examples of boundary points, we first prove two results
which completely describe the set of boundary points based on objects we
have previously studied.

Corollary A.5.40. Let (X, T) be a topological space and let A C X. Then

bdy(A) = AN (X \ A).

Proof. This result easily follows from Theorem [A’5.2T] and the definition of
a boundary point. ]

Theorem A.5.41. Let (X,T) be a topological space and let A C X. Then
int(A) and bdy(A) are disjoint sets such that

A =int(A) Ubdy(A).

Furthermore

int(A) = A\ (X \ A).

©For use through and only available at pskoufra.info.yorku.ca.



A.5. SETS AND POINTS 219

Proof. Clearly if = € int(A), then there exists an open set U containing x
(namely int(A)) such that U N (X \ A) = 0 and thus = ¢ bdy(A4). Hence
int(A) and bdy(A) are disjoint sets.

To see that A C int(A) Ubdy(A), let z € A be arbitrary. Hence Theorem
implies that for every neighbourhood U of z, U N A # (). If there
exists a neighbourhood U of x such that U N (X \ A) =0, then U C A and
hence x € int(A). Otherwise for every neighbourhood U of x, UN A # ()
and UN (X \ A) # 0 so z € bdy(A). Therefore, as z € A was arbitrary,
A Cint(A) Ubdy(A). For the reverse inequality, we note that bdy(A) C A
by the definition of a boundary point and Theorem [A’5.21] and similarly
int(A) C A C A trivially.

Finally, to see that int(A) = A\ (X \ A), note if x € int(A) then there
exists a neighbourhood U of x contained in A and thus =z ¢ (X \ A) by
Theorem [A.5.21] Furthermore, as int(A) C A by construction, int(A4) C
A\ (X \ A). To see the reverse inequality, note as

A\TXVA) C X\ (XA S X\ (X 4) = 4,

and as X \ (X \ A) is the complement of an closed set and thus is open,

A\ (X \ A) Cint(A) by definition. Hence int(A) = A\ (X \ A) as desired. n

Example A.5.42. Given R equipped with its canonical topology and a,b € R
with a < b, it is not difficult to see that boundary of [a,b], (a,b), [a,b), and
(a,b] is {a,b}. Indeed as the closure of each of these sets is [a, b] by Example

A.5.18  and the interior of each of these sets is (a,b) by Example |A.5.34] the
claim follows from Theorem [AJ5.47]

Example A.5.43. Given R equipped with its canonical topology, the bound-
ary of Q is R as every neighbourhood of some point from @Q contains an
interval, which must contain a rational and irrational number.

Example A.5.44. Let (X, d) be a metric space with at least two points, let
xz € X, and let r > 0. It is possible that bdy(Bg(z,r)) and bdy(Bg[z,r]) are
not equal to

{yeY €| d(z,y) =r}.

Indeed let d be the discrete metric on X. Then By(x,1) = {z} and By[z,1] =
X have empty boundary sets as they are open sets and thus equal to their
own interior. However the above set is X which is not equal to 0.

The notions of points and sets observed in this section will be seen
throughout the course (less so with the boundary points). As with under-
graduate real analysis, the notions related to closed sets and closures of
sets will be of vital importance when discussing continuous functions and
compact sets; which happen to be the next two chapters.
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A.6 Continuous Functions

Continuous functions between topological spaces are vital to this course. In
particular, we desire both an ‘open set’ characterization and a ‘convergent
net’ characterization of continuous functions.

Recall a function f : R — R is continuous if for each xy € R and each
€ > 0 there exists a § > 0 such that if + € R and |z — x| < §, then
|f(z) — f(zo)| < €. Alternatively, this can be rewritten as

(z0 — 6,20 +0) € f'((f(w0) — € f(x0) + €)).

As open intervals form a basis for the canonical topology on R, it is elementary
to generalize the above idea of a continuous function to topological spaces.

Definition A.6.1. Let (X, Tx) and (Y, 7y') be topological spaces. A function
f: X — Y is said to be continuous if f~1(U) € Ty for every U € Ty; that
is, the inverse image of every open set (from Y') is open (in X).

Example A.6.2. Let (X,7x) and (Y,7y) be topological spaces and let
yo € Y. The constant function f : X — Y defined by f(z) = yo forall z € X
is a continuous function. Indeed for every open set U in Y we have that

X ifyer

1 .
! (U)_{Q) ifyogéU'

Therefore, as #, X € Tx by the definition of a topology, f is continuous.

Example A.6.3. Let (X,7x) and (Y,7y) be topological spaces. If Tx
is the discrete topology, then every function f : X — Y is continuous as
Tx = P(X) implies f~1(U) € Tx for every U € Ty.

Example A.6.4. Let (X, Tx) and (Y, 7y) be topological spaces. If Ty is the
trivial topology, then every function f : X — Y is continuous as f~1(Y) = X,

f7YH0) =0, and Ty = {0,Y}.
Example A.6.5. Let I be a non-empty set and let {(Xq, 7o) tacr be a set

of topological spaces. For a fixed ag € I, consider the map

Tag ° H Xo = Xog
ael

defined by

Tao ((Ta)aer) = Tag

for all (za)acr € [Taer Xoa- The map 7, is called the projection map onto
the af coordinate.
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Every projection map is continuous when [[,c; X, is equipped with either
the product topology or the box topology. Indeed notice for all U € 7, that

Wgol(U ) = H Va
acl
where V,, = X, if o # ag and V,,, = U. Thus, as [[,c; Va is open in both the
product and box topologies and as U € T,, was arbitrary, 7, is continuous.
In fact, as the collection {7y (Us) | o € I,U, € To} is a subbasis for the
product topology, the product topology is the coarsest topology for which
each projection map is continuous.

Of course, there are many ways to test whether a function on R is
continuous. In particular, one characterization of continuous functions on
R that is often used as the definition of continuity due to its viability is
the characterization that a function is continuous if and only if it maps
convergent sequences to convergent sequences. In the following result, we
extend all of these characterizations to arbitrary topological spaces.

Theorem A.6.6. Let (X,7Tx) and (Y,Ty) be topological spaces and let
f: X =Y. The following are equivalent:

(i) f is continuous.

(ii) For every x € X and every Ty -neighbourhood U of f(x) there exists a
Tx -neighbourhood V' of x such that V C f~1(U).

(iii) For any bases Bx of (X,Tx) and By of (Y,Ty), for every x € X
and every neighbourhood U € By of f(x) there exists a neighbourhood
V € Bx of x such that V C f~Y(U).

(iv) For some bases Bx of (X, Tx) and By of (Y, Ty), for every x € X
and every neighbourhood U € By of f(x) there exists a neighbourhood
V € Bx of x such that V C f~Y(U).

(v) For every net (xx)xep in X that converges to some xy in (X, Tx), the
net (f(xx))rea converges to f(xo) in (Y, Ty).

(vi) For every AC X, f (Z) C f(A), where the closures are taken in their
appropriate spaces.

(vii) For every closed set F in (Y, Ty), f~Y(F) is closed in (X, Tx).

Proof. To see that (i) implies (ii), let f be continuous and let z € X and
U a Ty-neighbourhood of f(z) be arbitrary. Then, as f is continuous,
V = f71(U) is clearly a Tx-neighbourhood of x such that V C f~}(U).
Therefore, as x and U were arbitrary, (i) implies (ii).
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To see that (ii) implies (iii), let z € X and U € By a Ty-neighbourhood
of f(x) be arbitrary. By ii) there exists a Tx-neighbourhood V) of z such
that Vo C f~Y(U). Since By is a basis for (X,7Tx) there exists V € Bx
such that x € V C V. Hence V € Bx is a neighbourhood of x such that
V CVp C f~1(U). Therefore, as z and U were arbitrary, (i) implies (iii).

Note (iii) trivially implies (iv).

To see that (iv) implies (v), suppose Bx is a basis for (X, Tx) and By is a
basis for (Y, Ty) such that for every x € X and every neighbourhood U € By
of f(x) there exists a neighbourhood V' € By of x such that V C f~1(U).
Let (z))xea be an arbitrary net in X that converges to some zg in (X, Tx).
To see that (f(x)))aea converges to f(zg) in (Y, Ty ), let U € By such that
f(xg) € U be arbitrary. By assumption there exists a V' € Bx such that
xo € V and V C f~Y(U). Thus, as V is an open set containing zo and as
(zx)rea converges to xp in (X, Tx), there exists a A9 € A such that x) € V
for all A > Ag. Hence f(xy) € f(V) C U for all A > X\g. Therefore, as U
was arbitrary, (f(zx))aea converges to f(zo) in (Y, 7y) by Lemma [A.4.16]
Hence (iv) implies (v).

To see that (v) implies (vi), fix A C X and let 29 € A be arbitrary. As
xo € A there exists a net (z))xep of points in A that converges to zg by

Theorem [A.5.21] Therefore, by v), (f(xx))aea is a net of points in f(A)

that converges to f(zg) in (Y,7y). Hence Theorem f(zo) € f(A).
Therefore, as zg € A was arbitrary, f (Z) C f(A). Hence (v) implies (vi).

To see that (vi) implies (vii), let ' be an arbitrary closed subset of (Y, Ty)
and let A = f~1(F N f(X)). Thus F N f(X) = f(A). Since A C A, (vi)
implies that

FNf(X) = f(4) € f (4) S F(A) = FNf(X) = FNF(X)

as F'N f(X) is closed. Hence f (Z) =FNf(X)so AC f"YFNf(X)) =
A C Aso A= A. Thus A is closed. Therefore, as F was arbitrary, (vi)
implies (vii).

Finally, to see that (vii) implies (i), let U € Ty be arbitrary. Then Y \ U
is closed in (Y, 7y). By assuming vii) we know that

YN = N\ U) =X\ F7HU)

is closed in (X, Ty). Thus f~1(U) € Tx. Hence, as U € Ty was arbitrary, f
is continuous. Thus (vii) implies (i). N

Of course, alternate characterizations of continuous functions are always
useful in proving results and obtaining examples of continuous functions.

Theorem A.6.7. Let (X,7T) be a topological space, let I be a non-empty
set, let {(Ya, Ta)}acr be a set of topological spaces, and, for each o € I, let
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fa : X = Y,. The function f : X — [],c; Yo defined by

f(z) = (fa())acr

for all x € X is continuous when Y = [[,c; Yo s equipped with the product
topology if and only if fo is continuous for all o € I.

Furthermore, if {(Xa, T2) }acr is a set of topological spaces, if for each a €
I fo: X0 —=Ys, if X =[loer Xa is equipped with the product topology, and
if f: X =Y is defined by f((xa)acr) = (fa(Ta))acr, then f is continuous
if and only if fo is continuous for all o € 1.

Proof. For the first part, let (x))aea be an arbitrary net in X that converges
to some point xo in (X,7). By Theorem (f(xx))rea converges to
f(zo) when [],c; Xo is equipped with the product topology if and only if
(fa(xA))ren converges to fo(xp) in (Y, 7a) for all a € I. Hence the result
follows from Theorem

Similarly, for the second part, let (z))ycp be an arbitrary net in X that
converges to some point g in (X, 7). Hence (z)())rea converges to zo(a)

in (X4, 7)) for all @ € I. By Theorem |[A.4.22) (f(z)))rea converges to
f(xo) when [],cr Xo is equipped with the product topology if and only if

(fa(ziambda(a)))aen converges to fo(zo(a)) in (Xq, 7.) for all « € I. Hence

the result follows from Theorem n

Of course, in generality, we are interested in continuous functions as they
will behave well with respect to any topological property we are interested
in studying. On occasion, it is useful to study a more local property with
respect to continuity. In particular, analyzing the proof of Theorem [A.6.0]
yields the following.

Theorem A.6.8. Let (X,Tx) and (Y, Ty) be topological spaces, let xo € X,
and let f: X — Y. The following are equivalent:

(i) For every Ty -neighbourhood U of f(xq) there exists a Tx-neighbourhood
V of xo such that V C f~Y(U).

(ii) For any bases Bx of (X, Tx) and By of (Y, Ty), every neighbourhood
U € By of f(xo) there exists a neighbourhood V € Bx of x¢ such that
vV C fYU).

(iii) For some bases Bx of (X,Tx) and By of (Y,Ty), for every neighbour-
hood U € By of f(xg) there exists a neighbourhood V' € Bx of xo such
that V C f~1(U).

(iv) For every net (x)\)aea in X that converges to xg in (X, Tx), the net
((ex)ren converges to f(zo) in (Y, Ty).
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Proof. The fact that (i) = (ii) = (iii) = (iv) can be obtained by repeating
(ii) = (iii) = (iv) = (v) of Theorem [A.6.6] verbatim.

To see that (iv) implies (i), assume that (iv) holds. Suppose to the
contrary that there exists a Ty-neighbourhood U of f(z¢) such that for
every Tx-neighbourhood V of zg that V' \ f~1(U) # 0. Thus for every
Tx-neighbourhood V' of xg there exists a xy € V such that f(zyv) ¢ U (note
we are using the Axiom of Choice here).

Let

A={V C X | Vis a Tx-neighourhood of z¢}.

As A is closed under finite intersections, if for V1, Vo € A we define V; < V5
if Vo C V1, then (A, <) is a direct set by Example

We claim that (xy )y e converges to zg in (X, Tx) but (f(zy))yea does
not converge to f(xg) in (Y, 7y). To see that (xy)yen is a net that converges
to xo in (X,7T), let Vy be an arbitrary T-neighbourhood zj. Then for all
V > Vy we have that zy € V C Vj. Hence (zy)yep is a net that converges
to o in (X, 7T) by Definition Thus (f(zv))yea does not converge to
f(zo) in (Y, Ty), we simply note that U is a Ty-neighbourhood of f(z¢) but
f(zy) ¢ U for all V € A. Hence we have obtained a contradiction thereby
finishing the proof. ]

Due to the above, we define the following.

Definition A.6.9. Let (X, 7x) and (Y, Ty) be topological spaces, let zy € X,
and let f: X — Y. It is said that f is continuous at xg if one of the four
equivalent characterizations in Theorem [A.6.8 hold

Of course, global continuity is exactly local continuity at each point.

Corollary A.6.10. Let (X,Tx) and (Y,Ty) be topological spaces and let
f: X =Y. Then f is continuous if and only if f is continuous at each
point in X.

Proof. Combine Theorem and Theorem ]

As mentioned earlier, it is on occasion useful to consider this local
property of continuity due to all of the equivalent characterizations produced
in Theorem[A-6.8] Another useful ability is to be able to construct continuous
functions from other continuous functions. The most well-known way to
do this is the following whose proof trivially follows from the definition of
continuity.

Theorem A.6.11. Let (X,Tx), (Y,Ty), and (Z,Tz) be topological spaces.
If f: X =Y andg:Y — Z are continuous functions, then go f : X — Z
is a continuous function.
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Proof. To see that g o f is a continuous function, let U € Tz be arbitrary.
Then g~ '(U) € Ty as g is continuous thus f~1(¢g7'(U)) € Tx as f is
continuous. Hence (go f)"YU) = f~1(g71(U)) € Tx. Therefore, as U € Tz
was arbitrary, g o f is continuous by Definition [A16.1] |

One way to construct continuous function is to use inclusions and restric-
tions together with the subspace topology.

Lemma A.6.12. Let (X,Tx) and (Y, Ty) be topological spaces, let A C X,
and let B CY. The following hold:

(1) If A is equipped with the subspace topology, then the inclusion map
i:A— X defined by i(a) = a for all a € A is continuous.

(2) If A is equipped with the subspace topology and f : X — Y is continuous,
then the restriction f|a: A —'Y defined by fla(a) = f(a) for alla € A

s continuous.

(8) If B is equipped with the subspace topology and f : X — B is continuous,
then f : X — 'Y is continuous.

(4) If B is equipped with the subspace topology, f : X — Y is continuous,
and f(X) C B, then f: X — B is continuous.

Proof. To see that (1) holds, notice for all open subsets U of X that i1 (U) =
ANU is open in the subspace topology on A. Hence i is continuous by
Definition [A.6.71

To see that (2) holds, notice for all open subsets U of X that f|,*(U) =
AN f~YU) is open in the subspace topology on A as f~1(U) is an open
subset of X since f is continuous. Hence f|4 is continuous by Definition
A6

To see that (3) holds, notice for all open subset V of Y that f~1(V) =
f~YB N V) which must be open since f : X — B is continuous and BNV
is open in the subspace topology on B by definition. Hence f: X — Y is
continuous by Definition

Finally, to see that (4) holds, recall that if V' is an open subset of B in the
subspace topology that V = BNV, for some open subset Vj in Y. Therefore,
since f(X) C B, we see that f~1(V) = f~4(BNVy) = f~1(V) is open in
X as f: X — Y is continuous and V; is open in Y. Hence f : X — B is
continuous by Definition [A76.1] n

Instead of trying to restrict or compress a continuous function to obtain a
continuous function, we can combine continuous functions to get continuous
functions. Indeed the first of the following two results says that if we can
cover a topological space with open sets and we have a function that is
continuous on each of these open sets, then the function on the whole space
must be continuous. The second result does the same for closed sets provided
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we have a finite number of closed sets with union all of X. Both of these
results have uses in differential geometry.

Lemma A.6.13. Let (X,Tx) and (Y,Ty) be topological spaces and let
f: X =Y. Suppose there exist {Un}tacr € T be such that X = U,cr Ua
and f|y, is continuous for all o € I, then f is continuous.

