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Preface:

This is the first edition of these lecture notes for MATH 3001 (Real Analysis
IT). Consequently, there may still be several typographical errors and
missing exposition on necessary background. If you come across any typos,
errors, omissions, or unclear explanations, please feel free to contact me so
that I may continually improve these notes.
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Motivation for this Course

Analysis is the mathematics of approximation. The most simple object in
analysis is the limit which roughly says that a sequence (ay,),>1 converges to
L provided if you go out far enough (i.e. n > N), then a,, is approximately L
(i.e. |an — L| < € for a fixed threshold € > 0). The idea of using e-N and -9
to approximate objects as seen in previous courses may at first seem abstract,
but is natural once one gets used to them and can be used to understand a
plethora of analytical results.

This makes analysis vastly different from other mathematical disciplines.
For example, in algebra one can only perform an operation (such as vector
addition or group multiplication) a finite number of times. However, with
analysis, one can ‘add’ an infinite number of vectors by taking a limit of
the finite sums. This leads to the concept of series that extends beyond
real numbers to all vectors in vector spaces and thus, most importantly,
continuous functions.

Series are incredibly useful not only for their abilities to add an infinite
number of elements, but for their ability to approximate solutions. For
example, to understand the behaviour of a vibrating string, the diffusion
of heat, or quantum physics, one must understand the solutions to various
differential equations. For quantum physics, the basic differential equation
governing the behaviour of subatomic particles is the famous Schrodiner’s
equation. To understand the solutions to these differential equations, one
must understand the basic solutions and then one can approximate all
solutions via (potentially infinite) sums of these base solutions.

As an understanding of series of functions is vital for solving a vast
number of problems in mathematics, physics, and beyond, this course will
delve into an in-depth and rigorous study of series of functions. It is essential
that the results stated in this course are precise and the proofs are complete
as some of the biggest plunders in the history of mathematics came from
mathematicians claiming a series of functions converged in a certain sense only
for others to realizes decades later that this was not the case. Consequently,
this course will focus on the various ways a series of functions can converge
along with the pathological bad behaviours when series of functions converge
in the incorrect way. While doing so, students will obtain a mastery in the
approximation techniques used in analysis thereby preparing them for future



2 CONTENTS

studies. Time permitting, we will look at some of the numerous applications
of convergent series of functions.
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Chapter 1

Series of Complex Numbers

Before we can delve into the study of series of functions and various ways
these series can converge, it is important to first understand the behaviours
and various ways series of scalars can converge. After all, a series of functions
can be viewed a function with values being a series of scalars. Thus this
chapter will focus on the various ways a series of scalars can converge, what
can go right and wrong when one tries to rearrange the terms of a series,
and how one can develop the exponential function.

As it is important for later chapters, we will not only deal with series of
real numbers, but series of complex numbers. In particular, a reader that is
unfamiliar or uncomfortable with complex numbers should refer to Appendix
[A] for the basic and necessary facts.

1.1 Sequences of Complex Numbers

As a series will be a limit of finite sums, it is first useful to formally recall
the definition of a limit. Since we will be dealing with complex numbers
throughout the course, we will quickly generalize the basic properties of
limits of sequences of real numbers seen in a previous course to the complex
setting.

Definition 1.1.1. A sequence (zy,)n>1 of complex numbers is said to converge
to a complex number L if for all € > 0 there exists an N € N such that
|zn —L| < € for all n > N. The complex number L is called a limit of (z)n>1
and is denoted by lim,, oo 25-

The sequence (zp)n>1 is said to diverge if (zy,),>1 does not converge to
any complex number.

Similarly to the definition for convergent sequences of real numbers, the
‘less than €” in Definition [I.1.] can be replaced by “less than or equal to €”.
As a reminder on how this works, consider the following.

3



4 CHAPTER 1. SERIES OF COMPLEX NUMBERS

Lemma 1.1.2. Let (z,)n>1 be a sequence of complex numbers and let L € C.
Then (zp)n>1 converges to L if and only if for all e > 0 there exists an N € N
such that |z, — L| < € for alln > N.

Proof. Assume (zy,)n>1 converges to L. To see the statement in the lemma
is true, let € > 0 be arbitrary. Since (z,)n,>1 converges to L, Definition
implies there exists an N € N such that |z, — L| < € for all n > N. As
this implies |z, — L| < € for all n > N and, since € > 0 was arbitrary, one
direction of the proof is complete.

For the other direction, assume for all ¢ > 0 there exists an N € N such
that |z, — L| < e for all n > N. To see that (z,),>1 converges to L, let ¢ > 0
be arbitrary. Let ¢ = §. Since €y > 0, the assumptions of this direction
imply that there exists an N € N such that |z, — L| < ¢ for all n > N.
Hence |z, — L| < ¢y < € for all n > N. Since € > 0 was arbitrary, (z,)n>1
converges to L by Definition [I.1.1} ]

Remark 1.1.3. As the proof of Lemma shows, when discussing con-
vergence of sequences, one may always replace € with any positive constant
multiple of €. Indeed the assumption “for all € > 0” is the same as “for all €
such that ke > 0” provided k£ > 0.

The convergence of a sequence of complex numbers is very similar to the
convergence of a sequence of real numbers. In particular, the following shows
that a sequence of complex numbers converges if and only if two sequences
of real numbers converge!

Lemma 1.1.4. Let (2p)n>1 be a sequence of complex numbers and let L € C.
Then (zn)n>1 converges to L if and only if (Re(zp))n>1 and (Im(zy,))n>1
converge to Re(L) and Im(L) respectively.

Proof. Assume (zy)n>1 converges to L. To prove that (Re(z))n>1 and
(Im(2y,))n>1 converge to Re(L) and Im(L) respectively, let € > 0 be arbitrary.
Since (zp)n>1 converges to L there exists an N € N such that |z, — L| < €
for all n > N. Hence for all n > N we have that

|Re(z,) —Re(L)| < |zn — L| < €

and
Im(zy,) — Im(L)| < |z, — L| <.

Therefore, since € > 0 was arbitrary, (Re(zp))n>1 and (Im(zy))n>1 converge
to Re(L) and Im(L) respectively.

Conversely, assume (Re(zy,))n>1 and (Im(zy,)),>1 converge to Re(L) and
Im(L) respectively. To see that (z,),>1 converges to L, let € > 0 be arbitrary.
Since (Re(zy))n>1 converges to Re(L), there exists an Ny € N such that

1

|Re(z,) — Re(L)| < ﬁe
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1.1. SEQUENCES OF COMPLEX NUMBERS 5

for all n > Nj. Similarly, since (Im(zy,)),>1 converges to Im(L), there exists

an No € N such that
1

Im(z,) —Im(L)| < —=e¢

Tm(zy,) (L)] 7
for all n > Ny. Let N = max{Nj, No}. Hence for all n > N, the above
implies that

|20 — L| = \/(Re(zq) — Re(L))? + (Im(z,,) — Im(L))?

S (EDRED)

1
— 2 2
=4/ z€+ <€
2
— Ve —¢
Therefore, since € > 0 was arbitrary, (2,)n>1 converges to L. []

Lemma[I.T.4] allows one to quickly translate many results from convergent
sequences of real numbers to the complex setting with ease.

Corollary 1.1.5. Let L, K € C and let (z,)n>1 be a sequence of complex
numbers. If L and K are limits of (zp)n>1, then L = K.

Proof. One quick way to prove this corollary is Lemma Indeed if L
and K are limits of (z),>1, then Lemma implies Re(L) and Re(K)
are limits of (Re(zy))n>1 and Im(L) and Im(K') are limits of (Im(zy))n>1-
Hence the corresponding result for sequences of real numbers implies that
Re(L) = Re(K) and Im(L) = Im(K), so L = K as desired.

Alternatively, it is not difficult to adapt the proof of the corresponding
result for real sequences to complex sequences. Indeed the modified proof is
below.

Suppose for the sake of a contradiction that L # K. Therefore, if

L — K|
€= )
2

then € > 0. Since L is a limit of (25,)n>1, Definition implies that there
exists an Ny € N such that |z, — L| < € for all n > Nj. Similarly, since K is
a limit of (2y,)n>1, Definition implies that there exists an Ny € N such
that |z, — K| < € for all n > Nj.

Let N = max{Ny, Na}. Therefore, the above implies |zy — L| < € and
|2y — K| < € s0

|IL—-K|<|L—zp|+|2n—K|<e+e=2e=|L—-K|.
Since this is clearly a contradiction, it must be the case that L = K. ]

©For use through and only available at pskoufra.info.yorku.ca.



6 CHAPTER 1. SERIES OF COMPLEX NUMBERS

Corollary 1.1.6. If (2,)n>1 is a convergent sequence of complex numbers,
then (zn)n>1 is bounded; that is,

sup({|zn| | n € N}) < 0.

Proof. One quick way to prove this corollary is Lemma Indeed if (2, )n>1
converges to L, then Lemma implies (Re(zp))n>1 and (Im(zp))n>1
converge to Re(L) and Im(L) respectively. Since convergent sequences of
real numbers are bounded, there exists M; > 0 and My > 0 such that
|Re(zp)| < My and |Im(zy,)| < M for all n € N. Hence for all n € N.

20l = \/(Re(20))? + (Im(20))2 < \/M} + M3.

Consequently, (z,)n>1 is bounded.

Alternatively, it is not difficult to adapt the proof of the corresponding
result for real sequences to complex sequences. Indeed the modified proof is
below.

Assume (z,)p>1 converges to L. Let ¢ = 1. By Definition there
exists an N € N such that |z, — L| < e =1 for all n > N. Hence the reverse
triangle inequality implies for all n > N that

|2l = ILI| < |2n — L] < 1

and thus |z,| < |L| + 1 for all n > N.
Let
M = max({|z1], |22, -, |en-1], L + 1}).

Clearly M € Rand M > 0. Moreover |z,| < M for all n < N by construction.
Furthermore, the above implies that |z,| < |L|+1 < M for all n > N. Hence
|zn| < M for all n € N. Therefore (2,,)n>1 is bounded. ]

It is also possible to use Lemma and the corresponding results
for convergent sequences of real numbers to prove the following. However,
proving the following result directly is both simpler and more instructive in
e-N arguments. Thus we only prove the following directly

Corollary 1.1.7. Let L, K € C and let (zp)n>1 and (wy)n>1 be sequences of
complex numbers that converge to L and K respectively. Then the following
are true:

a) (#n + wp)n>1 converges to L + K.
b) (znwn)n>1 converges to LK.

¢) (azn)n>1 converges to oL.

d) If L #0 and z, # 0 for alln € N, (i) ., converges to %

©For use through and only available at pskoufra.info.yorku.ca.



1.1. SEQUENCES OF COMPLEX NUMBERS 7

e) (Zn)n>1 converges to L.
f) (|zn|)n>1 converges to |L|.

Proof. To see that part a) is true, let € > 0 be arbitrary. Since (zy)n>1
converges to L, there exists an Ny € N such that |z, — L| < % for all n > Nj.
Similarly, since (wy)n>1 converges to K, there exists an Ny € N such that
lwp, — K| < § for all n > Na. Let N = max{Ny, No}. Thus for all n > N we
have that

€ €
](zn+wn)—(L+K)|S\zn—L|+\wn—K\<§+5:e.

Therefore, since € > 0 was arbitrary, (2, + wy)n>1 converges to L + K.

To see that part b) is true, let € > 0 be arbitrary. By Corollary
there exists an M > 0 such that |z,| < M for all n € N. Since (2,)n>1
converges to L, there exists an N1 € N such that

€
2n — L] < ———
[#n | 2(|K| + 1)

for all n > Nj. Similarly, since (wy),>1 converges to K, there exists an

N> € N such that
€

K< ——
o = Kl < 5037571

for all n > Ny. Let N = max{Ny, No}. Thus for all n > N we have that
|znwy, — LK| = |zpwy, — 2n K + 2, K — LK]|
< |znwy — 2, K| + |20 K — LK|
= |znl|lwn — K[ + |20 — L|| K]

e

€
R ESTRE
€ €
< 3 + 5= €

Therefore, since € > 0 was arbitrary, (zpwy)n>1 converges to LK.

Next, note part c¢) follows directly from part b) using the constant
sequence (a)n>1 in place of (wpy)p>1.

To see that part d) is true, first note since (2 ),>1 converges to L and since
L # 0 and thus |L| # 0 that there exists an N7 € N such that |z, — L| < %
for all n > N;. Hence the reverse triangle inequality implies for all n > V;
that

L
L]~ Jzal < 12
and thus % < |zn| for all n > Nj. Therefore ‘Z—i' < % for all n > Nj.

To see that (i) converges to %, let ¢ > 0 be arbitrary. Since

Zn /n>1

|L| # 0 and since (z,)n>1 converges to L, there exists an No € N such that

©For use through and only available at pskoufra.info.yorku.ca.



8 CHAPTER 1. SERIES OF COMPLEX NUMBERS

|z — L] < %e for all n > Ny. Let N = max{Ny, No}. Hence for all n > N
we have that

1 1’_‘L—zn
zn L| | z,L
= |L — zy|

11
|2n| | L]

_ |L|? ( 2 ) 1
—e€||—= | = =¢€
2 1L/ L]
. . i l
Therefore, since € > 0 was arbitrary, (Zn>n>1 converges to 7.

To see that part e) is true, note by Lemma that if (2),)n>1 converges
to L, then (Re(zy,))n>1 and (Im(zy,))n>1 converge to Re(L) and Im(L) re-
spectively. Hence part c) implies that (—Im(zy))n,>1 converge to —Im(L).
Hence, by the definition of the complex conjugate, Lemma implies
(Zn)n>1 converges to L as desired.

Finally, to see that part f) is true, let € > 0 be arbitrary. Since (2zp)n>1
converges to L, there exists an N € N such that |z, — L| < e for all n > N.
Therefore for all n > N we have by the reverse triangle inequality that

lon] — |LI| < J2n — L] < .
Therefore, since € > 0 was arbitrary, (|z,|),>1 converges to |L|. N

One difficulty in verifying that a sequence of complex numbers converges
is that one must first guess the limit and then prove the limit is indeed the
limit. As with sequences of real numbers, there is an alternative property of
a sequence that is easier to check and is equivalent to convergence.

Definition 1.1.8. A sequence (z,)n>1 of complex numbers is said to be
Cauchy if for all € > 0 there exists an N € N such that |z, — z,| < € for all
n,m > N.

Of course, by the same arguments as used in Lemma [1.1.2] one can easily
replace the “less than €” with “less than or equal to €” in Definition [1.1.§
As with the real numbers, the complex numbers are complete:

Theorem 1.1.9. A sequence of complex numbers converges if and only if it
is Cauchy.

Proof. Let (zn)n>1 be a sequence of complex numbers. Assume (z,)p>1
converges to a complex number L. To see that (z,),>1 is Cauchy, let € > 0
be arbitrary. Since (zp,)n>1 converges to L, there exists an N € N such that
|z — L| < § for all n > N. Therefore, for all n,m > N we have that

€ €
\zn—zm]:|zn—L+L—zm|S\zn—L|+\L—zm|<§+§:e.

©For use through and only available at pskoufra.info.yorku.ca.



1.2. CONVERGENCE OF SERIES 9

Therefore, since € > 0 was arbitrary, (z,)n,>1 is Cauchy.

Conversely, assume (z,)n>1 is Cauchy. To see that (z),>1 converges,
we first claim that (Re(zp))n>1 and (Im(zy,))n>1 are Cauchy sequences of
real numbers. To see this, let € > 0 be arbitrary. Since (zy)n>1 is Cauchy,
there exists an N € N such that |z, — z,| < € for all n,m > N. Thus for all
n,m > N, we have that

|[Re(zn) — Re(zm)| = |[Re(zn — 2m)| < |2n — 2m| <€

and
Tm(z,,) — Im(2p,)| = [Im(zn, — 2m)| < |20 — 2m| < e

Therefore, since € > 0 was arbitrary, (Re(z,))n>1 and (Im(zy,))n>1 are Cauchy
sequences of real numbers.

Since every Cauchy sequence of real numbers converges, there exists a,b €
R such that (Re(zp))n>1 and (Im(z,))n>1 converge to a and b respectively.
Hence (2n)n>1 converges to a + bi by Lemma [1.1.4] ]

1.2 Convergence of Series

With our understanding of convergent sequences of complex numbers, we can
turn our attention to convergent series of complex numbers. In particular, a
convergent series of complex numbers is just a particular form of convergent
sequence of complex numbers.

Definition 1.2.1. Let (z,)n,>1 be a sequence of complex numbers and for
each N € N let Sy = Z]kV:1 2. The series Y o2 z, is said to converge to
L € C, denoted Y 7% z, = L, if the sequence (Sn)n>1 converges to L. The
term Sy is called the N partial sum of the series.

The series Y 77 2, is said to diverge if the sequence (Sny)n>1 diverges.

Remark 1.2.2. When trying to determine whether or not a series converges,
the size of the “first few” terms of the series do not matter. To be specific,
> ooy zn converges if and only if Y07 ;- 2, converges for some K > 1 in which
case 200 2, = YKo 4+ 3% 1z, To see this, note the partial sums
of the first series are partial sums for the second series plus fo:_ll zn and
adding a constant to a sequence does not affect whether or not the sequence
converges. We call >">° .z, a tail of the series so, when using this fact in
the future, we will state “only the tail of the series matters”.

It is useful to begin our study of convergent series of complex numbers
with a very important exampled. Throughout these notes, the convention
29 =1 for all z € C will be used.

Example 1.2.3. Let z € C be such that |z| < 1. We claim that
1

o0
n __
T;)z S 1—z

©For use through and only available at pskoufra.info.yorku.ca.



10 CHAPTER 1. SERIES OF COMPLEX NUMBERS

To see this, let N € N be arbitrary. Notice that the N*® partial sum is

N
Sy = Z 2"
k=0
SO
N+1
zSN = Z 2.
k=1
Hence 2Sy — Sy = 2Vt — 1 s0
g ZN+1 -1
N =
z—1
since z # 1. Therefore, since ‘zN “‘ = |2|N*! is easily seen to converge to 0

as N tends to infinity as |z| < 1, we see that limpy_,o 2V ! =0 so

lim Sw— I At -1 0-1 1
NHEC Ar_ NE£0 z—1 __24*1 _.14*2'

Thus > 02 52" = i This series is called a geometric series.

Unsurprisingly, convergent series of complex numbers behave well in

regards to addition and scalar multiplication as convergent sequences behave
well due to Lemma [1.1.7]

Lemma 1.2.4. Let Y 02, 2z, and Y o2, wy be convergent series of complex
numbers. Then Y o2 | zp + wy, converges and

o o (0.)
Zzn+wn: ZZ"+ an.
n=1 n=1 n=1

Moreover, for all a € C, the series Y .2 | oz, converges and

o o9
Som=aY .
n=1 n=1

Proof. For all N € N, consider the N*® partial sums

N N
SN =Y 2z, Tn = wg,
k=1 k=1
N N
RN:sz—i—wk, and UN:Zazk.
k=1 k=1

Since Y 02 2z, and > o2 wy, converge, we know that (Sy)n>1 and (Tn)n>1
converge and

o [o.¢]
lim Sy = zn and  lim T, = Wy,
N—oo gg% " N—oo " 222 "

©For use through and only available at pskoufra.info.yorku.ca.



1.2. CONVERGENCE OF SERIES 11

Since Ry = Sy + T and U,, = aSy, Lemma implies (Ry)n>1 and
(Un)n>1 converge and

li = li lim T, d
NgnooRN NEHOOSN_‘_NI—IPOO Nan

lim Uy =a lim Sy.
N—o0 N—oo

Hence ) 02 zp + wy and > 02, azy, converge and

o, ¢] [o.] o
Zzn—i—wn: Zzn—i—an and
n=1 n=1 n=1

oo oo
S an—ad s
n=1 n=1

as desired. m

Like with convergent sequences of complex numbers, one can test whether
a series of complex numbers converges via an alternate criterion that bypasses
the need for determining and verifying a specific limit.

Theorem 1.2.5 (Cauchy Criterion). A series >.0° | z, converges if and
only if for all € > 0 there exists an N € N such that |Y 1Ly zk| < € for all
m > N.

Proof. For each N € N, let Sy = Z{le Zk.

Assume Y z, converges. To see the desired statement holds, let € > 0
be arbitrary. Since Y z,, converges, (Sn)n>1 converges and thus is Cauchy
by Theorem Hence there exists an Ny € N such that | S, — Si| < € for
all m,k > Ny. Therefore, if N = Ny + 1, we see for all m > N > Ny that

m m N-1
sz = sz—ZZk Z‘Sm—SN_1‘<6.
k=N k=1 k=1

Therefore, since € > 0 was arbitrary, the desired statement from the theorem
holds.

Conversely, assume for all € > 0 there exists an N € N such that
1> i N 26| < € for all m > N. We claim that (Sy)ny>1 is Cauchy. To see
that (Sy)n>1 is Cauchy, let € > 0 be arbitrary. By the assumption of this
direction of the proof, there exists an N' € N such that |37} v zx| < § for all

©For use through and only available at pskoufra.info.yorku.ca.



12 CHAPTER 1. SERIES OF COMPLEX NUMBERS

m > N. Hence, for all n > m > N, we see that

n m
’Sn_Sm’ = sz_ sz
k=1 k=1
n
= Z 2 — Z 2k cancel the first (N — 1) terms
k=N k=N
n m
<D |+ 2k
k=N k=N
cEE
5ty =€

Therefore, since € > 0 was arbitrary, (Sy)n>1 is Cauchy.
Since (Sn)n>1 is Cauchy, (Sy)n>1 converges by Theorem m Hence
Yoo zn converges by definition. n

Immediately the Cauchy Criterion (Theorem [1.2.5)) can be used to show
a required property for series to converge.

Corollary 1.2.6. If a series > o> z, of complex numbers converge, then
limy, oo 2, = 0.

Proof. Let € > 0 be arbitrary. By the Cauchy Criterion (Theorem [1.2.5)
there exists an N € N such that

<

DN

m
> 2
k=N

for all m > N. Therefore, for all n > N 4+ 1 we have n,n — 1 > N so that

n

n n—1 n—1
€ €
= |3 - X | < | 3w+ |2 ] < S+ S =
k=N k=N k=N k=N
Therefore, since € > 0 was arbitrary, lim, .o 2z, = 0. [

Remark 1.2.7. It is important to point out that the converse of Corollary
is false; that is, there exist sequences (zy,),>1 of complex numbers such
that lim,, oo 2, = 0 but Y o2 ; 2, does not converge. Some examples of this
will be pointed out shortly (see Corollary .

Using Corollary we can complete Example

Example 1.2.8. Let z € C be such that |z| > 1. We claim that the geometric
series Y o> 2" does not converge. To see this, note that |2 — 0| = |z|" for
all n € N so either lim,_,~ |2" — 0| diverges to infinity or is equal to 1. In
either case, (2"),>1 does not converge to 0 as n tends to infinity, so Corollary

implies > o2 ;2" cannot converge.

©For use through and only available at pskoufra.info.yorku.ca.



1.2. CONVERGENCE OF SERIES 13

Although the Cauchy Criterion (Theorem helps us with a theoretical
tool for determining when a series of complex numbers converges, it is still
quite difficult to use. To aid us in our ability to determine whether or not a
series converges, let us deal with the specific case of series of non-negative
real numbers.

Theorem 1.2.9. Let (ay)n>1 be a sequence of real numbers with a, > 0
for all m € N. The series Y .- an converges if and only if there exists an
M € R such that N _ ar < M for all N € N. Moreover, if Y8 ar < M
for all N € N, then > ;% an < M.

Finally, if Y72, an converges, then for all € > 0 there exists a Ny € N
such that > p2 5 ar < € for all N > Nj.

Proof. For every N € N, let Sy = Zé\le ag. Since ayyq > 0 for all N € N,
we see that

N+1 N
SN41 = Z ar = an+1 + Zak =an+1 + SN = SN.
k=1 k=1

Hence (Sn)n>1 is a non-decreasing sequence of real numbers. Therefore, the
Monotone Convergence Theorem implies (Sy)ny>1 converges if and only if
(Sn)n>1 is bounded. Moreover, as any upper bound of (Sy)ny>1 must be
greater than or equal to limy_,o, S, the first part of the statement is true.

To see the second part of the statement is true, let € > 0 be arbitrary.
By the Cauchy Criterion (Theorem [L.2.5)), there exists an Ny € N such that

m m
Z ap = Z a| < €.
k=Np k=No

Hence, by taking the limit as m tends to infinity, we obtain that 372 v a <e.
Since Y 7o y ax converges as only the tail matters, and since clearly the partial
sums of >772  ay are bounded above by the partial sums of » 2 v ay for
all N > Ng, the result follows. ]

Using the idea that it should be easier to determine when series of non-
negative real numbers converge, we consider the following idea of converting
a series of complex numbers into a series of non-negative real numbers.

Definition 1.2.10. A series > _,>; z, of complex numbers is said to converge
absolutely if >"°° | |z,| converges.

Clearly a series of non-negative real numbers converges if and only if the
series converges absolutely by definition. Fortunately, we are in luck as the
important direction holds for series of complex numbers thereby allowing us
an alternate way to verify certain series of complex numbers converge.

©For use through and only available at pskoufra.info.yorku.ca.



14 CHAPTER 1. SERIES OF COMPLEX NUMBERS

Theorem 1.2.11. If Y 77, 2z, is an absolutely convergent series of complex
numbers, then > o2 1 z, converges. Moreover

%) )
n=1 n=1

Proof. To see that > >, z, converges, let € > 0 be arbitrary. Since > 72 ; 2,
converges absolutely, we know that Y 07 ; |z,| converges. Hence the Cauchy
Criterion (Theorem |1.2.5)) implies there exists an N € N such that

m
e
k=N
for all m > N. Hence for all m > N we have that
m m
Z 2k Z 26| =
k=N k=N
Therefore, since € > 0 was arbitrary, the Cauchy Criterion (Theorem |1.2.5)

implies > 0° | z, converges.
Moreover, by Corollary part (f), we see that

<€

m

| 2|
N

IA

< €.

k=

[e%s) N N o)
_ < Tim _
> | = Jim |3zl <liminf Y7 jz| = Y fel
n=1 k=1 k=1 n=1
as desired. [ ]

Remark 1.2.12. It is important to point out that the converse of Theorem
is false; that is, there exist series Y . ; z, of complex numbers such
that > o2 z, converges but > o>, z, does not converge absolutely. Some
examples of this will be pointed out shortly (see Example .

Since absolutely convergent series converge, it is useful to develop a
collection of ‘tests’ that will aid us in determining whether a series of non-
negative real numbers converges (thereby aiding in determining whether a
series of complex numbers converges absolutely).

Theorem 1.2.13 (Comparison Test). Let (ap)n>1 and (by)n>1 be se-
quences of real numbers such that 0 < a,, < by, for alln € N. Then

a) If 3°0° by, converges, then > o2 | a, converges.
b) If >°0° | an diverges, then > o2 b, diverges.

Proof. As these two statements are contrapositives of each other, it suffices
to prove the first statement. To see that the first statement is true, assume
> o2 1 by, converges. Hence Theorem implies that there exists an M € R
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1.2. CONVERGENCE OF SERIES 15

such that Z]kvzl by < M for all N € N. Since 0 < a,, < b, for all n € N, we
obtain for all N € N that

N N
D ap <) by <M.
k=1 k=1

Hence Theorem implies > > | a,, converges. ]

Theorem 1.2.14 (Integral Test). If f : [l,00) — [0,00) be a non-
increasing function and a, = f(n) for alln € N, then > 72 | a,, converges if
and only if [7° f(x)dx converges.