Proof. To see that f is continuous, let V' € Ty be arbitrary. Notice for all
a € I that f \[_]i(V) is open in U, equipped with the subspace topology from
X as f|y, is continuous. Hence, by the definition of the subspace topology,
there exists a V,, € Tx such that

Floh(v) = Ua NV

However, since U, € Tx, we obtain that f \[_]i(V) € Tx being the intersection
of two elements of Tx. Therefore, since

oy =U flgt o,

ael

we obtain that f *1(V) € Tx as Tx is closed under unions. Hence, as V € Ty
was arbitrary, f is continuous by Definition [A16.1] n

Theorem A.6.14 (The Pasting Lemma). Let (X, 7x) and (Y, Ty) be a
topological spaces, let A, B be closed subsets of X such that X = AU B, and
let f:A—=Y and g: B —Y be continuous functions such that f(x) = g(z)
for allz € AN B. Then the function h: X —Y such that h(a) = f(a) for
all a € A and h(b) = g(b) for all b € B is continuous.

Proof. To see that h is continuous, let F' be an arbitrary closed subset of Y.
Notice by construction that

h=H(F) = fTHF) U g™ (F).

However, as f and g are continuous functions, Theorem implies that
f71(F) is a closed subset of A when A is equipped with the subspace topology
and g~ !(F) is a closed subset of B when B is equipped with the subspace
topology. Thus Lemma [A75.12] implies that there exist closed subsets Fj
and Fy in X such that f~1(F) = AN F; and ¢g~'(F) = BN F,. Therefore,
as A and B are closed in X, f~}(F) and g~ !(F) are closed in X. Thus
h=YF) = f~Y(F)Ug '(F) is closed in X. Therefore, as F was arbitrary, h
is continuous by Theorem [A.6.6] n

A.7 Homeomorphisms

With the construction of the objects and morphisms studied in this course
complete, the next natural progression in mathematics is to define using ones
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morphisms when two objects are the same. As topological spaces are the
objects in this course and continuous functions are the morphisms in this
course, we study the following concept in order to determine the notion of
when two topological spaces are the same.

Definition A.7.1. Let (X, Tx) and (Y, 7y') be topological spaces. A function
f: X — Y is said to be a homeomorphism if f is bijective and both f and
f~! are continuous. Equivalently, a function f : X — Y is a homeomorphism
if f is bijective and U € Tx if and only if f(U) € Ty.

Due to the above, we define the following notion.

Definition A.7.2. Two topological spaces (X, Tx) and (Y, Ty) are said to
be homeomorphic if there is a homeomorphism from X to Y.

The reason why two homeomorphic topological spaces are ‘the same’ is
because a bijection means the sets are the same (so X =Y upto relabelling)
and the continuity of the homeomorphism and its inverse implies the open
sets are the same. This probably causes a modern mathematician to ask
why we do not call homeomorphisms isomorphisms and why we do not call
homeomorphic topological spaces isomorphic topological spaces. The only
reason for this is tradition.

Of course, any notion of equality in mathematics must be an equivalence
relation, we verify the following.

Proposition A.7.3. Consider a set ® of topological spaces and define a
relation ~ on ® by (X, Tx) ~ (Y, Ty) if and only if (X, Tx) and (Y,Ty) are
homeomorphic. Then ~ is an equivalence relation.

Proof. First, clearly (X,7Tx) ~ (X, Tx) via the identity map. Secondly,
if (X,7x) ~ (Y,Ty), then there is a homeomorphism f : X — Y. As
f~1:Y — X is then a homeomorphism by definition, (Y, 7y) ~ (X, Tx).
Finally suppose (X,7Tx) ~ (Y, Ty) and (Y,Ty) ~ (Z,Tz). Thus there
exists homeomorphisms f : X — Y and g : Y — Z. Consider the map
h=gof:X — Z. We claim that h is a homeomorphism. Indeed as
the composition of bijections is a bijection, A is a bijection. Furthermore,
by Theorem h is continuous being the composition of continuous
functions. Finally, as h™' = f~1og~!, h™! is the composition of continuous
functions (as f and g are homeomorphisms) and thus continuous. Hence h
is a homeomorphism so (X, Tx) ~ (Z,7Tz) as desired. ]

Now onto some examples.

Example A.7.4. Let R be equipped with its canonical topology and let
A= (—g, g) be equipped with the subspace topology inherited from R.
Then R and A are homeomorphic. Indeed consider the function f: A — R
defined

f(2) = tan(a)
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for all z € R. It is well-known that f is a continuous bijective function on A
whose inverse, namely f~!(z) = arctan(z) is also continuous. Hence R and
A are homeomorphic.

As often a topological space is only homeomorphic to a subspace, we
define the following.

Definition A.7.5. Let (X,7x) and (Y,7Ty) be topological spaces. An
function f : X — Y is said to be a embedding if f : X — f(X) is a
homeomorphism when f(X) is equipped with the subspace topology.

Example A.7.6. Let R? and R? be equipped with their Euclidean topologies,
and let
S? = {(z,y,2) eR® | 22 + 92 + 22 =1}

(that is, S is the boundary of the unit ball in R?) equipped with the subspace

topology from R3. Since the Euclidean topologies on R? and R? are product

topologies by Example Theorem [A.4.22] implies a net converges in

either of these spaces if and only if it converges entry-wise. Hence Proposition

implies that a net converges in S? if and only if it converges entry-wise.
Consider the map f : R?2 — S2 defined by

F(z,y) 2z 2y 22 +y? -1
X = b )

W R U 2+ 2 U 2+ 1 1

for all (z,y) € R%. It is not difficult to see that f is continuous by the
net characterization of continuity from Theorem However, f is not
bijective. Indeed the point (0,0,1) € S? is not in the range of f.

Consider the function

g:5*\{(0,0,1)} — R?

Ty
9@y.2) = (127

for all (x,y,2) € S2\ {(0,0,1)}. It is not difficult to see that if the codomain
of f is restricted to S?\ {(0,0,1)}, then f and g are inverses to each
other. Furthermore g is continuous by the net characterization of continuity
from Theorem [A.6.6] Hence f is an embedding of R? into S? and R? and
S2\ {(0,0,1)} are homeomorphic.

defined by

Example A.7.7. Let R and R? be equipped with their Euclidean topologies,
let A = [0,27) equipped with the subspace topology induced by R, and let

St={(z,y) eR* | 2* +4* =1}

equipped with the subspace topology induced by R?. Since the Euclidean
topologies on R and R? are product topologies by Example [A.3.15] Theorem
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implies a net converges in either of these spaces if and only if it
converges entry-wise. Hence Proposition implies that a net converges
in S' if and only if it converges entry-wise.

Consider the map f: A — S! defined by

f(x) = (cos(x),sin(x))

for all z € A. It is elementary to see that f is a bijection. It is not difficult
to see that f is continuous by the net characterization of continuity from
Theorem However f~! is not continuous. Indeed consider the set
U =1[0,1). Since U is an open subset of A as U = AN (—oo, 1), if f~1 were
continuous, then (f~1)~1(U)) = f(U) would be open in S, so S'\ f(U)
would be closed in S'. However, the sequence

(o)),

is a net in S\ f(U) that converges to (1,0) € f(U) thereby contradicting
the fact that S'\ f(U) was closed. Hence f cannot be continuous.

The reason that the map f in Example [AT7.7] fails is that we have not
placed the correct topology on the circle. If one wants a bijective map from
a topological space to be a homeomorphism, we know exactly what topology
to put on the codomain to ensure as the following result demonstrates.

Proposition A.7.8. Let (X, Tx) be a topological space, let Y be a non-empty
set, and let g : X =Y be a surjective map. Let

Ty ={ACY | ¢"'(4) € Tx}.

Then Ty is the finest topology on'Y such that q is continuous. If q is bijective,
then q is a homeomorphism.

Proof. First, we claim that Ty is a topology. To see this, we note that
0,Y € Ty since ¢ 1(0) =0 € Tx and ¢ }(Y) = X € Tx as q is surjective
and as Tx is a topology. Moreover, since for all {U,}acr € P(Y) we have
that

¢t (U Ua> = U ¢ HUL) and gt (ﬂ Ua> = ﬂ ¢ YU,

a€el ael ael ael

it is elementary to see that 7Ty is closed under unions and finite intersections
since Tx is. Hence Ty is a topology.

To see that ¢ : (X, Tx) — (Y, Ty) is continuous, we know that ¢~1(U) €
Tx for all U € Ty by the definition of 7y. Hence ¢ is continuous by definition.
To see that Ty is the finest topology on 1" so that ¢ is continuous, suppose
T is a topology on Y for which ¢ is continuous. Then, by the definition of
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continuity, ¢~1(U) € Tx for all U € T. Therefore, by the definition of Ty,
we obtain that 7 C Ty. Hence Ty is the finest topology on Y such that ¢ is
continuous.

Finally, to see that ¢ is a homeomorphism when ¢ is bijective, we need
simply check that ¢~! is continuous. To see this, let V € Tx be arbi-
trary. Then (¢~1)~1(V) = q(V) will be an element of Ty by definition as
¢ '(q(V)) =V € Tx. Therefore, as V € Ty was arbitrary, ¢ is a homeomor-
phism as desired. ]

Due to the importance and usefulness of the above topology, we name
this topology as follows.

Definition A.7.9. Let (X, Tx) be a topological space, let Y be a non-empty
set, and let ¢ : X — Y be a surjective map. The topology

Ty ={ACY | ¢ '(4) € Tx}
from Proposition is called the quotient topology on'Y induced by q.

The reason we call the above the quotient topology is that one is really
identifying all of the points in ¢~ 1({y}) as a single point for all y € Y
and placing a topology on these collections of points based on the original
topology; that is, we are taking a ‘quotient’ of a topological space by identify
points. This idea is also motivated from geometry by ‘cutting-and-pasting’
to identify points to create new geometric objects. Before we formalize this
and explore some examples, we first demonstrate, like with all things, how
bases work in the quotient topology.

Proposition A.7.10. Let (X, Tx) be a topological space, let' Y be a non-
empty set, let ¢ : X — Y be a surjective map, and let Ty be the quotient
topology on'Y induced by q. If Bx is a basis for (X,Tx), then

By ={ACY | ¢ '(4) € Bx}
is a basis for (Y, Ty).

Proof. To see that By is a basis for (Y,7y), let y € Y and U € Ty be
arbitrary. By the definition of the quotient topology, ¢~!(U) € Tx. Therefore,
as ¢ 1(y) € ¢ 1(U), the fact that Bx is a basis for (X, 7x) implies that
there exists a B € By such that ¢~ '(y) € B C ¢ '(U). Therefore, if
B’ = ¢(B) C Y, then B’ € By by definition and y € ¢(B) = B’ C U.
Therefore, as y and U were arbitrary, By is a basis for (Y, 7y ). N

Example A.7.11. Let A = [0,27) and let
St ={(z,y) eR? | 22+ 4> =1} CR?
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equipped with the subspace topology induced by R2. As the intersection of
open balls in R? with S! yield open arcs on S', the open arcs on S' are a
basis for the subspace topology on S!.
Consider the map ¢ : S' — A defined by
q ((cos(z),sin(z))) = =

for all z € [0,27) and let 7 be the quotient topology on A induced by q.
By the description of the basis of S! given above and since only arcs of
arbitrarily small length around a point matter in forming a neighbourhood
basis, we see for all z € (0,27) that

{(x —€,z+¢€) | 0 <e<min{z, 27 —x}}
form a neighbourhood basis of x and that
{[0,e)U(2m —¢,2m) | 0 <e<2m}
for a neighbourhood basis of 0 in the quotient topology.

Example A.7.12. Let R be equipped with its usual topology, let ¥ =
{a,b,c}, and let ¢ : R — Y be defined by

a ifx<0
q(z) =¢b ifz=0.
c ifz>0

Let T be the quotient topology on Y induced by g. Notice for all A C Y
that

0 if A=0
(—00,0) if A= {a}
{0} if A={b}

1, ) (0,00) if A={c}

A= (=00, 0] if A={a,b}

(—00,0) U (0,00) if A={a,c}
[0, 00) if A={b,c}
R ifA=Y

Therefore, by our knowledge of the open subsets of R, we see that

T = {(Da {a}a {C}a {a’ C}’ {CL, b, C}}

Diagrammatically, the topology T is the following.

b
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In Example one can think of a as (—o00,0) C R, b as {0} C R,
and c as (0,00) C R. That is, we can think of Y as a partition of R and the
quotient topology on Y is then induced by this partition. To formalize this,
we recall the definition a partition and how a partition produces a topological
space.

Definition A.7.13. Let X be a non-empty set. A partition of X is a
collection {X4}aer € P(X) such that X = Uye; Xo and Xo N X5 = 0 if
a,B €1 and a # 5.

Definition A.7.14. Let (X, T) be a topological space, let X* be a partition
of X, and let ¢ : X — X™ be the surjective map that maps each element
x € X to the unique element in X* containing z. The pair (X*, 7*) where
T* is quotient topology on X™* induced by q is called a quotient space.

Example A.7.15. Let R be equipped with its usual topology and let
P={{z+2mn | neZ} | xec|0,2m)}.

If (R*,7*) is the quotient space induced by P, then R* is in canonical
bijective correspondence with [0, 27) by identifying {z + 27n | n € Z} for
x € [0,27) with z. Under this identification, if ¢ : X — X* is the surjective
map that maps each element z € R to the unique element in R* containing
x, then we recall that

T*={AC[0,27) | ¢ *(A) is open in R}.

As the inverse image of every basis element exhibited in Example [AT7.11]is a
union of a countable number of open intervals (each of which is a translate
of one fixed open interval by an integer multiple of 27), we see that the
topology from Example must be coarser than 7*. Furthermore, given
a subset A C [0,27) we see that ¢~ !(A) is 2m-periodic and will be open if
and only if it is a union of open intervals and closed under 27-periodicity.
Hence 7™ is precisely the topology on [0, 27) exhibited in Example

Example A.7.16. Let R? be equipped with the Euclidean topology, let
A = {(z,y) € R? | 22 4+ 3% < 1} equipped with the subspace topology
induced by R?, and let

P={@y} | 2*+y* <1pu{(z,y) | 2*+y* =1}

Consider the quotient space (A*,7*) and let ¢ : A — A* be the canonical

surjective map. Then A* is canonically in bijective correspondence with the
shell
S? = {(x,y,2) ER® | 2® +¢y* + 2> =1} CR3

via the the map f : A* — S? defined by

f(rcos(0),rsin(f)) = (sin(rm) cos(d), sin(rr) sin(f), cos (rm))
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for all r € [0,1] and 0 € [0,27). If S? is equipped with the subspace topology
inherited from R3, then f is a homeomorphism from A* to S2. To see this,
first notice that a subset of {(z,y) | 22 +y? < 1} is open in A* if and only if
it is open in A and thus open in R? by definition. Next, suppose U is an open
set in A* that contains S' = {(z,y) | 2% +3? = 1}. Thus ¢ !(U) is open in
the subspace topology on A and contains S*. Note for each point (z,y) € S*
there must exist a d(, ,y > 0 such that B((:L’ Y),0(ay)) N A C q “1(U). As S*
is compact (see @ we may cover S* with a finite number of these balls
in which case an € > 0 may be found so that {(z,y) | e < 2? +9? <1} C
q¢ 1 (U). Consequently, we see that ¢~!(U) is a union of a set of the form
{(z,y) | € < 2®+y? <1} and a subset of {(x,y) | 22 +y* < 1} that is open
in A*. It is then not difficult to see that the open sets in A* are in bijective
correspondence with those of S? via f. Hence f is a homeomorphism from
A* to S2.

Example A.7.17. Let R? be equipped with the Euclidean topology, let
A =10,1]? C R? equipped with the subspace topology induced by R?, and
let P be the union of

{(z,9)} | 2,y € (0, 1)},
{(z,0), (z, 1)} | = € (0,1)},
{{(0,9), (1, )} | y € (0,1)}, and
{(0,0),(1,0),(0,1), (1, 1)}

Consider the quotient space (A*,7*) and let ¢ : A — A* be the canonical
surjective map. Then A* is canonically in bijective correspondence to a torus
in R3 in such a way that that 7* corresponds to the subspace topology on
the torus inherited from R3. The details are similar to Example

To better understand functions, continuous functions, and homeomor-
phisms on quotient spaces, we give a name to the maps under consideration
when definition a quotient topology.

Definition A.7.18. Let (X, 7Tx) and (Y, 7y) be topological spaces. A map
q: X —Y is said to be a quotient map if q is surjective and a set U C Y is
open if and only if p~1(U) € Tx; that is, if Ty is the quotient topology on Y’
induced by gq.

Clearly quotient maps are continuous maps by the definition of a quotient
map and by the definition of a continuous function. In addition, of course a
quotient of a quotient is still a quotient.

Lemma A.7.19. Let (X, Tx), (Y, Ty), and (Z,Tz) be topological spaces, let
q: X —Y be a quotient map, and let p: Y — Z be a quotient map. Then
poq: X — Z is a quotient map.
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Proof. To see that p o ¢ is a quotient map, we first note that quotient maps
are continuous by definition. Therefore p o ¢ is a composition of continuous
maps and thus continuous. Hence if U € T, then (po ¢)~(U) is open in
Tx by continuity.

Conversely, let U C Z such that (poq)~'(U) = ¢ ' (p~1(U)) is open in
(X, Tx) be arbitrary. Since ¢ is a quotient map, ¢~!(p~!(U)) being open
in (X, 7Tx) implies that p~!(U) is open in (Y,7Ty) by the definition of a
quotient map. Therefore, since p is a quotient map, p‘l(U ) being open in
(Y, Ty) implies that U is open in (Z, Tz) by the definition of a quotient map.
Therefore, as U was arbitrary, p o ¢ is a quotient map. ]

One of the main reason quotient spaces are nice is that certain maps
factor over quotients and preserve topological properties.

Theorem A.7.20. Let (X, Tx), (Y,Ty), and (Z,Tz) be topological spaces,
let g : X — Z be a quotient map, and let g : X — Y be a map that is constant
on ¢ *({z}) for each z € Z. Then there exists a unique map f: Z —'Y such
that g = fogq.

X

L—Y

The map f is continuous if and only if g is continuous. Furthermore, f is a
quotient map if and only if g is a quotient map.

Proof. First, since g is constant on ¢ !({z}) for each z € Z, we define
f:Z — Y by setting f(z) for each z € Z to be the unique value of g
obtained on ¢~!({z}), then f is a well-defined function such that g = foq
as desired. Furthermore, as this is clearly the only way to define f so that
g = f oq as ¢ is surjective, uniqueness has been obtained.

Next, clearly if f is a continuous function than g is a continuous function
since quotient maps are continuous and the composition of continuous func-
tions is continuous. Conversely, suppose that g is continuous and let U be an
arbitrary open set in (Y, 7y). Hence g~ (U) = (f o q)~Y(U) = ¢ L(f~1(U))
must be an open set in X. However, as ¢ is a quotient map, ¢~ 1 (f~1(U)) € Tx
implies f~'(U) € Tz. Hence, as U was arbitrary f is continuous as desired.

Finally, if f is a quotient map, then g is a quotient map as the com-
position of quotient maps is a quotient map. Conversely, suppose that g
is a quotient map. Thus a set U C Y is such that U € Ty if and only if
g Y U) = (foq) '(U) =q¢(f1(U)) € Tx. However, as q is a quotient
map, ¢ L (f~1(U)) € Tx if and only if f~1(U) € Tz. Hence f is a quotient
map by definition. ]
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Using Theorem we obtain a better understanding of quotient
spaces obtained by partitioning based on a surjective continuous linear
map. In particular, every surjective continuous linear map factors through a
quotient space.

Corollary A.7.21. Let (X,Tx) and (Y,Ty) be topological spaces, let g :
X —Y be a surjective continuous linear map, let

X ={g'({y}) lyeY}

equipped with the quotient topology, and let q : X — X* be the surjective map
from Definition that maps each element x € X to the unique element
i X* containing x. Then there erists a unique bijective, continuous map
f:X* =Y suchthat g= fogq.

X,
q g
X*—Y

Furthermore X* is Hausdorff if (Y, Ty) is Hausdorff. Finally f is a homeo-

morphism if and only if g a quotient map.

Proof. First, the fact that f exists is unique, and is continuous follows from
Theorem [A7:20] as ¢ is continuous. Furthermore, since g is surjective and
g = fogq, f is surjective. To see that f is injective, suppose x1,x2 € X* are
such that f(x1) = f(x2). As ¢ is surjective, there exists 2}, 25, € X such that
q(z}) = z1 and ¢(x%) = z2. Hence

g9(xh) = fla(x1)) = f(21) = f(22) = f(q(a)) = g(a3).

Therefore, by the definition of X* we must have x; = ¢(z}) = ¢(z5) = z2.
Thus f is bijective.

Next, suppose (Y, Ty) is Hausdorff. To see that X* is Hausdorff, let
x1,x2 € X* be arbitrary points such that x1 # xo. Then, as f is bijective,
f(z1) # f(z2). Hence, as (Y, Ty) is Hausdorff, there exists open sets Uy, Us €
Ty such that f(x1) € Uy, f(z2) € Us, and Uy N Uy = (). Therefore, since f is
a continuous bijection, V4 = f~1(U;) and Vo = f~1(Us) are open sets in X*
such that z1 € V4, x9 € Vo, and Vi3 N Vo = (). Therefore, as x1 and xo were
arbitrary, X* is Hausdorff.

To see the last part of the statement, we note that if g is a quotient map,
then f is a quotient map by Theorem Therefore, as f is a bijective
quotient map, f is a homeomorphism by definition.

Finally, suppose f is a homeomorphism. To see that g is a quotient
map, we first notice g is surjective and, since ¢ is continuous, that if U € Ty
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then ¢g~1(U) € Tx. Thus, to complete the proof that g is a quotient map,
let U C Y be an arbitrary set such that ¢g='(U) € Tx. Hence g~ (U) =
¢ 1(f~1(U)) € Tx. Therefore, as q is a quotient map, f~1(U) is open in X*.
However, since f is a homeomorphism, this implies that U € Ty. Therefore,
as U was arbitrary, g is a quotient map. ]

A.8 Compact Sets

One of the most important collection of topological spaces are those that are
compact. The notion of compactness follows by asking that we can extract a
finite open cover of our space from any open cover we may wish to consider.

Definition A.8.1. Let (X, 7) be a topological space and let A C X. Sets
{Ua}acr € P(X) are said to be an open cover of A if each U, € T for all
acland ACJ,cUa-

A subcover of A from {Uy}aer is any collection {Uy, }acys where J C T
such that A C U,csUa

Definition A.8.2. A topological space (X, 7) is said to be compact if every
open cover of (X, T) contains a finite subcover; that is, if {Ua}aer C T are
such that X = (J,c; Ua, then there exists J C I such that J is finite and

X — UaEJ Ua.
Of course, we have some trivial examples

Example A.8.3. Technically the empty set is compact as every open cover
has a subcover consisting of one element.

Example A.8.4. The trivial topology on a set X is always compact as the
only open covers of X will be {X} and {X,0}.

Example A.8.5. Let (X,7) be a topological space with X finite. Then
(X, T) is compact as 7 C P(X) is finite.

Example A.8.6. Let X be an infinite set and let 7 be the discrete topology
on X. Then (X,7) is not compact as {{z}}zcx is an open cover with no
finite subcovers.

To obtain more examples of compact topological spaces, we turn our
attention to subsets of R. Of course we have the following.

Example A.8.7. If R is equipped with its canonical topology, then R is not
compact. Indeed Y = {(n—1,n+1) | n € Z} is an open cover of R with no
finite subcovers as each element of Z is covered by a unique element of U.

In order to determine which subsets of R are compact when equipped
with the subspace topology, we note the following.
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Lemma A.8.8. Let (X, T) be a topological space and let Y be a subspace of
(X,T). Then'Y is compact if and only if every open cover of Y in (X, T)
has a finite subcover.

Proof. For simplicity, let Ty denote the subspace topology on Y inherited
from (X, 7).

To begin, suppose (Y, Ty) is compact. To see the result, let {U, }qer be
an arbitrary open cover of Y in (X, 7). Hence {Y NUy}aer is an open cover
of Y in (Y, Ty) so the fact that (Y, 7y) is compact implies there exists a finite
subset J C I such that {Y NUy}aes is an open cover of Y in (Y, 7y'). Hence
clearly {Uy}acs is a finite open subcover of Y from {U, }qes. Therefore, as
{Ua}aer was arbitrary, the claim follows.

Conversely, suppose that every open cover of Y in (X,7) has a finite
subcover. To see that (Y, 7y ) is compact, let {V,}aer be an arbitrary open
cover of Y in (Y, Ty'). By the definition of the subspace topology there exists
{Ua}aer € T such that V, = Y NU, for all @ € I. Hence {Uy}qaer is an
open cover of Y in (X, 7T), which then must have a finite subcover {U, }acs
of Y by assumption. Hence {V,}acs is a finite open subcover of ¥ from
{Va}aer- Therefore, since {V,, }ocr was arbitrary, (Y, 7y) is compact. [

Example A.8.9. The subset X = {0} U {% | ne N} C R is a compact

subspace of R. To see this, suppose that {U,}acs is an open cover of
X using open subsets from R. Hence there exists an «y € I such that
0 € Uy,- Since U,, is open, there exists an € > 0 such that (—¢,e) C U,,.
Since X contains only a finite number of elements outside of (—e¢,€), X
contains only a finite number of element outside of U,,. Thus we can write
X\ Uy = {x1,...,2m} for some m € N. Since {U,}ner is an open cover
of X, for each k € {1,...,m} there exists an oy, € I such that z;, € U,,.
Hence {U,, }}" is a finite subcover of X from {Uq,}acr. Hence, as {Uq}aer
was arbitrary, X is compact.

Example A.8.10. The subset X = {% | ne N} C R of R is not compact.

Indeed if U,, = (%, 1) for all n € N, then {U,}5°, is an open cover of X.
However, clearly {U,,}72; does not have a finite subcover as if ny,...,n, € N

then Uiz, Up, = (M, 1) which does not contain all of X since

Remark A.8.11. It is clear in the above example that the reason why X is
not compact was that X was not closed. However, for a general topological
space (X, T), a subspace A of (X, 7) may still be compact even if A is not
closed in (X, 7). Indeed, if X is finite, then every subspace of (X,7) is
compact as every subspace topology consists only of a finite number of sets.
As there are clearly examples of topologies on finite sets such that not every
set is closed, we have demonstrated our claim.
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The reason why the set in Example is not compact because it was
not closed follows from the fact that R is Hausdorff. In particular, mixing the
notions of Hausdorff and compactness yields some powerful results. Recall
that a topological space (X,7) is Hausdorff means that (X,7) has a lot
of open sets to separate points (i.e. it is “close” to the discrete topology)
whereas (X, 7)) is compact means that (X,7) does not have too many open
sets as every open cover has a finite subcover (i.e. it is “close” to the
trivial topology). It is this Goldilocks zone that makes compact Hausdorff
topological spaces some of the nicest topological spaces to study.

In order to study compact Hausdorff topological spaces, we note the
following incredibly useful lemma that lets us separate points from compact
subsets.

Lemma A.8.12. Let (X,7) be a Hausdorff space, let Y be a compact
subspace of X, and let xy € X \'Y. Then there exists U,V € T such that
20 €U, Y CV,andUNV = 0.

Proof. Since (X, T) is Hausdorff and zp € X \ 'Y, for each y € Y there exists
Uy, Vy € T such that g € Uy, y € V,;, and UyN'V, = 0. Hence {V, },cy is an
open cover of Y. Therefore, as Y is a compact subspace of X, Lemma
implies there exists an n € N and y1,¥2,...,yn, € Y such that {V,, }}_, is
an open cover of Y. Let

U=(U, ad V=_V.
k=1 k=1

Clearly Y C V by construction. Furthermore, as zg € U,, for all k €
{1,...,n}, zo € U. Finally, since U, NV, =0 for all y € Y, we obtain that
UNV =0 as desired. |

Using Lemma we can formalize the problem with Example

Theorem A.8.13. FEvery compact subspace of a Hausdorff topological space
is closed.

Proof. Let (X, T) be a Hausdorff topological space and let Y be a compact
subspace of X. To see that Y is closed in (X, 7), it will be demonstrated
that X \ Y is open. To see that X \ Y is open, let g € X \ Y be arbitrary.
By Lemma [A:8.12] there exists open sets U,V € T such that g € U, Y C V,
and UNV = (). Hence U is a neighbourhood of z that is contained in X \ Y.
Therefore, as g € X \ Y was arbitrary, X \ Y is open in (X, 7). Hence Y is
closed in (X, 7T) as desired. n

In fact, Theorem [A-8.13] has somewhat of a converse in compact topolog-
ical spaces.
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Theorem A.8.14. Every closed subspace of a compact topological space is
compact.

Proof. Let (X,7T) be a compact topological space and let F' be a closed
subspace of (X, 7). To see that F' is compact, we will verify the conditions
of Lemma, Thus let {U,}aer be an arbitrary open cover of F from
(X, T). Hence, as F is closed in (X, T), {X \ F'} U{U, }aer is an open cover
of (X, 7). Therefore, as (X, T) is compact, there exists a finite subset J C I
such that {X \ F'} U{U,}aes is an open cover of (X, 7). Therefore, since
X\ F is disjoint from F', {U, }ner is a finite subcover F from {Up, }oer. Hence
Lemma implies that F' is a compact subspace of (X, 7). ]

Combining Theorem and Theorem we can construct new

compact subspaces from other compact subspaces.

Corollary A.8.15. The arbitrary non-empty intersection of compact sub-
spaces of a Hausdorff topological space is compact.

Proof. Let (X,T) be a Hausdorff topological space and let {Ky}aer be
compact subspaces of (X,7) with I non-empty. By Theorem K, is
closed in (X, T) for all @ € I. Hence K = (s Kq is closed in (X, T). As I
is non-empty, K is a closed subset of K, for all « € I and thus a compact
subspace K, for all a € I by Theorem n

Remark A.8.16. Note Corollary |A.8.15| does not extend to (even the finite
intersection) of compact subspaces of non-Hausdorff topological spaces. For
such an example, let X = N and let

T={A] ACN\{1,2}} U{N}U{N\ {1}} U{N\ {2}}.

It is not difficult to verify that 7 is a topology on X. Furthermore, if
K1 =N\ {1} and Ky = N\ {2}, it is not difficult to verify that K and K>
are compact subspaces of X as any open cover of K1 must include either K;
or N (both of which are finite subcovers of K1) and any open cover of K5 must
include either K3 or N (both of which are finite subcovers of K3). However,
KN Ky =N\ {1,2} is clearly not compact as {{n} | n € N\ {1,2}} is an
open cover of K1 N Ky with no finite subcovers.

Corollary A.8.17. The finite union of compact subspaces of a topological
space is compact.

Proof. Let {K}}}!_, be compact subspaces of a topological space (X,7) and
let K = J}_; K. To see that K is compact in (X, T), let U = {Us}acr
be an arbitrary open cover of K. Hence U is an open cover of K}, for all
k € {1,...,n}. Therefore, since K}, is compact for all k € {1,...,n}, there
exists a finite subset Ji C I such that {U,}acy, is an open cover off Kj.
Thus if J = J}_; Jk, then J is a finite subset of I and {U, }qc is an open
cover of K. Therefore, as U was arbitrary, K is compact as desired. ]
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Remark A.8.18. Note Corollary does not extend to arbitrary unions
of compact subspaces. Indeed clearly X = {% | ne N} is a union of compact
subsets of R as every singleton in R is trivially compact. However X is not

compact by Example

However, there more obstructions for a subset of R to be compact.

Example A.8.19. Let X = 7Z C R equipped with the subspace topology
inherited from the canonical topology on R. Clearly X is a closed subset
of R since any convergent net from X must eventually be constant as
dist(n, X \ {n}) =1 for all n € N. However, we claim that X is not compact.
Indeed if U,, = (—n,n) for each n € N, then U = {U,}52, is an open cover
of X. However, U does not have a finite subcover since U,, C U, for all
n € N so that U is closed under unions, and since each element of I/ contains
only a finite number of points in the infinite set X.

It is not difficult to see that the set in Example is not compact as
its elements get arbitrary far away from 0. To give a name to this issue, we
define the following property for metric spaces.

Definition A.8.20. A subset A of metric space (X, d) is said to be bounded
if there exists an M > 0 such that

{d(al,ag) ‘ ai,ag € A} C [O,M].
There are many ways to characterize boundedness in a metric space.

Lemma A.8.21. Let (X,d) be a metric space and let A C X be non-empty.
The following are equivalent:

(i) A is bounded.
(ii) For each ay € A, A C By(ag, R) for some R > 0.
(iii) For an ag € A, A C By(ag, R) for some R > 0.

Proof. To see that (i) implies (ii), suppose A is bounded. Thus there exists
an M > 0 such that

{d(al,ag) | ai,a € A} C [O,M].

Hence (ii) follows by taking R = M for each ag € A.
Clearly (ii) implies (iii). To see that (iii) implies (i), let ap € A and R > 0
be such that A C By(ap, R). Hence for all a;,a2 € A,

d(al,a2) < d(al, ao) + d(ao, CLQ) <R+ R=2R.

Hence
{d(a1,a2) | ai,ay € A} C[0,2R)]

so A is bounded by definition. ]
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Using the same idea as Example we have the following.
Theorem A.8.22. Fvery compact metric space is bounded.

Proof. Let (X,d) be a compact metric space. To see that (X, d) is bounded,
fix a point xg € X. For each n € N, consider the open set U,, = By(xg,n).
Since for all © € X there exists an m € N such that d(x,z0) < m, we see
that Uy~ Uy, = X. Hence {U,}22 is an open cover of (X,d). Therefore,
since (X, d) is compact, there exists ni,...,nq € N such that X = {_, Up,.
If N = max{ni,...,nq}, we clearly obtain that X = B,(zo, N). Thus (X, d)
is bounded by Lemma n

Combining Theorem [A.8.T3and Theorem [A-8.22] every compact subspace
of R must be closed and bounded. We desire to prove the converse to this

statement. To simplify notation, we define the following.

Definition A.8.23. Let (X,d) be a metric space and let A C X be non-
empty. The diameter of A, denoted diam(A), is defined to be

diam(A) = sup({d(a1,a2) | a1,a2 € A}) C [0, o0].
Example A.8.24. In R equipped with its canonical metric
diam((0,1)) = diam([0,1]) =1
whereas diam(R) = oc.

Theorem A.8.25 (The Heine-Borel Theorem). Let K C K". Then K
is compact in (K", || ||) if and only if K is closed and bounded.

Proof. First, suppose K is compact. As any subspace of a metric space
(X, d) has topology induced by a metric that was induced from d by Propo-

sition Theorem [A.8.22| implies that K is bounded in (K", | -|)-

Furthermore, as the subspace of any Hausdorff topological space is Hausdorff,
Theorem implies that K is closed.

Conversely, let K be closed and bounded subspace of (K", || -||.,). Sup-
pose to the contrary that K is not compact. Hence there exists an open
cover {Uy }aer of K that has no finite subcover.

Since K is bounded, there exists an M € R such that

K C[-M,M]x---x[—M,M]
when K =R, and
K C {(a1 —I—bli,...,an—i—bni) ‘ ai,bj C [—M,M]}

when K = C. We will proceed with the proof where K = R as the case where
K = C follows by the same arguments using 2n in place of n.
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Divide [-M, M]™ into 2" closed balls with side-lengths M. To be specific,
for all ¢1,...,q, € {0,1} let

Jq1:-~~:qn = [_M+MQ1an1] X X [_M“‘MQnaMQn]-

Clearly each Jg, ... 4, is closed and the union of all possible Jy, . 4.s contains
K. Therefore, since {U, }aer does not have a finite subcover of K, there
must exist one of these J,, 4.8 such that {U,}aer does not have a finite
subcover of K N Jy, .. 4, (as there are a finite number of J,,  4.s). Denote
this Jy, .4, by B1 and notice diam(B;) = M.