Proof. Using the definition of Riemann sums, it is not difficult to see for all
N € N that

N N N
Zakg/ f(x)deZak.
k=2 1 k=1

Therefore, since f is non-increasing and non-negative and thus a, > 0 for all
n € N, we see that

(s

NGN}
k=1

b
{/1 f(z) da b21}

is bounded. Hence the result follows from Theorem and the analogous
result for improper integrals of non-increasing non-negative functions. [ |

is bounded if and only if

The Integral Test (Theorem [1.2.14)) is quite useful when determining
whether series related to nice functions converge.

Corollary 1.2.15. The series >.°°; -1 converges if and only if p > 1.

n=1 nb
Proof. First, consider the case p < 0. In this case the sequence (%) o does
n>

not converge to zero and thus » o2 ; # does not converge by Corollary
Otherwise p > 0. Notice that the function f : [1,00) — (0, 00) defined by

f(z) = & is well-defined. Moreover, since f'(z) = =P <0 forall z € [1,00),

we obtain that f is non-decreasing. Furthermore, notice for all b > 1 that

b In(b ifp=1
[ rwa=00 TP
! -1~ -1 BP

Hence we easily see that

b—o0

lim /1b f(x)dx

exists if and only if p > 1 as desired. ]
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16 CHAPTER 1. SERIES OF COMPLEX NUMBERS

Remark 1.2.16. Note Corollary [1.2.15 immediately implies that > o> ; %
diverges. Therefore, since lim,, ;- = 0, we have an example to show that
the converse of Corollary is false.

Of course, with the convergence of these series, one fundamental question
would be:

Question 1.2.17. What are the values of > ;7 n—lp forallp > 17

Of course, the proof of the Integral Test (Theorem [1.2.14)) can be used
to show that

SO

but this is rather wide interval. We will investigate this question further
throughout the course.

For now, using our knowledge of convergent series, we can also construct
the following test to aid us in determine when some series converge.

Theorem 1.2.18 (Ratio Test). Let (an)n>1 be a sequence of real numbers

such that an, > 0 for all n € N. Assume r = lim,,_, aZ:1 exists. Then:

a) Yoo an converges if r < 1.
b) Yoo an diverges if r > 1.

Proof. First assume r < 1. Our goal for this direction is to show that the
tail of the series is bounded above by a convergent geometric series.

Let € = % > 0. Since r = lim,_o azzl, there exists an K € N such
that

Tt _ < e
ag
for all k > K. Therefore
1-— 1
ak+1<r+e:r+ - rr
ay 2 2
for all £ > K so
1+r
ag4+1 < 5 ak

for all k > K. A simple induction argument then implies
1 k—K
ap < ( —;—r) aK
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1.2. CONVERGENCE OF SERIES 17
for all £ > K. Notice since % < % =1 that the geometric series

i <1—;—r>”

n=1

converges by Example Thus

O 147\ K
Z( 2) e

n=K

converges so > ;- ap, converges by the Comparison Test (Theorem [1.2.13)).
Hence > 72 ay, converges as only the tail of the series matters.

Now assume 7 > 1. Our goal for this direction is to show that the tail of
the series is bounded below by a divergent geometric series.

Let € = % > 0. Since r = lim,,_yoo “ZIl, there exists an K € N such
that

et _ < e
ag
for all k > K. Therefore
Ok+1 B _r—l_r—i—l
. >r—e=r 5 T o
for all k > K so
147
ag+1 > 5 ag

for all k > K. A simple induction argument then implies
1+r\F K
ap > a
()
for all k£ > K. Notice since % > % = 1 that the geometric series

> (57

n=1

diverges by Example [I.2.8] Thus

00 1 k—K
> ()

n=K

diverges (since ax # 0) so >.o° ;- an diverges by the Comparison Test
(Theorem [1.2.13]). Hence Y72, a,, diverges as only the tail of the series
matters. ]
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18 CHAPTER 1. SERIES OF COMPLEX NUMBERS

Remark 1.2.19. In the context of the Ratio Test (Theorem [1.2.18), when
r = 1 we obtain no information since we cannot bound the ratio away from
1 in either direction to obtain a comparison. In fact, when r = 1, the series
could converge or diverge. In particular, by Corollary [I.2.15] we know that

the series
il | > 1
— and —
n=1 n=1

converge and diverge respectively, but both have r = 1.

Using the Ratio Test (Theorem [1.2.18), we can prove a vital series
converges.

Example 1.2.20. We claim that the series 2%, 42" converges absolutely

n=0 n!

for all z € C. To see this, fix z € C and for all n € N let

1 n
a, = |—2"| = &
n! n!
Note for all n € N that
auit| | P nl|
an (n+D!zl*| n+1
Since
i |2 = L g,
n—oo | ap n—oon + 1

we obtain that > > a, converges by the Ratio Test (Theorem [1.2.18)) and
thus >, %z” converges absolutely for all z € C.

A sometimes useful alternative to the Ratio Test (Theorem [1.2.18]) is the

following, which is proved in a similar manner.

Theorem 1.2.21 (Root Test). Let (ay)n>1 be a sequence of real numbers
such that a, > 0 for all n € N. Assume r = lim,,_.o ¥/a, exists. Then:

a) Yool apn converges if r < 1.
b) >0 an diverges if r > 1.

Proof. First assume r < 1. Our goal for this direction is to show that the
tail of the series is bounded above by a convergent geometric series.

Let € = 1—5” > 0. Since r = lim,,_,o #/a,, there exists an K € N such
that

| ar, — 7| <€
for all £ > K. Therefore
L—r 1+7r

Vap <r+e=r+ 5 5
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1.2. CONVERGENCE OF SERIES 19

for all k > K so

()
a
k 2

for all £k > K. Notice since % < % = 1 that the geometric series

i <1—2H">"

n=K

converges by Example S0 Y o2 i ap converges by the Comparison Test
(Theorem . Hence > o2 | a, converges as only the tail of the series
matters.

Now assume 7 > 1. Our goal for this direction is to show that the tail of
the series is bounded below by a divergent geometric series.

Let € = % > 0. Since r = lim, ;oo /ay,, there exists an K € N such
that

|{Var —r| < e
for all k > K. Therefore

r—l_r+1
2 2

()
a
k 2

for all £k > K. Notice since % > % = 1 that the geometric series

(5

n=1

Ya, >r—e=r—

for all k > K so

diverges by Example S0 Y o i ap diverges by the Comparison Test
(Theorem [1.2.13)). Hence > 72, a, diverges as only the tail of the series
matters. |

Of course, there are other ways to ensure that a series converges. One
method for obtaining a convergent series is the following.

Theorem 1.2.22 (Alternating Series Test (Leibniz’s Theorem)). Let
(an)n>1 be a non-increasing sequence of non-negative real numbers such that
lim,, 500 @n = 0. Then 352, (—1)"*a, converges.

Proof. For each N € N, let Sy = YN (—1)+1a;. First, we claim for all
N € N that

Son < Son42 < Sonyz < Sonyi-
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20 CHAPTER 1. SERIES OF COMPLEX NUMBERS

To see the first inequality, notice since (an)n>1 is a non-increasing sequence
of non-negative real numbers that asn1 — aayie > 0 for all N € N so

Saon < (agn41 — aan+2) + San
IN
_ (_1)(2N+1)+1a2N+1 + (_1)(2N+2)+1G2N+2 + Z a,
k=1

2N+2
= > (-D)*ap = Sonso.
n=1

Similarly, since (an)n>1 i a non-increasing sequence of non-negative real
numbers that aoni3 — asnie < 0 for all N € N so

2N+3
Son43 = Z (1),
n=1
2N +1
= (—1)(2N+3)+1a2N+3+(—1)(2N+2)+1a21\]+2—|— Z ap
k=1

= (aan+3 — aan+2) + Son+1 < Son1-

Finally, since asny3 > 0, we obtain that

2N+2 2N+2 2N+3
Sony2= Y, ar <asnis+ Y, ax= Y ap=San43

as desired.
Notice the inequality proved in the above claim shows that (Son)n>1 is
a non-decreasing sequence and (Sa2ny41)nN>1 is non-increasing sequence both
of which are bounded below by S5 and bounded above by S;. Hence the
Monotone Converge Theorem implies (Son)n>1 and (Sen+1)n>1 converge.
Let

L= ]\}gnoo SQN and K= ]\;gnoo S2N+1.

Notice that

2N+1 2N
K — L= lim Sonyi1— Sony = lim ap — ap = lim asyy1 = 0.
N—oo + N—oo kz—:l kz—:l N—oo +

Hence L = K. Therefore, since (Son)n>1 and (San41)n>1 both converge
to L, (Sy)n>1 converges to L. Therefore > 0%, (—1)""1a, converges by
definition. [

The Alternating Series Test (Theorem |1.2.22)) is a quick way to construct
series that converge but do not converge absolutely.
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1.2. CONVERGENCE OF SERIES 21

Example 1.2.23. We claim that the series > 2 (=) converges but

n
does not converge absolutely. To see that this series converges, note that

limg, oo % = 0. Hence the Alternating Series Test (Theorem [1.2.22) implies
_1)n+1
n

that > 02 ( . However, since

(-t &1

)

n

9]
>
n=1

n=1

diverges by Corollary [1.2.15] >°° U™ Joes not converge absolutely.

n=1 n
It is useful to have a name for such series.
Definition 1.2.24. A series Y > z, of complex numbers is said to converge
conditionally if >~7° | z, converges but does not converge absolutely.

Of course, one natural question we can ask is:

Question 1.2.25. What is the value of Y -, oty

n

In an attempt to solve this question, consider the following: Let

oo 1
(_1)n+
S:Z
n=1 n
Notice that
1 1 1 1 1 1 1
S=1l-4-—-4-—f=—=
2+3 4 5 6 7 8
_ (4 1) 1+(1 1) 1+(1 1) 1+
N 2 4 3 6 8 5 10 12
B 1+1 1+1 1
N 4 6 8 10 12

2

Therefore S = 0. However, notice that

(-GG

1
> S H0H0+ =

N | =

How is this possible? Did we just break mathematics?
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22 CHAPTER 1. SERIES OF COMPLEX NUMBERS

1.3 Rearrangements of Series

The issue with the above computation is that when we were trying to evaluate
S, we rearranged the order of the terms in the series. This may seem valid
in the sense that if we are adding up a only finite number of scalars, then
we know we can rearrange the order of the terms in the sum due to the
associative and commutative properties of addition. However, in Definition
the partial sums are formed by adding up the terms of the series
in a very specific order and then taking the limit of the partial sums. By
rearranging the terms in an infinite series, we are in a sense transforming
the series as we are changing the partial sums and thereby modifying the
value the partial sums converges to. In fact, when dealing with a conditional
convergent series, we can reorder the series to make the value of the series
anything we want!

Theorem 1.3.1. Let > 77 a, be a conditionally convergent series of real
numbers. For any L € R there exists a bijection 0 : N — N such that

Y onet Gg(n) = L.
Proof. For each n € N, let

" an, ifa, >0 _ 0 ifa,>0
a, = ) and a, = ] .
0 ifa,<0 a, ifa, <0
Hence for all n € N
an = a} +a;,; and lan| = a} —a,.

If both >°9°; af and Y°° | a,, converged, then Y° | |a,| would converge

since
N

N N
Dolarl =D af = > a
k=1 k=1 k=1
for all N > 1. However, since > .02, |a,| does not converge, it must be
the case that least one of >°°, af and .0 | a. diverges. Moreover, since
Y00 | ayn converges and

N N N
Z => i+ a
= k=1 k=1

for all N € N, if one of Y-0° ; a;f and Y°° | a,, converged then both would
need to converge thereby contradicting what was just demonstrated. Hence
both Y°° ; a;f and >°°° ; a;; diverge.

Let (pn)n>1 denote sequence of all non-negative terms from (a,),>1 listed
in the same order they appear, and let (g, )n>1 denote sequence of all negative
terms from (an)p>1 listed in the same order they appear. Since

o o
d.pn and Y g
n=1 n=1
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1.3. REARRANGEMENTS OF SERIES 23

diverge by what was demonstrated above, Theorem implies that

sup<{§:pk NGN}>:oo and inf<{§:qk NEN})zoo.

k=1 k=1

Fix L € R. To find a bijection o : N — N so that >>77 | ag(,) = L, our
goal is to add pgs up to the point where we obtain a number just larger than
L, then add (thereby decreasing the value) gxs up to the point where we
obtain a number just smaller than L, then add pgs up to the point where we
obtain a number just larger than L, then add (thereby decreasing the value)
qxs up to the point where we obtain a number just smaller than L, and so
on. This procedure will create a rearrangement of the series so that partial
sums will be within a,, of L for some increasingly large n. Therefore since
Y o2 Gy converges so lim,_,. a, = 0 by Corollary this rearrangement
will converge to L. Hopefully that is clear as the formal write-up as seen
below is rather technical and possibly not illuminating.

First note since the above supremum is infinity that there exists an NV € N

such that
N
Zpk > L.
k=1

Choose N; € N to be the smallest N € N such that 25:1 pr > L. Therefore,
since pg > 0 for all k£ € N, this implies that

Ny N
Yook >L>>
k=1 k=1

for all N < Ny. Let
Ny
Ty =Y pk
k=1
and note 0 < T} — L.

Next, since the above infimum is negative infinity, there exists N € N

such that
N

}:(n¢<.L-—1&.
k=1

Choose M7 € N to be the smallest N € N such that Zszl q. < L —1T7.
Therefore, since g < 0 for all k£ € N, this implies that

M N
D <L-Ti <) a
k=1 k=1

for all N < M. Let
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24 CHAPTER 1. SERIES OF COMPLEX NUMBERS

Note the above inequalities imply that

Mi;—1 M,y
0<L-Ti—Ri=(L-T1)-R <> ar—Y G=—0-
k=1 k=1

Next, since the above supremum is infinity that there exists an N € N

such that
N

> pe>L-Ti—Ri.
k=N1+1

Choose Ny € N to be the smallest N € N such that N > N; and Z{LNIH pE >
L —T1 — R;. Therefore, since py > 0 for all k£ € N, this implies that

No N
> m>L-Ti—Ri> > p
k=N1+1 k=N1+1

forall N € {N;+1,...,No —1}. Let

N2
To= > pk
k=N1+1

Notice that the above inequalities and the fact that p > 0 for all £k € N
imply that

N
0<SL-Ti—Ri— Y p<L-Ti—Ri<-qu
k=N1+1

forall N € {Ny+1,...,Ny — 1} and

Ny Np—1
0<To—(L-T1—R)< > pr— Y. Pk=DnN,
k=N1+1 k=N1+1

Once more for clarity, since T1 + Ry + 15 — L > 0 and the above infimum
is negative infinity, there exists an N € N such that

N

Z q. < L—Ty — Ry —T5.
k=M+1

Choose Ms € N to be the smallest N € N such that N > M; and
E{,LMIH g < L —T1 — Ry — Ty. Therefore, since g < 0 for all £ € N,
this implies that

M, N
Y gu<L-Tv—Ri-Th< Y g
k=M1+1 k=M+1
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1.3. REARRANGEMENTS OF SERIES 25

forall N e {M;+1,...,My—1}. Let

M>
Ry= >

k=M1+1

Notice that the above inequalities and the fact that ¢ < 0 for all kK € N
imply that

N
0>L-Ti—Ri—-To— Y, q>L-Ti—Ri—Ta>—pn,
k=M1+1

forall N € {M; +1,...,My— 1} and

My—1
0<(L-T1—Ry—T5)— Ry < Z ar — Z 9k = —4M,-
k=M;+1 k=M+1

By repeating this procedure, there exist strictly increasing sequences
(Nj)j>1 and (M;);>1 so that if

N; M;
Tj= > pe and  Ri= > q,
k=N,_1+1 k=M,_1+1

then for all ¢ > 1 we have that

N
0<L-— ZT+R > k< —au,
j=1 k=N;+1

forall N € {N;+1,...,Npy1 — 1},

¢
0<—-L+Tp1+ Z(Tj +Rj) < PNpjrs

j=1
and
l N
0>L T — Y (Ti+R)— > ar> by,
j=1 k=M;+1

foral N e {My;+1,..., My — 1}, and

/+1
0<L—=> (Tj+Rj) < —aqum,,,
j=1

Since (N;);>1 and (M;);>1 are strictly increasing sequences, we see that

P1y---3yPN1»4q1y -+ -5 qM1 s PN1+1y - - - s PNos QM1 +1y - - - 5 QMo
PNo415- -3y PN3sAMa+1y -+ -y M3y - - -
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26 CHAPTER 1. SERIES OF COMPLEX NUMBERS

is a rearrangement of Y - ; a,. Moreover, by construction, the partial sums
of this rearrangement are within either py, or —qys, of L for progressively
large ¢ at ever step of the construction. Since ) 2 a, converges, Corollary
[1.276] implies that lim, o a, = 0. Therefore lim, oo P, = limy 00 g = 0,
so the partial sums of this rearrangement converge to L as desired. [ |

The main appeal of absolutely convergent series over conditionally con-
vergent series is the dichotomy between the following and Theorem [1.3.1

Theorem 1.3.2. Let Y 07 z, be an absolutely convergent series of complex
numbers. For all bijections o : N — N, the series 3 72 25(n) converges
absolutely and 3702 1 25(n) = D on1 Zn-

Proof. Let L =377 z, and fix a bijection ¢ : N — N. For all N € N, let

N N
SN = Z Zk and TN = Z Zg(k).
k=1 k=1
To see that (Ty)n>1 converges to L, let € > 0 be arbitrary. Since
L =73%7"° 2y, there exists an N7 € N such that

€
Sy — Ll < =
Sy =Ll <5

for all N > Nj. Moreover, since Y oo, z, converges absolutely, Theorem
[[.2.9) implies there exists an Ny € N such that

e €
Z ‘Zk’ < =
k=N 2

for all N > Ns.
Let Ny = max{Ni, Na}. Since 0 : N — N is a bijection, there exists an
My € N such that

{1,2,....No} S{o(j) | 7 €{L,..., Mo}}.
Therefore, for all M > My we see that

M No
Tar = Snol = D 200y = D 21
k=1 k=1

i.e. we made M so large
= Z 2L to contain the first Ng
keo({L,...M}) terms of the initial series

and k¢{1,...,.No}

< > |2k ]
keo({1,...,M})
and k¢{1,...,No}

IN
(]
2]
A
O |
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1.4. DOUBLE INDEXED SERIES 27

Hence, for all M > My we see that
€ €
Tar = LI < [T = Sivol + 1Sne =Ll < 5 + 5 =

Therefore, since € > 0 was arbitrary, >3/ z,(,) converges to L.

To see that 32 1 z,(,,) converges absolutely, note since 3% | 2, converges
absolutely that 3°7° ; |2,| converges and thus >277  [2,(,)| converges by the
first part of the proof. Hence } 7% 2,(,) converges absolutely. [

1.4 Double Indexed Series

Given that rearranging series may or may not change the value of the series
based on the type of convergence, perhaps it is useful to ponder other similar
situations that may arise. One such situation is when dealing with a sum
over two indices. To be specific, given z, ,,, € C for all n,m € N, is

eSS 0o o
Z Z Znm = Z Z Zn,m?
n=1m=1

m=1n=1

For those that have taken multivariate calculus, this is very reminiscent of
Fubini’s Theorem that lets one exchange the order of a double integral for
continuous functions.

To understand our question for sums, note that

Z Zznm— hm Z izn,m

n=1m=1 n 1m=1
N
= lim lim Zznm
N—>oo M—)oo

= lim lim Z Zzn,m-

N—o00 M—o00
n=1m=1

whereas

0o o0 M oo
Zszm: lim ZZznm

m=1n=1 M_}OOm 1n=1
M
= lim lim Zz
M~>oo N%oo Hm

= lim lim Z Zzn,m.

M—o00 N—oo
m=1n=1

Thus is it always possible to interchange the limits? No!
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Example 1.4.1. For all n,m € N, let

1 ifn=m
Znm=4—1 ifn=m-+1.

0 otherwise

Notice that ;2 ; 2, m = 0 for all m € N since the sequence (2, m)n>1 always
contains a single —1 followed by a single 1 and all other terms are 0. However
notice that

ifn>2

o0 0 >
mz::lz”’m_ {1 ifn=1

since the sequence (21, )m>1 is the sequence (1,0,0,...) whereas for n > 2
the sequence (z,,m)m>1 always contains a single —1 followed by a single 1
and all other terms are 0. Hence

>

NE

Zn,m =
n=1m=1
whereas
o oo
m=1n=1
SO
0o 00 o 00
2D Im# DD e
n=1m=1 m=1n=1

As we will see via the following two results, this example is only possible
since z, ., takes both positive and negative values and

0o o0 00
DD lmml =32
m=1n=1 m=1

does not converge.

For certain series, we do not run into the same pathological behaviour as
Example [I.4.1] In particular, like with Section [I.2] for series of non-negative
real numbers, things work out as beautifully as possible.

Theorem 1.4.2 (Tonelli’s Theorem for Sums). For all n,m € N, let
an,m > 0. The following are equivalent:

i) Yool Qnm converges for allm € N and Y 001 30 ap,m converges.
i) Y opo_1 anm converges for alln € N and Y021 >°0°_ 1 apm converges.

i17) S = sup ({Zﬁ;l SM anm | N,M € N}) < 00
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1.4. DOUBLE INDEXED SERIES 29

Moreover, in the case that one and thus all of the above are true, we have
(o) o0 (o) (o)
D2 nm =2 D anm =15
m=1n=1 n=1m=1

Proof. Only the equivalence of (ii) and (iii) will be demonstrated as the
equivalence of (i) and (iii) is nearly identical.
Assume that (ii) holds and let

[o.¢] [o.¢]
=2 D anm
n=1m=1
Since > o_j apm > 0 for all n € N as ay,, > 0 for all n,m € N, we see if
N oo
Sn=2_> tnm
n=1m=1

for all N € N, then (Sy)n>1 is a non-decreasing sequence of partial sums
that converge to L so

N o0
=1m=1
for all N € N. Similarly, since a, , > 0 for all n,m € N we see that
M 00
> tnm <Y anm
m=1 m=1
for all M,n € N so
N M N oo
2 2 tnm <D ) an
n=1m=1 n=1m=

for all N, M € N. Hence S < L < oo so (iii) holds.
Conversely, assume that (iii) holds. Since

M n M
Zan,mgzzak,mgs
m=1 k=1m=

for all n, M € N, Theorem implies that Y07 ap ., converges for all
n € N. To see that > o2 ; Zm 1 @n,m converges, fix N € N and consider the
partial sum

Notice for all M € N that
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30 CHAPTER 1. SERIES OF COMPLEX NUMBERS

Hence

SN—Z lim Zanm

M—>oo

= lim Z Z an,m (since the sum over n is finite)

M—o0 n=1m=1

<S.

Therefore, since Y 21 anm > 0 for all n € N, Theorem implies that
el D omr—1 an,m converges and

||PH18

o0
Hence, as we have shown that S < L and L < S when (ii) and (iii) are true,

the result follows. []

Returning to series of complex numbers, again the key to being able to
‘rearrange’ doubly indexed series is absolute convergence.

Theorem 1.4.3 (Fubini’s Theorem for Sums). For all n,m € N, let
Zn,m € C. Assume that either

* Dt \Zn,m! converges for all m € N, and
* D=1 2ne1 |2n,m| converges

or

Yot |2Zn,m| converges for all n € N, and

Yoot Yot |2n,m| converges.

Then

a) Yool Zngk and Y00y 2k, converge absolutely for all k € N,

b) Yoo (Cosi znm) and >0y (Dope—1 Znm) converge absolutely, and

¢) Ym=12ne1 Fnm = 2l =1 n,m-

Proof. Note that if either conditions hold, then Tonelli’s Theorem (Theorem

1.4.2]) implies that

o > 021 |#n,m| converges for all m € N,
o > o1 |%n,m| converges for all n € N, and

o D mel Yned |Zn,m‘ =D el D mel ‘an| < 0.
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Hence a) is clearly true. Moreover, Theorem [1.2.11| then implies that

[e.o]

8

Znm| < 00

[oe)
<> >0
= m=1 1

n

and

[e.9]

> 2 2nm

n=1

oo oo
< Z Z |Zn,m| < 00,
n=1m=1

so Theorem implies b) is true.
To see that c) is true, note by part b) that

00 00 00 00
= ZZZ’n’m and LQZZZZn,m

m=1n=1 n=1m=1

exist. To see that L1 = Lg, let ¢ > 0 be arbitrary. Since

oo
2 2 lmml < o0,
m=1n=1

Theorem implies that there exists an My € N such that

> Z!znm|<*

m=Moy+1n=1

Similarly, since
o0 o0
553" el <06,
n=1m=1

Theorem implies that there exists an Ny € N such that

00
> Z!znm|<
n=Np+1 m=1
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Now notice that

Moy No
Ly — Z Z Zn,m

m=1n=1
oo oo My oo My No
— value of series is value of
- Z Z Znm | + Z Z Rnm — Z Z Zn,m tail plus first few terms
m=My+1n=1 m=1n=1 m=1n=1
0o 0o My oo Mo Ny
< Z Z Znm| + Z Z Znm — Z Z Znm triangle inequality
m=Moy+1n=1 m=1n=1 m=1n=1
() oo My 00 No
= Z Z Znm| + Z Z Znm — Z Zn,m finite sum
m=Moy+1n=1 m=1 \n=1 n=1
00 0o My oo
— value of series is value of
- Z Z Zn,m + Z Z Zn,m tail plus first few terms
m=Moy+1n=1 m=1n=Ng+1
00 0o My oo
< Z Z Znom| + Z Z Zn,m Theorem [[2.9] and finite sum
m=Muy+1 In=1 m=1 [n=Np+1

'] fe’e) My ')
< Z Z |Zn7m‘ + Z Z |Zn7m‘ finite sum and Theorem [[22.9]
m=My+1n=1 m=1 n:NOJrl

)
Z Z |Z7l m‘ + Z Z |Zn m‘ finite sum

+1n=1 n= N0+1m 1

[e.e]

0o
< Z Z |Zn m| + Z Z |Zn m|  Theorem 23]

n=Np+1m=1

+

meS

EE
42

A similar argument reversing the roles of n and m show that

Mo No No Mo
L2_Zzzn,m:L2_Zzznm <*
m=1n=1 n=1m=1
Hence
My Ny My No € €
L1 — Lo| < |Li= >0 > zngm|+| D D 2nm — Lo| < sts=
m=1n=1 m=1n=1

Therefore, since € > 0 was arbitrary, |L; — L] = 0. Thus L; = Ly as
desired. ]
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1.5 The Complex Exponential

Using our knowledge of absolutely convergent series and doubly indexed
series, we can derive the complex exponential function along with many of its
well-known properties. Said function will be of vital importance in Chapter
Bl In particular, it should be pointed out that the results of this section also
apply to the real exponential function and provide one of the most rigorous
methods for constructing it and deriving its properties. Finally, it is possible
to generalize this definition to object other than complex numbers, such as
matrices. However, to do so requires technology from MATH 4011.

Definition 1.5.1. For z € C, the complex exponential of z, denoted €7, is

Recall from Example [1.2.20|that > 27 L 2" converges absolutely and so

n!

e is well-defined for all z € C. Also note that if @ € R then e* € R and that
if a > 0, then

o0

1
ea:ZHan>0.

n=0

Finally, it is elementary to see that

=1

0 __ n o __
n=0

Using just Definition along with our knowledge of series, we can

demonstrate that the complex exponential function does behave like an
exponential function.