Suppose for each &k € N we have constructed closed balls By, ..., By
such that Bj;1 C B;, diam(B;) = 57 M, and {Uq }aer does not have a finite
subcover of B;N K for all j € {1,...,k—1}. By repeating the above process
on By, there exists a closed ball Byy1 C By such that diam(Byy1) = Q,C%M
and such that {U,}aer does not have a finite subcover of By N K. Thus,
by repeating this process ad infinitum, we obtain a collection {Bj}7 of
closed balls of K" such that Byi1 C By, diam(By) = %M, and {Uq }acr
does not have a finite subcover of Vy N K for all £k € N (and thus By N K # 0
for all kK € N).

For each k € N, let ), € B N K. Then, as diam(B; N K) C diam(By) <
2%M, we see for all n > m > N that =, z.,, € BN K so

-----

1
Therefore, since lim oo M 2%\, = 0, we see that (x,,),>1 is a Cauchy sequence.
Hence, as K" is complete, there exists an g € K" such that lim,, ,o z,, = xg.
Moreover, since x,, € B,, N K for all n > m, the fact that B,, N K is closed
implies that xg € B, N K for all m € N. Hence

D)

k

1

We claim that Y has exactly one element. Indeed if z,y € Y then
x,y € By for all k € N so d(z,y) < diam(By) = Q%M for all £ € N which
implies d(x,y) = 0, or, equivalently, x = y. Hence Y contains exactly one
point, say z.

By construction z € K. Therefore, as {U, }aer is an open cover of K,
there exists an g € I such that z € U,,. Thus, since U,, is open, there
exists an € > 0 such that B(z,e) C U,,. Since diam(By) = Q%M for all
k € N, there exists a kg € N such that diam(By,) < e. Therefore, as z € By,
we obtain for all z € By, that d(z,z) < esox € B(z,¢e) C U,, for all z € By,.
This implies By, N K C Iy, C B(z,¢€) C Uy, which contradicts the fact that
{Ua}aer did not have a finite subcover of B, N K. As we have obtained a
contradiction, it must be the case that K is compact. ]

©For use through and only available at pskoufra.info.yorku.ca.



A.8. COMPACT SETS 243

Now that we have the Heine-Borel Theorem (Theorem and thus
a plethora of examples of compact topological spaces, we return to our initial
motivation for compact topological spaces; namely a generalization to the
Extreme Value Theorem to topological spaces. To obtain this characterization
knowing that every finite closed interval in R is compact, we note the following
exemplary property of compact topological spaces.

Theorem A.8.26 (The Extreme Value Theorem). Let (X,7x) and
(Y, Ty) be topological spaces and let f : X —'Y be continuous. If (X, Tx) is
compact, then f(X) is a compact subspace of (Y, Ty).

Proof. To see that f(X) is compact, let {U, }aer be an arbitrary open cover
of f(X) in (Y, Ty). Therefore {f~*(Us)}aes is an open cover of (X, Tx).
Hence, as (X, Tx) is compact, there exists a finite subset J C I such that
{fY(Ua)}aes is an open cover of (X, Tx). Therefore f(X) C Uaey Ua SO
{Ua}aes is a finite subcover of f(X) from {U,}aer Therefore, as {Ua}acr
was arbitrary, f(X) is compact. n

Theorem has some wide-reaching implications.

Theorem A.8.27 (The Extreme Value Theorem). Let (X,7T) be a
compact topological space and let f: X — R be continuous. Then there exists
points x1,xo € X such that f(x1) < f(x) < f(x2) forallz € X.

Proof. Since f is continuous and X is compact, Theorem [A.8.26] implies
that f(X) is a compact subset of R. Hence f(X) is closed and bounded by
the Heine-Borel Theorem (Theorem [A.8.25). Since f(X) is non-empty and
bounded, sup(f(X)) and inf(f(X)) are finite and we can construct sequences
of elements of f(X) converging to sup(f(X)) and inf(f(X)) respectively.
Since f(X) is also closed, this implies sup(f(X)),inf(f(X)) € f(X). Hence
there exists x1,zo € X such that f(x;) = inf(f(X)) and f(x2) = sup(f(X))
so f(z1) < f(x) < f(xe) for all z € X as desired. ]

Another application of Theorem is the following.

Corollary A.8.28. FEwvery topological space homeomorphic to a compact
topological space is compact.

Proof. The result easily follows from Theorem [A-8.26] ]

To finish off our preliminary study of compact topological spaces, we
further note that the notions of compact and Hausdorff topological spaces
intertwine nicely.

Theorem A.8.29. Let (X, Tx) be a compact topological space and let (Y, Ty)
be a Hausdorff space. If f : X — Y s a continuous bijection, then f is a
homeomorphism. Thus (X, Tx) is Hausdorff and (Y,Ty) is compact.
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Proof. Suppose f: X — Y is a continuous bijection. To see that f~!:Y —
X is continuous, let U € Tx be arbitrary. Then K = X \ U is a closed subset
of (X, Tx) and thus compact by Theorem Hence (f~1)~1(K) = f(K)
is a compact subset of (Y, 7y) by Theorem Therefore, since (Y, Ty)
is Hausdorff, f(K) is closed by Theorem Thus

(fTH7HU) = f(U) = X\ K) = f(X)\ f(K) =Y\ f(K)

is open in (Y, 7Ty). Therefore, as U € Tx was arbitrary, f~! is continuous.
Hence f is a homeomorphism.

The facts that (X, Tx) is Hausdorff and (Y, 7y) is compact then follow
as homeomorphisms clearly preserve these topological properties. ]

A.9 Other Characterizations of Compactness

Now that we have some knowledge of the basics and some examples of compact
topological spaces, we turn our attention to equivalent characterizations of
compact topological spaces in the general topological setting. For example,
in R, the Bolzano-Weierstrass Theorem states (upto a reformulation) that
a set A C R is closed and bounded if and only every sequence of elements
of A has a convergent subsequence to an element of A. As the Heine-Borel
Theorem (Theorem implies the closed, bounded subsets of R are
exactly the compact subsets of R, it is natural to ask whether ‘every sequence
having a convergent subsequence’ is a characterization of compact topological
spaces. Of course, as sequences are insufficient in general topological spaces,
it is more useful to ask whether ‘every net has a convergent subnet’ is an
equivalent characterization of compact topological spaces.

In this section, our main (and only) result will show this is indeed the case.
In addition, there is another incredibly useful characterization of compact
topological spaces using intersections of certain collections of subsets.

Definition A.9.1. Let (X, 7) be a topological space. A collection {Fy }aer
is said to have the finite intersection property if (\,cj Fo # 0 for every finite
subset J C I.

Theorem A.9.2. Let (X, T) be a topological. The following are equivalent:
(i) (X,T) is compact.

(ii) Whenever {Fy}acr is a collection of closed subsets of (X,T) with the
finite intersection property, Nocr Fa # 0.

(iii) For every net (xx)xen, there exists an xo € X such that

xo € {xn | A € A such that X\ > o}

for every Ao € A (often x¢ is called a cluster point of the net ).
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(iv) Every net in (X,T) has a convergent subnet.

Proof. To see that (i) implies (ii), let (X,7) be a compact topological
space. Suppose {Fy }aer is a set of closed subsets of (X, 7) with the finite
intersection property yet (,c; Fa = 0. For each a € I, let Uy, = X \ F,.
Hence {Ua}aer are open subsets of (X,7) as {Fy}aer is a set of closed
subsets of (X, T). Since

UUa=X\FE :X\<ﬂ Fa> =X\0=X,

acl ael ael

we see that {Uy}aer is an open cover of X. Therefore, as (X, 7T) is compact,
there exists a finite subset J C I such that

X = U
aeJ

Hence

(DzX\X:X\(U Ua> = X\Us= () Fa
aeJ acJ acJ
thereby contradicting the fact that {F,},er has the finite intersection prop-
erty. Thus, as we have obtained our contradiction, (i) implies (ii).

To see that (ii) implies (iii), suppose (ii) holds. Let (x))xea be an
arbitrary net in (X, 7). For each A € A, let

A)\:{{L‘)\/ ‘)\,2)\} and FA:TAQX.

Clearly {F)\}xea are closed subsets of X. We claim that {F)} cp has the
finite intersection property. Indeed suppose J C A is finite. Since J is finite,
the existence of upper bounds in directed sets implies there exists a A\g € A
such that A\g > A for all A € A. Hence

a:,\oemF,\ SO ﬂFA#@.

AeJ reJ

Therefore, as J C I was an arbitrary finite subset, {F} ea has the finite
intersection property. By the assumption of (ii), we know that there exists
an o € [aea £ as desired. Hence, as (x))repn was arbitrary, (ii) implies
(ii).

To see that (iii) implies (iv), let (z))xea be an arbitrary net in (X, 7).
For each \ € A, let

A)\:{xx ‘)\/2)\} and FA:TAQX.

By the assumption of (iii), there exists an zg € (Nyep Fa-
We claim that there exists a subnet of (z))xca that converges to zg. To
see this, first notice for an arbitrary neighbourhood U of z¢ that AyNU # ()
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by Theorem as xg € F). Hence, for every neighbourhood U of xg and
for every A € A there exists a \' € A such that ' > X and z) € U.
Let

M = {(U,\) | U a neighbourhood of zp and A € A such that x) € U},

which is non-empty by previous discussions. For two pairs (U1, A1), (U2, A2) €
M, define (Ulv)\l) < (UQ,)\Q) if and OIﬂy if U1 D) U2 and )\1 < )\2. We claim
that (M, <) is a directed set. Indeed it is clear (M, <) is reflexive and
transitive since reverse inclusion and the ordering on A are. Finally let
(U1, A1), (U2, A2) € M be arbitrary. Let U3 = U; N Uy. Clearly Us is a
neighbourhood of zy as U; and U, are. As (A, <) is a directed set, there
exists a A € A such that A > A\; and X > \y. By the previous paragraph
there exists a A3 € A such that A3 > X (so A3 > A1 and A3 > A\2) and
Trg € Us. Hence (Ug,)\g) eM, (Ug,)\g) > (Ul,)\l), and (Ug,)\g) > (UQ,)\Q).
Therefore, as (U1, A1), (U2, \2) € M were arbitrary, (M, <) is a directed set.

We claim that (7)) @\enm is @ subnet of (zy)xea. To see this, define
¢ : M — A by o((U,\)) = \. Clearly ¢ is increasing by the definition of
the ordering on M. To see that ¢ is cofinal, let A € A be arbitrary. Then
clearly (X,\) € M and ¢((X,))) = A > A. Hence (z)),\)en is a subnet of
(x)rea by Definition

Finally, we claim that (2))u,x)en converges to zg. To see this, let U be
an arbitrary neighbourhood of zg. From previous discussions there exists
a A € A such that (U, \) € M. Thus for all (U',\) > (U,\) we have
that xy» € U’ C U. Therefore, as U was arbitrary, (z)) @, e is a subnet
of (zx)xea that converges to xg. Therefore, as (z))yea Was arbitrary, (iii)
implies (iv).

To see that (iv) implies (i), suppose (iv) holds. To see that (X,7T) is
compact, suppose to the contrary that there exists an open cover {Uy }aer
of (X,7) that has no finite subcover. We will use {Uq, }qer to construct a
net that has no convergent subnets.

Let

A:{UCX ‘U: U U, forsomeﬁnitesubsetJCU}.
acJ

For two sets Uy, Us € A, define Uy < Us if and only if Uy C Us. Since A is
closed under finite unions, Example implies (A, <) is a directed set.

Since {Ua }aer has no finite subcover of (X, 7), X \ (Unes Ua) # 0 for
each finite set J C I. Hence, for each U € A we may choose a point
zy € X \U. Thus (zy)yen is a net in (X, 7).

We claim that (z7)pea has no convergent subnets thereby contradicting
the assumption that (iv) holds and yielding (iv) implies (i). To see this,
suppose to the contrary that (zy)pea has a subnet (xy,),enr that converges
to some point zgp € X. Since {U, }naer is an open cover of (X, T), there exists
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an ag € I such that xg € Uy,. Thus, as (zx,)ucn is a subnet of (z)yea,
there exists a o such that A, > Us,. Moreover, since (z,)uenm converges
to zo, there exists an pu; € M such that xy, € U, for all g > p1. By the
definition of a directed set, there exists a pu2 € M such that ps > po and
p2 = pi. Hence Ay, > Uqy and )y, € Uy, However, A, > Uy, implies that
Ay = U for some open set U in (X, 7) such that U D Uy, so the definition
of x,, implies that

zy,, €U so Ty, & Uao-

As this contradicts the fact that x),, € Ua,, (zv)uea has no convergent
subnets. Hence (iv) implies (i). ]
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Appendix B

Inner Product Spaces

In this appendix chapter, we will quickly review the elementary properties
of inner product spaces from linear algebra.

B.1 Inner Product Spaces

We begin with the definition of an inner product

Definition B.1.1. Let V be a vector space over K. An inner product on V.
isamap (--):V xV — Ksuch that

1. (0,7) > 0 for all 0 € V,
2. (#,7) = 0 if and only if 7 = 0,

3. (Z+ My, 0) = (Z,0) + A7, V) for all ,Z,57 € V and A € K (i.e. (-,-))
is linear in the first entry), and

4. (Z,7) = (¢, &) for all Z, i € V (where Z is the complex conjugate of z).

Remark B.1.2. Combining properties (3) and (4) in Definition we
obtain for all ¥, Z, € V and A\ € K that

(B, 7+ \J) = (@ + M\, 0)
= (Z,7) + \ij, 0)
= (Z,7) + i, 0)
= (0, 7) + N7, ).

That is, every inner product is conjugate linear in the second entry.

Remark B.1.3. Notice that if (-,-) is an inner product on a vector space
V, the fact that (-,-) is linear in the first entry and conjugate linear in the
second entries implies that (0,7) = (#,0) = 0 for all ¥ € V.
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As we are interested in the vector space together with a fixed inner
product, we make the following definition.

Definition B.1.4. An inner product space is a pair (V, (-,-)) where V is a
vector space over K and (-, ) is an inner product on V.

Remark B.1.5. Again, we will often abuse notation by said that V is an
inner product space without specifying (-, -).

Example B.1.6. Let n € N. Define (-,-), : K" x K" — K by

n
(21,0 2), (Wi, wn))2 = Y 2,0k
k=1
for all (z1,...,2n), (w1,...,wy) € K" It is elementary to verify that (-,-) is

an inner product on K”. We call (-, -) the standard inner product on K".

Example B.1.7. Let n € N and let M,,(K) denote the set of n x n matrices
with entries in K. Define (-,-) : M, (K) x M, (K) — K by

(A, B) = Tr(AB")

for all A, B € M, (K) where B* is the conjugate transpose of B and Tr :
M, (K) — K is the trace. As the trace is linear, it is elementary to verify
that (-,-) is an inner product on M,,(K).

Notice if we write A = [a; ;] and B = [b; ;] then

(A,B) = Y aijbi;.
i,j=1

Therefore, by comparing with Example[B.1.6] it is elementary to see that there
is an invertible linear map ¢ : M,,(K) — K™ such that (p(A), p(B))gn2 =
Tr(AB*) for all A,B € M,(K). In particular, M, (K) with this inner
product is really K" with the standard inner product in disguise.

Example B.1.8. Let n € N and let (+,-) be an inner product on K”. It is
then possible to show that there exists a matrix A = [a; ;] € M, (K) such
that A is invertible and positive definite, and

n
(215 vy 2n), (W1, ..., wy)) = Z a; j2W;

ij=1
for all (z1,...,2n), (w1,...,w,) € K" We leave the proof as an exercise that
will make use of the theory we will develop in this chapter and the fact that
(215 2n), (W1, .. wn)) = (A(21, -+ -y 2n), (W1, ..., wp))2

where (-, -), is the standard inner product from Example and where
A(z1,...,2n) represents the vector obtained by matrix multiplication of A
against the column vector with entries (z1,..., 2,). Note if A is the identity
matrix, then the standard inner product is recovered.
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Example B.1.9. Define (-,-) : C[0,1] x C[0,1] — R by

)= [ gt de

for all f, g € C[0,1]. Tt is elementary to verify that (-, ) is an inner product
on C|0, 1].

Example B.1.10. Define (-, -) : £5(N) x £5(N) — K by

<(Zn)n21a (wn)n21> = Z ZnWp
n=1

for all (zp)n>1, (Wn)n>1 € L2(N). It is not difficult to see that (-, -) will satisfy
the conditions in Definition [B.1.1] provided the sum under consideration
actually converges in K. Since

o0

Z | 20| < H(Zn)nzluz H(wn)nZIH2

n=1

by Hélder’s Inequality (Theorem |D.1.7)), and since K is complete (so abso-
lutely summable series converge by Theorem [2.2.2)), the sum is finite.

We desire to show that each inner product space has a norm induced
by the inner product, which happens to be the 2-norm in (almost) all of
the above examples. To do this, we first prove the following very useful
inequality.

Theorem B.1.11 (Cauchy-Schwarz Inequality). Let (V,(-,-)) be an
inmer product space. For all Z,7 €V,

. - i, 1
(@, 9)| < (&, 2)2(y,)2.

Furthermore, the above inequality is an equality if and only if {Z, y} is linearly
dependent.