Theorem 1.5.2. For all z,w € C,

Proof. Fix z,w € C and for all n,m € N, let

{1,1 2™ iftn>m
m! (n—m)!
Znm =

0 otherwise
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Notice for all m € N that

(o) o 1
> lzml =3 —
n=0 n=m " (

TG

1 OC)1|k
!

and

=€

Therefore, we can apply Fubini’s Theorem (Theorem [1.4.3)) to obtain that

> 1
z+w __ o n
¢ N Z n! (24 w)
n=0
n=0m=0 nl\m
= =onlml((n —m)!)
=Sy L
n=0m=0 m (’I’L o m)
X1 1
— Z Z — 'z"_mwm by Fubini’s Theorem
m=0n=m m (7’L o m)
m=0 k=0
[o@)
1
= Z —'wmez
oym!
e“eV
as desired. n

Using Theorem [I.5.2] and some ingenuity, other essential properties of
the complex exponential function can be demonstrated.
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Corollary 1.5.3. For all z € C, e # 0. Moreover e”* = e% for all z € C.
Finally €* > 0 for all x € R.

Proof. Let z € C be arbitrary. By Theorem we see that

1= =2 = 22,
Hence e* # 0 and e™% = e% as desired.
Now let « € R be arbitrary. If x =0, then e* =1 > 0. Next, > 0, then

clearly
oo

1
Tr __ n
e’ = Z Em >0
n=0
being the sum of positive terms. Finally, if z < 0, then e* = e}z > 0 as
desired. -

Proposition 1.5.4. For all z € C, €% = ¢*.

Proof. Let z € C be arbitrary. By Corollary we obtain that

as desired. ]

Our next result should not be a surprise to those that have studied
complex numbers and Euler’s formula.

Corollary 1.5.5. For all § € R, |e?| = 1.
Proof. Let 6 € C be arbitrary. Then
)2 _ 0

e~ by Proposition [[.5.4]
= ¢+(=%) by Theorem 15.2

=V =1.

le

— it

Hence |e??| = 1 as desired. ]
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In fact, the best way to obtain FEuler’s Formula is to define it to be true
and derive from the definition all of the desired properties of the resulting
functions.

Definition 1.5.6. For all § € R, the cosine and sine of 6, denoted cos(0)
and sin(f) respectively, are

cos(f) = Re (ew) = 6%’9_,_26—i9 and sin() = Im (ew) = M

Note cos(6),sin(f) € R for all § € R.

Using the above definition, we obtain many of the base results of the
cosine and sine functions, along with Euler’s Formula.

Corollary 1.5.7. The following are true:
a) (Euler’s Formula) € = cos() + isin(0) for all § € R.
b) cos?(0) +sin%(9) =1 for all 6 € R.

c) cos(z) = Y 0 (51)) 2 for all x € R with the series converging abso-
lutely.

d) sin(z) = Y0, (gni)ln) 22"t for all x € R with the series converging
absolutely.

e) cos(0) = 1 and sin(0) = 0.

£) cos(—8) = cos(8) and sin(—0) = —sin(0) for all § € R.

g) cos(8 + @) = cos(8) cos(ip) — sin(6) sin(y) for all 6, ¢ € R.
h) sin(6 + o) = sin(6) cos(y) + cos(0) sin() for all 0, € R.

Proof. Since cos(f) = Re(e?) and sin(#) = Im(e'), a) trivially follows.
To see that b) is true, note by Corollary that for all § € R

2

1= e =|cos(f) +isin(h)|* = cos?(6) + sin?(8)

as desired.
To see that ¢) and d) are true, fix z € R. We will first show the series
converge absolutely. For all n € N, let

_ (_1)n 2n

an = T and b, = ﬂx%ﬂ.
" (2n)! " (2n +1)!
Since
2n+2 21)! 2
i |2 = S R x -
n—oo | a, n—oo (2n + 2)! z2"  n—ooo (2n 4 2)(2n+ 1)
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and

23 (2n +1)! ) z?
im = lim =0,
n—oo (2n + 3)!  x2ntl n—oo (2n 4+ 3)(2n + 2)

lim b1 | _

n—oo

the Ratio Test (Theorem [1.2.18)) implies that both series converge absolutely.
To see the series converge to cos(x) and sin(x) respectively, notice since

1 if k=0 mod4
i i ifk=1 mod4
-1 ifk=2 mod4
—i ifk=3 mod4

that

4N-1 1
— 1 il k
= 2 )
k=0
2N-1 k 2N—1 k
. D" o, (D" okt
= lim T+ oz
2 @ T2 R
LSO APE IR o S G D e
=3 O iy AU
= (2n)]  (2n+1)!

Therefore, by equating the real and imaginary parts, ¢) and d) follow.
Note e) clearly follows from c) and d). To see that f) holds, notice that

n=0 (2n)' n=0 (2n)'

n n

6> = cos(h)

and

. 00 _1)n . 00 _1)n . '
sin(—0) = 712_:()(2(714-)1)!(_9)2 1= nz_%(_m(;n—i—)l)!ez = _sin(9)

as desired.
To see that g) and h) hold, let 6, ¢ € R be arbitrary. Then

cos(§ + ¢) +isin(0 + ¢)
_ ei(0+<,0)

=% by Theorem [[.5.2

= (cos(0) + isin(f))(cos(p) + isin(p))

= (cos(#) cos(p) — sin(0) sin(y)) + i(cos(#) sin(p) + sin(f) cos(p)).

Therefore, by equating the real and imaginary parts, g) and h) follow. m
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Using the above, we obtain most of the essential elementary facts about
cosine and sine. However, how do we obtain the traditional ‘special angle’
values of cosine and sine? Of course, if we could obtain cos(m) = —1 and
sin(m) = 0, or cos(5) = 0 and sin(5) = 1, we could use Corollary parts
b), ), g), and h) to obtain all of the special angles. However, how do we
obtain the above values? Moreover, can we obtain the usual facts about the
continuity and derivatives of the exponential and trigonometric functions?
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Chapter 2

Series of Functions

As seen in Chapter |1} for every € R the numbers e, cos(z), and sin(z)
can all be defined via absolutely convergent series. In particular,

x S 1 n
e = Z ﬁx y
n=0 """
o~ (D"
cos(z) = Z z*", and
= (2n)!
. - (71)71 2n+1
sin(z) = Z — .
= (2n+1)!

Viewing each of e, cos(z), and sin(z) as a function of x yields each function
as an infinite series of functions (namely polynomials) in z. In this chapter,
we will focus on some of the fundamental problems surrounding series of
functions.

To begin, we know (but should show based on the above definitions) that
cosine, sine, and the exponential functions are all continuous, differentiable
functions. However, is it true that a series of continuous functions is con-
tinuous? Is it true that a series of differentiable functions is differentiable?
If so, is the derivative of the series the sum of the derivatives? Moreover, if
we want to integrate a series of functions, can we integrate them term-by-
term? Finally can we approximate every continuous function with a series
or sequence of ‘nicer’ functions? If so, how can we find these approximating
functions?

Understanding these behaviours and what can and cannot be done is
essential to applying these results to various real-world applications. Thus
we will delve into a precise, in-depth discussion of these questions in this
chapter. In particular, we will show what results are true and give several
examples illustrating the irredeemable behaviour if assumptions are dropped.

39
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2.1 Continuity of Complex-Valued Functions

In order to discuss series of continuous functions, it is useful to recall the
notion of a continuous function. We do so in the situation of functions on
the complex numbers for use later in the course.

Definition 2.1.1. Let 2 C C. A function f : Q — C is said to be continuous
at a point w € Q if for all € > 0 there exists a § > 0 such that if z € Q and
|z —w| < 0 then |f(z) — f(w)| < e.

Moreover, f is said to be continuous on € if f is continuous at every
point in €.

Remark 2.1.2. Again, just as Lemma shows that the ‘< ¢’ in the
definition of a limit of a sequence can be replaced with ‘< €’, one can replace
one or both of ‘< §” and ‘< € with ‘< §” and ‘< €’ respectively in Definition
2.1.1] without modifying the notion of continuity.

Unsurprisingly, the notion of continuity for continuous functions on the
complex numbers can also be characterized via limits of convergent sequences.

Lemma 2.1.3. Let 2 C C, let w € Q, and let f : Q@ — C. Then f is
continuous at w if and only if whenever (z,)n>1 s a sequence in € that
converge to w, we have lim,_ f(z,) = f(w).

Proof. First assume f is continuous at w. To see the desired result is
true, let (z,)n>1 be a sequence in ) that converge to w. To see that
lim,, o0 f(2n) = f(w), let € > 0 be arbitrary. Since f is continuous at w,
there exists a ¢ > 0 such that if z € Q and |z —w| < § then |f(z) — f(w)| < e.
Since (2 )n>1 converges to w, there exists an N € N such that |z, —w| < ¢ for
alln > N. Hence for all n > N we have that |z, —w| < d so |f(zn)— f(w)| < e.
Therefore, since € > 0 was arbitrary, lim, o f(z5) = f(w).

Conversely, assume that f is not continuous at w. Therefore there exists
an g > 0 such that for all 6 > 0 there exists an z € Q such that |z — w| < 0
but |f(z) — f(w)| > eo. Hence for all n € N there exists a z, € § such
that |z, —w| < L but [f(z,) — f(w)| > €. Thus (2,)n>1 is a sequence in Q2
that converges to w such that (f(z,))n>1 does not converge to f(w) since
|f(zn) — f(w)] > € for all n € N so Definition fails for € = . ]

Consequently, a composition of continuous functions is continuous.

Proposition 2.1.4. Let Q C C, let zg € Q, let f : Q@ — C, and let
g : Range(f) — C. If f is continuous at zy and g is continuous at f(zp),
then go f is continuous at zg.

Proof. Let (z,)n>1 be an arbitrary sequence in €2 that converges to zp. Since f
is continuous at zp and (2zp,)n>1 converges to zo, (fn(20))n>1 converges to f(zo)
by Lemma Similarly, since g is continuous at f(z9) and (fn(20))n>1
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converges to f(z0), (9(f(2n)))n>1 converges to g(f(z0)) by Lemma [2.1.3]
Therefore, since (z,),>1 was arbitrary, Lemma implies that g o f is
continuous at zg. n

In addition, the following shows that the set of continuous functions
on the complex numbers is a vector subspace of the vector space of all
complex-valued functions.

Lemma 2.1.5. Let Q CC and let f : Q@ — C and g : Q — C be continuous
functions. Then the following are true:

a) The function f+ g:Q — C defined by
(f+9)(z) = f(2) +9(2)
for all z € Q is continuous.

b) The function fg:Q — C defined by

(f9)(2) = f(2)g(2)

for all z € Q is continuous.

¢) For all a € C, the function af : Q@ — C defined by

(af)(z) = af(z)
for all z € Q is continuous.

d) If f(z) #0 for all z € Q, the function % : Q — C defined by
1 1
F)o-70

e) The function f : Q — C defined by

f2)=f(2)

for all z € Q is continuous.

for all z € Q) is continuous.

f) The function |f|: Q@ — C defined by

[F1(2) = [£(=)]

for all z € Q is continuous.

Proof. This immediately follows from Lemma [2.1.3] by using Corollary [I.1.7}
|
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As with complex numbers, the ability to take the real and imaginary part
of complex-valued functions is important.

Definition 2.1.6. Let Q2 C C and let f : Q — C. The real and imaginary
parts of f are the functions Re(f),Im(f) : 2 — R respectively where

(Re(f)(x) = Re(f(a)) = L TI@ g

(Im(f))(z) = Im(f(z)) =
for all z € Q.
Notice if f: Q — C, then f = Re(f) + ilm(f). Moreover

_ IS f-f

Re(f) = = %

and Im(f)=

Thus Lemma [2.1.5] implies the following.

Lemma 2.1.7. Let Q C C and let f: Q) — C. Then f is continuous if and
only if Re(f) and Im(f) are continuous real-valued functions.

Proof. 1f Re(f) and Im(f) are continuous, then = Re(f) + iIm(f) is contin-

uous by Lemma parts a) and c).
Similarly, if f is continuous, then

Re(f):M and Im(f):f_f
2 29
are continuous by Lemma [2.1.5] parts a), c¢), and e). n

2.2 Continuity of Series of Functions

With our reminders of continuous functions out of the way, let us examine
the question of whether a series of continuous functions is continuous. To
answer this question we note since a series is a limit of its partial sums that
a series of functions is a limit of a sequences of functions. Consequently, it is
necessary to discuss limits of sequences of functions and whether a limit of
continuous functions is continuous. We begin with the most obvious way to
define the limit of a function and its corresponding restriction to a series of
functions.

Definition 2.2.1. Let 2 C C. A sequence (fp)n>1 of complex-valued
functions on €2 is said to converge pointwise on 2 to f: Q — C if

f(z) = lim f,(2)

n—oo

for all z € Q.
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Definition 2.2.2. Let 2 C C and for each n € N, let f, : & — C. The
series Y o2, fn is said to converge pointwise on Q if 3 >° | fn(z) converges
for each z € Q). Moreover the function f : Q) — C defined by

FH =3 ful2)
n=1

for all z € C is called the (pointwise) sum of (fn)n>1 and is denoted by
?Lozl fn

Unfortunately, pointwise limits are not the limits we are looking for since
a pointwise limit of continuous functions is not continuous. Thus a pointwise
convergent series of continuous functions need not be continuous as the
following example shows.

Example 2.2.3. For each n € N, define f, : [0,1] — [0,1] by fi(z) = = and,
for n > 2,
fn(l‘) =" — xn—l

for all z € [0,1]. Clearly (fn)n>1 is a sequence of continuous functions on
[0,1].

We claim the series Y -, f converges pointwise on [0, 1] to the function
f:10,1] — [0, 1] defined by

T@ =91 jtao1

{0 if z €1[0,1)
Since f is clearly not continuous at z = 1, this will provide an example of a
series of continuous functions that converges pointwise to a function that is
discontinuous at a point.

To see the above, for each N € N let Sy = Z{C\le fr. Notice that
Sp(x) = 2N for all N € N. Note if 2 = 1 then

. _ . N _
NS ) = i 1=

whereas if z € [0,1) then

. T N _
N S ) = i e =0

Hence the example is complete. Note this also show that there exists a
sequence (namely (z™),>1) of continuous functions that converge pointwise
to a function that is discontinuous at a point.

In order to rectify this situation, we simply need to require a stronger
form of limit of functions.
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Definition 2.2.4. Let Q C C. A sequence (fp)n>1 of complex-valued
functions on 2 is said to converge uniformly on Q to f : Q — C if for all
€ > 0 there exists an N € N such that if n > N then |f,(z) — f(2)| < € for
all z € Q; that is,

sup({[fn(2) — f(2)] | 2 € Q}) <
for all m > N.

Again, using arguments similar to those used in Lemma the ‘< ¢
in the Definition [2.2.4] can be replaced with ‘< €’

Remark 2.2.5. The notion of uniform convergence of sequences of functions
can be rephrased in an analogous way to how the convergence of sequences of
complex numbers was defined. Indeed instead of using the absolute value as
a notion of distance, if F(€2) denotes the set of all bounded complex-valued
functions on a set @ C C, one can define a distance function (or metric)
d:F(Q) x F(Q2) — [0,00) by

d(f,g) = sup({[f(2) —g(2)| | z € Q})

for all f,g € F(Q2). Then a sequence (f)n>1 in F(€2) converges uniformly to
f e F(Q) if for all € > 0 there exists an N € N such that d(f,, f) < € for all
n > N. This notion of a distance function and convergence of sequences with
respect to a distance function can be further generalized. However, doing
so is a topic for a future course (i.e. MATH 4011 - Analysis IITA: Metric
Spaces).

Remark 2.2.6. It is important to point out the difference between pointwise
convergence and uniform convergence. The main difference is, given an € > 0,
pointwise convergence simply lets us find for each z € 2 an Nz € N that
depends on z such that |f,(z) — f(2)| < € for all n > Nz whereas uniform
convergence lets us find an N € N that works for every z € €2; that is,
|fn(2) — f(2)| < efor alln > N and z € Q. More elegantly said uniform
convergence lets us find one N to rule all N,; that is

N =sup({N; | z € Q}) < .

Note this clearly implies if a sequence of functions converges uniformly to
f, then they converge pointwise to f. However, if a sequence of functions
converges pointwise, it need not converge uniformly as the following example
shows.

Example 2.2.7. Recall from Example that if f, : [0,1] — [0,1] is
defined by f,(xz) = 2" for all z € [0,1] and n € N, the sequence (fy)n>1
converges pointwise to f : [0,1] — [0, 1] defined by

_fo ifzeo1)
(w)_{1 ifr=1
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We claim that (fy)n>1 does not converge uniformly to f on [0,1]. To see
this, let € = % > (0. Suppose for the sake of a contradiction that there exists
an N € N such that |f,(z) — f(z)| < & for all n > N and z € [0, 1]. Since fy
is continuous at 1, there exists a § > 0 such that if x € [0, 1] and |z — 1] < J,

then |fn(z) — fa(1)| < 3. Hence, for any zo € (1 — g, 1) we have that

1
lzg — 1] = |fn(z) = fn(D)] < B
whereas the above implies that

1
| = |25" — f(ao)] <

§n
Since the first implies a:év € (%, %) whereas the second implies a:év € —%, % ,
we have a contradiction. Hence (f,)n>1 does not converge uniformly to f on

0,1].

However, the only pathology in the above example surrounds the value
of the functions at x = 1.

Example 2.2.8. Fix b € [0,1) and consider the functions f,, : [0,b] — [0, b]
is defined by fy,(z) = 2" for all € [0,b] and n € N. We claim that (fy,)n>1
converge uniformly to 0 (the zero function) on [0,b]. To see this, let € > 0 be
arbitrary. Since lim,,_,oo 8" = 0, there exists an N € N such that |[v"| < € for
all n > N. Hence for all z € [0,b] and n > N we see that

|[fn(z) =0l =2" <b" <e.

Therefore, since € > 0 was arbitrary, (fy)n>1 converge uniformly to 0 on
[0, b].

As promised, the following result shows continuity behaves properly when
uniform limits are used. It is also useful to point out that the proof of the
following result is a very common and incredibly useful argument in analysis
known as a 3-€¢ argument.

Theorem 2.2.9. Let Q C C, let w € 2, and let (fn)n>1 be a sequence of
complex-valued functions on ) that converge uniformly on Q to f:Q — C.
If each f, is continuous at w, then f is continuous at w.

Consequently, a uniform limit of continuous functions is continuous!

Proof. To see that f is continuous at w, let € > 0 be arbitrary. Since (fy,)n>1
converges to f uniformly on €2, there exists an N € N such that

fal2) = £ < 5
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for all n > N and z € Q). Since fy is continuous at w, there exists a § > 0
such that if z € Q and |z — w| < §, then
€

|fn(2) = fy(w)] < 3

Hence, for all z € €2 such that |z — w| < §, we have

[f(2) = f(w)] < [f(2) = In(2)] + | fn(2) = fn(w)| + | v (w) = f(w))
€ € €
< § + g + g =€
(where the first and last terms are less than § by uniform convergence and
the middle term is less than § by continuity of fy). Therefore, since € > 0
was arbitrary, f is continuous at w. ]

To further emphasize the benefits of uniformly convergent continuous
functions, we desire an analogue of ‘every convergent sequence is bounded’.
To do so, we define the following notion of boundedness for a sequence of
functions.

Definition 2.2.10. Let Q@ C C and let (fy,)n,>1 be a sequence of complex-
valued functions on Q. It is said that (f,)n>1 is uniformly bounded on 2 if
there exists an M € R such that

[fu(2)] < M
forall z€ Q and n € N.

Proposition 2.2.11. Let I be a bounded closed interval in R and let (fn)n>1
be a sequence of complex-valued continuous functions on I that converge
uniformly on I to f: I — C. Then (fn)n>1 s uniformly bounded.

Proof. Exercise. [ |

Remark 2.2.12. Note we have dropped from €2 to a bounded closed interval
I in R since we know [ is compact from MATH 2001. Compact subsets of
C and of other spaces will be discussed in MATH 4011 and/or MATH 4081
after which the above easily generalizes.

Uniform convergence also behaves well with respect to the operations of
addition and scalar multiplication. The proofs of these facts are similar to
the proof of Corollary once combined with Proposition 2.2.11

Proposition 2.2.13. Let I be a bounded closed interval in R and let (fn)n>1
and (gn)n>1 be sequences of complex-valued continuous functions on I that
converge uniformly on I to f: I — C and g : I — C respectively. Then the
following are true:

©For use through and only available at pskoufra.info.yorku.ca.



2.2. CONTINUITY OF SERIES OF FUNCTIONS 47

a) (fn+ gn)n>1 converges uniformly to f + g on I.
b) (fugn)n>1 converges uniformly to fg on I.

c) If (an)n>1 is a sequence of complex numbers that converges to o € C,
then (ap fn)n>1 converges uniformly to af on I.

d) (ﬁ) - converges uniformly to f on I.
n_
Proof. Exercise. |

As Theorem shows that uniform convergence is the limit we are
looking for in order to preserve continuity of functions, we now discuss
uniform convergence in the context of series.

Definition 2.2.14. Let Q C C and let (f,)n>1 be a sequence of complex-
valued functions on 2. For each N € N, define Sy : Q@ — C by

N
Sn(z) =) fu(2).
k=1

The series > o2 fp is said to converge uniformly on  to a function f : Q@ — C
if (Sv)n>1 converges uniformly to f on .

Corollary 2.2.15. Let Q C C and let (fn)n>1 be a sequence of continuous
complez-valued functions on Q. If the series Y .2 fn converges uniformly
on 2 to a function f : Q — C, then f is continuous.

Proof. Since f,, is continuous for all n € N the partial sums of Y ; f, are
continuous by Lemma Hence f is continuous by Theorem being
the uniform limit of continuous functions. [

The simplest way to verify most series of functions converges uniformly is
the following ‘test’, which should remind the reader of absolutely convergence
of series of scalars. In particular, the following result shows that if a series of
functions ‘uniformly converges pointwise absolutely’, then the series converges
uniformly.

Theorem 2.2.16 (Weierstrass M-Test). Let Q@ C C and let (fn)n>1 be a
sequence of complex-valued functions on Q2. For each n € N assume

0 < M, =sup({|fn(2)| | z € Q}) < 0.

Furthermore, assume Y ,> M, converges. Then Y oo fn(z) converges abso-
lutely for all z € Q and if f:Q — C is defined by

f(z)=)" fal2)
n=1
for all z € Q, then > 72 fn converges uniformly to f.
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Proof. To see that Y o2 fn(z) converges absolutely for all z € , note for
all z € O that

Since Y o2 M, converges, > o>, fn(z) converges absolutely for all z € Q by
the Comparison Test (Theorem [1.2.13).

To see that > o2, f, converges uniformly to f, let € > 0 be arbitrary.
Since Y o2 ; M,, converges, Theorem implies there exists an Ng € N
such that

o
Z M, <e.
n=~Np
Hence for all N > Ny and z € (), we see that

N 0o o
PN AOEDSFACIEI ISR AC)
k=1 k=1 k=N+1

S 1fe(2)] Theorem 21T

k=N+1

IN

o
Z M. assumptions
k=N+1

oo
< Z My, <e.
k=Nop

IN

Therefore, since € > 0 was arbitrary, Y .- ; f, converges uniformly to f. m

To demonstrate the power of the Weierstrass M-Test (Theorem [2.2.16}),
we demonstrate the following series of functions from Chapter [I] converge
uniformly and thus define continuous functions.

Example 2.2.17. For each n € NU {0}, let f,, : C — C be defined by

1
fu(z) = az”

for all z € C. Clearly each f,, is a continuous function such that > 0> fn(2) =
e® for all z € C.
For each M € N, let Qp = {2 € C | |z] < M}. Since

1
(2] < 0"

for all z € Q, and since Y ;2 %M” < oo by Example [1.2.20 the Weier-
strass M-Test (Theorem [2.2.16)) implies that

ef = Z fn(2)
n=0

is continuous on ;. Since M € N was arbitrary, e* is a continuous function
on J37—1 Qn =C.
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Example 2.2.18. Consider the function f : R — C defined by
fla)=e*

for all z € R. Since f is the restriction to R of a continuous function on C
by Example [2.2.17, we obtain that f is continuous on R. Since

(Re(f))(x) = cos(z)  and  (Im(f))(x) = sin(z)

for all x € R, we obtain that cos and sin are continuous functions by Lemma

217

2.3 Continuous, Nowhere Differentiable Functions

Now that we know a pointwise series of continuous functions need not be
continuous and a uniform series of continuous functions is continuous, we turn
our attention to differentiability of series of differentiable functions. Since a
differentiable function is automatically continuous, we know a pointwise limit
of differentiable functions need not be differentiable. However, is a uniform
convergent series of differentiable functions differentiable?

It turns out that the answer to this question is NO! In particular, in
this section we will give a family of examples of uniformly convergent series
of differentiable functions that are continuous but not differentiable at any
point in R! Such function are said to be nowhere differentiable.

Before we get to an example of a uniformly convergent series of dif-
ferentiable functions that is nowhere differentiable, we will use simply the
Weierstrass M-Test (Theorem to construct a uniformly convergent
series of continuous functions that is continuous but nowhere differentiable
function thereby motivating the procedure we will use for the primary exam-
ples of this section. To construct this example, we require the following.

Definition 2.3.1. A function f: R — R is said to be periodic with period
c¢>0if f(x+c¢) = f(x) for all z € R.

Remark 2.3.2. Fix a,b € R with a < b. Note for each & € R there exists a
unique y; € [a,b) and n, € Z such that

T =Yy + (b —a)n,.

Therefore, if f : [a,b) — R, and we define g : R — R by g(x) = f(y,) for
all x € R where y, is as above, then g is periodic with period b — a and
g(z) = f(x) for all = € [a,b]. We call g the periodic extension of f.

Let us now construct our first continuous but nowhere differentiable
function.
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Example 2.3.3. Let h : [-1,1] — [0, 1] be defined by h(z) = |z| for all
x € [-1,1]. Since h(—1) = h(1), we can define the periodic extension
g: R —[0,1] of h and ¢ is a continuous function with period 2. A portion of
the graph of g can be seen in the following figure.

1

0.8 4

For any n € Z, it is not difficult to see that g is a line on [n,n + 1] with
either slope 1 or —1. In addition, we claim for all z,y € R that

l9(x) = g(y)| <[z —yl
To see this, first note if |z — y| > 2 then
l9(z) —g(W)| < [g(z)[ +[g(y)| <1+1=2<]|z—y|

Otherwise, if |z —y| < 2, since g is 2-periodic and g(—a) = g(a) for all a € R,
we can assume that =,y € [—1,1]. Therefore

l9(z) — g = [lz[ = ly|| < |z —y

by the reverse triangle inequality. Hence the claim has been demonstrated.
For all n € N and x € R, notice that
3 n
<| - .
< (3)

&) e

Therefore, since g is a continuous function and the geometric series

> (3)

n=0
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converges, the Weierstrass M-Test (Theorem [2.2.16)) implies that the function
f : R — R defined by

s =3 (3) s

n=0

for all x € R exists, is continuous, and this sum converges uniformly.

To get an idea of what the graph of f looks like, the following is a portion
of the graph of g(z) + 3g (4z)

and the following is a portion of the graph of g(z) + 3¢ (4z) + 1%9(1635).

T |
0.5 1
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To see that f is nowhere differentiable, fix g € R. To show that f is not
differentiable at zy, we will show that

lim f(zo+h) = f(x0)
h—o00 h

does not exist by constructing a sequence (A, )m>1 of non-zero numbers such
that lim,, o0 hy = 0 yet

lim

m— 00

’f(moJrhm) — f(2o)
P

For all m € N, notice that [4’”3:0 — %, 4Mxg + %} has length 1. Therefore,

only one of (4mw — %, 4mx0) and <4mx0, 4Mxo + %) can contain an integer.
Let

>
3
Il
——
| N[ =
D=
T
3

gmmif E4mx0,4mx0 + ;g NZ =0

if (4™xg — %,4’”3&0 NZ=10

f(zothm)=f(z0)
hm

To obtain a lower bound on ‘ , for all n,m € N let

Dn,m =

‘9 (4" (0 + hm)) — g (4"x0)
hom, '

Let us compute some estimates on the value of D, ,, depending on the
relative sizes of m and n.
Case 1: n > m. In this case, notice that

1
4" (zg + hpy) = 4"x0 £ 54”_7”.

Since n > m, %4""” is an integer multiple of 2. Therefore, since ¢ has period

2, we see that
g (4" (zo + hm)) = g (4"x0)

and thus D, ,, = 0 in this case.
Case 2: n = m. In this case, we see that

1

A" (zg + hpy) = 4"x0 £ 3

Therefore, since h,, was chosen so that there are no integers strictly between

4"z and 4™(xo + hyp), we obtain that g is a line with slope 1 or —1 between
4"zy and 4™ (xo + hy,). Hence

_ |9 (w0 + hm)) — g (47x0) | _ [4" (w0 + hin) —4"x0| _ 5

D, = = — 4",
m B [P | 4-n

1
2
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Case 3: n < m. In this case, since |g(z) — g(y)| < |z — y| for all z,y € R,
we see that

‘g (4" (20 + him)) — g (4"20)
hom

_ 14" (@o+ hm) — 4| _ $4n—m
- || $4-m

— n
Dy = .

)

Using the above three cases, we see for all m € N that

f(@o + hun) — f(=0) i <3>"9(4"(3?0+hm)) — g (4"x)

I —\4 hm
L € " g (4" (o + hyn)) — g (4"0)
= 4 hom,
m m—1 n
4 ’ .\ 4 ’
n=0
3 m m—1 3 n
= (5) -5 (6)
4 o 4
m—1
=3m _ Z 3n
n=0
3m—1
:3m—
3—1
BELED!
2
Therefore L
o[£ B) = fz)
m—00 hom,

so f cannot be differentiable at xg. Therefore, since xg was arbitrary, f is
continuous but nowhere differentiable.

With the above example of a continuous but nowhere differentiable
function, we return to our primary example of this section consisting of
a family of uniformly convergent series of differentiable functions that are
nowhere differentiable. These famous examples were first demonstrated by
Weierstrass in 1872.

The only tools we need to construct this family of functions is the
Weierstrass M-Test (Theorem , the elementary properties of cosine
and sine from Corollary [[.5.7], and knowledge about the derivatives of cosine
and sine. The last of these three requirements will be shown in Example [2:6.6]
Thus, for logical consistency, perhaps this examples should be discussed after
Example However, for educational purposes, it is best to introduce
this example now in order to motivate the subsequent sections and enhance
the previous section (and it is expected the reader is already familiar with
the derivatives of the basic trigonometric functions and thus will excuse this
minor logical gap).
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Example 2.3.4 (Weierstrass, 1872). Fix a,b € R such that a is a positive
odd integer, 0 < b < 1, and ab > 1+ 37 (e.g. a = 13 and b = 3). For all
n € N and x € R, notice that

|b" cos(ma"x)| < b".

Therefore, since 2 — b™ cos(ra™z) is a continuous function and the geometric
series » o2 b" converges since 0 < b < 1, the Weierstrass M-Test (Theorem
2.2.16|) implies that the function W : R — R defined by

W(z) = Z b" cos(ma"x)

n=0

for all x € R exists, is continuous, and this sum converges uniformly. The
function W is known as a Weierstrass function.

To get an idea of what the graph of W looks like, the following is a
portion of the graph of 3} _, 6" cos(ra"z) when a = 13 and b = 3

h|#

Lo

K]
=

|=
o=
sz

£

0.5 4

and the following is a portion of the graphs of Y% b" cos(ma™z) when
a=13and b= %
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- i T
14H
If
.5 4
| | "'.
B RN IO R |
! 32 16 32 32 16 32 2
0.5

We claim that although W is continuous and a uniform limit of (infinitely)
differentiable functions, W is not differentiable at any point in R. This then
completes the claim that there are uniformly convergent series of differentiable
functions that are nowhere differentiable.

To see that W is nowhere differentiable, fix g € R. To show that W is
not differentiable at xy, we will show that

W (z) — W(xo)
Tr — X

lim
T—T0

does not exist by constructing a sequence (z,)m>1 of real numbers such that
Tm # xg for all m, limy,— o0 Tm = xg, and
W(xy,) — Wiz

m— 00 xm — xo
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For all m € N, notice that the interval {amxg + %, amxo + %) has length
exactly 1 and therefore there exists a unique integer

1 3
by € Z.N {amaxo + i,amxo + 2) .

Notice this implies

3
<lp—a™zg < =.

2
Since0<b<landab>1+2 5, we know that a > 1. Hencelfajm—ﬁ—%we
have that

N

3
Qgm = Tm T @0 < oo

and thus z,, > xg. Moreover, since lim,, .o %#m =0 = limy, 0 Qaim, the
above inequality and the Squeeze Theorem imply that lim,, o 2, = xg.
Next notice for all m € N that

W (zm) — W (o)

Tm — X0
T &
= b cos(max,,) — ——— b" cos(ma"xg
:vm—monzo (Ta"x ) mm—wonz_:o ( )
1 m—1
- (Z b" cos(ma" ) + Z b" cos(ma a:m)>
Tm — T0o n—0 n=m

n=0 n=m

1
1 m—
- E " Cos ma™ xo + E b" cos(ma"xp) only the tails matter
Im — L0

m—
Z (cos(ma"xy,) — cos(ma"xy))
_ZL'O —
; - bn _ adding finite and
+ T — X0 Z COS(TF(L ."L‘m) COS(T(a l‘(])) convergent series*
n=m

For each m € N, let

m—
P _ n
— Z_: (cos(ma"™ ) — cos(ma™xg))
1 o
Sm = ———— Y b" (cos(ma"x,) — cos(ma"xp)),
Tm — X0 n—m

which are (uniformly) convergent series since W(z,,) and W (xy) converge
uniformly such that

W(a:m) — W(Io)

Tm — 20

=P+ Sn.
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We desire bounds on |P,,| and |Sp,|.

Bound for |P,,|: Since the derivative of cosine is negative sine, the Mean
Value Theorem implies for all n € {0,1,...,m — 1} there exists a ¢, m
between wa"x,, and wa™xy such that

cos(ma"xy,) — cos(ma™xg)

TA" Ty, — TA"T( = [=sin(cnm)| = [sin(cnm)|-

Therefore, since |sin(z)| < 1 for all z € R, we obtain that

1P| < el h cos(ma™xy,) — cos(maxg)
"o n=0 Tm = 20
el I cos(ma"xy,) — cos(maxp)
= a
oy TaTy, — watxg
m—1
< b ma" [sin(cp m)|
n=0
m—1
< Z b"mwa”
n=0
- (ab)™ —1 0 (ab)™
ab—1 ab—1

Bound for |S,,|: We will consider (—1)“"S,,. For a fixed n > m, notice
that

Ta" Ty = wa" ",

However, since a is an odd integer, we see that wa"~""¢,, is an odd integer
multiple of © when ¢, is odd and wa"~""¢,, is an even integer multiple of m
when /4, is even. Hence

(=1)fm cos(ma"zy,) = 1.

Moreover, since
sin(ra"xy,) = sin(ra" "ly,) =0

as wa" " ™{,, is an integer multiple of 7, we see that

cos(ma"xg — ma" xy,) = cos(wa"xp) cos(wa"xy,) + sin(ma"zp) sin(wa" )

(
= cos(ma"xo)(—1)" + sin(wa"20)(0)

= (=1) cos(ma" o).
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Therefore, since the above holds for all n > m, we obtain that

1)fm cos(ma™ay,) — (—1)f cos(ma™zo)

Tm — 20

(_1)€msm _ i bn(_

_ i b 1 — cos(ma"xg — wa"xy,)
n=m Tm — L0

_ i b 1 — cos(ma~™(a™xy — ém)).
n=m Tm — T0

Notice since % <ty —amxy < % that
cos(ma™ " (@™o — £)) < 0.

Moreover, since % <Yty —amxg < % and since a is an odd integer, we know
that

1 —cos(ma" "™ (a™xg — £m)) >0
for all n > m. Finally, since x,, > xg for all m € N, all terms in the above
series expression for (—1)"S,,(z) are non-negative. Hence (—1)"S,,(z) is
at least the first term in the series so

(—l)ngm S 1 — cos(m(a™xy — Ly,))

Tm — X0
1
>b"
Tm — 0
m 1 : 3
> b 3 since 5 >Tm—o
2a™
2
> —aq"mp™m.
3

Hence |Sp,(z)| > 2a™b™.
Using the above two bounds, we obtain for all m € N that

W (zm) = W(xo)
= |P, S,
p—— | P+ S|
> |Sm| — |Pm‘ by the reverse triangle inequality
9 m
> Sy — (ab)

3
m (2 0
= (ab) (3ab—1>'

However, since ab > 1 + %71’, we see that % — =7 > 0 and thus

tim juf | Y (Zm) = W(z0)

m—00 Tm — L0

o m (2 @ B
zhnl}nf(ab) (S_Qb—l)_oo'

Hence W cannot be differentiable at xg. Therefore, since xg was arbitrary,
W is continuous but nowhere differentiable.

©For use through and only available at pskoufra.info.yorku.ca.



2.4. INTEGRATION OF SERIES OF FUNCTIONS 59

2.4 Integration of Series of Functions

The existence of the Weierstrass functions puts the idea that series of dif-
ferentiable functions can be differentiable into great jeopardy. To rectify
this situation, we ignore this question and turn to integration. This may
seem odd to the reader in that the natural progression of calculus is to first
introduce derivatives and then move onto integration since differentiation
is easier computationally than integration. It turns out that integration
actually behaves better than differentiation and we will be able to get at the
desired differentiation results via integration and the Fundamental Theorem
of Calculus. In addition, integration behaves far better in regards to limits of
continuous functions than differentiation does. Well, except for the following
examples that is (but of course these examples are with respect to pointwise
convergence, which we know is not the right type of convergence to look at).

Example 2.4.1. We claim that there exists a sequence (fy)n>1 of real-
valued continuous functions on [0, 1] that converge pointwise to a continuous
function f : [0,1] — R such that

/Olf( dz # hm/ fula

To see this, for each n € N, let f,, : [0,1] — R be defined by

2n’x if0<x<2i

— 2 e 1 1
fulx)={2n—-2n°c if 5- <z <.
0 ifLl<z<i

In particular, the graph of f,, creates an isosceles triangle with base {O, H

with height n, and otherwise is 0. Thus f, continuous and

1 1
/0 fn(x)de = 5
for all n € N.

We claim that (f,),>1 converges pointwise to 0 on [0,1]. This will
complete the example since

1 1 1
/Ode:0%§:nli_>nolo/0 fn(z)dx

To see (fn)n>1 converges pointwise to 0, let = € [0,1] be arbitrary. If
z = 0, then since f,(0) = 0 for all n € N we clearly see that (f,,(x))n>1
converges to 0. Otherwise, assume = > 0. Since lim,, o % = 0, there exists
an N € N such that % < x for all n > N. Thus the definition of f,, implies
that f,,(x) =0 for all n > N and thus (f,(x)),>1 converges to 0.
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Example 2.4.2. We claim that there exists a sequence (f,),>1 of real-valued
Riemann integrable functions on [0, 1] that converge pointwise to a function
f:10,1] — R that is bounded but not Riemann integrable. To see this, recall
that Q is a countable set. Hence we can write QN [0,1] = {r, | n € N}.
Define f, : [0,1] — [0,1] by

foa) = {1 if x € {ri,re,...,rn}

0 otherwise
for all x € [0,1] and define f : [0,1] — [0, 1] by

f(x):{l ifa:e@ﬂ[o,l]‘

0 otherwise

We claim that (fy)n>1 converges pointwise to f. To see this, we note
that fn(z) = 0= f(z) for all x € [0,1] \ Q. Otherwise, if z € QN [0, 1], then
x =ry for some N € N and f,(z) =1 = f(x) for all n > N. Hence (f,)n>1
converges pointwise to f.

Next, we claim that f, is Riemann integrable for all n € N. To see this,
fix n € N and let € > 0 be arbitrary. Let P be the partition of [0, 1] formed
by taking the end points of the open intervals of length = centred at each
ri for kK < n. For any interval in P that does not contain an rj for k£ < n,
the maximal and minimal values of f, on this interval are both 0. Moreover,
the interval of P containing an r, with k£ < n is of length at most % and the
difference between the maximal and minimal values of f, on this interval is
at most 1. Therefore, as there are n possible r; for & < n, we obtain that

€
U(fn,Pe) — L(fn,Pe) <n(l— O)E =€
Therefore, since € > 0 was arbitrary, f, is Riemann integrable for all n € N.
However, notice for any partition of [0, 1] that

U(f,P)=1 and L(f,P)=0.
Hence f is not integrable. Therefore, the example is complete.

Remark 2.4.3. Example is pathological for any conceivable notion of
integral one would want to work with that models the area under a curve.
However, Example 2.4.2] is more a pathology of the Riemann integral in that
the function that is 1 on the rationals and 0 on the irrationals is not Riemann
integral even through the rational numbers are quite ‘meagre’ with respect to
the irrational numbers. In particular, there are ways to extend the Riemann
integral to a better notion that will remove this pathology. However, that is
a topic for MATH 4012.
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Of course the real problem with the above two examples is that pointwise
convergence generally yields no analytical information about the limit func-
tion. As we have seen with continuity, it is uniform convergence we should
consider in analysis. The following results further emphasizes this point.

Theorem 2.4.4. Let (f,)n>1 be a sequence of real-valued, Riemann integrable
functions on a closed interval [a,b]. If (fn)n>1 converges uniformly on [a,b]
to f:[a,b] = R, then f is Riemann integrable and

/abf daf—nh_ggo/ ful(x

Proof. To see that f is Riemann integrable, let ¢ > 0 be arbitrary. Since
(fn)n>1 converges to f uniformly, there exists an N € N such that

[fn(z) = fz)] <

for all « € [a,b]. Therefore

In(z) -

m < f(x) < fn(z) + —5

for all x € [a, b].
Since fx is Riemann integrable, there exists a partition P of [a,b] such

that
€

Write P = {tk‘}i:o where a =tg < t1 < -+ <ty =0b. Then, if

My =sup {fn(z) | z € [ty_1tx]}) and
myi = inf ({fn(z) | © € [ti—1tx]})

we know by the definition of the upper and lower Riemann sums that

4

U(fN,P) = Z Mk(tk — tkfl) and L fN, Z my tk — tk 1
k=1

Notice for all = € [ty_1, 1] that

mk_4(b€—a) = fN(x)_ZL(bE—a) < flz) < fN(x)+4(b€—a) = Mk+4(b€—a)'

Therefore
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and
L(f,P) > m ¢ ty — th
1P 23 (e 55y ) s = te)
‘
:;mk(tk—tk—ﬁ—;ll(bia) (tk — tp—1)
= L(n.P)~ -
Hence

U(f,P)— L(f,P) < <U(fN77D) +i> _ (L(fij) B Z)

= (U5, P) = L(x. P + 5

<§+§:E.

Therefore, since € > 0 was arbitrary, f is Riemann integrable.
To see that

b b
| r@de= tim [ (@) de,
let € > 0 be arbitrary. Since (f,)n>1 converges to f uniformly, there exists

an N € N such that c

Fale) = f@)] <

for all n > N and z € [a, b]. Therefore, for all n > N we have

[ satwyae [ st

€ since | fn(z)—f(2)|<5
< . b—a dz for all z€[a,b]
=e.
Therefore, since € > (0 was arbitrary, the result is complete. ]

Theorem [2.4.4] immediately allows us to integrate uniformly convergent
series of Riemann integrable functions term-by-term!

Corollary 2.4.5. Let (fn)n>1 be a sequence of real-valued Riemann integrable
functions on [a,b]. If >0 fn converges uniformly to f : [a,b] — R, then f
is Riemann integrable and

b o b
/af(m)darzz fn(z)de.

n=179%
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Proof. For each N € N, let define Sy : [a,b] — R by

N
Sn(z) =Y fr(z)
k=1

for all « € [a,b]. Since f, is Riemann integrable for all n, Sy is Riemann
integrable. Moreover, since (Sy)n>1 converges uniformly to f by assumption,
Theorem [2.4.4) implies that f is Riemann integrable and

b . b
/af(x)dx:]\}gnw/a Sn(z)dx

b N
= lim ka(:r) dx

N—oo Jq el

N b
= lim Z fr(z)dx

N—>o<>k:1 a

o b
_ngl/a fn(z)dx

as desired. m

Remark 2.4.6. Using Corollary we can obtain some new series of
functions and potentially find the values of some of the series of real numbers

from Chapter [I] Indeed, for any 0 < b < 1, since
=" < b"

for all z € [—b,b] and all n € N, and since Y ;> ; b" converges, the Weierstrass
M-Test (Theorem [2.2.16) implies that

1 (o)
— Z "
n=0

1—x

with the convergence being uniform on [—b, b]. Hence Corollary implies

that
T o1
—In(l—2) = d
n(l —x) /0 T ar
0 T
:Z/ww
n=0"0
n:On—i—l
oo
1
-3
n:ln
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for all = € [—b,b]. As this holds for all b € (0, 1), we have that

<1
—In(1—=) ZE

for all z € (—1,1).
Of course, this does not let us evaluate

o0
(after all, this series only converges conditionally and can be rearranged to
obtain any value). However, one may be tempted to try a similar idea to

compute y o7 #x” for any x € (—1,1) and then take a limit as z tends to
1 to obtain the value of

—

3

Indeed, we note the above series implies that
In

(1—x) >
=y

In addition, we can again use the Weierstrass M-Test (Theorem [2.2.16|) to
show that this series converges uniformly on any closed subinterval of (0, 1)

and thus obtain by Corollary 245 that

= 1 = vl b In(1-—
Z::n* n)znzzjl/a nx”_ldx:/a—n( x)dx

Lo
n

X

for all 0 < a < b < 1. This clearly poses some problems in that :
1. What is the value of this integral?

2. Can we actually take the limit as a tends to 0 and b tends to 17 After
all, we have seen exchanging limits is problematic.

3. We have yet to actually define the natural logarithm.

Of course, the last question is the easiest to solve once we obtain some
information about differentiation of series.

2.5 Differentiation of Series of Functions

Of course, as Example shows, there exist uniformly convergent series of
(infinitely) differentiable functions that are nowhere differentiable. However,
some simple additional requirements can be added to resolve this problem.
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To be specific, provided the partial sums of the derivatives are Riemann
integrable and converge uniformly, the series will be differentiable and the
derivative can be obtained by summing the derivatives of the individual
terms in the series. To obtain this result, we simply prove the following
result pertaining to limits of differentiable functions.

Throughout these notes, given a closed interval [a,b] and a function
f :[a,b] — R, we say that f is differentiable on [a,b] if f is continuous on
[a, b] and differentiable on (a,b).

Theorem 2.5.1. Let (fn)n>1 be a sequence of real-valued differentiable

functions on a closed interval [a,b] that converge pointwise to a function
f:a,b) — R.If

o fl is Riemann integrable (e.g. continuous) for alln € N, and

o (f])n>1 converges uniformly on [a,b] to a continuous function g :
[a,b] — R,

then f is differentiable on [a,b] and f' = g; that is, (f})n>1 converges
uniformly to f' on [a,b].

Proof. Notice for all = € [a, b] that

f(x) = lim fn({j;) since (fn)n>1 converges pointwise to f
n—oo -
x
= lim T/L(T‘) dr by the Fundamental Theorem of Calculus
n—oco J,
T
_ since Theorem [2.4.4] and since
= / g(T) dr (fn)n>1 converges uniformly to g-
a

Therefore, by the Fundamental Theorem of Calculus, f is differentiable on
[a,b] and f' = g. Hence (f})n>1 converges uniformly to f’ on [a,b]. ]

Of course, we immediately obtain the analogue for series.

Corollary 2.5.2. Let (fy)n>1 be a sequence of real-valued differentiable
functions on [a,b]. If

o Y00 fn(x) converges for all x € [a,b],
o [l is Riemann integrable (e.g. continuous) for all n € N, and

o >0 [l converges uniformly on [a,b] to a continuous function g :
[a,b] — R,

then the function f : [a,b] — R defined by

fa) = i fula)
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for all x € [a,b] is differentiable and

VA

n=1

converges uniformly to f' on [a,b).

Proof. For all N € N, define Sy : [a,b] — R by
Sn(z) = f()
k=1

for all € [a,b]. By the first assumption, (Sn)n>1 converges pointwise to f.
Moreover, by the second assumption

N
Sy=2_Fi
k=1

is Riemann integrable on [a, b] for all N € N and, by the third assumption,
(S )n>1 converges uniformly to a continuous function on [a,b], Theorem
implies that f is differentiable and

>
n=1

converges uniformly to f’ on [a, b]. [

Of course the challenge in using Corollary [2.5.2]is the requirement that
the series of derivatives converges uniformly, but again we can often bypass
this issue by using the Weierstrass M-Test (Theorem .

Before moving on to using and examples of Corollary it is useful to
note the following two things.

Remark 2.5.3. Corollary is not in contradiction with the Weierstrass
functions being nowhere differentiable in Example 2.3.4] Indeed, recall if
a,b € R with a a positive odd integer, 0 < b <1 and ab > 1+ %TF, then if we
define W : R — R by

W(x) = Z b" cos(ma"x)
n=0

for all x € R, then the above series converges uniformly so W is continuous,
but W is nowhere differentiable. The reason Corollary [2.5.2] does not apply
here is that if f,(x) = b" cos(wa™x) for all z € R and n € N, then

fl(xz) = —m(ab)" sin(ra"x)
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is Riemann integrable, but

(1) = —ab)sin (T3 ) = (-1)°% )"

for all n € N so
> 1
> 1i(5)
n=0
diverges since ab > 1. In fact, Corollary can be used to show that

[e.9]

Z —m(ab)" sin(wa™x)

n=0
does not converge uniformly on any closed interval of R with positive length.

Remark 2.5.4. Another natural question in regards to Theorem m (and
thus Corollary is that, if we knew the uniform limit f of the sequence
of functions happened to be differentiable, does the limit of the sequence of
derivatives converge to f’? Unfortunately, we obtain a quick answer of no
based on the following example.

We claim that there exists a sequence ( fy,)n>1 of real-valued continuously
differentiable functions on a closed interval [a, b] that converge uniformly to
a continuously differentiable function f : [a,b] — R, but

['(@) # lim_ £ (2)

for some z € [a, b].
To see this, for each n € N let f,, : [-7, 7] — R be defined by

fu(z) = %sin(nm)

for all z € [—m, ]. Since

| fn(z)] < %| sin(nz)| <

= 3|

for all z € [—m, 7] and n € N, and since lim,_,~ - = 0, we see that (fn)n>1
converges uniformly to 0. However f = 0 is a continuously differentiable
function with derivative 0 and

fi() = cos(na)

for all z € [—m, 7] and n € N, so

lim f/(0) = nlggo cos(0) =1 # £/(0).

n—0o0

Hence the example is complete.

Of course the above example requires knowledge of the derivatives of
cosine and sine, which we have yet to demonstrate with the definitions
provided in Chapter [I} It is about time we rectify this delay.
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2.6 Power Series

Using Corollary we can now finally complete our construction of the
exponential, cosine, and sine functions by describing their derivatives. As
all three of these functions have a very specific form, it is useful for other
applications to describe a larger collection of functions and derive their
properties.

Definition 2.6.1. Given ¢ € R, a power series centred at c is any series of
the form

(o]

Z an(z —c)"

n=0

where z is a real variable and (ay,)n>0 is a sequence of real numbers.

Often we take ¢ = 0 when discussing power series as any results that can
be done at ¢ = 0 can be translated to an arbitrary c¢. However, we will prove
the following at an arbitrary ¢ without the need to translate.

Theorem 2.6.2. Let (a,)n>0 be a sequence of real numbers and let ¢ € R.
Assume xo € R\ {c} is such that

oo
Z an(zg — )"
n=0

converges. Then for any r € R with 0 < r < |xo — ¢|, the series of functions
mn T

Z an(z —c)" and Z nay(z —¢)"
n=0 n=1

converge uniformly and absolutely on [c —r,c+ r].
Moreover, if f :[c—r,c+ 1] — R is defined by

fl@) =7 an(x—c)"
n=0
forall x € [c—r,c+ 7], then f is differentiable on [c — r,c+ r] with
f'(@) =Y nan(z —c"!
n=1

forallx € (c—r,c+r).
Proof. For each n € NU {0}, let f,, : R — R and g, : R — R be defined by
)n—l

fo(@) =apn(x—c)® and  gu(x) = na,(z —c
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for all x € R. Our goal is to use the Weierstrass M-Test (Theorem [2.2.16|) to
show that > o fn and Y o7 g converge absolutely, uniformly, and define
continuous functions.

To begin, notice since
o0

Z Gnp (:‘CO - C)n
n=0
converges, Corollary implies that
. o
nh_)lglo an(zo —c)" =0.
Hence, by Corollary implies there exists an M > 0 such that

lan(xo — )" < M.

Therefore, we have for all n € NU {0} and = € [c — r, ¢+ r] that

=
- lzo — |/

Therefore, since 0 < r < |xg — ¢|, we know that the geometric series

Ev ()

n=0 |$0 - C|

(x —o)"

(x — o)™

|an(z = ¢)"| = |an(zo — )"

converges. Hence, since f, is continuous for all n € NU {0}, the Weierstrass

M-Test (Theorem implies that > 2 fn, converges uniformly and

absolutely to f on [c — r,c+ r| and f is continuous on [c — 7, ¢+ 7].
To obtain a similar result for > ;2 gy, first we claim that if 7o =

then
oo
Z Mm"g_1
n=0

converges. To see this, if b, = Mnr()“1 for all n € N, then

r
|zo—c]

bn+1 . M(n+ 1)‘7’0‘” B n -+ 1"/“ ‘
b, | Mnlrot  n 0l
Hence b
lim |2 = |rl.
n—oo

Therefore, since |rg| < 1 since 0 < r < |z —¢|, we obtain that $°° ( Mnri~!

converges by the Ratio Test (Theorem [1.2.18]).
Now notice for all n € N and = € [¢ — 7, ¢+ 7] that

n—1
<M (’") .
|20 — ¢
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Since

0 n—1
ZMn( ! )
n=1 |‘/EO _C|

converges and since g, is continuous for all n € NU {0}, the Weierstrass
M-Test (Theorem implies that > 2 g, converges uniformly and
absolutely to a continuous function g on [¢ — r, ¢+ r].

Finally, since Y02, fn converges pointwise to f, since f], = g is continu-
ous (and thus Riemann integrable) for all n € NU {0}, and since Y,°  f} =
>-o° | gn converges uniformly to a continuous function on [¢ — 7, ¢ + |, Theo-
rem implies that f is differentiable on [¢ — r, ¢+ r| and

F@) =3 fole) = 3 gale) = 3 nan(z — o
n=0 n=1 n=1

for all z € (¢ —r,c+r) as desired. ]

Remark 2.6.3. Given ¢ € C and a sequence (ay,),>0 of complex numbers is
not difficult to verify that the first part of the proof of Theorem [2.6.2] works
for the complex power series

Z an(z — )" and Z ann(z —c)" 1
n=0 n=1

where the interval [¢c — r, ¢ + r] is replaced with a closed disk of radius r
centred at c¢. The second part of Theorem [2.6.2] concerning the second power
series is the derivative of the first power series is true, but more complicated
to prove since we would need to discuss the derivatives of functions on the
complex plane and since we cannot use Theorem in its present form
as the proof relies heavily on the Fundamental Theorem of Calculus. The
details of these results are best left for a complex analysis course (see MATH
3410).

With Theorem in hand, we can immediately obtain some new
convergent series.

Example 2.6.4. Recall for all x € (—1,1), the geometric series > o> 5"
converges to the function

fla) = —

C1l-z

Hence Theorem implies that f/(z) = >.5°; na" ! so that

T

nglna;" =zf'(z) = 7(1_x)2.