Proof. First notice if & = 0 or § = 0, then the proof is trivial by Remark

Thus we may assume that Z, 7 # 0.
Choose A € K with |A\| = 1 such that

<>\f737> = )‘<'i:737> = |<5E737>|a
and notice for all ¢ € R that

0 < (AT + tij, AT + t§))
= |N2(&, @) + t(§, AD) + (AT, §) + t2(§,9)
= (Z, @) + 2t|(Z, §)| + 27, 7).
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By substituting

(7, )]
(9, 9)

which is well-defined as i # 0, we obtain that

(Z. 9 1@ 5
(9, 9) (9, 9)

to = —

0< (Z,3) -2

which clearly implies the inequality.
For the additional claim, notice if £ = a for some « € K, then

- N 1 1, 1, 1 IR BN 1
(2, 9)| = ey, 9) = a2az2(§, §)2 (4, 4) 2 = (T, )2 (7§, §)2.

For the other direction, notice if the Cauchy-Schwarz inequality is an equality
then the above proof shows

(AT + toy, AT + toy) = 0.

Hence AT + toff = 0 so {Z, 7} is linearly dependent (as A # 0). ]
Theorem B.1.12. Let (V,(-,-)) be an inner product space. Then V is a
normed linear space with a norm ||-|| : V — [0,00) defined by

|15]] = /¥, 7)

forallveV.

Proof. 1t is elementary using Definition to see that || - || is well-defined,
|5]] > 0 for all ¥ € V, ||7]| = 0 if and only if 7 = 0, and ||ad] = || ||7|| for
all 7 € V and « € K. To see that || - || satisfies the triangle inequality, notice
for all Z,y € V that

IZ+FI* = (& + 7,7+ )
= (Z,7) +(Z,9) + (7, 7) + (7, 9)
= [|#]* + 2Re((Z, )) + [141I°
< || + 2142, 5)| + [l
< 2>+ 22| 17l + |I7]*> by Cauchy-Schwarz (Theorem [B.1.11)
= (|12 + [17])* -

Hence the triangle inequality follows. ]

Remark B.1.13. For the triangle inequality to be an equality, notice we
require equality in the Cauchy-Schwarz inequality which implies ¥ and i are
linearly dependent. Furthermore, we notice we require Re((Z, %)) = |(Z, 9)|
will then occur only if ¥ = ay or §¥ = a& for some « € [0,00). Clearly this
later condition implies equality in the triangle inequality.
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Remark B.1.14. By the Cauchy-Schwarz inequality |(Z,7)| < ||Z|| ||7]|, we
see that the inner product is simultaneously continuous in its entry. Indeed
if £ =1lim,_,00 T, and i = limy,_, ¥, then
limsup [(Z, 7)) — (Zn, ¥n)| <limsup (T, 7)) — (Z,9n)| + [T, 5n) — (Zn, Un)|
n—oo n—oo

< limsup | Z][ | = gll + (|7 = Znl [|Gn] = 0
n—oo

as ¥ = limp 00 @, and ¥ = limy, o0 Ui, with the later implying that (¢,)n>1
is bounded.

Remark B.1.15. The proof of Theorem also enables us to develop
a notion of an angle. To motivate this, recall the cosine law for a triangle
which states

¢ = a® 4+ b* — 2abcos(h)

for a triangle with sides a,b,c and angle 6 opposite to ¢. Thinking of a
‘triangle’ formed by two vectors &,y and their difference in a real inner
product space, the proof of Theorem [B.1.12] demonstrates

S 2 ) 2 -
17 —glI” = 12" + [[91]” — 2(Z, %).

Thus, for a real inner product space, we would like to define the angle 0
between ¥ and ¥ to be such that

(&7
cos(f) = ——=
©) = T

which exists by the Cauchy-Schwarz Inequality.

Using the above notion of an angle, we obtain the definition of what it
means for two vectors to be perpendicular.

Definition B.1.16. Let (V,(-,-)) be an inner product space. Two vectors
U, € V are said to be orthogonal if (U, ) = 0.

Using the properties of the inner product, it is nearly trivial to obtain
the following theorems. Thus we omit the proofs.

Theorem B.1.17 (Pythagorean Theorem). Let (V,(-,-)) be an inner
product space. If {U,}}_; is a set of orthogonal vectors, then

n 2 n
Yow|| =D Nl
k=1 k=1

Theorem B.1.18 (Parallelogram Law). Let (V,(-,-)) be an inner product
space. If Z,i7 €V, then

12+ glI* + 12 — 71° = 211Z” + 2 17]*-
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Remark B.1.19. It is difficult but possible to show that any norm on any
vector space over K that satisfies the Parallelogram Law actually comes from
an inner product.

Theorem B.1.20 (Polarization Identity). Let (V,(-,-)) be an inner
product space. If Z,i7 € V, then

« @& =1IF+71* - 117" FK=R, and

o @) = Axh it ik =
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Appendix C

Completions of Normed
Linear Spaces

In this appendix chapter, we will demonstrate that given any normed linear
space (X, ]| -||) there exists a unique way to complete X to obtain a Banach
space.

C.1 Completion of a Normed Linear Space

To be formal with our notion of how we are going to complete a normed
linear space, we define the following.

Definition C.1.1. Let (X, -||;) be a normed linear space. A completion
of (X, |- |ly) is a Banach space (Y, || - [|5)) such that there exists an isometry

¢ : X — Y such that o(X) = ).

We will first prove the existence of a completion of any normed linear
space followed by a proof of its uniqueness.

Theorem C.1.2. Fvery normed linear space has a completion.

Proof. Let (X,]-]|y) be a normed linear space. Let V denote the set of
all Cauchy sequences in X. Note that V is non-empty as every constant
sequence is Cauchy. Since given Cauchy sequences (Zp)n>1 and (¥n)n>1 and
a € K, the sequences

(Tn + Yn)n>1 and (O‘fn)nzl

are Cauchy by the properties of the norm, V is a vector space over K.
However, V is not the normed linear space we want. To construct a normed
linear space, we require a quotient.

Let

W = {(fn)nzl €V | lim 7, :6}.
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Clearly W is a subspace of V and thus V/W is a vector space with operations
[01] + [U2] = [01 + V2] and «[7] = [a¥]. Recall two elements (Zy,)n>1, (Un)n>1 €
V produce the same element in V/W if and only if

nh_{Iolo an - gn”X =0

Define || - || : V/W — [0, 00) by

—

I(Zn)n21]l] = Tim sup [ Z,]
n—oo

and note that since (Zp,)n>1 is Cauchy and thus bounded, | - || does indeed
map into [0,00). Since we are dealing with equivalence classes, we must
check that || - || is well-defined. To see this, notice if [(Zn)n>1] = [(Tn)n>1]
then

nh_{rolo |Zn = nllx = 0.

SO

lim sup ||Zy | , = limsup ||Fn]| 5
n—00 n—00

by the reverse triangle inequality. Hence || - || is well-defined. To see that || - ||
is indeed a norm, note that ||[(Zy,)n>1]]| = 0 if and only if lim sup,,_, o [|Zn ||y =
0 if and only if (Z,)n>1 € W if and only if [(Zn)n>1] = Oy/yy. As the other
properties of a norm are trivial to verify, (V/W,||-||) is a normed linear
space.

We will postpone the proof that (V/W, || -||) is complete momentarily
in order to demonstrate some facts in relation to X'. Define ¢ : X — V/W
by ©(Z) = [(Z)n>1]; that is, map each element of X to a constant sequence.
Clearly ¢ is well-defined, linear, and an isometry. We claim that ¢(X) is
dense in V/W.

To see that ¢(X) is dense in V/W, let [(Z,)n>1] € V/W be arbitrary and
let € > 0 be arbitrary. Since (#),>1 is Cauchy in X, there exists an N € N
such that ||Z, — &, ||y < € for all n,m > N. Hence

lp(ZN) = [(Zn)nx1]] < e

Therefore, as € > 0 was arbitrary, [(Z,)n,>1] is in the closure of ¢(X'). Hence,
as [(Zn)n>1] € V/W was arbitrary, ¢(X) is dense in V/W.

To see that (V/W, | -||) is complete, let (Z,),>1 be an arbitrary Cauchy
sequence in (V/W, || -||). Since ¢(X) is dense in V/W, for each n € N there
exists an ¥, € X such that

o R 1
llo(Zn) — Znll < n
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We claim that (Z,),>1 is a Cauchy sequence of elements of X and thus is an
element of V. To see this, notice for all n,m € N that

120 = Zmllx = lo(Zn) = o (@)
lo(Zn) — Zull + 120 — Znll + 12m — (@)

1 1 . N
< —+ =+ |20 — Znll -
nom

IN

Therefore, as (Z,)n>1 is Cauchy, it is elementary to verify the above inequality
implies (Zp)n>1 is Cauchy. Finally, to see that (2),),>1 converges to 2’ =
[(Zn)n>1], we notice that

lim [[(Z,) — 2| =0

n—oo

as (Zn)n>1 is Cauchy. Hence as

. - . T | Sy
170 = 2l < 1120 = (@) | + lle(@n) = 21 < =+ lleo(@n) = 21l

we obtain that (2),),>1 converges to Z = [(Z)n>1]. Therefore, as (Z,)n>1
was an arbitrary Cauchy sequence, V/W is complete thereby completing the
proof. ]

Proposition C.1.3. Any two completions of a metric space are isomorphic.

Proof. Let (X,|-|y) be a metric space. Suppose that (J,]-[[y,) and
(Z,|l-lz) are completions of (X, | -||y). Therefore there exists isometries
wy: X = Yand pz : X - Z such that oy(X) =Y and pz(X) = Z. Our
goal is to extend the identity map from X C ) to X C Z to obtain an
isometry from Y to Z.

To define an isometry ¢ : YV — Z, let y € Y be arbitrary. Hence,
as ) is the closure of X' there exists a sequence (zp)n,>1 of elements of
X such that y = lim,, o py(z,). However, as (py(zy))n>1 converges in
D1 Ily): (9(&n))nz1 is Canchy in (V.|| - ). Therefore, (2)nz1 is Cauchy
in (X, ||y) as @y is an isometry. Hence (¢z(zp))n>1 also must be Cauchy
as ypz is an isometry. Since (Z,||-||z) is complete, (¢z(zy))n>1 converges
in (Z,|-z). Let zy = lim, o0 @z (2,). We would like to define ¢ : Y — Z
such that f(y) = z,. There is one technical issue with this definition that
we should get out of the way; that is, we desire to show that if (2] ),>1
is another sequence of elements of X’ such that y = lim,_ @y(z},), then
zy = limy, o0 @z (x],). This will demonstrate that the sequence of elements
of X we choose converging to y € J does not affect the limit in (Z, || - || z).
To see this, notice by the triangle inequality and properties of limits that

Jim [z (ay,) — pz(an)]; = lim [|2], — za||5

- nhjgo H@y(xln) - @y(xn)Hy

= lly —ylly = 0.
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Hence as 2z, = limy, o0 ¢z (2r), the above easily implies z, = lim,, o @z(2],).
Hence the claim is complete.

Hence we may define ¢ : Y — Z as follows: for each y € Y choose a
sequence (zp)n>1 of elements of X such that y = lim,,_,o ¢y(x,) and define
o(y) = limy 00 pz(zy). We claim that ¢ is an isometry. To see this, let
v,y € Y be arbitrary. Choose sequence (zp,)n>1 and (z),)n>1 of elements of
X such that y = limy, 00 @y(2,) and ¥’ = lim,_ @y(x}). Then, by the
triangle inequality and properties of limits,

le() = o)z = Jim [lez(en) = ez(2h)] 2
= lim [z — 2|

= 1lim [oy(zn) — @y ()]l

n—oo
/
=lly=vlly-
Hence ¢ is an isometry (and therefore injective).

To see that ¢ is surjective (and thus a bijection) let z € Z be arbitrary.
Note as Z is the completion of ¢z (X'), there exists a sequence (xy,),>1 of
elements of X such that z = lim,_,o pz(2,). By similar arguments to those
above, y = lim,,_,o @y (zy) exists and thus ¢(y) = z. Hence, as z € Z was
arbitrary, ¢ is surjective. Hence ) and Z are isomorphic. ]

C.2 Completion of Inner Product Spaces

In this section, we demonstrate the following theorem that the completion of
a inner product space is a Hilbert space.

Theorem C.2.1. Let (V,(-,-)) be an inner product space and let H be the
normed linear space completion of V' from Theorem [C.1.9. There exists an
inner product (-, ), : H X H — K such that (Z, )y = (L, ) for allZ, 7€ V.

Proof. To prove this result, we could proceed in one of two ways. The first
way would be to complete Remark and show that the norm on the
completion of an inner product space then satisfies the the Parallelogram
Law. Instead we will use an argument similar to Proposition [C.1.3] to define
an inner product on the completion.

Let (V,(-,-)) be an inner product space and let H be the normed linear
space completion of V' from Theorem Define (-,-)y, : H x H — K as
follows: Given Z,y € H, choose sequences (Zp)n>1 and (¥y,)n>1 such that
Z = limy_ 00 T, and § = limy, o0 . We then define

<fa ?j)?—[ = nlgngo<fn7 gn>

To complete the proof, we will first need to demonstrate three things: that
the above limit exists, that the definition did not depend on the sequences
selected, and that the resulting definition does indeed yield an inner product.
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To see that the limit exists, notice for all n,m € N that

’<fmgN> - <fm,gm>‘ < ‘(fnvgn> - <fnagm>| + ‘<fn7gm> - <fm737m>‘
- ‘(fnvgn - gmH + ‘(fn - fm,ﬁmﬂ
< | Znll 1Gn = Gmll + |80 — Znl| |G|

with the last inequality coming from the Cauchy-Schwarz inequality. Since
(Zn)n>1 and (Yn)n>1 converge in H, (Zp)n>1 and (¥, )n>1 are bounded and
Cauchy. Hence the above inequality demonstrates that ((Z,%n))n>1 is
Cauchy in K and thus converges. Hence the limit exists.

Slmﬂarly, if (@)n>1 and (y),)n>1 are such that & = lim,_,, &, and
¥ = lim,,,~ ¥,, the above computation shows that

|<fn,27n> — myn | | JUnvyn $nayn | + | xn,yn> - <_’In’yn>|
!an Hyn ynH + ||an —wnH 7]

Hence we see that
lim <fmgn> = hm < nayn>

n—oo

Thus the definition of (%, ¢)% does not depend on the sequences representing
Z and /.

To see that (-,-),, is an inner product on H, first we notice that (Z, ) >
0 as the limit of positive real numbers is positive. Furthermore, notice
that (Z,Z)y = 0 if and only if there exists a sequence (#)n>1 such that
T = limy, 00 Zp and lim, oo (Zp, Zn) = 0. As the later is equivalent to
lim,, 00 || Zn]| = 0, we see that (Z,#)y = 0 if and only if & = 0. Moreover

Finally, we see for all o« € K and Z,%,7 € H that (Z),>1, (Jn)n>1, and
(Un)n>1 are sequences in V' that converge to Z, ¢/, and ¥ respectively, then

(7 + g, O)n =l (Zn + afn, Tn)
= lim (Zy, ) + (fn, Tn)
= (&, D)y + (¥, O)n

Hence (-,-),, is an inner product. ]
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Appendix D

L, Spaces

In this appendix chapter, we will look at some of the fundamental properties
of L, spaces.

D.1 Constructing the L,-Spaces

To begin our discuss of L, spaces, we must begin with their definition.

Definition D.1.1. Let (X, A, 1) be a measure space and let p € [1,00). A
measurable function f: X — C is said to be p-integrable if

/ |fIPdp < oo,
X

The set of p-integrable functions on (X, A, i) is denoted £, (X, p).
Unsurprisingly, £,(X, p) is a vector space.

Lemma D.1.2. Let (X, A, p) be a measure space and let p € [1,00). Then
Ly(X, W) is a vector space is a vector space over C (and thus, restricting to
real-valued functions produces a vector space over R).

Proof. Let f,g € L,(X, ) and let aw € C. Then, as

[ laswdu=lap [ 157 dp < o,
X X
we see that af € L,(X, ). Moreover, since

[f + 9P < (If]+1g])” < (2max{[f], [g[})"
= 2"max {|f|",|g["} < 2" (IfI" +1g/"),

we see that
[irvgrdn< [ igpdur [ lgrdn< oo
X X X

so f+ g€ L,(X,n). Hence L,(X, p) is a vector space. ]
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Remark D.1.3. Of course, given p € [1,00), we would like to define a
norm on L,(X, ) so that we can perform analysis. In particular, given
f e L,(X,p) we would like to define

i1, = ([ e i)’

to be the p-norm of f. It is elementary to see that if f € £,(X, ), then
1£1l,, € [0,00). Moreover, for all a € C we see that

oty = () = (ot L)
=lol ( /, \f\”du); = ol 1£1l,-

Furthermore, we will be able to verify the triangle inequality below. However,
one problem remains. In the definition of a norm, the only vector that can
have zero norm is the zero vector. However [/ f||, = 0 if and only if f is zero
almost everywhere. Thus it is possible there is a function f that is not the
zero function (but zero almost everywhere) such that |||, = 0. How can we
rectify this situation?

Well, as the problem is that functions that are equal almost everywhere
are not equal, let’s define a new notion of equality to make then equal. To
begin, recall that M (X, C), the set of measurable functions from X to C, is
a vector space. Since it is elementary to verify that

W ={f e M(X,C) | f=0 u-almost everywhere}

is a subspace of M(X,C), we can form the quotient space M(X,C)/W.
Given a function f € M(X,C), we will use [f] to denote the equivalence
class f + W in M(X,C)/W. Clearly if f,g € M(X,C), then [f] = [g] if and
only if f = g almost everywhere. In particular, if [f] = [g] then

[ o1srdn= [ lgP dy
X X

as | f|P = |g|P almost everywhere so f € L,(X, p) if and only if g € £,(X, p).
Furthermore, since W is clearly a subspace of £,(X,x), we can consider
Lyp(X, 1) /W

Definition D.1.4. Given a measure space (X, A, u) and a p € [1,00), the
Ly-space of (X, A, n), denote Ly(X, p), is the vector space over C defined by

LP(Xv M) = {[f] ’ f S EP(XMU)} :
Furthermore, the p-norm is the function || - ||, : L,(X, p) — [0, 00) defined

by )
I, = ( /. 1 an)’
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Remark D.1.5. First, note that the p-norm is well-defined on L, (X, p).
Indeed if [f] = [g] then

[ o1grdn= [ gPdu
X X

so the value of [|[f]||,, does not depend on the representative of the equivalence
class.

Due to the definition of L, (X, ) and Remark we will often not
distinguish elements of L,(X,p) and £,(X, ). In actuality, elements of
L,(X, 1) are functions whereas elements of L,(X, 1) are equivalence classes
of functions in £,(X,n). However, each element ¥ of L,(X,u) can be
represented by a function f € £,(X,u) and if g € £,(X, p) is such that
g = f a.e., then ¥ can also be represented by g. Consequently, we will treat
elements of L,(X, u) as functions that are p-integrable where we are allowed
to modify the functions on a set of pu-measure zero. Thus we will often
omit the notation of an equivalence class. One thing to keep in mind is
that we must verify that any function defined on L,(X, u) respects almost
everywhere equivalence.

To prove that the p-norm is a norm on L,(X, u), we require some in-
equalities.

Lemma D.1.6 (Young’s Inequality). Let a,b > 0 and let p,q € (1, 00)
be such that % + % =1. Then ab < %ap + %bq.

Proof. Notice 1 = % + % = % implies p + ¢ — pg = 0. Hence q = p%l.

Fix b > 0. Notice if b = 0, the inequality easily holds. Thus we will
assume b > 0.

Define f : [0,00) — R by f(x) = %xp + %bq — bx. Clearly f(0) > 0
and lim,_,o f(z) = 00 as p > 1 so aP grows faster than z. We claim that
f(x) > 0 for all x € [0,00) thereby proving the inequality. Notice f is
differentiable on [0, c0) with

fl(x) =2P~1 —b.

1
Therefore f/'(z) = 0 if and only if x = b»—1. Moreover, it is elementary to
1
see from the derivative that f has a local minimum at b»—1 and thus f has a

1
global minimum at b»—1 due to the boundary conditions. Therefore, since
f(v7T) = Lpatn gy Lpo ity — Lo Ly e
p q p q

we obtain that f(x) > 0 for all x € [0,00) as desired. ]
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Theorem D.1.7 (Holder’s Inequality). Let (X, A, 1) be a measure space
and let p, q € (1,00) be such that %—l—% =1. Iffe Ly(X,n) andg € Ly(X, ),
then fg € L1(X, 1) and

/X‘fg\d,uﬁ(/X|f|pdu);(/X|g|qd,u>}l.
a:(/Xf\pdu)’l’ and 5:(/)(\9\%);.

If o =0, then |f|P = 0 almost everywhere. Hence |f| = 0 almost everywhere

so | fg| = 0 almost everywhere and hence the inequality holds. Similarly, if

B = 0 then the inequality holds. Hence we may assume that «, 8 > 0.
Since a, 5 > 0, we obtain that

_ /1 1g]
/X’fgfdﬂa/B/Xaﬂdﬂ

P gl
< 4+ 2 by Lemma -!llj
b x par " qpr Y

—as (oo [ AP du+ 2 [ loivan)
(1) o

as desired. m

Proof. Let

In addition to being used to prove that £, (X, i) is a vector space, Holder’s
inequality (Theorem |[D.1.7)) also has following important corollary.

Corollary D.1.8. Let (X, A, 1) be a measure space with pu(X) < oo and let
€ (1,00). If f € Lp(X, p), then f € L1(X, pu) with

/X [fldp < p(X)s (/X \f!pdu);.

where q € (1,00) is such that % + % =1.

Proof. Since pu(X) < oo, it is elementary to see that 1 € L£4(X, it); that is,
the function that is one everywhere is g-integrable as

/ 19dp = pu(X) < oo.
X

Hence, by Holder’s inequality (Theorem [D.1.7)) f = f1 € £1(X, ) and

/X’f’dMSM(X)% (/le!pdu);- n
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Holder’s inequality (Theorem [D.1.7) also enables us to show that the
p-norm satisfies the triangle inequality modulo one technicality.

Theorem D.1.9 (Minkowski’s Inequality). Let (X, A, 1) be a measure
space and let p € [1,00). If f,g € Lp(X, p)

</Xf+g|pd”>; = Ux‘f'pd“); * (/X |9|pdu>;.

Proof. Let f,g € L,(X, p). Recall from Lemma that f+g € L,(X, p).
Moreover, if p =1 then

/X\f+g|dﬂé/X\f|+\g\dﬂé/x\f|dﬂ+/x\g\du

so the inequality holds.

Now suppose p € (1,00). Choose g € (1,00) so that % + é = 1. Thus

q= I%. Since p € (1,00), notice by Holder’s inequality (Theorem |
that

/|f+g|”du

X

:/ \f+gllf + 9P du
X

< [L0f1+1gDI + g7 d
X

=/ |f||f+g|p_1du+/ lgl|f + glP ™! du
X X

< (/X|f|”du)’l’ (/X(|f+g”‘1)‘1du>;
+( [ lglPdp % (If +glP~ ") dp %
() )

:((/){’fpdu)fl’_q_(/X’g’de)’l’) ([ireora)t

If [ |f+ g|Pdu =0, the result follows trivially. Otherwise, we may divide
both sides of the equation by ([ |f + g|? d,u)% to obtain that

(/xf+g‘pd”>;:</x\f+glpdu)l_éS(/X\f\pdu);+</x\g\pdﬂ>’l’

as desired. m

Corollary D.1.10. Let (X, A, u) be a measure space and let p € [1,00).
Then the p-norm is a norm on Ly(X, p).
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Proof. To see that |-, is indeed a norm on Ly(X,u), we first note by
Remark that || - ||, is well-defined (i.e. its value does not depend on
the representative of the equivalence class) and finite by the definition of
Lp(X, p). Furthermore, notice that || f||, = 0 if and only if f = 0 almost
everywhere if and only if [f] = 0. Furthermore, as clearly [[af|, = |o | f]],
for all « € C and f € L,y(X,p), and as the triangle inequality holds by
Minkowski’s Inequality (Theorem , we obtain that || ||, is a norm on
L,(X, p) as desired. ]

Of course, the above did not deal with the case that p = oo as the formula
for the norm does not make sense in this situation. To develop a notion of
an oo-norm for measurable functions, we define the following concept which
is motivated by the fact that we don’t need our functions to be bounded
everywhere, just almost everywhere.

Definition D.1.11. Let (X, A, 1) be a measure space. A function f: X — K
is said to be essentially bounded if there exists an M > 0 such that

p({z e X | [f(x)] > M}) = 0.
The set of essentially bounded functions on (X, A, ) is denoted Loo (X, pt).

Of course, Loo(X, ) will not have a well-defined norm for the same
reason that £,(X, ) did not have a well-defined norm; we have to deal with
functions that are equal almost everywhere. Notice if f,g : X — C are
such that f is essentially bounded and f = g almost everywhere, then g is
essentially bounded as the union of u-measure zero sets has p-measure zero.
Hence we may define the following.

Definition D.1.12. Given a measure space (X, A, u), the Lo-space of
(X, A, 1), denote Loo(X, ), is

Loo(X,u) =A{[f] | f:X — C essentially bounded} .

Remark D.1.13. Given a measure space (X, A, 1) and f, g € M(X,C) such
that [f] = [g], we have seen that f € Loo(X, ) if and only if g € Loo(X, p).
In particular, every representative of an equivalence class in Loo (X, u) is
an element of Lo(X, p). Because of this and to abuse notation, we will
consider elements of L. (X, i) as elements of Lo (X, ) and drop the explicit
reminder that we are dealing with an equivalence class in most (if not all)
arguments.

Theorem D.1.14. Let (X, A, i) be a measure space. Then Loo(X, 1) is a
normed linear space with respect to the norm

[flloe = mf{M >0 | p({z | |f(z)| > M}) = 0}.
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Proof. First we claim that Lo (X, p) is a subspace of M(X,C)/ ~ and thus
a vector space over C. To see this, let f,g € Loo(X, 1) be arbitrary. Then
there exists M7, My > 0 such that

u({a | @) > M) =0 and  p(fa | o) > Ma}) = 0.

Hence as
{z | [f(x) +g(x)] > M+ My}
SHz | (@) +lg(x)] > My + My}
Sz | [f(@)| > Mi}U{z | |g(x)] > Ma}
we see that
u({@ | 1f(@) + g@)] > My + Mo})
<pl{z | [f(@)| > Mi}) + p{z | |g(z)] > Ma}) = 0.
Hence f + g € Loo(X, p). Further for all a € C

p{z | lef(2)] > |a|M}) =0

so af € Loo(X, ). Hence, as 0 € Lo(X, 1), we have shown that Lo (X, p)
is a subspace of M(X,C)/ ~ and thus a vector space over C.

To see that || - ||, is a well-defined norm on Lo (X, i), first notice that if
f = ¢ almost everywhere and M > 0 then

u({x | |f(@) > M}) =0 ifand only i u({z | |g(z)| > M}) = 0.

Hence |||, is well-defined. Furthermore, notice that ||f| ., < oo for all
f € Loo(X, 1) by the definition of an essentially bounded function. Next
notice that || f||,, > 0 with equality if and only if

w({o 11> 1) =0

for all n € N if and only if
f@) >3] =0
xr — =
n

if and only if f = 0 almost everywhere if and only if f =0 in Lo (X, p).
Next let a € C and f € Loo(X, p) be arbitrary. If a = 0, then clearly
lafll =0=|a|| fllo Otherwise, if o # 0, we see that

leef [l = mf{M >0 | p({z | |af(z)| > M}) = 0}

sl (e - ) o}

= inf{|a|M' >0 | p({z | |f(z)| > M'}) =0}
= o[ flloo

U{s

n>1

p{z |[f(2)]>0}) =p (
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as desired.
Finally, to verify that |- ||, satisfies the triangle inequality, let f,g €
Loo(X, ) be arbitrary. If My, My > 0 are such that

pilz [ @) >M})=0 and  p({z | |g(z)] > Ma2}) =0,

the above shows that
p{z | [f(z) +g(z)| > My + Ma}) = 0.

Hence
1f + 9lloe < M1+ M.

Therefore, as this holds for all such M7 and M>, we obtain that

If +9llee < 1l + N9l

as desired. n

Remark D.1.15. If f € Loo(X, ), then p({z € X | |f(z)] > ||fll}) = 0.
To see this, for each n € N let

A ={z e X |1 > Il + 5 |-

Then each A,, is measurable. Furthermore, by the definition of || f|,, we
obtain that 1(A,) = 0. Therefore, as

{zeX | 1f@)]>fllo} = U An,
n=1

the claim follows by the Monotone Convergence Theorem for measures
or simply the subadditivity of measures. Hence |f(z)| < ||f||,, almost
everywhere.

Remark D.1.16. If f € C[a,b], then the Extreme Value Theorem implies
f is bounded. Thus, as f is Lebesgue measurable, f € L ([a,b],\). In
addition, it is not difficult to verify that two notions of the co-norm agree.
Indeed if

Mo = sup({[f(2)| | = € [a,b]}) = 0

then clearly
A{z € [a,0] | |f(x)] > M}) =0.

Hence
sup({[f(z)| | z € [a,b]}) > nf{M >0 | A({z | |f(x)] > M}) = 0}.
For the reverse inequality, suppose

0 <M <sup({[f(2)] | = € [a,b]}).
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By the Extreme Value Theorem, there exists an xg € [a, b] such that

[/ (zo)| = sup({|f(2)| | @ € [a,0]}) > M.
However, if € = (| f(z0)| — M) > 0, there exists a § > 0 such that if z € [a, b]

and |z — xg| < § then |f(z) — f(x0)| < €. Hence, as (zg — d,20 + d) N [a, b]
has non-zero A-measure and

@) > fo)] — e = 5(1F (o) + M) > M
for all = € (zg — 6, 20 + 8) N [a, b], we see that
Mz € (o8] | 1) > M}) >0
Thus it follows that
sup({|f(@)] | @ € [a.}) =inf{M > 0 | A({z | [£()] > M}) = 0}.
as desired.

Clearly essentially bounded functions behave like bounded functions when
it comes to integration.

Theorem D.1.17 (Ho6lder’s Inequality). Let (X, A, u) be a measure
space. If f € L1(X, 1) and g € Loo(X, 1), then fg € L1(X, 1) and

gl < 1Fl llglloo -

Proof. As |g| < |9/l almost everywhere by Remark [D.1.15] we obtain that

79l = [ 17llsldn < [ 1£11glc di= 1511 Dl

as desired. ]

Corollary D.1.18. Let (X, A, i) be a measure space with u(X) < oo and
letpe[l,00). If f € Loo(X, ), then f € Ly(X, ) and

hSAC

11l < 111l oo #(X)

Proof. Since pu(X) < oo, it is elementary to see that

(Juran)’ < ([ urie, an)’
= (U1 )P = 1 X < .

Hence f € L,(X, p). ]

D=
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D.2 L,-Spaces are Banach Spaces

In this section, we will use measure theoretic techniques to show that all L,
spaces are Banach spaces. First we begin with the case p # oc.

Theorem D.2.1 (Riesz-Fisher Theorem). Let (X, A, 1) be a measure
space and let p € [1,00). Then L,(X, p) is a Banach space.

Proof. To see that L,(X, 1) is a Banach space, let (f,)n>1 be an arbitrary
Cauchy sequence in Ly (X, i) (of course this really means an Cauchy sequence
of equivalence classes, each of which is represented by a function f, €
L,(X, p)). Since (fn)n>1 is Cauchy, it is not difficult to see that there exists
a subsequence (fk, )n>1 such that

1
s = Frall, < 5

for all n € N (i.e. choose k, € N to be a natural number greater than k,_;
that works in the definition of a Cauchy sequence for € = 5-). As (fn)n>1
is Cauchy, it suffices to show that (f,)n>1 converges to some element in

LP(X7 H)
Define a function g : X — [0, 00| by

9(x) = fia @)+ Y [ fronis (@) = fr, (2)]
n=1

for all x € X. As the sum of measurable functions is measurable, the
absolute value of measurable functions is measurable, and the pointwise limit
of measurable functions is measurable, we obtain that g is a measurable
function. Furthermore, as g is the pointwise limit of

(’fkl‘+2’fkn+l_fkn‘> )
n=1 m>1

we obtain by Fatou’s Lemma and Minkowski’s inequality (Theorem |D.1.9))
that

</X ’9!17); dp < ljvrzgio%f (/X (fkl(ac)\ +,§:1 | o () — fkn(a:)|>p d,u>;

m

S I%Ilrigglof ||fk‘1 ”p + Zl ||fkn+1 o fk}an
n—=

= [ faull, +1 < o0

Hence g € Ly(X, p).
Note if A = {x € X | g(z) = oo}, then A € A and p(A) = 0. By
replacing each f, with f,xac (which does not affect the equivalence classes
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as fn = fnxaec almost everywhere), we may assume that g(z) < oo for all
e X.

As g(x) < oo for all x € X and as C is complete so every absolutely
summable sequence is summable by Theorem [2.2.2] we obtain that the
function f : X — C defined by

F@) = i, (@) + D frnpr (€) = fr, (@)
n=1
for all x € X is well-defined. Notice for all m € N that
fk1 + Z fkn+1 - fkn = fkm‘
n=1

Hence |fy, | < g for all m € N and
fa) = lim_ fi, (@)

for all x € X. Hence f is measurable being the pointwise limit of measurable
functions. Furthermore, as clearly |f| < g, we obtain that f € L,(X,p).

We claim that (f, )n>1 converges to f in the p-norm. To see this, notice
since |f|P, | fi,,|P < ¢P for all m € N that

1f = Jrwl? < (If1+ | DP < 2gl)P = 27g]".

Therefore, since g € L,(X, 1) and since (|f — f,.|?)m>1 converges pointwise
to zero, the Dominated Convergence Theorem implies that that

tim [ 1 = fu, P du =0.
X

m—00

Hence (f, )n>1 converges to f with respect to || || . Therefore, as (fy)n>1
was Cauchy, we obtain that (f,)n,>1 converges to f in L,(X,p). Thus,
as (fn)n>1 was an arbitrary Cauchy sequence in L,(X, u1), we obtain that
L,(X, p) is complete. ]

Notice the proof of the Riesz-Fisher Theorem (Theorem [D.2.1)) immedi-
ately implies the following.

Corollary D.2.2. Let (X, A, 1) be a measure space, let p € [1,00), and let
feLy(X,p). If (fn)n>1 is a sequence of elements of L,(X, ) that converge
to f in L,(X, ), then there exists a subsequence (fx, )n>1 of (fn)n>1 that
converges to f pointwise almost everywhere.

Proof. As (fn)n>1 converges to f in L,(X, i), (fn)n>1 is Cauchy in L, (X, u).
Therefore the proof of the Riesz-Fisher Theorem (Theorem implies
there exists a subsequence (fx, )n>1 of (fn)n>1 that converges both pointwise
almost everywhere and in L, (X, p) to some function h (i.e. h(z) = fi, (x) +
Yot frnia () = fr,(x) for all x € X). Therefore, as limits in normed
linear spaces are unique, we obtain that h = f almost everywhere thereby
completing the proof. ]
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For those familiar with undergraduate real analysis, it should not be
surprising that the p = 2 case is special.

Corollary D.2.3. Let (X, A, u) be a measure space. Then Lo(X, p) is a
Hilbert space with inner product (-,-) : La(X, p) X Lao(X, u) — C defined by

(r.9)= | sgdn.