Therefore
[e%s} 1
n___ 2 _ 9

=N (I

©For use through and only available at pskoufra.info.yorku.ca.



2.6. POWER SERIES 71

Of course, Theorem finally allows us to completely prove the re-
maining properties of the exponential, cosine, and sine functions that we
desired.

Corollary 2.6.5. Consider the function f : R — (0,00) defined by
flz) =€

for all x € R. Then f is differentiable on its domain and f'(x) = f(x) for
all x € R. Moreover, f is strictly increasing, bijective function.
The inverse of f is the function In : (0,00) — R and is called the

natural logarithm. The natural logarithm is differentiable on its domain with
In'(z) = 2 for allz € R.

Proof. Since
<1
_ n
f(z) = Z mx
n=0
for all x € R, Theorem [2.6.2] implies that f is differentiable on any closed
interval centred at 0 (and thus differentiable on R) with

LOEDIWETLEDS
n=1

1 1
n! —

(n—1)!

xnfl — 2

as desired.
Notice that
f'(z)=¢€e">0
for all € R by Corollary Therefore, by Corollary and a result
from MATH 2001, f is a strictly increasing continuous function from R to
(0,00) and thus has a differentiable inverse In : (0,00) — R. Moreover, by

another result from MATH 2001, if x € (0,00) and In(z) = y, then z = e¥
and

1
1 / = = — = —
(2) :
as desired. []

Example 2.6.6. Since Corollary proved that

cos(z) = nz::O )] z? and sin(z) = Z mxz +

for all z € R, Theorem [2.6.2] implies that cos and sin are differentiable with

n=0

/ s —D" o X (=D,
sin’(z) = nzzo(Qn + 1)%%2 = 7;) ((273! z*" = cos(x)
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and

2 (2n)!
_ Z; (Q(Hi):)l on1
- W:i;o ((2;)47:)1' .
— —sin(z)

just as we knew to be true!

Remark 2.6.7. Using Example together with Corollary one can
derive the known properties of cos and sin. In particular, since for z € (0, 1)

we know . .
4dn+1 An+3
—_— - >0
(4n + 1) (4n+3)1"

for all n > 2, we obtain that

sin(z) = i (_ixgnﬂ > — 151}3 > 0.
2 (20 1 1) =756

Hence cos’(z) < 0 for all € (0,1), so cosine is a decreasing function on
(0,1). Moreover, since sin’(x) = cos(z), which must be positive on some
interval around 0, sine must be increasing on (0, ¢) for some ¢ > 0. Thus,
the coupling cos’(z) = — sin(z) and sin’(z) = cos(z) imply that cosine must
have a first root larger than 0, which is what we call . From there, we can
derive all the special angles for cosine and sine via Corollary [I.5.7, show
the function e draws out a circle in the complex plane as 6 moves from 0
to 2w, and that the area of the circle is 7 via integrals and trigonometric
substitution. That is, our most basic understanding of trigonometry is a
bi-product of series of functions!

When discussing power series, it is useful to keep track of the largest
interval that Theorem [2.6.2 applies on in order to know where we can take the
derivatives term-wise. We can encapsulate this information in the following.

Definition 2.6.8. Let (ay)n>0 be a sequence of real numbers and let ¢ € R.
The radius of convergence of the power series Y, an(z —c)" is

o0
R =sup {xo —c| | »p € R, Z an(xo — )" converges} :

n=0
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Remark 2.6.9. Let R be the radius of convergence of

Z an(z —c)™.
n=0

Clearly R € [0, 00] by definition. Moreover, by Theorem we know that
Y oo an(zo — €)™ converges, then so too must 2 an(x —¢)™ for all  such
that |x —¢| < |zg — ¢|. Therefore, if x € (¢c— R, c+ R), then > o2 an(x—c)"
converges by Theorem [2.6.2] Moreover if z ¢ [c— R, c+R], then |z —¢| > R so
Yo% o an(z — €)™ must diverge by the definition of the radius of convergences.
However when z = ¢ — R or z = ¢ + R, we do not have any information on
whether Y 0° ; an(z — ¢)™ converges as the following example shows.

Example 2.6.10. For x € R, consider the series
o0
1
5 Lon
n=1 n

Since lim,,_, %z" exists and is zero if and only if x € [—1, 1], the above
series can converge only if x € [—1, 1] by Corollary Moreover, since

[e.e]
1
Z(=1)"
> (1)
converges by Example [[.2.23] the radius of convergence of this power series
around 0 is 1. Moreover this series converges when x = —1 whereas, when
x=1,

oo o0
1, 1
SRR
n=1 n n=1 n
does not converge by Corollary [1.2.15] Thus a power series may or may not
converge at the boundary points of its radius of convergence.

2.7 Taylor’s Theorem

By Theorem [2.6.2] we know that a power series is differentiable inside its
radius of convergence. The following theorem extends this and informs us of
the derivatives at specific points!

Theorem 2.7.1 (Taylor’s Theorem). Let (an)n>0 be a sequence of real
numbers and let ¢ € R. Assume the power series

F@) =S ane — )"
n=0

has radius of convergence R > 0. Then f is infinitely differentiable on
(¢c—R,c+ R) and
F™(e)

n!

Ay —

for allmn € N.
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Proof. We claim that for each m € NU {0} that f is m-times differentiable
on (¢ — R,c+ R) with

Z an(z —c)"™ ™

n=m

for all z € (¢ — R,c+ R). To prove this claim, we will proceed by induction.
Clearly the case m = 0 follows by the assumptions of the theorem. For the
inductive step, if

= n! n—m
- Z (n— m)!an(a: —¢)

n=m

for all z € (¢ — R,c+ R), then this power series has radius of convergence at
least R. Thus, by considering every closed interval centred at ¢ of radius less
than R, Theorem implies that f(™ is differentiable on (¢ — R,c + R)
with

for(@) =

>

—
iy (n—m—1)!

for all z € (¢ — R,c+ R). Hence the claim is complete.
Since ¢ € (¢ — R,c+ R), the above implies that

m)!

f")(e) =

mam = (mDam

for all m € N thereby completing the proof. ]

Taylor’s Theorem (Theorem [2.7.1)) also enables us to show that any
function that has a power series expansion at a point has a unique power
series expansion!

Corollary 2.7.2. Let (an)n>0 and (by)n>0 be sequences of real numbers and
let c € R. If there exists an R > 0 such that

o0

Z (x — )" and Z bp(z — )"
n=0

converge and are equal on (¢ — R,c+ R), then a, = by, for alln € NU{0}.
Proof. Define f,g: (c— R,c+ R) — R by

[e.9]

Z (x — )" and g(x) = i bp(x — )"
n=0
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for all x € (c — R,c+ R). Hence Taylor’s Theorem (Theorem [2.7.1]) implies
that f and g are infinitely differentiable with

™ (c)
n!

for all n € NU{0}. Therefore, since f = g on (¢ — R, ¢+ R), this implies that

(n) (n)
P i O A O
n! n!

for all n € NU {0} as desired. ]

~g™(e)
Y

and by,

Ay —

With the above results, we can finally turn our attention to attempting
to approximate continuous functions with ‘nicer’ functions. Power series
are one such approximation as if we can attempt to write any continuous
function as an infinite series of polynomials and this can be quite useful in
various situations and applications. Of course Taylor’s Theorem (Theorem
tells us that only infinitely differentiable functions have power series
and, when combined with Corollary that there is exactly one power
series that could approximate a such function. However, we still have yet
to answer the question: “Given an infinitely differentiable function f and a
point ¢ € R, does the power series of

00 £(n) (.
Z f '( )(l' _ C)n
n=0 '

n

always have a non-zero radius of convergence?”
Unfortunately, no:

Example 2.7.3. Consider the function f : R — R defined by

fla) = 0 ifx=0
= e 32 ifx#0

for all x € R. Since

—% 22 n
. e = e . T
lim = lim — = lim — =0
z—0| " T—00 T—00 T
x

by a few applications of L’Hopital’s rule, it can be verified that f is infinitely
differentiable at 0 with f((0) = 0 for all n € N. Since f(z) # 0 for all

xz € R\ {0} by Corollary we see that
> fn)( .
floy =3 0,
~ n!
only at z = 0.
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2.8 Weierstrass Approximation Theorem

As the previous section shows, we appear to be out of luck in approximating
continuous functions with their power series since it can only possibly work
for infinitely differentiable functions and Example [2.7.3] shows that there are
infinitely differentiable functions for which the power series only converges
at a single point. However, given an infinitely differentiable function f, the
power series of f at a point is only one specific possible approximation of f.
Are there other approximations of continuous functions using polynomials
and, if so, how can we compute them?

The main goal of this section is to show that every continuous function on
a closed interval can be ‘uniformly’ approximated by polynomials. Hence, de-
pending on the proof of this result, there may be hope of explicitly describing
a polynomial approximations of any continuous function! The main theorem
of this section, the Weierstrass Approximation Theorem (Theorem ,
can be demonstrated using some interesting ideas. The first requirement
to prove the Weierstrass Approximation Theorem is the following stronger
notion of continuity.

Definition 2.8.1. Let I C R be an interval. A function f : I — C is said to
be uniformly continuous on I if for all € > 0 there exists a d > 0 such that if
z,y € I and |z —y| < d then |f(z) — f(y)| <e.

Remark 2.8.2. Note the difference between Definitions [2.1.1] and [2.8.1] is
that for a fixed €, 6 > 0 need only work for a given point in Definition [2.1.1
whereas, for uniformly continuous functions, Definition [2.8.1] enforces that
the same § works for all points in the interval. That is, for uniform continuity,
there is one § to rule them all!

The above is more desirable than simple continuity in that having a §
that works for the whole interval seems far more powerful than at a single
point. Unfortunately, not every continuous function is uniformly continuous
as the following example shows.

Example 2.8.3. We claim that if f : R — R is defined by f(x) = x? for
all z € R, then Definition fails for € = 2 and thus f is not uniformly
continuous. To see this, let § > 0 be arbitrary. Choose n € N such that
%<5andlet mn:nandyn:n—i—%. Then |z, — yn| < % < 0 yet

1 2
n2—<n—|—>
n

Hence f is not uniformly continuous on R.

1 (@) — Flyn)] = =2+% 9

The above shows that 2 is not uniformly continuous on all of R since x2

grows too quickly as x tends to infinity. Consequently, one may ask, “Are
things much nicer if we restrict to finite intervals?” For closed intervals, yes!
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Theorem 2.8.4. Let a,b € R be such that a < b. If f : [a,b] — C is
continuous, then f is uniformly continuous.

Proof. Let f : [a,b] — C be continuous. Suppose for the sake of a contra-
diction that f is not uniformly continuous. Hence there exists an ¢ > 0
such that for all § > 0 there exists x,y € [a,b] such that |z —y| < 0 and
|f(z) — f(y)| > e. Therefore, for each n € N there exist =, y, € [a,b] with
n — gl < & and |£(z2) — Flyn)| > €

Since [a,b] is closed and bounded, the Bolzano-Weierstrass Theorem
implies there exists a subsequence (z, )n>1 of (z,)n>1 that converges to
some number L € [a,b]. Since f is continuous, there exists an N; € N such
that |f(xy,) — f(L)] < § for all n > Ny.

Consider the subsequence (yg, )n>1 0of (Yn)n>1. Notice for all n € N that

1 1
n

Therefore, since lim, oo |2, — L] = 0 and lim,_, % = 0, we obtain that
limy, 00 Yk, = L. Since f is continuous this implies that there exists an
Ny € N such that |f(yx,) — f(L)| < § for all n > Ny.

Notice if N = max{Nj, N2}, then the above implies that

|F(@rn) = Fyrn)] < | f(@ny) — FD)]+1FL) = flyry)| < §+ % _ .

thereby contradicting the fact that |f(xr,) — f(yky)| > €. Hence f is
uniformly continuous on [a, b). ]

The only other ingredient required before the proof of the Weierstrass
Approximation Theorem (Theorem [2.8.6)) is the following technical lemma.

Lemma 2.8.5. If x € [-1,1] and n € N, then
(1—2%)">1—nz?
Proof. Clearly it suffices to consider x € [0,1] as (1 — (—z)})" = (1 — 2"
and 1 — n(—x)? =1 —na? for all z € [-1,1].
Consider the functions f, g : [0,1] — R defined by
f(z) = (1—zH" and  g(z) =1—na’

for all x € [0,1]. Clearly f(0) = 1 = g¢(0). Furthermore, f and g are
differentiable with

f(z) =n(l —2*)" 1 (-2z) and g (x) = —2nx.

Since —2nx < 0and 0 < 1—22 < 1 for all z € [0, 1], we see that f/(z) > ¢'()
for all z € [0,1]. Hence it follows that f(x) > g(z) for all x € [0, 1]. ]
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Onto the main attraction!

Theorem 2.8.6 (Weierstrass Approximation Theorem). Let a,b € R
be such that a < b. If f : [a,b] — R is continuous, then there exists a sequence
(Pn)n>1 of polynomials that converge uniformly to f on [a,b]; that is, for all
€ > 0 there exists a polynomial p such that

Ip(z) — f(z)] <e
for all x € [a,b].

Proof. To begin, for simplicity in the more complicated arguments, we desire
to reduce to the case that a = 0 and b = 1. Indeed assume we have proved the
result when a =0 and b= 1. Let f : [a,b] — R be an arbitrary continuous
function and let € > 0 be arbitrary. Define the function g : [0,1] — R by

g9(x) = fla+ (b —a)x)

for all z € [0,1]. Clearly g is continuous. Thus, by our assumptions, there
exists a polynomial g such that

lq(z) — g(x)] <€
for all z € [0, 1]. If we define

pla) =q (ZZ:Z)

for all x € R, then p is also a polynomial. We claim that |p(z) — f(z)] <€
for all x € [a, b]. To see this, notice if 29 € [a,b], then yo = %2=2 € [0,1] and
xo=a+ (b—a)yy so

To—a

plao) — fao)] = |a (=) = fla+ 0~ aw)

= lq(yo) — 9(wo)| < e.

Therefore, since x € [a, b] and € > 0 were arbitrary, the argument is complete.
Hence it suffices to prove the theorem in the case a =0 and b = 1.

Next, for simplicity in the more complicated arguments, we desire to
further reduce to the case that f(0) = f(1) = 0. Indeed assume we have
proved the result for all continuous functions that vanish at 0 and at 1. Let
f:[0,1] — R be an arbitrary continuous function and let € > 0 be arbitrary.
Define the function g : [0,1] — R by

g9(x) = f(z) = (f(0) + (f(1) = f(0))x)

for all = € [0,1]. Clearly g is continuous since f is continuous. Moreover,
it is elementary to verify that g(0) = g(1) = 0. Thus, by our assumptions,
there exists a polynomial ¢ such that

lq(z) —g(x)] <€
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for all z € [0, 1]. If we define

for all x € R, then p is also a polynomial. Notice that

p(z) — f(@)| = lg(z) + (f(0) + (f (1) = £(0)z) — f(2)| = |g(x) — g(x) <€

for all z € [0,1]. Therefore, since ¢ > 0 was arbitrary, the argument is
complete. Hence it suffices to prove the theorem in the case a =0, b =1,
and f(0) = f(1) =0.

To obtain the desired result in the case that a = 0, b = 1, and f(0) =
f(1) =0, let us first discuss some motivation for the proof. What we will
do is construct a sequence of non-negative polynomials with integrals 1 on
[—1,1] that will have ‘most of their weight’ at 0. We will then average
or ‘convolve’ f against these polynomials at various points to obtain new
polynomials that will approximate the value of f at each point uniformly
over [—1,1].

To begin the proof, let € > 0 be arbitrary. First note since f is continuous
on [0,1] and f(0) = f(1) = 0 that we can extend f to a continuous function
on R by defining f(z) = 0 for all 2 € (—00,0) U (1,00). Since f is then
continuous on [—2,2], f is uniformly continuous on [—2, 2| by Theorem
Therefore, by decreasing the ¢ in the definition of uniform continuity if
needed, exists a 0 < 0 < 1 such that if z € [—1,1] and [t| < J then

Fa 1)~ (@) < ge

With the above set-up, we embark on constructing the polynomials
approximates of f. First, we need some specific polynomials that will aid in
constructing the appropriate polynomials to approximate f. Notice for each
n € N that

1
/ (1—a2*)"dx >0
-1

as (1 —22)" > 0 for all x € (—1,1). Hence for each n € N there exists a
¢p, > 0 such that

1
cn/ (1—a2*)"dr = 1.

-1
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Therefore, by Lemma [2.8.5

and thus 0 < ¢, < +/n for all n € N.
For each n € N define ¢, : R — R by

2)n

qn(z) =cn(l —

for all x € R. Thus each ¢, is a polynomial, ¢,(x) > 0 for all x € [-1, 1], and

/1 gn(z)dx =1

-1

by the definition of ¢,. Moreover, notice by the definition of ¢, that if
x € [—1,—0] U [d, 1], then

G (@) = ea(1 = 22)" < cu(1 = 82" < /(1 — %)

since gy, is decreasing on [d, 1] and increasing on [—1, —d].

To add in the visual understanding of what an arbitrary ¢, looks like,
below is the graph of ¢o:
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and the graph of ¢iqg.

Using the sequence of polynomials (g )n>1, we can now finally construct
the polynomial approximates of f. For each n € N, define the “convolution
of ¢, and f” to be the function ¢, * f : [0,1] — R defined by

1

(s @) = [ auOf@—0)ds

for all x € [0,1]. Clearly g, * f is a well-defined function since ¢, is a
polynomials, any translate of f is continuous, and the product of Riemann
integrable functions is Riemann integrable. Moreover, since most of the
weight of ¢, is at ¢ = 0, the value of (g, * f)(x) should be close to the value
of f(z). We will make this formal in a moment.
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For now, we first claim ¢, * f are all polynomials. To see this, note

1

(0 @) = [ aaO)f @ = 1)t
_ /_1 an(t)f(z — t) dt fis 0on [0,1]°
_ /10(—1)qn(:n —w)f(u)du  substitute u =z — ¢
= [ anle— wppt)

However, note that ¢,(z — u) is a polynomial in x with coefficients being
continuous functions in u and thus ¢, (x — u) f(u) is a polynomial in = with
coefficients being continuous functions in u. Hence integrating g, (z — u) f(u)
with respect to u can be performed by integrating the coefficients of the
polynomial in x with respect to u thereby resulting in a polynomial in x.
Hence gy, * f is a polynomial on [0, 1].

Finally, we claim that if n is large enough then |(g, * f)(x) — f(z)| < € for
all x € [0,1]. To see this, first note since f is continuous on [—2, 2] that the
Extreme Value Theorem implies there exists an M > 0 such that |f(z)| < M
for all x € [—2,2]. Therefore, if z € [0, 1], we see that

@0+ H@) = @)
1
= [ wif@=tydt - f(a)

= [Lawse-na-s@ [ aod o [ a@d=

=| [ e -0 - s

-1

< [ 150~ 1@ s @) = 00n [-1,1]
-1

- @0~ F@aa@ e+ [ 15— @antt) d

[—1,-8)u[6,1]
= /[1,6]u[6,1] 2M/n(1 — &%) dt + /Z %qn(t) dt
< 4v/nM(1—§%)"(1—6) + % /_11 an(t) dt
= 4y/nM (L= 5%)"(1 = 6) + 5.
Therefore, as 0 < 1 — 62 < 1 so

lim 4v/nM (1~ 531 —6) =0,
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we see that for sufficiently large n that |(gn* f)(x)— f(z)| < € for all z € [0, 1].
Hence, since € > 0 was arbitrary, the result follows. ]

The Weierstrass Approximation Theorem (Theorem is great in that
if one can prove a result/property for polynomials that passes through uniform
limits, one can extend the result to all continuous functions. Moreover, a
careful analysis of the proof of the Weierstrass Approximation Theorem
yields an explicit description of polynomial approximates to any continuous
function f; namely g, * f (modulo the simplifications done at the start of
the proof).

Unfortunately, the polynomials ¢, x f are not necessarily easy to compute.
Indeed the first challenge is finding explicit descriptions of ¢, for all n € N.
Of course, we know that

1 1
— / (1—2*)"dx
—1

Cn

and we can easily integrate any polynomial, but the formula for the precise
"

value of ¢, may not be nice (actually, it turns out that ¢, = % where

n!! is take the product of every other natural number starting at n and going

down until 1 or 2). Then one needs to compute

1

(a0 D)@) = [ aalO)f @ = 1)

which means integrating f against a complicated polynomial. Generally to
compute the values of

/1 7 f (e — £ dt,

-1

one would want to apply integration by parts several times (if f was n-times
differentiable), which can be lengthy and potentially messy, and then one
would need to take a linear combination of these polynomial integrands based
on an expansion of ¢, to get ¢, * f.

So although in theory when given a continuous function f on a closed
interval we have explicit descriptions of polynomials that uniformly approxi-
mate f, the descriptions of these polynomials are nasty and the ability to
compute these polynomials is not a simple task. Wouldn’t it be far nicer if we
could do such approximations with simple to compute and easily described
polynomials?
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Chapter 3

Series of Trigonometric
Polynomials

As it so happens there is an approximation of continuous functions we
can do that is simple to compute and easy to describe. The one caveat is
that this approximation requires us to replace polynomials with series of
‘trigonometric polynomials’, known as Fourier series (pronounced fuor-ree-
ay). The trigonometric polynomials are loosely the linear combinations of
cosine and sine functions of integer frequencies. On the surface trigonometric
functions may appear more difficult to work with, but there are numerous
applications where working with trigonometric functions makes sense.

In fact, the original idea for approximating with trigonometric polynomials
stems from physics and the solutions to specific differential equations. The
simplest occurrence of this from physics is the idea of simple harmonic motion.
In this system, a mass m is placed on a horizontal frictionless surface, is
attached to a horizontal ideal spring which is fixed to a wall, and the mass
is set to oscillate. If x(¢) denotes the position of the mass at time ¢, then
simple mechanics imply that

ma’ (t) = —ka(t)

where k is Hooke’s spring constant. It is not difficult to verify that cos(wt)
and sin(wt) are solutions to this equation provided we choose

In fact, elementary vector space dimension theory implies that every solution
to this differential equation is a linear combination of cos(wt) and sin(wt).
It is not difficult to verify that every such solution has the form cos(wt + to)
and thus has a graph in a wave shape.

Much later in physics, it was the idea that particles have wave-like
properties that led to wave-particle duality and the notion of the wave
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equation in Quantum Mechanics. In 1925, Schrédinger use these and other
ideas from physics to derive the wave equation of a particle, work for which
he was later awarded the Noble Prize in Physics in 1933. In its simplest
one-spacial dimensional form, the wave function W(z,t) assigns a complex
number to each point x at time t and satisfies the differential equation

h? 9%V (x,t) L 0¥ (x,t)
_%W + V(l’)‘l’(l‘,t) = lﬁT

where A is Planck’s reduced constant (Planck’s constant divided by 27), m
the mass, and V(z) a potential function at the point z. As noted above,
both ¥ and this differential equations involved complex numbers, which was
highly questionable in physics as one expects all observable values to be real
numbers. Indeed, even Schrédinger stated, “What is unpleasant here, and
indeed directly to be objected to, is the use of complex numbers.”

However, due to Euler’s formula, complex exponentials immediately allow
us to combine cosine and sine functions of the same frequencies thereby
allowing a unified approach to waves. Indeed, in the case that V(x) = 0, we
claim that

\I/(m,t) _ Aeikxfiwt

is a solution to Schrédinger’s equation where A is a (complex) constant.
Indeed, (provided we can differentiate complex exponentials like real expo-
nentials), we see that

_ﬁaQ‘Il(m?t) _ _ﬁ(.k)2A6ikm—iwt — h2k2Aeikm—iwt
2m  Ox? 2m 2m
U(z,t Lo Lo
Zﬁa (‘T’ ) — ih(_iw)Aezkxfzwt — mAezkmfzwty
ot
so, provided

hk?
w=—",

2m

we indeed have a solution to Schréodinger’s equation. Moreover, vector space
dimension theory says these are the only solutions.

As solutions to more advanced versions of Schrédinger’s equation can
be obtained by approximating with linear combinations of these basic solu-
tions, and as Schrodinger’s equation is our basis for understanding much of
chemistry and physics, the use of complex numbers in both the equation and
solutions means nature works with complex numbers, not real ones! For us,
the use of complex numbers is desirable in that mathematics, both pure and
applied, becomes far more elegant with their use. Thus we will use complex
numbers throughout this chapter to obtain the desired approximations by
trigonometric polynomials.

The motivation for why such approximations are expected follows from
linear algebra and orthogonal projections. Once the basic facts of these

©For use through and only available at pskoufra.info.yorku.ca.



3.1. MOTIVATION FOR FOURIER SERIES 87

approximations are obtained, we will turn to the idea of convolution and the
properties of g, used in the proof of the Weierstrass Approximation Theorem
(Theorem . If we can construct functions with similar properties to g,
using trigonometric functions and develop an analogue of the ‘convolution
used in the Weierstrass Approximation Theorem, then hopefully we have
convergences of these approximations. However, we need to pay particular
attention to the form of convergence as lack of rigour in these arguments
lead to some of the biggest plunders in mathematics!

bl

3.1 Motivation for Fourier Series

To begin our study of Fourier series, we turn to the basic structures and
underlying linear algebra to motivate our constructions. A reader that has
yet to study abstract linear algebra should have the ability to comprehend
this section without more complicated linear algebra, whereas the reader
familiar with linear algebra can process the more difficult results near the
end of the section with ease. We begin with some basic definitions that will
be used throughout this chapter.

There are many different types and ways to view Fourier series. The
version we will be working with (which is probably the simplest) involves
the following set.

Definition 3.1.1. The unit circle (or 1-torus) is the set
T={:eC||s|=1}={c" | 0 € (-m,7]}.

Remark 3.1.2. The reason we want to consider T is that the functions we
will want to be working with, namely cos(nz) and sin(nx) for n € N, are
2m-periodic (i.e. f(x 4+ 27m) = f(x) for all x € R and m € Z). Since given
any 2m-periodic function f we know for any = € R that f is constant on

{z+2mm | m € Z},

we can view f as a function g on T by defining
g(e'*) = f(x)

for all x € R. This identification creates a bijection between the 27-periodic
functions and the functions on T. There are many benefits of working with
T such as T is a closed and bounded (and thus compact) subset of C.

It should be pointed out that we will often identify (—, 7] with T via the
map x — €®. Note when we do this, there are some particular behaviours

with respect to convergence. Notice that although (—7T + %) o is a sequence
n

in (—m, 7] which converges to —7 ¢ (—, 7], working in T we see that

lim ei(_”"'%) = ™ = ¢iT
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and 7 € (—m, 7|. Thus, when using (—, 7] for T, we are actually equating —7
and 7 in terms of all possible convergences. Furthermore, given x € (—m, 7]
and ¢t € R, it is possible that = + ¢ ¢ (—m, 7]. However, we can think of = + ¢
as €/ which will then reduce to an element of (—m, 7], namely x +t+2wm
where m is the unique integer such that z + ¢ + 27m € (—n, 7] (that is, we
are doing some version of modular arithmetic). Thus we can think of T as
(—m, 7| with these particular topological behaviours.

Furthermore, we could repeat these same ideas using [0, 27) in place of
(—m,m]. If we do this, then we would be working with the real numbers
modulo 27. The important part of T is this continuous loop of angles.

As we will be working with functions on T, it is useful to introduce some
notation about various sets of functions. As we will be working with integrals
of complex-valued functions, we point the interested reader to Appendix [B]
where such integrals are defined by taking the appropriate linear combination
of their real and imaginary parts (and, by doing so, all main results for
Riemann integrals extended to this setting). In particular, the most general
functions we will be working with in this chapter are the following.

Notation 3.1.3. The Riemann integrable functions on T is the set
RZ(T) ={f : (—m,n] = C | fis bounded and Riemann integrable}.