Proof. First, clearly if g € La(X, ) then g € Lo(X, 1) and [lg|l, = ||7]l5-
Hence, by Holder’s inequality (Theorem [D.1.7]), we see that if f, g € La(X, )
then fg e Li(X,u) so

(f.g) = /X fgdu

is a well-defined element of C. Hence, as in addition the definition of (f, g)
does not depend on the representative of the equivalence classes of f and g
selected, (-,-) is well-defined.

It is not difficult to see that (f, f) > 0 for all f € Lo(X, 1) with equality
if and only if f = 0 almost everywhere, that (-,-) is linear in the first entry
by the linearity of the integral, and that

(f.9) =g, )

Hence (-,-) is an inner product on Lo(X,u). As | fll, = /(f, f) for all
f € La(X,pu), we obtain that Lo(X, ) is a Hilbert space by Theorem

]

Unsurprisingly, we also have the following.

Theorem D.2.4 (Riesz-Fisher Theorem). Let (X, A, 1) be a measure
space. Then Loo(X, u) is a Banach space.

Proof. To see that Lo (X, i) is a Banach space, let (f,,)n>1 be an arbitrary
Cauchy sequence in Lo (X, ). For each n € N let

An ={z e X [ [fu(@)] > [I/nllsc}

and for each n,m € N let

Bpm=A{r € X [ [fa(®) = fm(2)] > [[fn = finlloc }-

Hence, by Remark [D.1.15] each A, and B,, ;,, are measurable for all n,m € N,
p(Ay) =0 for all n € N, and pu(By, ) = 0 for all n,m € N. Let

B = (g An> U (m;@:an,m) :
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Then B is a measurable set and u(B) = 0 as B is a countable union of
p-measure zero sets.

By replacing each f,, with f,xpe (which doesn’t affect the equivalence
classes), we may assume that |fy,(z)| < || fall, for all z € X and n € N, and
that |fn(z) — fm(2)| < ||fn — fimll for all 2 € X and n,m € N. By this
assumption, for each z € X we see that (f,(x)),>1 is a Cauchy sequence in
C and thus converges. Hence the function f : X — C defined by

f(z) = lim f,(x)

n—o0

for all z € X is well-defined and measurable.
We claim that f € Loo(X, 1) and that (fy,)n>1 converges to f in Loo (X, ).
To see this, notice for all x € X and n € N that

7@) = ful@)] = Jim_|fnw) = Falo)| < Vmmsup | fon = foll .

Hence
sup{|f(z) — fu(2)| | € X} < lim sup || fon — fulloo
for all n € N. In particular
sup{| () = fi(@)] | @ € X} < limsup | fon — fil

<limsup || fim|l o + [[f1lloo < 00
m—0o0

as Cauchy sequences are bounded. Hence by the definition of essentially
bounded functions we see that f — f1 € Loo(X, p). Hence, as f1 € Loo(X, 1)
and Loo(X, ) is closed under addition, we see that f € Loo(X, ). Thus the
above shows that

If = falloo < limsup || fim = fallo
m—00

for all n € N. As
Al lim sup [ fm = falloo =0
since (fn)n>1 is Cauchy, we obtain that (fy,)n>1 converges to f in Lo (X, p).

Hence, as (fn)n>1 was an arbitrary Cauchy sequence, we obtain that Lo (X, 1)
is complete. [ |

D.3 Dense Subset of L,-Spaces

To conclude this section, we note specific types of functions are dense in the
Ly-spaces (well, when p # 00).
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Theorem D.3.1. Let (X, A, u) be a measure space. The set

_ . p is stmple and there exists a A€A
F = span {(P P X = [07 OO) ‘ such that p(A)<oco and ¢|ac=0

is dense in L,(X,p) for all p € [1,00).

Proof. Fix p € [1,00). To begin, we claim that if ¢ : X — [0,00) is a simple
function, then ¢ € L, (X, u) if and only if there exists an A € A such that
p(A) < oo and ¢|4c = 0. Indeed, suppose there exists an A € A such that
u(A) < oo and ¢|ge = 0. Since ¢ is a simple function, ¢ is essentially
bounded. Hence the proof of Corollary yields

1 1
lell, < llelld p(A)r < oo

so ¢ € L,(X,u). Conversely, suppose ¢ € Ly(X,p). Clearly if ¢ = 0
the result is true. Hence suppose ¢ # 0. By the definition of a simple
function, there exists pairwise disjoint sets {Ax}}_; € A and elements
{ar}}—; € (0,00) such that ¢ = >7}_; arxa, (where we have removed the
characteristic function on which ¢ is zero). If ¢ = min{ay,...,a,} > 0, then
we see that

n n n
&P (U Ak) = P> u(Ar) < ahu(Ar) Z/ @P dp < oo.
k=1 k=1 k=1 X

Therefore, if A = Jj_; Ax € A, then pu(A) < co and ¢|4c = 0 as desired.

To demonstrate the theorem, we must first show that F C L, (X, u).
However, this follows from the above claim as F is a span of elements of
L,(X, p) and thus is a subspace of L,(X, ).

Finally, to show that F is dense in L,(X,u), it suffices (as F and
L,(X, ) are closed under linear combinations) to show that if f € L,(X, p)
and f > 0 then there exists a sequence (@5, )n>1 of elements of F such that
limy, o0 || f = ¢nll, = 0. Indeed notice it is easy to see that the positive and
negative parts of the real and imaginary parts of f are smaller than |f| and
thus elements of L,(X, u). If we can approximate each of these non-negative
functions in L, (X, 1) via elements of F, then the triangle inequality will
yield the result.

Fix f € Ly(X, ) such that f > 0. As f is non-negative, there exists an
increasing sequence of simple functions (¢, ),>1 that converge to f pointwise.
Hence 0 < ¢, < f so

/!son\deS/ |fIP dp < oo.
X X

Hence ¢, € L,(X, i) so ¢, € F by the result at the beginning of the proof.
Moreover, since (|f — ¢nXxa,, [P)n>1 converges to zero pointwise and since

|f - QDnXAn’p < |f‘p € Ll(Xa M))
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we obtain by the Dominated Convergence Theorem that

lim /X |f = enxa, [P dp = 0.

n—o0

Hence lim;, o0 || f — ¢nx4,ll, = 0 as desired. ]

Theorem D.3.2. For allp € [1,0),

o . f is continuous and there exists a compact set
C(R,C) = {f :R—=C ’ KCC such that f|gc=0

is dense in Ly(R, \).
Proof. By Theorem [D.3.1] we know that

o i ¢ is simple and there exists a A M(R)
F = span {4,0 ‘R— [0’ OO) ‘ such that u(A)<oo and ¢|4c=0

is dense in L,(R, ). However, if ¢, : R — [0, 00) is simple and ¢ € L,y(R, ),
then the end of the proof of Theorem [D.3.1] can be used to show that
PX[—n,n] CORVErges to ¢ in L,(R,\). Therefore, as Corollary @ implies
that C.(R,C) C L,(R,\), to show that C.(R,C) is dense in L,y(R,\), it
suffices by the triangle inequality to show that each simple function ¢ such
that o[y nje = 0 for some n € N can be approximated in | - [, by an element
of C.(R,C).

To see the above, let ¢ be an arbitrary simple function such that
¢l(—nne = 0 for some n € N and let € > 0 be arbitrary. By Lusin’s
Theorem there exists a continuous function f : [-n,n] — C such that

A{z € [-n,n] | f(x) # p()}) <e

and

sup{|f(2)| | = € [-n,n]} < ¢l < oc.

Extend f to a continuous function g : R — C by defining

~

(f()) if z € [—n,n]
- FE @ —n)+ f(z) ifz€[n,n+0)
o) = fz) (x+n)+ f(z) ifzxe(-n-26-n]
otherwise

€

e}

Clearly g € C.(R,C) and it is easy to see that | g||,, < [|¢]l, as we extended
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f to g using linear functions connecting f(4n) to 0. Therefore, since

[ 19—l dx
R

/[ }\f—@\pdwr lg|P dA

[n,n+e)U(—n—e,—n]

=/ If—tplpdAJr/ 91" dA
{ze[-n.n] | f (@) #p()} [n,n-+€)U(—n—€,—n]

</ (2 ell)? 4 + il dA
{zel-n.n]| f(x)#e(x)} n,nte)U(—n—e—n]
< 2llelleo)e+ 2e S,
= (2 +2)llell5 €
the proof is complete as ||¢]|,, is fixed and € > 0 was arbitrary. ]

By using more topological concepts, the following can be demonstrated.

Theorem D.3.3. Let (X,T) be a locally compact Hausdorff space, let p be
a regular measure on the Borel subets of (X,T) such that u(K) < oo for all
compact subsets K C X. For all p € [1,00),

_ . f is continuous and there exists a compact set
CC(X7 C) - {f X = C ‘ KCX such that f|gec=0

is dense in Ly(X, p).

Proof. As Lusin’s Theorem holds in this context, the proof of Theorem [D.3.2]
can be adapted with the use of Urysohn’s Lemma and the regularity of yu. m

D.4 Dual Spaces from Measure Theory

Using measure theory, several examples of linear functionals and dual spaces
can be discussed.

Example D.4.1. Let (X, A, ) be a o-finite measure space, let p, ¢ € [1, 0]
be such that % + % =1, and let g € Ly(X, p). Define ¥, : L, (X, ) — C by

y(f) = /X fgdu

for all f € Ly(X,p). To see that T' is well-defined, notice since g € Ly (X, 1)
and 1 +1 =1 that fg € L1(X, ) for all f € L,(X, x) by Holder’s Inequality
pa
(Theorems [D.1.7|and [D.1.17). Hence V¥, is well-defined. Furthermore, clearly
v, is linear.
To see that W, is continuous, notice for all f € L,(X, 1) that

WDl = | [ fodu| < [ 1sg1au< 111, o,
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by Hélder’s Inequality. Hence W, € L,(X, p)* with || W[l <{|g]|,.
We claim that ||¥,]| = ||g[|,. To see this, we divide the discussion into

three cases.
Case 1: ¢ = 1. In this case p = co. Consider f : X — C defined by

9@ if o(a
f(x) =sgn(g)(x) = { g(z) fg(x)#0

1 if g(x) =0

for all z € X. It is not difficult to see that f is measurable with |f(z)| =1
for all # € X and thus f € Loo(X, p) with || f||, = 1. Therefore, since

Wy = [ todn= [ loldu=lgl,;.

we see that [|[¥4|| > ||g||; and thus |[|[¥4]| = ||g||; as desired.

Case 2: 1 < g < 0o. In this case 1 < p < co. Let f = sgn(g)|g]%. Clearly
f is a well-defined measurable function since 1 < p,q < co. We claim that
f € Ly(X,p). To see this, notice

(AVWWf:(LWW%V=m£<m

q
as lsgn(g)| = 1 and g € Ly(X, p). Hence f € Ly(X,p) with [£], = llgl-
Therefore, since

1 1

we see that

a
P
q

= llgllg llgll
= llgllg 1711, -

If f =0 then clearly g = 0 and the result follows. Otherwise if h = i fl” f
p
then h € Ly(X, p), [|h]|, = 1, and the above computation implies that

Wy(h) =gl -

Therefore || W[l > [|g]|, and thus ||¥y]| = [|g]|, as desired.
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Case 3: ¢ = oco. In this case p = 1. Notice the previous cases did not
require p to be o-finite whereas we will need to use o-finiteness here. To
begin, as p is o-finite there exists a collection {X,}52; C A such that
w(Xy,) <ocforallneN X =2, X,, and X,, C X, for all n € N.

Let € > 0 be arbitrary and let

Ac={z e X | |g(z)| > llglloe —€}-

Since g € Loo(X, 1), we know that u(A¢) > 0. For each n € N let B,, =
AcNX,,. Then clearly Ac = U, > By and B,, C B,y for all n € N. Therefore
w(Ae) = limy, o0 p(By,) by the Monotone Convergence Theorem for Measures.
Moreover, since 0 < u(B,) < u(X,) < oo for all n € N, there exists an
N € N such that

0< /L(BN) < Q.

Let f = ﬁx Bysgn(g). Then f is clearly measurable with

1
/){|f’dN:#(BN)/){XBNdN:1'

Therefore, since
Uo(f) = / fgdp
X
1

= d
M(BN)/XXBNLQ’ w

1
> ey J s (19l — <)

= llglloc — ¢

as By C A, we obtain that ||| > ||g||,, —€. Hence, as € > 0 was arbitrary,
the result follows.

Remark D.4.2. Notice as a direct corollary Example that if (X, A, u)
is a o-finite measure space and p, q € [1,00] are such that % + % =1, then

loll, = 191l =sun { | [ fgan] | 7 € L,0x. 0151, <1}

for all g € Ly(X, ). This alternative way to compute the norm can be useful
on occasion.

The linear functionals from Example[D.4.1]are all there are as the following
theorem shows. In particular, this theorem lets us represent the complicated
dual spaces of certain normed linear spaces using better understood normed
linear spaces.
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Theorem D.4.3 (Riesz Representation Theorem for L,-Spaces). Let
(X, A, 1) be a o-finite measure space, let 1 < p < oo, and let 1 < g < oo be
such that %—&—é =1. If U € Ly(X,pn)* then there exists a unique g € Ly(X, )
such that

U(f) = /X fgdu

for all f € Ly(X,pn). Moreover ||¥[ = |gl,. In particular, Ly(X,pu)* =
Lq(Xy,U)

First note that the norm estimates in the Riesz Representation Theorem

for L,-spaces (Theorem |D.4.3) immediately follow for Example Thus
it suffices to prove given a continuous linear functional on L,(X, u) that

there is one and exactly one element of L,(X, p) that, via Example
produces the continuous linear functional.

To begin, we desire to reduce to the setting that our functions are real-
valued. Thus, let L,(X, 1)r denote the real-valued p-integrable function and
consider the following.

Lemma D.4.4. Let (X, A, p) be a o-finite measure space, let 1 < p < 00,
and let U € L,(X,pu)*. Then there exists continuous functions

1,09 Lp(X, p)r — R

such that 11 and 9 are (real-)linear and

U(f) = 1(Re(f)) +i1(Im(f)) + i2(Re(f)) — t2(Im(f))
forall f e Ly(X, p).

Proof. Given a function f € L,(X, p), recall the complex conjugate of f,
denoted f, is an element of L,(X, ). Define 1, : L,(X, u)r — R by

1(f) =Re(¥(f))  and  ¢(f) = Im(¥(f))

for all f € Ly(X,p)r. Since ¥ is complex linear and continuous, it is
elementary to see that ¥, and 19 are real linear and continuous. Moreover,
the equation

U(f) = ¢1(Re(f)) + i1 (Im(f)) + ih2(Re(f)) — ¢2(Im(f))
for all f € L,(X, p) is then trivial to verify. N

Next we require a method for verifying that a function is in Lq(X, 1)
based on knowledge of its integral against elements of L,(X,x). This is
achieved via the following two lemma (one for p € (1,00) and one for p = 1).
Note this has significance outside the proof of the Riesz Representation
Theorem (Theorem as it enables us to deduce a function is in Lq (X, p)
and obtain a bound on its norm based on integration.
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Lemma D.4.5. Let (X, A, ) be a finite measure space, let 1 < p < 0o, and
1 < g < oo be such that % + % =1, and let g € L1(X, p)r. If there exists an
M € R such that

/gso du’ <Mlel,

for all measurable functions ¢ : X — R of finite range, then g € Ly(X, 1)
with ||g|l, < M.

Proof. Since |g|? is a measurable function, there exists an increasing sequence
(¢n)n>1 of simple functions that converges to |g|? pointwise. For each n € N
let

1
¥n = prsgn(g).
Since sgn(g) obtains a finite number of values as g is real-valued, it is

elementary to see that each ¢, is a measurable function of finite range.
Moreover, notice for all n € N that

el = (/. wnwdu); ([ n du);

11 1 1
0 <n=nei <pnlgl=pnsgn(g)g = ¥ng.
Therefore, for all n € N

and

1
p
0< / o dp < / gn dp < MHd)an =M </ (Pndlu)
X X X
Since all simple functions are integrable as p is finite, we know that

/gond,u<oo
X

for all n € N. Hence the above equation implies that

(/Xwnd/J)é = (/Xwndu)l_; < M.

However, by the Monotone Convergence Theorem

lim/ nd :/ d
aim [ pndp= | lgl* dp

and thus ||g||, < M. Hence g € Ly(X, 1) as desired. [

Lemma D.4.6. Let (X, A, u) be a finite measure space, and let g € L1 (X, p)r.
If there exists an M € R such that

[ gedu] < 2]l

for all measurable functions ¢ : X — R of finite range, then g € Loo(X, 1)
with |lg]log < M.
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Proof. Let € > 0 be arbitrary. Consider the set
Ac={z e X | |g(x)| > M + €}.

Clearly A, is measurable. Hence

(M + (A0 < [ lgldn

= / sgn(g)xa.gdp
X

< M |[jsgn(g)xa.ll;
= MM(AE)

since sgn(g)x4, is a measurable function of finite range (as g is real-valued).
Therefore eu(A:) < 0 so u(Ae) = 0. Therefore, as € > 0 was arbitrary, we
obtain that g € Lo (X, ) with [|g||,, < M. ]

Proof of the Riesz Representation Theorem for L,-Spaces (Theorem .
Recall from Example that if W, : L,(X, u) — C is defined by

Uy(f) = /X fgdu

for all f € Ly(X, pu), then ¥y € Ly(X, p)* and [|¥,]| = [g|,. Furthermore,
notice if g1, g2 € Ly(X, ) are such that ¥, = ¥,,, then

0=‘I’g1(f)—‘sz(f)=/ngldu—/xfgzduZ/Xf(91—92)du=q’gl—g2(f)

for all f € Ly(X, u). Therefore 0 = || Wy, _g,[| = [|g1 — 92|, s0 g1 = g2. Hence,
to complete the proof, it suffices to show that if ¥ € L, (X, )* then there
exists a g € Lqy(X, p) such that ¥ = ¥, (as the above produces the value of
the norm and uniqueness).

Fix U € L,(X, u)*. Recall by Lemma that there exists continuous
real-linear functions 1,3 : L, (X, p)r — R such that

U(f) =1 (Re(f)) + i1 (Im(f)) + ivv2(Re(f)) — 2 (Im(f))

for all f € L,(X, p). If we demonstrate that there exists g1, g2 € Ly(X, pt)r
such that

b = [ hgrdiand dah) = [ hgsdp
b's b's
for all h € Ly(X, p1)r, then we obtain (using complex linearity) that

w(f) = /X Flg1 +igs) du
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for all f € L,(X, ), which would complete the proof as g1 +iga € Lqy(X, p).
Therefore, it suffices to show that if ¢ : L,(X, u)r — R is continuous and
real-linear then there exists a g € Ly(X, )r such that

Y(f) = /X fgdu

for all f € Ly,(X, ).

To see the above claim, we will divide the proof into two cases.

Case 1: p is finite. Since p is finite, x4 € L,(X, p) for all A € A. Hence
define v : A — R by

v(A) = ¢(xa)

for all A € A. We claim that v is a finite signed measure that is absolutely
continuous with respect to p. To see this, first notice that

v(0) = (xo) = ¥(0) =0

as v is linear. Moreover, clearly v does not obtain the values oo by
definition.

To see that v is countably additive, let {A;}72, C A be pairwise disjoint
and let A = Jj2,; Ak. Since p is a finite measure,

W) = Y Ay < o,
k=1

Hence
nh_)ngo; u(Ag) =0.

Therefore

-

n
k=1

lim
n—oo

= lim <i N(Ak)> - 0.
k=n

p

Hence xa = Y721 x4, as a sum of vectors in L,(X, u). Therefore, since 1)
is a continuous linear functional, we obtain that

VA) = B0c) = 3 Bl = 3 v(Ay).
k=1 k=1

Thus v is countably additive. However, to show that v is a signed measure,
it is necessary to show that the sum converges absolutely. For each n € N
let ¢, = sgn(v(Ay)) and let f, = >°}_; ckxa,. Then for all n,m € N with
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n>m

n
an_mep_‘ Z CkX Ay,

k=m+1

A

n

= > w(Ap)

k=m+1
< (fj M<Ak>> y
k=m

Therefore, since limy, 00 (37 ,u(Ak))% =0, (fn)n>1 is Cauchy in L,(X, p).
Since L,(X, pt) is complete by the Riesz-Fisher Theorem (Theorems and
, there exists an f € L,(X, p) such that f = lim, o fr in Ly(X, p).

Therefore, since 1 is a continuous linear functional, we obtain that

n—o0

Y(f) = lim ¢(fn) = lim > [v(A,)].
k=1

Therefore, as 1¥(f) € R, we see that the sum converges absolutely.
To see that v is finite, notice for all A € A that

()] = [ ea)l < Il lxall, = ] p(A)r < oo

as p is finite. Hence v is finite. Finally, to see that v is absolutely continuous
with respect to p, notice if A € A is such that pu(A) =0, then y4 = 0 as an
element of L,(X, 1) and thus

V(A) =1(xa) =¢(0) =0

as 1) is linear. Hence v is a finite signed measure that is absolutely continuous
with respect to u.

By the Radon-Nikodym Theorem for signed measures there exists a
real-valued function g € Ly (X, p) such that

¥(xa) = v(A) = /A gy = /X axa dis

for all A € A. Using the linearity of the integral and of v, we obtain for any
measurable function ¢ : X — R with finite range that

u(e) = [ egdn.

However, this implies that
[ eadn| = 1wl < Il sl
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for all measurable functions ¢ : X — R with finite range. Hence Lemma

or Lemma implies that g € Lq(X, pt)r.

Since
Y(p) = /X vg dp

for all simple functions in L,(X, i), we obtain by linearity that

Y(p) = /X wg du

for all ¢ which are linear combinations of simple functions in L, (X, u).
Therefore Theorem (along with continuity) implies that

Y(f) = /X fadu

for all f € L,(X, p) as desired.
Case 2: p is o-finite. Recall there exists {X,}22; C A such that X =
1 Xy 1(Xp) < oo for all n € Ny and X,, € X,,4; for all n € N.

For each n € N, let

and let p, = p|4,. It is elementary to verify that A,, is a o-algebra on X,
and that p, is a measure on (X,,A,). Notice if f € L,(X,, pn), we can
view f as an element of L,(X, i) by extending f to be zero on X. Hence,
for each n € N, we can define ¢, : L,(Xy, 1) — R by

for all f € Ly(Xn,pn) € Lp(X, ). It is elementary to verify that v, is a
continuous linear functional on Ly(X,,, ptn) with norm at most ||| as the
norms on Ly(Xy, pn) and Ly(X, i) agree on elements of Ly(Xy, in).

Since (X, An, pin) is a finite measure space, the first case of this proof
implies there exists a unique function g, € Lq(X,,, tp) such that

/ fgndﬂn:¢n(f):¢(f)
Xn

for all f € Ly(Xn, pin). Moreover ||gnll,, (x, u,) = [¥nll < |19]]-
Extend each g, to be zero on X. Hence g, € Ly(X, ) for all n € N,

1921l 2y (X g0y = l9nllg> and

wn(f) :/ngndﬂ

for all f € L,(Xp, pn). Moreover, notice for all n € N and f € L,(Xy, pn) C
Lp(Xnt1, fint1) that

[ Fomsr din = nsa(5) = () = [ Fondp.
X X
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Therefore, due to the uniqueness of g, we obtain that g,11|x, = gn-

Define g : X — R by g(x) = gn(z) whenever z € X,,. As gn+1|x,, = 9n
and as X = ;2 Xy, ¢ is well-defined up to a set of measure zero and defines
a measurable function (as it is the pointwise limit of (g, )n>1). If ¢ = 00
then as || gn| o, < [|[¢|| for all n € N, we easily see that ||g||,, < [|¢] < oo and
thus g € Loo(X, ). Otherwise, if ¢ # oo, notice that as |g,| < |gn+1] for
all n € N and as (gn)n>1 converges to g pointwise almost everywhere, the
Monotone Convergence Theorem implies that

1 1
([ 1ol7an)" = tim ([ lani7dn) " < ] < .
X n—oo X

Hence g € Ly(X, p).
Finally, to see that

V(f) = /X fgdu

for all f € L,(X,pn), let f € L,(X, p) be arbitrary and for each n € N let
fn = fXXn Then
’fn_f’pg |f’p

and (|fn — f|P)n>1 converges to zero almost everywhere. Therefore, since
| f[P € L1(X, p), the Dominated Convergence Theorem implies that lim, e || f — fall, =
0. As ¢ is continuous

U() = Jim 6(f) = lim Ga(f) = i [ fugndi= lim [ fugd
since fngn = fng for all n € N. However, since (f,g)n>1 converges pointwise

to fg and since |frg| < |fg| € L1(X, u) by Holder’s Inequality (Theorems
D.1.7land [D.1.7]), the Dominated Convergence Theorem implies that

¥(f) = lim fngdu=/ fgdu
X X

n—oo
as desired. (]

Using only the Riesz Representation Theorem (Theorem [D.4.3) it is
possible to verify that a function is in Ly(X, i) via only integrals against
L,(X, p) functions.

Corollary D.4.7. Let (X, A, p) be a o-finite measure space and let p,q €
[1,00] be such that % + % =1landq#1. If

sup{‘/X fgduH fe Lp(X,u),Hpr < 1} < 00,
then g € Ly(X, p).
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Proof. Define ¥ : L,(X, 1) — R by

U(f) = /X fgdu

for all f € L,(X, p). By the assumptions in the statement, we easily see that
U is a well-defined continuous linear functional on L, (X, ). Therefore, by the
Riesz Representation Theorem there exists an unique function h € Ly (X, p)
such that

w(f) = /X fhdp

for all f € Ly(X,p). In particular, for all f € L,(X, ) and A € A we see
that

/AfngZ/X(fXA)ngZ‘I’(fXA)Z/X(fXA)hduz/Afhdu.

Therefore, as u is o-finite, by the Radon-Nikodym Theorem we obtain that
fg= fhforall feL,(X,p).

Since p is o-finite, there exists {X,,}7°; C A such that X = ;2 X,,
w(X,) < oo for all m € N, and {X,,}22, are pairwise disjoint. Since pu(X,) <
00, Xx, € Lp(X,n) for all n € N. Hence the above implies that

9xx, = hxx,

for all n € N. Therefore, as X = J;2; X, we obtain that g = h € Ly(X, p)
as desired. m

Of course, there are many other other versions of the Riesz Representation
Theorem we could analyze in the context of measure theory. Here are two
which describe the dual spaces of two very natural collections of functions
seen in this course.

Theorem D.4.8 (Riesz Representation Theorem for L.,). Let (X, A, )
be a o-finite measure space. If U € Loo(X, u)r — R is a continuous linear
functional, then there exists a unique ‘bounded, finitely additive’ signed
measure v such that v is absolutely continuous with respect to p and

v = [ sav

for all f € Loo(X, ). Moreover ||| = |v|(X).

Theorem D.4.9 (Riesz-Markov Theorem). Let X be a locally compact
Hausdorff space and let M(X) denote the space of all K-valued, finite, regqular,

Borel measures on X equipped with the total variation norm.
If p € M(X), define T, : Co(X,K) = K by

T,(f) = /X f(@)dp
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for all f € Co(X,K). Then T, € Co(X,K)* for all p € M(X). Moreover, if

O : M(X) = Co(X,K)* is defined by

for all p € M(X), then © is an isometric isomorphism.
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L.-space, [0], [260]

Ly-space, [} 262]

{o-direct sum of normed linear spaces,
¢p-direct sum of normed linear spaces,
oo-norm, oo,

oo-norm, continuous functions, |§|
oo-norm, measure theoretic, |§|

oo-norm, tuple, [

co-direct sum of normed linear spaces,
p-integrable,

p-norm, [262]

p-norm, £, [7]

p-norm, measure theoretic, [0]

p-norm, tuple, []

absolutely summable,
absorbing neighbourhood,
adjoint, Hilbert space,
adjoint, linear map,

affine closed subspace, [I11

affine hyperplane,
affine vector subspace, [111

algebraic dual,
annihilator, {130

Baire space, [52]

Baire’s Category Theorem, [39]
balanced neighbourhood, [57]
Banach space, [29]
Banach-Alaoglu Theorem, [137]
Banach-Steinahaus Theorem,
basis,

basis, for a given T,
Bessel’s Inequality,
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bilateral backward shift,

bilateral forward shift,

boundary point,

bounded function, range normed linear space, [
bounded linear operator, compact,
bounded linear operator, finite rank,
bounded subset of metric space, [240]

bounded, linear map,

canonical embedding, [24]

Cantor set, [210]

Cauchy net,

Cauchy sequence, normed linear space,
Cauchy-Schwarz Inequality, [25]]
closed ball, metric space, [209
closed convex hull,

Closed Graph Theorem,
closed half-space, [T1]]

closed set,

closed set, normed linear space,
closure of a set, [212]

cluster point,

cluster point of a net,
coarser topology, [185]
cocountable topology, [L84

cofinite topology,
compact bounded linear operator,

compact set, [236]

comparable topologies, [185

complete, normed linear space,
complete, topological vector space, [70]
completion, normed linear space, [255
conjugate linear, {249

continuous function, 220]

continuous function, normed linear space, |3|
continuous, at a point, 224]

converge, net, [I99

convergent sequence space, [7|
convergent to 0 sequence space, [7]
converges weak*,

converges weakly,
converges, sequence, normed linear space, 2]

convex hull,
convex set, [6]
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diameter, [241

dimension, [168

directed set, [197]

direction, directed set,
discrete topology, [184]
double dual space,

dual pair, [120

dual space, [I§]

dual space (topological),

embedding, 22§
equivalent norms,

essentially bounded,
Euclidean norm, [4]
eventually 0 sequence space,

extreme point, [T44], [I45]

Extreme Value Theorem, [243

F, set, @l
finer topology, [I85]
finite intersection property,

finite rank bounded linear operator,

Gy set, [A0]

gauge functional,

Goldstine’s Theorem, [T40]

Gram-Schmidt Orthogonalization Process,

Holder’s Inequality, [264] 269
Hahn-Banach Extension Theorem, [T03HI05|

Hahn-Banach Separation Theorem, 116
Hausdorff space, [205]

Heine-Borel Theorem, [241

Hermitian operator,

Hilbert space, [I57]

homeomorphic,

homeomorphism, 227]

hyperplane,

imaginary part of a linear functional,
inner product, [249]

inner product space, [250

interior of a set, [217]

Inverse Mapping Theorem,

isometric isomorphism,
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isometrically isomorphic, normed linear space,
isomorphic, Hilbert space, [L68

isomorphic, normed linear space, [14]
isomorphism, normed linear space, [T4]

Krein-Milman Theorem, [14§]
Kronecher delta, [10§]

limit of a net, 200]

limit, net,

linear functional,

linear functionals, continuous, [I§]

locally compact topology,

locally convex topological vector space,
lower limit topology, [I87]

Minkowski functional,
Minkowski’s Inequality, 265

neighbourhood,
neighbourhood basis, 202]

net, (19
norm, 2]
normed linear space, [2]

open ball, normed linear space,

open cover, [230]
open half-space, [110

open map, [68|
Open Mapping Theorem, [4§]
open set, normed linear space,

open sets, [I83]

operator norm, [I2]
orthogonal, 253

orthogonal complement, (159
orthogonal projection,
orthonormal basis, [I63]
orthonormal set,

Parallelogram Law, 253]

partition, [232]

Pasting Lemma, 220]

point-mass linear functional, [I§]
pointwise convergence topology,

polar,
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Polarization Identity, [254]
predual,

product topology, [196]
product topology, X x Y, [194]

projection map, [220]
Pythagorean Theorem,

quotient map, [233]
quotient norm, [IT]
quotient space, [232]
quotient topology, [67] 230]

real part of a linear functional,
reflexive,

Reverse triangle inequality,

Riesz Representation Theorem,
Riesz Representation Theorem, ¢,(N),
Riesz Representation Theorem, ¢, [23]
Riesz Representation Theorem, cy,
Riesz Representation Theorem, Lo, [280]
Riesz Representation Theorem, L,
Riesz-Fisher Theorem, Lo, 272]
Riesz-Fisher Theorem, L,
Riesz-Markov Theorem, [280]

second dual space,

self-adjoint operator, [I70]
seminorm, 59

separated subsets, [112]

separating family of seminorms,
strictly coarser, [I85]

strictly finer,

strictly separated subsets, [I12]
Strong Operator Topology,

subbasis, [19]]
sublinear functional,

subnet, 20§

subspace of a topological space, [192

subspace topology, [192]
sum over uncountable sets, [201

summable,
sup-norm, (] [9

topological space, |183
topological vector space,
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topologically complemented,

topology,

topology generated by family of seminorms,
topology, generated by a basis, [I86]

total variation norm, complex measures,
triangle inequality, norm, [2]

trivial topology,

Tychonoff’s Theorem, [135]

Uniform Boundedness Principle, [5]]

Uniform Boundedness Principle, Banach Space,

uniform convergence,

uniform convergence on compact sets topology,
uniformly continuous function, topological vector spaces,
unilateral backward shift, [I5]

unilateral forward shift,

unit vector, [162]

unitary operator, [IG§]

vanish at infinity, continuous function, [9]
Volterra operator, [180]

weak convergence, [12]]

Weak Operator Topology, [64]

weak topology, [I09]

weak topology, dual pair, [120]

weak topology, locally convex topological vector space, [121
weak* convergent,

weak* topology, [64]
weak™ topology, locally convex topological vector space, |128

Weierstrass M-Test,

Young’s Inequality, [263]

INDEX

©For use through and only available at pskoufra.info.yorku.ca.



	Normed Linear Spaces
	Normed Linear Spaces
	Examples of Normed Linear Spaces
	Constructing Normed Linear Spaces
	Bounded Linear Operators
	Dual Spaces
	Canonical Embedding and Adjoints

	Banach Spaces
	Banach Spaces
	Banach Space Properties
	The Baire Category Theorem
	Finite Dimensional Normed Linear Spaces
	Open Mapping Theorem
	Principle of Uniform Boundedness

	Topological Vector Spaces
	Introduction to Topological Vector Spaces
	Generating Topological Vector Spaces
	Constructing Topological Vector Spaces
	Properties of Topological Vector Spaces
	Finite Dimensional Topological Vector Spaces
	Locally Convex Topological Vector Spaces

	Hahn-Banach Theorems
	Linear Functionals and Hyperplanes
	Hahn-Banach Extension Theorems
	Corollaries of the Extension Theorems
	Hahn-Banach Separation Theorems

	Dual Space Topologies
	Weak and Weak* Topologies
	Quotients and Dual Spaces
	The Banach-Alaoglu Theorem
	Goldstine's Theorem
	The Krein-Milman Theorem

	Operator Theory
	Compact Operators on Banach Spaces
	Hilbert Spaces
	Isomorphisms of Hilbert Spaces
	Bounded Linear Operators on Hilbert Spaces
	Spectral Theorem for Compact Operators

	Topological Spaces
	Topologies
	Bases
	Constructing Topologies
	Nets and Limits
	Sets and Points
	Continuous Functions
	Homeomorphisms
	Compact Sets
	Other Characterizations of Compactness

	Inner Product Spaces
	Inner Product Spaces

	Completions of Normed Linear Spaces
	Completion of a Normed Linear Space
	Completion of Inner Product Spaces

	Lp Spaces
	Constructing the Lp-Spaces
	Lp-Spaces are Banach Spaces
	Dense Subset of Lp-Spaces
	Dual Spaces from Measure Theory