Remark 3.1.4. Although the above definition defines elements of RZ(T) as
functions on (—m, 7], by the ideas of Remark we can also view elements
of RZ(T) as functions on T, or as 2m-periodic functions on R. Thus, given
f € RZ(T), we can make sense of f(z) for all z € T and f(z) for all z € R.
Typically we will use the latter.

Of course, 27-periodic continuous functions our are main focus, which
we can view via the following.

Notation 3.1.5. The complez-valued continuous functions on T are denoted

by C(T).

Remark 3.1.6. Again, as per Remark [3.1.2] elements of C(T) can be viewed
as 2m-periodic functions on R in which case C(T) becomes the set of all
continuous 27-periodic functions on R. If we want to view T = (—m, 71|, then
by the idea of identifying —7 and 7 in Remark we see that

C(T) = {f : (—m,m] — C | f continuous and wlim f(z) = f(n) } .

Note clearly C(T) C RZ(T).

It is now time that we describe the functions we hope to approximate
elements of C(T) (or possibly RZ(T)) by.
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Definition 3.1.7. The set of trigonometric polynomials on T (viewed as
functions on (—m,x]) is the set

T(T) = { 2”: cpeke

n € N, ¢, € C for all k}

viewed as a subset of C(T).
If n € N, the set of trigonometric polynomials on T of degree at most n
is the set

%(T)_{ i Ckeikz

k=—n

¢ € C for all k}

(i.e. a polynomial of degree at most n is a linear combination of powers of
(e)F and (e=@)* for k € {0,1,...,n}).

Remark 3.1.8. By our definition, a function f : (-, 7] — C is a trigono-
metric polynomial if it can be written as

fla)= Y cpe™®

k=—n

for all € (—m, x| for some n € N and {¢;}}__,, € C. Thus, a function
f: T — C is a trigonometric polynomial if it can be written as

f(z) = zn: ez

k=—n

for all z € T for some n € N and {c¢;}7__,, C C. Thus trigonometric
polynomials do indeed look like polynomials on T provided we allow negative
exponents.

A reader at this point may be confused as our initial motivation was to
approximate elements of C(T) by linear combinations of cos(nx) and sin(nz)
for n € N. The following shows that the trigonometric polynomials are
indeed the functions we are looking for. In particular, note the complex
number description of the trigonometric polynomials is more elegant than
the following description.

Lemma 3.1.9. For alln € N

Tn(T) = { Z ay cos(kx) + by sin(kx) | a, by € C for all kz}
k=0

as subsets of functions in C(T).
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Proof. Let
n
{Z ay cos(kx) + by sin(kx) | ag, by € C for all k} )
k=0
To see that 7,,(T) C T5,, notice for all (¢x)}__, € C that
n
Z Ckeikx
k=—n
n
= Z ¢k (cos(kx) + isin(kz))
k=—n

=co+ 2": ¢k (cos(kz) + isin(kzx)) + c_i (cos(—kz) + isin(—kz))
k=1

n
= ¢ cos(0x) Z ck + c—p) cos(kx) + i(cy — c—i) sin(kz) € T,,.

Hence 7,(T) C T,,.
For the reverse inclusion, notice for all (ax)i_, (bx)r—o € C that

Z ay, cos(kx) + by sin(kz)
k=0

ikx —ikx ikx —ikx
+e et —e
_a0—|—2ak< >—|—bk<2 )

- b b
= e BTk ik Sh Dk ke ¢ (),
k=1

Hence T,, C T,(T) thereby completing the proof. N

If we are going to approximate a function f € C(T) using trigonomet-
ric polynomials, one idea for finding such approximations is to find the
trigonometric polynomial that is ‘closest’ to f. Of course 7(T) is an infinite
dimensional vector space and thus it might be better to find the elements
of T,(T) that are ‘closest’ to f for each n € N. To do so, we need to define
what we mean by ‘closest’. This of course means we need some notion of
distance. This is thus where our course intersects linear algebra in that we
can import some notions of distance and, more important, orthogonality into
this context. These notions will revolve around the following object.

Definition 3.1.10. The inner product on RZ(T) is the function (-,-) :
RZ(T) x RZ(T) — C defined by

1.9 27r/ J(

for all f,g € RZ(T).
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Remark 3.1.11. As the complex conjugate and products of elements of
RZ(T) remain elements of RZ(T), the inner product on RZ(T) is well-defined.
Moreover, the reason we added a % in front of the integral is so that if 1
represents the constant function that takes the value 1 at each point in T,

then
1 s
(1,1) = 7/ ldz = 1.
27 J_x

Thus the % in front of the integral acts as a normalization. This will be

explored further shortly.
However, the above inner product on RZ(T) is not an inner product on
RZ(T) in the sense of linear algebra since if f : T — C is defined by

1 ifx=1
f(x)_{o ifo 1

for all z € T, then f # 0 but (f, f) = 0. Thus the reason we call this an
inner product is that it shares all but this property with inner products and
is indeed an inner product if we reduce to C(T) as the following result shows.
(Moreover, if one ‘corrects’ RZ(T), then this will be indeed an inner product.
However, that is a topic for MATH 4012).

Proposition 3.1.12. The inner product on RZ(T) has the following proper-
ties:

a) (0,0) = 0.
b) (f,f) >0 forall f € RZ(T).
c) If f€C(T) and (f, f) =0, then f =0.

d) (a1fi + aafe,9) = a1(f1,9) + az(f2,g) for all f1, f2,g € RI(T) and
aq,ao € C.

e) (g,01f1 + aafa) = ai(g, f1) + (g, fo) for all fi, fo,g € RI(T) and
aq,ao € C.

) {t,9) =g, f) for all f,g € RI(T).
Proof. Clearly a) is true. To see that b) is true, note for all f € RZ(T) that

(5= o [ 1f@Pds =0

since |f(x)|?> > 0 for all z € T.
To see that c) is true, let f € C(T) be such that (f, f) = 0. Then

1

o | i@ da=o.
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Since f is continuous and thus |f|? is continuous, this implies by MATH
2001 that |f(x)|?> =0 for all z € T and thus f = 0 as desired.

To see that d) is true, let fi, f2,9 € RZ(T) and a1, as € C be arbitrary.
Then

(@rfi +asfang) = 5= [ (@ufile) + asfole))gl@) do

! /7T a1 f1(2)g(x) + ag fo(z)g(z) dz

:%_T(

= (2::7 /_7; fl(:c)g(a:)da:) + a9 <2£r /_7; fg(a:)g(:v)dx>
= a1(f1,9) + az(f2, 9)

where the third equality comes from the fact that the integral is linear. Hence
d) holds.

To see that e) is true, one can construct a proof using the same ideas as
the proof of part d) or notice for all f1, fo,g € RZ(T) and ay, ay € C that
parts d) and f) imply that

(9,01 f1 + aafa) = (a1 f1 + azf2, 9) by f)
1(/1,9) + a2(f2,9) by d)
(f1,9) +@(f2,9) by complex conjugates
(g, f1) +@2(g, f2) by f).

Thus it suffices to prove f).
To see that f) is true, notice for all f,g € RZ(T) that

e

| 8]

I
Q

Fd =5 | f@)glo s
1 [fr——

:gﬁﬂf($)
! /7r g(@)f(x) dx

:5 .

=g, f)

as desired. m

() dx

Q

As remarked earlier, Proposition [3.1.12] shows that the inner product on
RZ(T) is indeed an inner product on C(T). Using the same idea from linear
algebra, we obtain a notion of a length.

Definition 3.1.13. The length of an element f € RI(T), denoted | f||,, is

defined to be
19l =50 = (5 [ 1r@)a) =0
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It is elementary to see that || f||, is well-defined and non-negative for all
f € RZ(T). To show that this notion of a length has the properties one
would expect of a length function (i.e. properties similar to the absolute
value of complex numbers), we first need to prove the following.

Theorem 3.1.14 (Cauchy-Schwarz Inequality). For all f,g € RZ(T),

(£l < fll2 llgllz -

Proof 1 (Linear Algebra Techniques with a Complication). In this first proof,
we will present the classical proof of the Cauchy-Schwarz Inequality from
linear algebra. However, there is a slight complication in that we are not
quite working with an inner product on RZ(T).

First, we claim that if || f||, = 0, then (f, g) = 0 and thus the inequality
hold. The best way to see this uses technology from MATH 4012. In
particular, if

1 ™
1715 = 5= [ 1@ de =0,

then it must be true that f(z) = 0 for “almost every x € T” so f(z)g(z) =0
“almost every x € T” and thus
1 ™
=|— 0d
‘271' /_7T v

Of course, the above is easily seen to be true when f € C(T). Moreover, if
f € RZ(T), then f is “almost continuous” (see Lemma [3.3.8)).

To prove this directly without further technology requires us to delve deep
into Riemann sum computations that we outline here. Indeed if || f||, = 0,
then for any € > 0 there exists a partition P of [—m, 7] such that U(|f|?, P) <
€. This means for each interval in P that either the length of the interval ‘is
small’ or |f(z)|? is ‘small’ on the interval. This can be used to show that
U(|f],P) < C(e++/€) for some constant C' depending only on f (i.e. for the
intervals of ‘small’ length we use the fact that f is bounded to keep the upper
Riemann sum ‘small’; and on the other intervals knowing |f(z)|? is ‘small’
on the interval implies |f(x)| is ‘small’ on the interval). Therefore, since
g € RZ(T), g is bounded so U(|fg|, P) < CM(e+ /€) for some constant M
depending on g. Therefore, since

) == [ fo)g@ de

2 J_»

=0<|fll5 lglly -

[ s ds

™
< [ @@l de < U(13].P) < CM(e + Vo),
we obtain that (f,g) = 0. The details are left as an exercise.

Therefore, if || f]|, = 0, then (f,g) = 0 and thus the inequality hold.
By using similar arguments or Proposition part f), if ||g||, = 0, then
(f,9) = 0 and thus the inequality hold. Therefore, to complete the proof, we
may assume that || f||, # 0 and ||g||, # 0.
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Choose z € C with |z| = 1 such that

(zf,9) = 2(f,9) = |(f,9)]

(that is, if (f,g) = re? for r > 0 and @ € [0, 27), then take z = e~*). Notice
by Proposition [3.1.12] that for all t € R

0<(zf +tg,zf +tg)
= |2|2(f, f) + t2(g, f) + tz(f,9) + t*(g,9)
= (f. f) + 2t|(f, 9)| +t*(g,9)-

By substituting
(. 9)]
(9, 9)

which is well-defined as (g,¢g) = Hg||§ # 0, we obtain that

(9 | 1{f. 9 (f.9)I
il (9,9) (9,9) 510 (9, 9)
By rearranging, we obtain that
(.97 < (. )9 9),
which then implies the desired inequality by taking square roots. [ |

Proof 2 (Direct Proof). We will provide a direct proof of the Cauchy-Schwarz
Inequality that is specific to RZ(T).
First notice for all z,w € C and r € R with r > 0 that

0 < (rfz] = r~Hw])? < 722 = 2|z||w| + r~?|wf?

SO

2] = [el ] = el = |z < 5 (P12 +r~2huf)

Therefore, for all f,g € RZ(T) and for all » € R with » > 0, we have that

(o9l = |ss [ Fa)gl@do
< ;r/i\f(x)g(fv)\ da
<o [ 3P U@P + 32l do

_ 1 2 2 -2 2
=5 (P15 + 772 Ngl3)
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To see that the above yields the desired inequality, we will consider a few
cases. First, if ||g||, = 0, then by sending r to 0 from above we obtain that

[(fal=0<1fl;1lgll,

as desired. Similarly, if || f||, = 0, then by sending r to infinity we obtain
that

[(f. o)l =0<1fl>llglly
as desired. Finally, if || f||, # 0 and ||g||, # 0, then by setting

_ [lal
=V, €@

If1l2
HQHz

we obtain that

o < 5 (Jobe e +

2 p—
1715 \MH)—HﬂbM%

as desired. ]

Using the Cauchy-Scwarz Inequality (Theorem [3.1.14]), we can demon-
strate that our length function has the desired properties.

Proposition 3.1.15. The length function on RZ(T) has the following prop-
erties:

0) [|flly = 0 for all f € RI(T).

b) If f € C(T) and ||f||, =0, then f =0.

¢) llaflly = lal Ifll, for all f € RZ(T) and a € C.

d) (Triangle Incquality) |1 + glly < | fll, + lglly for all f.g € RI(T).

Proof. Clearly a) and b) follow from Proposition [3.1.12| parts b) and ¢). To
see that c) is true, notice for all f € RZ(T) and « € C that

laflly = +/(af,af) definition
= \/m by Proposition parts d) and e)
=/ la*(f, f)
= laf [1fll
as desired.
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To see that d) is true, notice for all f,g € RZ(T) that

1 + gl

=(f+g9,f+9)

= (f.f)+(f.9) + (9. f) + (9.9) by Proposition [3.1.12| parts d) and ¢)
=I5+ (f.9) + (f.9) + lgll5 by Proposition 3.1.12| part f)

= |I£13 + 2Re((f, 9)) + Il

< |I£113 + 2/(f, 9)| + llgll3

< |IFI5 +21I£113 lgll3 + lgll3 by Cauchy-Schwarz (Theoremm [B.1.14)
= (Iflly + llgllp)*-

Therefore, by taking the square roots of both sides, the Triangle Inequality
has been demonstrated. |

Now that we have a length function on RZ(T), we can ask the following
question, “Given f € RZ(T) and n € N, how can we find the element
p € Tn(T) such that ||f —pl||, is as small as possible?” Linear algebra
dictates that this element p can be computed by taking the ‘orthogonal
projection’ of f onto 7,(T). Thus we review this technology.

Definition 3.1.16. A non-empty set S C RZ(T) is said to be an orthonormal
set if for all f,g € S we have

_Jo it f#yg

Luckily, there are natural orthonormal sets that span the trigonometric
polynomials. Indeed consider the following.

Notation 3.1.17. For each n € Z, let e, : T — C denote the function
defined by

en(z) =€
for all z € T.
Theorem 3.1.18. Let
B={e, | neZ} CT(T).
Then B is an orthonormal set in RZ(T).
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Proof. First, notice for all n € Z that

1 /o
(en,€n) = o e"ten dg
-
Vo
— 27/ eznxe—zna: dm
™ J—m
— i /ﬂ— einx—inx dx
2m J—
= — d
2w /—7r ©ar
1 ™
= — ldxr =1.
2r J_r

Moreover, for all n,m € Z with n # m, we see that

Y
<en; €m> = 27 / e etmT dy;
™ J—

L

:%_ﬂ'

1T,
- i(n—m)zx
o [ﬂe dz

1 ( 1 i(n—m)a})
2 \i(n —m)

1 1

e’LTL(Ee—’Lm{E dx

™

T=—T

_ %W (ei(n—m)w o ei(n—m)(—w))
1 1 .
= i —m) (cos((n —m)m) +isin((n — m)m))
1 1 ..
T it m) (cos(—(n —m)m) + isin(—(n — m)m))
1

S b cos((n — m)r) + 0i — cos((n — m)m) — 00)

Hence B is an orthonormal set in RZ(T). ]

Once one has an orthogonal spanning set for a finite dimensional subspace,
one can easily construct the orthogonal projection onto said subspace. In
our context, this reduces to the following.

Theorem 3.1.19. For each n € N define P, : RZ(T) — T,(T) by

n

Pu(f)= > (fren)ex

k=—n

for all f € RZ(T). Then the following hold:
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a) Po(arfi + asfa) = a1P(f1) + aaPu(f2) for all fi,fo € RZ(T) and
a1, a9 € C.

b) Pu(f) = f for all f € Tu(T).
c) (f — Pu(f),p) =0 for all f € RZ(T) and p € Tp(T).
d) For all f € RI(T),

1f = Pu(H)lly < mf{{[f = pllo[ p € Ta(T)}-
Moreover, if p € To(T) and ||f = plly = |If = Pu(f)lly, then p = P.(f).
That is, P, is the orthogonal projection of RZ(T) onto Ty (T).

Proof. To see that a) is true, notice by Proposition [3.1.12| parts d) and e)
that for all f1, fo € RZ(T) and ay,as € C

n

Pularfi+aafa) = 3 {enfi + azfa,en) ey

k=—n
n

= Y oa(f1,en)er + aa(fa, ex)er

k=—n

= a1 Py (f1) + a2 Pa(f2)

as desired.
To see that b) is true, let f € T,(T) be arbitrary. Thus there exists
(¢j)i—_,, € C such that

j=-n

f = Z cjej.

j=-n
Therefore
n n
P,(f) = Z < Z Cjeja€k> ek
k=—n \j=-n
n n
= Z Z c; (e, er) ek by Propositon part d)
k=—nj=-n
n
= Z ck (ek, ek ek by Theorem [3.1.18|
k=—-n
n
= Z ck(1)eg by Theorem [3.1.18§
k=—n
n
= > ek
k=—n
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as desired.
To see that c) is true, fix f € RZ(T) and let p € 7,,(T) be arbitrary. Thus
there exists (¢;)7—_,, € C such that

j=-n
n
p= E cje;.

j=—n

Therefore, by similar arguments to those used in part b), we see that

(f = Pu(f)sp) = (fip) — (Pu(f): D)
= <f, > Cj€j> —< > feners Y Cj€j>

Jj=-n k=—n j=-n
n n n
= Z Jf?ej Z Z faek cj ek76j>
Jj=-n j=—nk=-n
n n
= Z cj(fiej) — Z (fre;)c5
Jj=-n Jj=-n

as desired.
Finally, to see that d) is true, let p € T,(T) be arbitrary. Then

1f = I3 = I1(f = Pa(f)) + (Pu(f) = D)3
= {(f = Pa()) + (Pal(f) = ), (f = Pul£)) + (Pulf) — )
={((f = Pa(H))s (f = Pu( ) + ((f = Pu(£)). (Pu(f) = p))
+(Pu(f) = ), (f = Pu(£)) + ((Pu(f) = p). (Pulf) = p))
=|If = Pu(H)I3+ 0+ 0+ [Pua(f) — pl3
> |If = P

where the fourth equality comes from part c¢) and the fact that P,(f) —
p € Ta(T). Hence the desired inequality holds. Moreover, if ||f —pll, =
||f — Po(f)lly, the above computation implies that || P, (f) — p|l, = 0 and thus
P,(f) = p by Proposition part b) since P,,(f),p € To(T) CC(T). n

3.2 Basics of Fourier Series

Section [3.1| shows that given an f € RZ(T) and n € N, the element of 7, (T)
that is closest to f is P,(f). Thus, if we desire to approximate f using
trigonometric polynomials, it is natural to consider the sequence (P, (f))n>1
for our approximations. The questions that remain are, “In what way do we
desire to approximate f with (P,(f))n>1 and will this work?”

In order to proceed with these questions, it is useful to analyze the specific
form of P,(f) and note that the sequence (P,(f))n>1 can be expressed in a
nice way.
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Definition 3.2.1. Let f € RZ(T) and let n € Z. The n'" Fourier coefficient
of f, denoted f(n), is

~

Fony = (.en) = 5= [ sl .

Definition 3.2.2. Let f € RZ(T) and let n € N. The n'® partial Fourier
series of f, is the orthogonal projection of f onto 7, (T) from Theorem [3.1.19
that is,

n n

P.(f) = Z (f ex)er = Z f(k)ep = i Fk)e™=.

k=—n k=—n k=—n

As the above expressions show, (P, (f))n>1 is quite a nice sequence being
the sequence of partial sums of a series of functions. For terminology, we
define the following.

Definition 3.2.3. Let f € RZ(T). The Fourier series of f, denoted F(f),
is the series of functions

FH=3 Fikyete,

k=—00

Remark 3.2.4. With the above out of the way, we can turn our attention to
our main question of this chapter, “Given an f € RZ(T), does F(f) converge
to f and in which sense does it converge?”

It is useful to point our that if f, g € RZ(T) are such that f and g differ
at exactly one point, then the above definitions shows

-~ ™ . ™ .

Fny = 5= [ @ o= o [ glaye e do = gin)
for all n € Z. Hence F(f) = F(g). Therefore, we cannot hope that
F(f)(x) = f(z) for every x € T since changing the value of f at a single
point does not change F(f).

Luckily, if f € C(T) we need not worry about the above example as we
cannot change the value of f at a single point at remain in C(T). Moreover,
since P,(f) € To(T) C C(T), we can indeed ask that F(f) is equal to f
since F(f) will be a series of continuous functions and thus could equal f.
However, as Example [2.2.3]shows, a pointwise convergent series of continuous
functions need not be continuous. So we are left with the following questions:

Question 3.2.5. If f € C(T), does F(f) converge uniformly and, if so, does
it converge uniformly to f ¢

Question 3.2.6. If f € C(T), is F(f)(z) = f(z) for allz € T?
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Of course, a positive answer to Question implies a positive answer
to Question [3:2.6] In order to try and answer these questions, it is useful
to develop the basic properties and look at some examples of Fourier series.
We begin with the following.

Example 3.2.7. For m € N and (c;)7-_,, € C, consider the trigonometric
polynomial

m
plx)= > ce”

j=—m

for all x € T. Notice for all n € N that

N s s cn ifln|<m
p(n) :< > Cj€j76n> = > cilejen) = {0 :

ie—m j=—m otherwise

Hence for all n > m we have that P,(p) = p (this can also be seen by
Theorem [3.1.19 part b)) and thus F(p) = p.

Example 3.2.8. For m € N, let f,g: T — R by defined by
f(x) = cos(mz) and g(z) = sin(mz)

for all x € T. Therefore, since f = %(em +e_m) and g = %(em — e_m;,) are
trigonometric polynomials, Example [3.2.7] implies that

% ifn=m % ifn=m
fn)=4q%1 ifn=-m and gn) =< -+ ifn=-m.
0 otherwise 0 otherwise

Hence, for all n > m, we see that

1 1 1 1

Po(f)=sem+se-m=f and Pn(g>:?iem_§i

2 2 C=m =9

Hence F(f) = f and F(g) = g.

Example has wider reaching implications in that if f: T — R, we
would hope that we could express F(f) as a series of real functions instead
of complex exponentials. This would be of particular interest to several
applications in physics and applied mathematics. In order to do so, we desire
some further properties of the Fourier coefficients. In particular, we desired
to know how the Fourier coefficients behave under certain operations. In
addition to the standard operations, the following will also be of use to us.

Definition 3.2.9. For each f € RZ(T), the complex conjugate of f is the
function f : T — C defined by f(z) = f(z) for all x € T.
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Definition 3.2.10. For each f € RZ(T) and y € R, the translation of f
by y is the function f, : T — C defined by f,(z) = f(x —y) forallz € T
(where, by x —y we mean x —y mod 27).

Definition 3.2.11. For each f € RZ(T), the inversion of f is the function
f: T — C defined by f(x) = f(—=x) for all z € T.

Proposition 3.2.12. For all f,g € RZ(T), the following hold:

a) (f +9)(n) = f(n) + §(n) for all n € Z. Hence F(f +g) = F(f) + F(g).

~

b) (&?)(n):a (n) for all « € C and n € Z. Hence F(af) = aF(f).

=

c) ?(n) = f(—n) for alln € Z.
d) E(n) = e*myf(n) for ally € R and n € Z.
e) }(n) = f(—n) for alln € Z.

£ Ifm) < £ ™ |f(@)|dz for alln € Z.

Proof. Clearly a) and b) follow trivially by the linearity of the integral.
To see that c) is true, notice for all f € RZ(T) that

1 /™= )
(n) = > /_7r flx)e ™ dx
Y
=5 Lﬂ f(x)em dx

gl

1 /7 .
=5 /_7r f(x)em dx

—n)

=)

as desired.
To see that d) is true, notice for all f € RZ(T) and y € R that

T 1 T —inx
fy(n) = Gy [ﬂ fy(z)e dx
1 " —inx
o | ey
1 ™Y .
=3 / f(#)e ) g substitute t = x —y
T J—m—y
1 ™ .
= ?/ F(t)e= Wt gy 2m-periodic
T J—7
1 ™ ) .
= — tle e t
5 / f( ) mny wmnt d
™ J—m

1. ™ )
:—e_my/ f®)e ™ at

2 .

— )
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as desired.
To see that e) is true, notice for all f € RZ(T) that

fn) = 5 [ e da
e .
=5 [ﬂ f(=x)e " dz
1 S

~or / Ft)e ™D (=1)dt  substitute t = —z
T Jr

17 ,
= / f(t)e it gt
2m J_r

— fl=n)

as desired.
Finally, to see that f) is true, notice that

do= o [" 1) do

_ﬁ_ﬂ

<o [ [@eine

T™J—7

Fo = |5z [ s@enda

as desired. m

Remark 3.2.13. Note that nothing has been said about the Fourier coeffi-
cients of a product of two elements in RZ(T). In particular, “if f,g € RZ(T),
is it true that - R

(fg)(n) = f(n)g(n)
for all n € Z?” It turns out this answer is no! After all, integrals often do
not behave well with respect to products. For example, if f(x) = x for all
x € (—m, 7], then

whereas

T e ) |

First, using Proposition [3.2.12] we immediately obtain the real-valued
version of Fourier series often used in physics and applied mathematics.

T=—T7 3

Theorem 3.2.14. Let f € RZ(T) be real-valued. For each n € NU {0}, let
1 /7 1 /7 .
ap, = —/ f(z) cos(nz) dx and by, = —/ f(x)sin(nz) dz.
mJ—m T J—m

Then the following hold:
a) ap,b, € R for alln € NU{0} and by =0,
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104 CHAPTER 3. SERIES OF TRIGONOMETRIC POLYNOMIALS

b) Po(f)(z) = ao + S5 ay cos(kx) + by sin(kz) for alln € N and x € T,

~

¢) an, = 2Re(f(n)) for alln € NU{0}, and

-~

d) b, = —2Im(f(n)) for alln € N.
In particular,

F(f) = 1ao + i ay cos(kx) + by sin(kx).

2 k=1

Proof. Tt is elementary to see that ay, b € R for all £ € NU {0} and that
br, = 0 (since sin(0x) = 0 for all x € T). To see the desired formula for P, (f),
note by part c¢) of Proposition [3.2.12| and the fact that f is real-valued (so

f=f) that

=

(k) = F(~F)

=)
<

(k) =

~

for all k € Z. Hence f(0) = f(0), so £(0) € R. Moreover, notice for all n € N
and z € T that

k=—n
= .]?(0)60 + z": f(k)eth® + %e*”m
k=1
= J?(O) 04 z": Re( A(k)) (eikx + e_““) + zIm(f(k» (ez’lm _ e—ikx)
k=1
= Re (A(O)) 1+ znj 2Re(f(k)) cos(kz) — 2Im(f(k)) sin(kz).

k=1

However, since f is real-valued, we have for all k € NU {0} that

Re(f(k)) = Re (;ﬂ /_ 7; Fz)e—e dx)

= % /:T Re (f(x)e_ikx) dx

= % /_Tr f(z)Re (e_ikx) dx
a

= % /_7; f(x) cos(kx) dx = 3
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and
Im(f(k)) = <21/7r e~ the daz)
1 _’L X
=5 [ (5@ as
—= % /_7; f(z)Im (e—ikx> da
= % /_7; f(z)(—sin(kz)) dz = —%k.
Hence
1 N
Po(f)(z) = 540 + Z a, cos(kx) + by sin(kx)
k=1

for all n € N and x € T as desired. Moreover, the above computations show
the formulae for a,, and b,, hold. n

Remark 3.2.15. Recall from Example that if a, b € R with a a positive
integer, 0 < b < 1, and 4ab > 1 + %7‘(‘, then the Weierstrass function

W(z) = Z b" cos(ma"x)
n=0

converged uniformly, was continuous, but was nowhere differentiable. As
the series definition for W is exactly the Fourier series of W by Theorem
3.2.14| (well, with 7z instead of x; a simple change of variables rectifies this),
Fourier series can uniformly approximate even awful functions!

Using Proposition |3.2.12] it is about time we compute the Fourier series
of some functions that are not trigonometric polynomials. We start with the
simplest function.

Example 3.2.16. Define f : T — C by f(z) = x for all x € (—m, w]. Notice
that

f(O):;W/:;xda::O.

Moreover, if n € Z \ {0}, then since

/ e M dy = (1,e,) = 0,

—T
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we obtain by using integration by parts that

s T 1 .
o / _liefzn:v dx
T=—T - m

™

+0

1 .
= [~ —gein
m
T=—7

_ <_.1xeinx>
m
1 )
(_7_[_)67/!171‘

1 .
= ——me T4 —
m m

T . .
- _ " (6 mnm —{—6””)

m

= %1(2 cos(nm))

2T
(1)

~

since n € Z. Hence f(n) = 1(—1)" for all n € Z\ {0}. Thus

n

However, since f is real-valued, by using Theorem [3.2.14] we see if

o~ o~

an =2Re(f(n)) =0 and b, =—2Im(f(n)) = %(—1)”+l

for all n € Z, then

SER

(=1)""sin(nz).

FH@) =3

n=1

Example 3.2.17. Define f: T — C by f(z) = ;(z — m)? for all z € [0, 2);
that is, as a function on [—m, 7|, f is the following:
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e
=
E]

T n
r T T
Thus f € C(T).
Notice that
1 27 1 9
= — —(x — d
fo =5 [ Ja—ntd
1 1 27
= — (($ - 77)3>
27 \ 12 =0

Moreover, if n € Z \ {0}, then, by using integration by parts, we obtain that

27r1

2nf(n) = ; Z(w —7)e " dy

= (1(3} - 77)21_e_mx>

—in

1 1 1 1 2r 1 .
= (772 - (—7T)21> +/ —(z—m)e " dx
0

4 —in 4 —imn 2ni

=0+ (1(37 — W)lemx) QW — /27r Lie*mx dz
2n4 —in =0 0 2ni —in

2 1 2

2 ] 1,
- / —(z—m)—e "dx
=0 0o 2 —in

e—znz d.:L'

on w0 202 Jo
1 1

B ™

= n2
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Hence f(n) = 5oy for all n € Z\ {0}. Thus

7T2 - 1 inT
Y0

However, since f is real-valued, by using Theorem we see if

o~ ~

an = 2Re(f(n)) = s and b, = —2Im(f(n)) =0

for all n € Z, then

2 o0 1
F(f)(x)=—+ Z — cos(nz).
n=1 n
Remark 3.2.18. For a moment, assume if f was as in Example then
f£(0) = F(f)(0). Thus we would have that

1 T 1
1(0 —m)i=—+ Z 2 cos(n0).

n=1
So X -
T 1
n=1
Therefore, if the answer to Question [3.2.6]is yes, we have an answer to one
case of Question

To conclude this section, we note we can construct functions that have
pre-described Fourier series provided the desired Fourier coefficients are ‘nice’
enough. To do this, we first need the following.

Remark 3.2.19. It is necessary for us to discuss infinite series summed over
the integers. Note that this discussion was avoided in the above discussion
of Fourier series since we were always taking the limits of the projections
onto 7, (T) and thus pairing —n with n for all n € N. In the case of absolute
convergences, this causes absolutely no issues.

To begin this discussion, assume (a,)ncz is a sequence of non-negative
real numbers. To define -

Z Qnp,

n=—oo

consider the bijection og : N — Z defined by

0 ifn=1
oo(n) = -2 if n is even .
—%‘1 if nis odd and n # 1
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We then define -
L=73 am)
n=1

provided the series converges. If this series converges absolutely, Theorem
1.3.2] implies that we could replace ¢ with any bijection ¢ : N — Z and
the resulting series would still converge to L. Hence we have a well-defined
notice of a convergent series of non-negative real numbers summed over the
integers. Moreover, it is also useful to note that

2N+1

L = lim Za —hm Zan
n=1

N—o0 N—)oo

and Theorem implies that > o2 a, converges if and only if

el

Therefore, if  C C and (fy,)nez are continuous functions on €2 such that

FCZ ﬁnite}) < 00.

if
0 < My =sup({|fa(@)] | 2 € Q}) <00
for all n € Z then Y 72 M, < oo, then the Weierstrass M-Test (Theorem

m together with (using the real and imaginary parts and) the above
definitions imply that f : Q — C defined by

2N+1

= lim Z Joo(n)

N—oo

for all z € Q is a well-defined continuous function on 2. Moreover, the
Weierstrass M-Test implies the series converges uniformly on 2. Finally,
the above argument also shows that we could replace oy with any bijection
o :N —= Z and that

2N+1

N
= lim Z fcro n) = lim Z fn()
N

N—o0 N—)oo
n=—

for all z € Q.

Proposition 3.2.20. Let (z,)nez be complex numbers such that

o0

Z |2n| < 00.

n=—oo

Then the function f: T — C defined by

o0
E znel’l’b$

n=—oo
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for all x € T is a well-defined element of C(T) such that

~

f(n) = zn
for all n € Z. Moreover, the series description of f converges uniformly.

Proof. Since
sup({|zne” "] | x € Q}) = |zn]

for all n € Z and since Y 7> _  |zn| < 0o, Remark [3.2.19 implies that if we
define

f(l‘): Z Zneinw

n=—oo

for all z € T, then f is a well-defined element of C(T). Moreover, since the
above series converges uniformly by Remark [3.2.19] we obtain for all k € Z
that

fib = o [ s o

1 ™ ) ”
= 27/ Z zpe" e dx
T J—7

n=—00
0 1 /7 .
=Y ( / eine e ike dx) by Corollary 245
n=-—00 21 J—r

= 2zn by Theorem [3.1.1§ ]

3.3 Convolutions

In the hopes of answering Questions [3.2.5] and it is useful to revisit the
proof of the Weierstrass Approximation Theorem (Theorem . There a
convolution (i.e. complicated multiplication) against certain fixed polyno-
mials was introduced in order to approximate our given function. The goal
of this section is to introduce the same idea in the context of Fourier series.
In fact, we will see that this convolution is the correct multiplication to use
so that the Fourier coefficients of a ‘product’ is the product of the Fourier
coefficients.
The convolution we will use throughout the chapter is the following.

Definition 3.3.1. Given f,g € RZ(T), the convolution of f and g is the
function f x g : T — C defined by

(F9)@) =5 [ fwta - y)dy
for all x € T.
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It is important to note that f % g is well-defined since the translation and
product of elements of RZ(T) are elements of RZ(T). The most elementary
and useful example to see that this is the convolution we should be considering
is the following.

Example 3.3.2. Let f € RZ(T) and n € Z be arbitrary. Then for all x € T
we see that

(Frea)@) = 5 [ F@eme dy

= % .
_i/ﬂ—f()mx 7inyd
=) y)e e Y
_ inrl/ﬂ- f( ) —inyd
=e o y)e Y
= Fn)eme.

Hence f e, = f(n)en.

Thus, in order to realize the partial Fourier series via convolutions,
it remains only to show that convolutions are linear in the second entry.
Consequently, let us examine the elementary properties of convolutions. In
order to facilitate the proofs of e) and f) in the following, we require Fubini’s
Theorem (Theorem . At this time we can only prove Fubini’s Theorem
for continuous functions. Those that take MATH 4012 can upgrade parts e)
and f) later in their academic careers. Moreover, for part f), we would need
to know fxg € RZ(T) whenever f,g € C(T). This fact will be demonstrated
at the end of this section.

Proposition 3.3.3. For all f,g,h € RZ(T), the following properties hold:
a) fxg=g=*[.

b) fx(g+h)=(f*g)+(f*h).

¢) (g+h)*f=(gxf)+ (hx[)

d) (cf)xg=c(f*g)=f*(cg) for all c € C.

e) (f*g)*h=fx(g*h) provided f,g,h € C(T).

o — ~

f) (fxg)(n) = f(n)g(n) provided f,g € C(T).
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Proof. To see that a) is true, notice for all f,g € RZ(T) and x € T that

(f*g)(z 27r/f
~ o Hﬂeﬂx—fwﬁﬂ—wdt substitute t = z — y
-5 /xJﬂrf(ﬂU—t)g(t)dt
gﬁ/ flz—=1t)g 9m-perodicity
= (9 f)(z).

Therefore, since x € T was arbitrary, fxg=g* f.

To see that b) and c) are true, notice that c¢) will follow from b) due to
a). To see that b) is true, notice for all f,g,h € RZ(T) and x € T that

(P g+ W) = o= [ F)lg+ W —y) dy

o | 1w)ale =) + =) dy

2W/ g = y) + Fh(z — y) dy
- [ ﬂf(y)g(x—y) dy+ o [ )iz —y)dy
— (f <9)(a) + (£ < W)(o)

Therefore, since = € T was arbitrary, f* (g+h) = (f xg) + (f * h).

To see that d) is true, notice by a) that it suffices to prove (cf)*g = c(f*g).
To see this, notice for all f,g € RZ(T), ¢ € C, and = € T that

(cs)*9)@) = - [ (ehw)to —y) dy
5 | etwgta—y)dy

e [

= c((f = g9)(x)).

Therefore, since € T was arbitrary, (c¢f) g = c(f * g).
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To see that e) is true, notice for all f,g,h € C(T) and = € T that

((f * g) = h)(x)
gi / h(z —y)dy
_Qlﬂ/ ( )g(y—Q)dq> h(z — ) dy
471r2 /_7r /_7r —Q)h(z —y) dgdy
) /_ 7; /_ 7; H@)g(y — @)h(x —y) dy dq by Fubini’s Theorem
s [ t@otnte ¢ @yarag swvstitute 1=y —g
I / / M- q)—t)dtdg  2n-perodicity
2 1) (5 [~ 9O — ) =) ) da

/_ F(@)(g* h)(w — ) dg
* (g% h))(x).
Therefore, since © € T was arbitrary, (fxg)xh = f*(g*h).

Finally, to see that f) is true, notice for all f,g € C(T) and n € Z that

T or
=(f

— 1

(F+g)(n) = 27T/ (f * 9)(x)e=™ da

o | (5 [ twste—yydy) e da

1 T T —inT
2@/_ 3 FWg(x —y)e """ dy dx

1 [ [ .
= 2 / / (¥)g(x —y)e ™ dz dy by Fubini’s Theorem
T J—nJ—7
1 [ [y .
= 2 / / F)g(t)e ) at dy substitute t = x — y
dr? | n ) aey
= 102 / e ™g(t)e ™ dt dy 2m-perodicity
4 -7 J—7

o [t (5o [ oe ) ay
o [ s g dy
— Fman)

as desired. ]
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Proposition [3.3.3] easily enables us to describe the convolution of any
element of RZ(T) against a trigonometric polynomial.

Example 3.3.4. Let f € RZ(T) and let p € Trig(T). Thus there exists an
n € N and (c;)p__,, € C such that

n
pla)= D cpe™

k=—n

for all z € T. Therefore, by Example and Proposition [3.3.3] we have
that

n

(f*p)(x) = Y af(k)e™

k=—n

for all x € T.

Clearly in order to get the n'" partial Fourier series, we need to consider
the following trigonometric polynomials.

Definition 3.3.5. For n € N, the n*® Dirichlet kernel (pronounced duh-ri-
klet), denote D,, is the trigonometric polynomial defined by

Dp(z)= > etk
k=—n
for all z € T.
Corollary 3.3.6. For all f € RZ(T) andn € N, f* D,, = P,(f).

Proof. This immediately follows from Example[3.3.4)along with the definitions
of D,, and P,(f). [

Now that we have the Dirichlet kernels, it would be useful to better
understand these trigonometric polynomials. In particular, the following
lemma easily enables us to graph these functions.

Lemma 3.3.7. For alln € N

as a continuous function on T (i.e. the formula for D,(0) should be inter-
preted as the limit as x tends to 0).
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Proof. Notice for all x € T that

2n
Dn(SU) — efinx Z eikm
k=0

2n

— efinx Z(em)k

as desired. ]

Using Lemma [3.3.7], it is easy to graph D, for all n € N. In particular,
the graph of Dj is as follows:

w/ 3n \x J=x O =l =/ 3z \ =
42414 4

The graph of Dg is as follows:
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Finally the graph of D5 is as follows:

100 4
804
60

40

-20H

As these graphs do not look too different than those of the functions used
in the proof of the Weierstrass Approximation Theorem (Theorem ,
perhaps there is hope in solving Questions and in the same way!

Before we head in that direction, it is useful to obtain one more piece of
information about convolutions. In particular, we desire to rectify our gap
in Proposition by proving that f * g is actually continuous (and thus
Riemann integrable) for all f,g € RZ(T). This can be useful for us if we want
to consider the convolution of functions that do not include the Dirichlet
kernel. In order to obtain this fact, we need to be able to ‘approximate’
elements of RZ(T) with elements from C(T) via the following.
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Lemma 3.3.8. Let f € RZ(T) and let M > 0 be such that |f(z)] < M for
all x € T. There exists a sequence (gn)n>1 of elements of C(T) such that

sup({lga(a)| | € T}) < 2M

for alln € N and
N S
lim —/ |f(z) — gn(z)|dx = 0.

Proof. To begin, we first claim that if f € RZ(T) is real-valued, then for any
€ > 0 there exists a g € C(T) such that

sup({lg(z)| | = € T}) <M

and -
o | @) = gla)ld < e

This will be done by first approximating f with a step function, and then
correcting the steep function to a continuous function by using very step line
segments.

To see the above claim is true, let € > 0 be arbitrary. Since f € RZ(T) is
real-valued, there exists a partition P of T such that

U(f,P)— L(f,P) < en.
Since P is a partition of T, we can write P = {t;}}_, where
=ty <t < < lpyy < by =T

Therefore, if
My, =sup({f(z) | = € [te—1,t]}) and my =inf({f(2) | = € [tr—1,tk]}),
then .

U(f,P)— Z My, — my) (ty, — th—1).

Define the step function h : T — R by

My ifx € [tg_1,tx) and k #n
h(z) =
M, ifze [tn—la tn]

for all x € T. Then
sup({[h(@)] | € T}) = sup({My | k€ {1,...,n}}) < M
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by construction. Moreover

% 7;|f(:n)—h(x)|da::2l7rz:/ttk |f(z) — h(z)| dzx

2 =1
1
1
< %(Eﬂ') = %

It remains only to correct h using steep line segments to obtain a continuous
function.
Let

5:mm<{4ﬁi4)NJ{m_;hl

Notice by our choice of ¢ that no two intervals of the form (tx — 9, ¢, + 9)
overlap. Equating t, = 7 with {g = —7 modulo 27, define g : T — R by

ke{l,...,n}}) > 0.

{h(m) if 2 € [ty + 0, ), — 0]
g(z) =

(ltpt )bl =060 4 (1), — 6) if @ € (b — 6, b + 0)

for all x € T. By construction g € C(T) and

sup({lg(@)| | = € T}) < sup{[h(@)] | = € T}) < M.

Moreover

2r J_»
1 n tk+6
< — 2M dx
T 27 ,; /tk—é

1
= —46M
2T

1 TE €
— A4 | M < —.
<o (4(M+1)) <3

©For use through and only available at pskoufra.info.yorku.ca.



3.8. CONVOLUTIONS 119

Therefore
o [ 1@ — gl < o [ 17(@) ~ hw)| + h(z) ~ glo)] da
<§+§:6

thereby completing the proof of the claim.

To prove the statement in the lemma let f € RZ(T) be arbitrary. By
letting fi = Re(f) € RZ(T) and fo = Im(f) € RZ(T), the above claim
implies that for every n € N there exists gp 1, gn,2 € C(T) such that

sup({lgnj(2)| | = € T}) <sup({[f;(z)| | 2 € T}) <M
for all n € N and j € {1,2}, and

1 s

1
o ) |f(x) — gnj(z)|dx < o

for n € N and j € {1,2}. Therefore, if for each n € N we define

gn = Ggn,1 + ign,Z»

then g, € C(T) for all n € N,

sup({|gn(z)| | = € T}) < sup({|gn1(z)| + [gn2(z)| | z € T}) <2M

for all n € N, and

™

o [ 5@ = ga@lde < 5 [ 1) = gua @) +1a(0) — gnao)] do

2 J_x T™J_n

SRR T
2n  2n n
SO L
Jim o [ 1f(@) = gul@)] do =
as desired. [ |

Theorem 3.3.9. For all f,g € RZ(T), f*g e C(T).

Proof. To prove this result, we will first deal with the case that g € C(T)
and then use Lemma to improve the result to an arbitrary g € RZ(T).

To begin, assume f € RZ(T) and g € C(T). To see that fxg is continuous,
we will show that f % g is uniformly continuous on T. Thus let € > 0 be
arbitrary. Since f € RZ(T),

1

M= o [ 1)y < .
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Since g € C(T), g is uniformly continuous on T by Theorem Hence
there exists a § > 0 such that if ¢1,t, € T and |t; —t9| < J (view this distance
as modulo 27), then [g(t1) — g(t1)| < 3757 Therefore, if 21,29 € T and
|z1 — 22| < § (modulo 27), then for all y € T we have |(z1 —y) —(z2—y)| < 6

SO

[(f + g)(x1) = (f * g)(x2)|

—|or | 1wt - w v =5 [ gt - v)ay
= 2177/: FW)(g(z1 —y) — g(z2 —y))dy‘

< ;ﬁ/i [FWllg(z1 —y) — g(z2 —y)l dy

S O

e ear LI

- M€+ M<e

Therefore, since € > 0 was arbitrary, f * g is uniformly continuous on T in
the case that g € C(T).

To prove the arbitrary case, let f,g € RZ(T) be arbitrary. To see that
f * g is continuous on T, we will show that f * g is a uniformly limit of
continuous functions on T. To construct this sequence, note by Lemma [3.3.§]
that exists a sequence (g, )n,>1 of elements of C(T) such that

lim 1/7r lg(x) — gn(x)| dz = 0.

—T

Since g, € C(T), by the first case of this proof we know that (f * g, )n>1 is a
sequence of continuous functions on T. Hence it suffices by Theorem to
prove that (f % gn)n>1 converges uniformly to f * g on T.

To see that (f * gn)n>1 converges uniformly to f* g on T, let € > 0 be
arbitrary. Since f € RZ(T), there exists an M € R such that |f(z)| < M for
all x € T. Moreover, since

tin, 5 [ lgt@) = gu(@)] do =0

n—o0 21 J_.

there exists an N € N such that

1 s
lim —/_W 9(2) = ga(@) dz < 5
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for all n > N. Hence for all n > N and x € T, we have that
[(f *g)(x) = (f * gn)(2)]

~ o= [ twste =y - o [ rante -y dy

! /7r fW)(g(z —y) — gn(z —y)) dy’

2 Jx

— [ 1 Wllote ) gale — vl dy

_ﬂfﬂ

§1/7r Mlg(z —y) — gn(z — y)| dy f(y) <M

27 J_xn

M/7r l9(z —y) — gnlz —y)|dy

= % .
M xT—T

=5 /+ lg(t) — gn(t)|(—1)dt substitute t =z —y
T

M T+

B % T—T

M ™
/ lg(t) — gn(t)| dt 2m-periodic

:ﬂ .

€
=M
M+1

|9(t) — gn(t)] dt

< €.

Therefore, since € > 0 was arbitrary, (f * g,)n>1 converges uniformly to f * g
on T thereby completing the proof. ]

Remark 3.3.10. Using the same ideas as in Theorem |3.3.9} it is possible to
extend parts e) and f) of Proposition m Indeed, the proof of Theorem
shows that we can replace any element of RZ(T) in a convolution with
an element of C(T) from Lemma and be uniformly close to the original
convolution based on a bound for the other function (which always exist
since we are dealing with RZ(T)). Thus part e) of Proposition can be
shown (with some technical details) to hold when RZ(T) is replaced with
C(T) and part f) of Proposition will also extend once we prove the
following. We will not provide a proof of these extensions of parts e) and f)
of Proposition as we are focusing on C(T) and as we will not be using
them later in the course.

Lemma 3.3.11. Let f € RZ(T) and let (fn)n>1 be a sequence of elements
of RZ(T) such that

lim 1/7r F(2) — ful@)| dz = 0.

n—oo 21 J_r
Then R .
lim_sup |F(k) = fu(k)| = 0.
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Proof. Notice for all n, k € N that

1 /7 ~ 1/~ ~
— / fx)e ™ g — — frlx)e™* da
2 —r 27 —T

[ @) = @ye s

|F(k) = Fulh)| =

o )

<o [ 15@) = @)l da
1 ™

= 57 | @) = fu@)| dz.

Hence for all n € N,
. - 1 [
0 < sup |F() = Fulh)| < 5 [ 14@) = fulo)| da
kEZ ™ J—7

Therefore, since

the result follows. n

3.4 Summability Kernels

Now that we have a convolution description of the partial Fourier series
using the Dirichlet kernels, we turn our attention back to the Weierstrass
Approximation Theorem (Theorem . The proof of the Weierstrass Ap-
proximation Theorem showed that the convolutions of a continuous function
f against specific polynomials converged uniformly to f. Thus, if we desire
the same thing in the context of Fourier series, it should be enlightening to
see what properties these polynomials had.

Example 3.4.1. Recall the construction used in the Weierstrass Approx-
imation Theorem (Theorem where for each n € N we defined ¢, :
[—1,1] — R by

gn(z) = cp(1 — 22"

for all € [-1, 1] where

1 1
— / (1—2)"du.
~1

Cn

By looking at the final computation in the proof of the Weierstrass Ap-
proximation Theorem, the key properties of g, needed to show that g, * f
converged uniformly to f were

@) [l dt =1,

©For use through and only available at pskoufra.info.yorku.ca.



3.4. SUMMABILITY KERNELS 123

(II) fil |gn(t)| dt was bounded (in this case by 1 as ¢,(t) > 0), and
(I11) limy, o0 f[—l,—&]U[S,l] lgn(t)| dt = 0 for all § > 0.

Note that (III) was accomplished since for any § we could make |q,(t)]
arbitrary small on [—1, —6] U [0, 1] by letting n be sufficiently large.

Thus, if we are to repeat the proof of the Weierstrass Approximation
Theorem (Theorem in this context, we desire similar properties for
functions on T. To describe such collections of functions, we define the
following.

Definition 3.4.2. A summability kernel is a sequence (ky,)n>1 of elements
of C(T) such that

(1) & [ kn(y)dy =1 for all n € N,

(IT) there exists an M > 0 such that 5= [7|kn(y)|dy < M for all n € N,
and

(IIT) 1limp, o0 5= Js<jy<n kn(y)| dy = 0 for all 6 € (0, ).

Repeating part of the proof of Weierstrass Approximation Theorem
(Theorem [2.8.6)), we have the following.

Theorem 3.4.3. Let f € RZ(T) and let (kn)n>1 be a summability kernel.
If x € T is a point of continuity of f, then

lim (f * kn)(2) = f(a).

n—o0

Moreover, if I is a closed interval in T (e.g. I =T) and f is continuous at
each point in I, then (f * ky)n>1 converges uniformly to f on I.

Proof. To begin, fix f € RZ(T). Since f € RZ(T), there exists a K > 0 such
that
[f(z)| < K

for all x € T. Moreover, since (ky)p>1 is a summability kernel, property (II)
of a summability kernel implies there exists an M > 0 such that

1 ™

2 Jx

|k (z)| dz < M

for all n € N.
To prove the first part of the theorem, assume z € T is a point of
continuity of f. To see that

lim (f * kn)(z) = f(x),

n—o0
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let € > 0 be arbitrary. Since f is continuous at x, there exists a § > 0 such
that if y € (—6,0), then

€
- < —

F@) = f =)l < 5oz

Moreover, since (ky,)n>1 is a summability kernel, property (III) of a summa-

bility kernel implies there exists an N € N such that if n > N then

1
2 6§\y|§7r| "Wy < g 4K
Hence, for all n > N, we have that
(F * ko)) = F(2)]
= [(kn * f)(x) — f(2)] by Proposition [3.3.3
=§%/meﬁm—ywy—ﬂ@
:%/ en ( —y)dy — f(x / kn( dy‘ by (I)
= |5 k(Xﬂz—w—fu»@\
§2L/ WS =y = f@)dy
= o [ @I )~ ) ay
+£;/<WwWAwMﬂw—w—f@N@
<o [l vt o [ IR dy
s2A{%T/ i <»dy+<mo2W/QWKﬂmn@ndy
< mM+(2K)4K €.

Therefore, since € > 0 was arbitrary, the proof of the first part of the theorem
is complete.

To see the second part of the theorem is true, we simply need to adapt the
above proof to show that given an € > 0, the same N works for all z € I. Thus
assume f is continuous at each point of a closed interval I and fix an € > 0.
Note Theorem implies that f is uniformly continuous on I. Therefore,
if I = T then the d chosen above for a single x can be chosen to work for all
x € T and the same computation show that |(f * k,)(z) — f(x)| < € for all
n > N and x € T thereby completing the proof. If I # T, there is a slight
technicality we need to deal with.
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Since f is uniformly continuous on I, there a dy > 0 such that if y €
(=d0,00) AND z —y € I, then

F@) = fle -yl < 157

Let z1,29 € I be two endpoints of I. Since f is continuous at x; and xo,
there exists 1,2 > 0 such that for j € {1,2} if y € (=0, ;), then

Fe5) = Fes — )| < 157

Let 6 = min({do, d1,02}) > 0. Therefore, if x € I and y € (-9, J), then either
r—y€lso
€
@)~ fa =) < 1
or x —y ¢ I so x —y must be with ¢ of z; for some j € {1,2} so x is within
0 of the same z; so

€

F@) = F =9 < 1) = Fla)| + 1)~ f@ )] < o7+ 15 = 577

Hence the same computation used above shows that |(f * k,)(x) — f(z)] < €
for all n > N and x € T thereby completing the proof. [

With Theorem [3.4.3] complete, the only thing that remains in order to
confirm a positive answer to Question [3.2.5]is to show that the Dirichlet
kernel is a summability kernel. Right?

Proposition 3.4.4. For alln € N,

However

Proof. To see the first claim, notice by Theorem [3.1.18] that

o / 27r / Zn € v
— Z / ek dr = 1.
m k=—n’"T
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To see the second claim, notice for all n € N that

o | D@ ds

1 2
“or / |Dn(z)| dz 2m-periodicity
m™Jo

_ 1 /027r sin ((n + %) ar) i by Lemma B3]

2

1/27r sin ((n—i— %) m) "

2

1 r@nil)w
5,

1 r@n+)m
-2k

Y

as |sin(z)| < |x|

1 1
d let y = +)

Sm( ) ‘

L / (k41 \sm<y>| "
77 =0 Tk Yy
20 ar(k41) | o
L 1§ e s
T = Jrk m(k+1)
1 2
_Ekzo m(k+1) 7r2zk:—|—l
Therefore, since Y 72, % diverges, the result follows. |

As Proposition shows the Dirichlet kernel is not a summability
kernel, we are out of luck when it comes to applying Theorem to show
that the Fourier series converges uniformly for any continuous function. Of
course, this does not show that Question has a negative answer; just
that our approach does not work.

3.5 Fejér’s Kernel

Although we are out of luck in showing a positive answer to Question
3.2.5| using summability kernels, we can use summability kernels to obtain
important information about Fourier series. The idea on how we can proceed
is the following result that says it is much easier for the averages of a sequence
to converge than it is for the original sequence to converge.
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Lemma 3.5.1. Let (zp)n>0 be a sequence of complex numbers that converges
to L € C. For eachn € N, let

R TRtz A o+ 2
" n+1

Then (oy)n>1 converges to L.
Proof. Exercise. ]

Remark 3.5.2. In light of Lemma let us examine taking pointwise
averages of Fourier series in the hopes of obtaining more information about
convergence.

To begin, let f € RZ(T) be arbitrary. If (P,(f))n>1 is going to converge
pointwise to f, then by Lemma we must have that f is the pointwise
limit of

E: P%ij:: n—%l 2: f*Dpy=f ( +_1 E: D )

1 n n m
Z D () =
n+1 = 1 o
n n
k=—nm=|k
n
= (n — |k| 4 1)t

_ - ‘k| ) ik
N Zn(l n+1 c

k=—
Thus we make the following definitions.

Definition 3.5.3. For n € N, the n'" Fejér kernel (pronounced fay-yer),
denote F,, is the trigonometric polynomial defined by

Fo(z) = ni S D)= Y (1 _ nli\1> ks

k=0 k=—n

for all x € T.

Definition 3.5.4. Let f € RZ(T) and let n € N. The n'® Cesdro sum of f
(pronounced suh-zaa-row), denoted o, (f), is

1

n 1 n
Un(f):n+11§)Pk(f):f*<m]§::()Dk> =[x Fy.
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Thus for all z € T,

wupe) = > (1) fgern

Pt n+1

As illustrated via Lemma the reason to examine the Cesaro sums
is their relation to pointwise convergence of the Fourier series. In fact, we
have the following.

Lemma 3.5.5. Let f € RI(T). If xg € T and lim,_oc Ppn(f)(z0) ewists,
then limy, o0 o (f)(x0) exists and

lim 0, (f)(20) = lim_ Pa(f) (o).

n—oo

Moreover, if I is a closed interval of T (e.g. I =T), g is a continuous
function on I, and (Pp(f))n>1 converges uniformly to g on I, then (on(f))n>1
converges uniformly to g on I.

Proof. Exercise. [ |

It turns out that the Fejér kernels are actually a summability kernel and
thus we still have hope for a positive answer to Questions [3.2.5] and [3.2.6]
To see this, we can repeat the idea of Lemma to obtain a formula for
the Fejér kernels.

Lemma 3.5.6. For alln € N

as a continuous function on T (i.e. the formula for F, (0) should be interpreted
as the limit as x tends to 0).

Proof. To being, first notice for all x € T that
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Therefore

= _— = N 1_ IRT
(2 1© gt k:z_:n n+1)€
i) i ()
=(=—=(1- —— (1= e
27 4 1)1\ a1
1

1
) pi(ntl)z _ 1 (1 __n ) o i(n+1)z
4 n+1

(
1( e
2 (3 0-) -3 05 - =)
(
1
2

| 4
-1
1 k 1 k—1 1 k+1 )
+ 3 (5(-5) 1 (- a5r) e ()
= 2 n+1 4 n+1 4 n+1
1 1 i(n+1)x 1fi(n+l)a: >
= - — = - - 0+0
n—i—l( 4° 1€ +OF
1 ‘2<n+1>
= —— SsIn T
n+1 2
as desired. ]

Using Lemma [3.5.6] it is easy to graph Fj, for all n € N. In particular,
the graph of Fj is as follows:

VAN

x x
4 2

EL I
4
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The graph of Fiq is as follows:

401

30

204

[
o
=

e LE et Ume R E m A
4 2 1 1 2 4
Finally, the graph of Fjq is as follows:
200
150 4
100
50
: JAIL
w3 x oz 0 xoox 3moa
4 2 4 4 2 4

In particular, these graphs look far more like the graphs of the functions
used in the proof of the Weierstrass Approximation Theorem (Theorem
2.8.6). This is due to the fact we can prove the following.

Theorem 3.5.7. The Fejér’s kernel has the following properties:
a) Fp(x) >0 for all z € T.

b) Fo(—x) = F,(x) for allz € T.

¢) o= |7 Fu(z)de=1.
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d) For all § € (0,7), lim,,—oo sup ({|Fn(z)| | 0 < |z| <m}) =0.
Hence the Fejér’s kernel is a summability kernel.

Proof. Clearly a) follows from Lemma Moreover, by Lemma

sin (2 (—z ? —gin (&g 2
Fu(-o) = ( <2<(@ ))) - ( L >) = Fu(x)

_n+1 sin( . ) n+1 —Sin(%)

for all z € T so b) follows.
To see that c) is true, notice since for all k € Z we know that

1/”em_ 1 ifk=0
2r J " 10 otherwise

that
L 1 m & LR
— F,(x)de = — 1— —— | e d
2r J_x () dw 27r/ﬁk;n< n+1)e v
1 & k| ik
S L ihe gy = 1.
e X (1 ngy) [

To see that d) is true, let 6 € (0,7) be arbitrary. By Lemma we
know that

1 1
0< F(z) <
T

for all z € T \ {0}. Therefore, since x ~ sin(%) is increasing on (4, 7), if
z € T and § < |z| <, then

1 1
0< Fy(x) < 1 5
L g (3)
Hence
OS/ Fn(x)dzzg/ ! ! 2d$§2(7r_5) ! 5
5<|z|<m o<lz|<m M A1 (g) n+1l o (%)
Therefore, since
2(m — 1
lim (r =) =0

as ¢ is fixed, d) holds.

Finally, to see that (F},),>1 is a summability kernel, note that property
(I) of Definition follows from part c), property (II) of Definition [3.4.2)
follows from parts a) and c), and property (iii) of Definition follows
from part d). Hence (F},),>1 is a summability kernel. ]
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Our knowledge of summability kernels immediately gives us some positive
results towards answering Questions and [3.2.0] in the affirmative.

Theorem 3.5.8 (Fejér’s Theorem). Let f € RZ(T). If x € T is a point
of continuity of f, then
lim o,(f)(z) = f(z).

n—oo

Moreover, if I is a closed interval in T (e.g. I =T) and f is continuous on
I, then (on(f))n>1 converges uniformly to f on I.

Proof. The result immediately follows from Theorem [3.4.3] and Theorem

B57 n

Of course Fejér’s Theorem (Theorem does not answer Questions
and as we do not have the appropriate direction in Lemma [3.5.5
However, Fejér’s Theorem can be used to obtain some additional knowledge
about Fourier coeflicients.

Corollary 3.5.9. Let f € RZ(T). The following are true:

~

a) If z € T is a point of continuity of f and f(n) =0 for alln € Z, then
fw) =0,

b) If f € C(T) and f(n) =0 for alln € Z, then f = 0.

c) If f,g € C(T) and f(n) = g(n) for alln € Z, then f = g.

Proof. To see that a) is true, let € T be a point of continuity of f and
assume f(n) =0 for all n € Z. Then o,(f) = 0 for all n € N by definition.
Therefore, since z is a point of continuity of f, Fejér’s Theorem (Theorem

implies that
f(z) = lim o, (f)(x) =0

n—oo

as desired.
Next, note that b) follows immediately from part a). Finally, to see that

~

c) is true, let f, g € C(T) be such that f(n) = g(n) for all n € Z. Therefore,
h=f—ge€C(T) is such that

h(n) = (f = g)(n) = f(n) = §(n) =0
for all n € Z. Hence part b) implies that h = 0 so f = ¢ as desired. ]

In addition, Fejér’s Theorem (Theorem [3.5.8)) allows us to prove that we
can get an affirmative answer to Question if we replace the partial Fourier
series of a function with a different sequence of trigonometric polynomials.

Theorem 3.5.10. Every element of C(T) can be uniformly approxzimated by
trigonometric polynomials.
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Proof. Let f € C(T) be arbitrary. Then (o, (f))n>1 is a sequence of trigono-
metric polynomials that converge uniformly to f by Fejér’s Theorem (Theo-
rem |3.5.8)). Hence the result follows. |

Theorem [3.5.10] now lets us prove a fact that we would expect if we were
to have the convergence of the Fourier series of functions.

Theorem 3.5.11 (The Riemann-Lebesgue Lemma). If f € RZ(T),
then

~ ~

lim f(n)=0 and lim f(n)=0.

n—00 n——oo

Proof. To see that the result is true, fix f € RZ(T) and let € > 0 be arbitrary.
By Lemma there exists a g € C(T) such that

[ 1@ - gl < 5.

2w Jx

Therefore Proposition [3.2.12] implies that

Fn) = 5(n)| = |(F = 9)(n)| < 1/ﬂ f@) — o) do < 5

T 2m g
for all n € Z.
By Theorem [3.5.10| there exists a p € T(T) such that

l9(@) = p(@)] < 5

for all z € T. Therefore, again by Proposition [3.2.12] implies that

30— )| =g - P))| < 5 [ lota) ~pla)ldo < o [ Sdo< S

for all n € Z. However, p € Tn(T) for some N € N so p(n) =0 for all n € Z
such that |n| > N by Example Hence for all n € Z with |n| > N, we
have that

-~

[F ()] < 1f(n) = ()] +1g(n) — B(n)| + [(n)] < §+ % +0=e

Therefore, since € > 0 was arbitrary,

~ ~

lim f(n)=0 and lim f(n)=0

n—o00 n——0o0

as desired. ]
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3.6 The Poisson Kernel

While we are on the topic of summability kernels, there is another kernel that
is quite important in complex analysis and certain applications in applied
mathematics.

Definition 3.6.1. For r € [0, 1), the 7*! Poisson kernel (pronounced pwan-
ssawn), denoted P, is the series of trigonometric polynomials defined by

oo
P.(z) = Z il gine
n=—o00

for all x € T.

Remark 3.6.2. Note for all r € [0,1) that since

o0

Z 7l < 0o

n=—oo

by Example [[.2.3] Remark [3.2.19] implies that P, is a well-defined element of
C(T) with the above series converging uniformly and absolutely on T and

P.(n) = rlnl
for all n € Z.

Like with Fejér kernel, there is an alternative formula for the Poisson
kernel.

Lemma 3.6.3. For allr € [0,1)

1—r2

Po(x) =
() 1 —2rcos(x) + r?

>0

as a continuous function on T.

Proof. Fix r € [0,1) and let x € T be arbitrary. Note when r = 0 the result
is trivial. Otherwise when r # 0 notice that

1—2rcos(z)+7r2 =1—r(e®+e @) 412 = (1—re™)(1—re™ @) = |1 —re' |2
Hence, since r € (0,1) so that
lre®| =r < 1,
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we see that |1 —7e®®|? > (1 — )% > 0 for all z € T. Moreover, by Remark
:6.2] we have that

(1 — 2rcos(z) + r?) Pr(x)

N
- i - i ix 2 In| jinx
Ngnoo(l r(e™ 4+ ) +r?) Z re
n=—N
— lim <(1 + r2) _r2_ r2) o0 _ pNAL(N+Dz _  N+1,—i(N+1)z
N—oo
+ ((1 + )l — rerl) eNT 4 ((1 + 3V — T"I”N71> e i@
N—-1 '
+ Z ((1 + 7“2)’/“n _ T(Tn+1) _ ’I“(Tn_l)> emac
n=1
N-1 '
+ Z ((1 + TQ)T‘n . r(,rnJrl) o r(rnfl)) —inT
n=1
_ ]\}gn 1- TQ) — NN+ N+1—i(N+1)x | N+2,iNz | N+2,~iNz 4
oo
=(1-7)
as r € (0,1). Hence
1—r?

P.(z)

T 12 cos(x) + 12
for all x € T. Moreover, as the both the numerator and denominator are
positive, P.(z) > 0 for all x € T as desired. ]

Using Lemma [3.6.3] it is easy to graph P, for all r € [0,1). In particular,
the graph of Py 5 is as follows:
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The graph of Py g is as follows:
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")
g
=

% 3 n _x 0 & & 31
4 2 4 4 2 4
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Finally, the graph of P99 is as follows:
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It turns out that the Poisson kernel is a summability kernel in the sense
that if in the definition of a summability kernel (Definition [3.4.2]) we replace
n € N with n — oo with [0,1) and r — 1, the same properties hold!

Lemma 3.6.4. The Poisson kernel is a summability kernel.

Proof. To see that property (I) of Deﬁnitionholds, note since the Poisson
kernel converges uniformly by Remark [3.6.2] that its real and imaginary parts
converge uniformly. Hence Corollary (together with considering the
real and imaginary parts) implies for all » € [0,1) that

1/7r P.(z)dx = i 1/7r plnlgine g, i 17an|/7r e o — 1
o ) " S 2m ) 2T r '
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Hence property (I) of Definition holds. Moreover, since P,(x) > 0 for

z € T and r € [0,1), property (II) of Definition immediately holds.
To see that property (III) of Definition holds, let § € (0,m) be

arbitrary. Since x — cos(z) is decreasing on (d, 7], we obtain from Lemma

[3.6.3] that

1—r2 1—r2

0<P = <
< Prl@) 1—2rcos(x)+7r2 = 1—2rcos(d) +r?

for all 6 <|z| <7 and r € [0,1). Hence

1/ \P()\d<1/ 1—1r? J
- X X -— xX
21 Joclal<n = 27 Js<laj<n 1 — 27 cos(d) + 72

_2(m—0) 1—r?
- 2r 1—2rcos(d)+r2)"

However, since

lim 1 — 27 cos(8) + 7% =2 — 2cos(8) > 0

r, 1
and lim;, - 1 — r2 = 0, we obtain that

1

lim—/ P.(x)|dx =0.
lim o 6S|x‘§7r| ()]

Therefore, since ¢ € (0, 7) was arbitrary, the Poisson kernel is a summability
kernel as desired. |

In order to apply the fact that the Poisson kernel is a summability kernel
to obtain convergent series, we simply need to define the following.

Definition 3.6.5. Let f € RZ(T) and let r € [0,1). The r*® Abel sum of f,
denoted A,(f), is

A(f)=f =P,

A description of the Abel sums without the need for convolution is easy
to obtain.

Lemma 3.6.6. Let f € RZ(T) and let r € [0,1). Then for all x € T,

A (@)= Y M fm)ene.
Moreover - R
Ar(f)(n) =" f(n)
foralln € Z.
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Proof. Recall the Poisson kernel converges uniformly by Remark There-

fore
o0

Z Il f () et (@=y)

n=—oo

converges uniformly over y € T for any x € T since f € R(T) is bounded.
Hence Corollary (together with considering the real and imaginary
parts) implies for all € [0,1) and = € T that

r
™

Ar(f)(x) = (f = Pr)(z)
=5x ) TPz —y)dy

1

2

1 = o
= [0 3 Arlset ay

n=—oo
e}

= > o (5 [ swene ay)

n=—0oo
o0

— Z M F(n)em by Example [3.3.2

n=—oo

thereby completing the first statement of the lemma.

To see that the second statement of the lemma is true, recall from the
Riemann-Lebesgue Lemma (Theorem [3.5.11]) that

~ ~

lim f(n)=0 and lim f(n)=0.

n—r00 n——00

o~

Therefore, (f(n))nez is bounded so there exists an M € R such that
Fm)| <M

for all n € Z. Hence for all r € [0,1)

i ‘T'"'f(n)emalg f: Myl

n=—oo n=—oo

converges by Example [1.2.3] Therefore Proposition [3.2.20] implies that

— ~

A (f)(n) ="M f(n)
for all n € Z as desired. [ ]

Of course, because the Poisson kernel is a summability kernel, we have
the following.

©For use through and only available at pskoufra.info.yorku.ca.



3.7. FAILURE OF FOURIER SERIES CONVERGENCE 139

Theorem 3.6.7. Let f € RZ(T). If x € T is a point of continuity of f, then

lim A;(H@) = f(@).

Moreover, if I is a closed interval in T (e.g. I =T) and f is continuous on
I, then (Ar(f))rejo,1) converges uniformly to f on I asr tends to 1.

Proof. The result immediately follows from Theorem and Lemma
3.6.4 N

3.7 Failure of Fourier Series Convergence

With the above discussions complete, we arrive at the following which shows
our attempts to show a positive answer to Questions [3.2.5] and [3.2.6] were
folly. In fact, one of the biggest in mathematics was a mistaken proof that

answers to Questions and were yes!

Theorem 3.7.1. There exists a f € C(T) such that F(f) diverges at a point.
Hence the Fourier series of f does mot converge pointwise nor uniformly to
fonT.

Proof. To construct the desired function f, we will first look at a specific
element g of RZ(T) whose Fourier series is not absolutely summable. We
will then use a series of translated partial Fourier of g to obtain f. This will
be done so that when we take a certain sequence of partial Fourier series
of f, each breaks into a bounded term plus a term involving the negative
integer terms of a partial Fourier of g which will be unbounded. This idea of
having only the negative integer terms of a partial Fourier series was derived
in order to break the inherit symmetry of having both n and —n in the
definition of partial Fourier series.
Consider the function g : T — C defined by
{i(w—x) if0<az<mw
g(x) = . .
i(—m—z) if —mr<2z<0

for all z € T (often g is called the sawtooth function due to its graph on R).
Notice if h: T — C is defined by h(x) = z for all z € (—m, 7], then

g(z) = —ih(z — )

for all z € T. Hence Example [3.2.16] together with Proposition [3.2.12] implies
that

gn) = —ie " h(n) = ~i(-1)" (3 (-1") =

©For use through and only available at pskoufra.info.yorku.ca.



140 CHAPTER 3. SERIES OF TRIGONOMETRIC POLYNOMIALS

for all n € Z and g(0) = 0. Thus

nezZ\{0} "

which clearly is not absolutely summable since Y o2, % diverges.
For each N € N, consider the N*! partial Fourier series of g,

1<lnl<n "
One piece of information we will need for later use is the following.

Lemma 3.7.2. There exists a constant M € R such that
|Pn(g)(2)] < M
for all N € N and x € T (that is, (Pp(g))n>1 is uniformly bounded).

Proof. We will use the Abel sums of g to obtain a bound for Py(g). For all
NeN letry=1- % € (0,1). Then, for all z € T, we have that

[P (9)(x) = Ary (9)(2)]

_ 1 nT S l In| ina

= E ne E TN €

1<|n|<N n=-00
n#0

IN
7 N
S|

|

%_

23
\/

m&

3
8

| A

|/\
\\Mz ||M2 ||M
;'
&
=1M¢
o
zs

n=N+1
l—rN Z TN
nN+1
2 ,,,,N-i—l
N(1- =N
=)+ 51,
2 1
2N (1 — —
( TN)—’_leT‘N
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However, since |g(x)| < 7 for all x € T, we see for all x € T and N € N that

1 ™
|Ary (9) ()| = ;/ 9W) Py (z —y) dy
™ J—m
1 s
<o [ le@IPy@—ndy s Pryle—y) >0
1 m
< o g TPy (z —y)dy
1 /= )
<o [ 7P w)dy mmaton e
_ by summability
=7 kernel properties®
Hence
[Pn(g)(z)| <447
for all z € T and N € N as desired. n

For technical purposes, in order to compute the partial sums of our
desired function f, for each N € N let gy € T,(T) be defined by

—1 1

)= 3 ae
n:—Nn

forall z € T.
One piece of information we will need for later use is the following.

Lemma 3.7.3. For all N € N,
lgn(0)] = In(N).

Proof. Notice for all N € N that

NOI=Y

HP

=

-1 n+1 1
—dx

1/n T

v
3
Il

Il
4
S

dxr =1n(N)

—_

as desired. m

To construct our desired f, we first need some translate of the functions we
have constructed above. For all N € N, define hyy : T — C and hy : T — C
by

hy(z) =PV Py(g)(x)  and  hy(x) = "Ny ()
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for all x € T. In particular, we see that

(@)= L

7€i(2N+n)a: e %N(T)
1<|n|<N

-1

~ 1 .

hN(l') _ Z Eez(QN-i-n)J[: e 7-2N—1(T)'
n=—N

Note if & € N then e~*** does not appear in the descriptions of hy and
hn. Moreover, by analyzing these formulae for hy and h N, we immediately
obtain the following piece of information we will need for later use.

Lemma 3.7.4. For all N € N, if K € N then

0 if K <N
Px(hn) =< hny if K=2N.
hy if K> 3N

For our final construction before defining f, for each k € N let
N, = 32",

Thus
Niy1 > 3Ny

for all £ € N.
Define f: T — C by

oo
1
=3 ot

for all x € T. Since hy is a trigonometric polynomial for all N € N and thus
an element of C(T), since

1 T
= ﬁe(m’“) Py, (9)(x)

ﬁhNk (w)

for all k € N and x € T, and since

converges, the Weierstrass M-Test (Theorem [2.2.16)) (applied to the real and
imaginary parts) implies that f is well-define, the series defining f converges
uniformly and absolutely, and f € C(T). Therefore, since

Z% Dn(x —y)
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converges uniformly over y € T for any =z € T since D,, is continuous and
thus bounded, by Corollary (applied to the real and imaginary parts)
for all n € N we see that

Po(f)(z) =
ZthNk ) n(T —y)dy

) (@)
/ (;37.0) Dal — 9} dy
P,

(hNk)( )

| Il
T™Ms T[M¢ ‘Qf\H ~

?&\H ‘\’\H [ @

for all z € T. However, since Ngy1 > 3N, for all k£ € N, notice for all m € N
that

|Pon, (1)) = 12P2Nm(hNk)(O)|

k=1 k
UL |
=D kgpsz(hNk)(O)’
k=1
1~ =l
k=1
1 el
> 72|th(0)‘ - Z k2|hNk(0)|
k=1
1 el
> —In(N,,) — —M
> 1
2m
In(3)2m X1
— —M
= 2 Z 2
m = k
Therefore, since
<01
> M
2
k=1 k
converges and
In(3)2™

m—oo 2

we obtain that (Py(f)(0))n>1 is not bounded and thus cannot possibly
converge to f(0). ]
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3.8 Instances of Uniform Convergence

As we have obtained negative answers to Questions and [3.2.6] the best
we can hope for is to show specific but very general cases where the Fourier
series do converge uniformly or pointwise. In this section, we will look at
some subsets of C(T) on which the Fourier series converge uniformly. The
first such result follows from Proposition [3.2:20

Corollary 3.8.1. If f € C(T) is such that

o0

> If(m)] < oo,

n=—oo

then (Py(f))n>1 converges uniformly to f on T. Hence

fl@)=F()x)= Y fln)e™

n=—oo

forallx € T.
Proof. Note by Proposition [3.2.:20] that if we define g : T — C by

@)= 3 Fmye™

n=—oo

for all 2 € T, then g is a well-defined element of C(T) such that

for all n € Z. Hence the uniqueness of the Fourier coefficients (Corollary

3.5.9) implies that ¢ = f. Moreover, since Proposition [3.2.20 implies the
series description of g converges uniformly to g on T, (P, (f))n>1 converges

uniformly to f on T as desired. [ |

Using the above, we have an answer to specific case of Question [1.2.17]

Corollary 3.8.2. Y, 1 = x?

n=1nZ = 6 °
Proof. Recall by Example [3.2.17| that if we define f : T — C by f(z) =
1(z —m)? for all z € [0,27), then

2 > 1 2 21
F(f)(@) = B + Z Wemx =1 + Z ﬁcos(nx).
nz;zgo n=1

Since f € C(T) and since

[e.9]

> 1f ()] < oo,

n=—oo
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Corollary implies that

2 > 1 2 il |
f(0) = I Zﬁcos(n(o)) = E‘*‘Zﬁ
n=1 n=1
Therefore, since f(0) = %2, we obtain that
> 1 w2 2 2
2= g
n=1
as desired. m

Our other main way to obtain continuous functions whose Fourier series
converges uniformly on T is to consider the Cesaro sums. Indeed the following
theorem implies that given a function with sufficiently nice Fourier coefficients,
the Fourier series converges uniformly on T if and only if the Cesaro sum
converge uniformly on T. Since we know Cesaro sums converges uniformly
on T for any element of C(T) by Fejér’s Theorem (Theorem [3.5.8), we obtain

the uniform convergence of Fourier series in some settings.

Theorem 3.8.3 (Hardy’s Theorem). Let f € RZ(T) be such that
sup{’nf(n)‘ | ne Z} < 0.

If xg € T, then lim, o0 P (f)(x0) exists if and only if limy, o0 on(f)(x0), in
which case
Timn Palf)(w0) = lim_ ou(f)(z0).

Furthermore, if I is a closed interval of T and g is a continuous function
on I, then (Pp(f))n>1 converges uniformly to g on I if and only if (on(f))n>1
converges uniformly to g on I.

Proof. Note the first part of the lemma follows immediately from the second
part of the lemma by letting I = {z(}. To see the second part of the statement
is true, note by Lemma that if (P,,(f))n>1 converges uniformly to g on
I then (0y,(f))n>1 converges uniformly to g on I.

For the converse statement, assume (o, (f)),>1 converges uniformly to
g on I. To see that (P, (f))n>1 converges uniformly to g on I, let € > 0 be
arbitrary. Our goal will be to decompose P, (f) into three terms, two which
involve o,/ (f) for some n’ € N, and one which can be made arbitrarily small
using the assumptions of the theorem. We begin with the required estimates
to manage this arbitrarily small term.

Since

sup{’nf(n)‘ | ne Z} < 00,
there exists an M7 € R such that
‘ ~

nf(n)| < My
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for all n € Z. For each z € R, let |x] denoting the greatest integer less than
or equal to z (i.e. the floor of z). Moreover, let

1
6M; +1°
Then for all n € N we have that that

> [fws2 Y

n<|k|<|an] n<k<|an]

a=1+ 1.
My

< 2™ (lan) —n)

M
<21 (a—1)n

n
—oMy(a—1) < <.

3

Moreover, since a > 1, there exists an Ny € N such that [an| —n > 0 for
all n > Ng.
To return to the proof at hand, notice for all n > Ny and x € I that

= > fk)er
0<|k|<n

= 3 (e e
0<|k|<n

- LomJl—n (([an] + 1= [k]) = (n+ 1= |K])) f(k)e™
0<[k|<n

_ lon]+] __H Y

=t 2 ()

il s (1 _ n\fﬂl) ket

lan| —n 0<|k|<n
_ lonj+1 R LI pike _ 717“0 .
~ lan] —n o<§< (1 lan] + 1) S ) lan] —n n(f)@)
_len) 41 WY e
- |lan] —n 0<kz<:an (1 lan] + 1> f(k)

Lol (1 _ L|k|> Fiers — "L o )

lan| —n n<lfl<lon] an|+1 lan] —n
Clomi+1 o fan] 41 L e
RrTEr G C R el (1= ) T

_ Lﬂgn(f)(x).

lan] —n

©For use through and only available at pskoufra.info.yorku.ca.



3.8. INSTANCES OF UNIFORM CONVERGENCE 147

Since o > 1 and

« 1
a—-1 a—-1 L
we have for all n > Ny and z € I that
lan] +1
_ < I St L
9(e) = Pu(£)@)] < | Z2000) = ooy (1)@

1
lan] +1 LY e
il S () @

an) = jil<lon)
+|290) - )|

We will now show that each of these three terms can be made uniformly
small on I provided n is sufficiently large. Notice by our choice of « that for
all n > Ny

lon] =n & lam
lan] + 1 " )
<G, 2, () VO
n<kz<:LanJ ( lan| —n ) ‘ ‘
< X |iw)
n<|k|<|an]
< £
-3

To see the other two terms can be made uniformly small on I, note since

that

. |an]+1 a ) n+1 1
lim = and lim = .
n—oo lan| —n a—1 n—oo lan| —n  a—1

Therefore, since (0,,(f))n>1 converges uniformly to g on I,

(L) wd ()

lan] —n n>1 an] —n n>1
converge uniformly to

1
a g and

g

a—1 a—1
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respectively on I by Proposition [2.2.13] Thus there exists an N € N such
that

<

and

et~ (o)

1 n+1
’ g(w) —

Wl Wwlao

on(f)(x)

a—1 lan] —n

for alln > N and x € I. Hence for all n > N and x € I, we have that

Therefore, since € > 0 was arbitrary, (P, (f))n>1 converges uniformly to g on
I as desired. |

One important example that can be obtained from Hardy’s Theorem
(Theorem [3.8.3)) is the following.

Corollary 3.8.4. Let f € C(T) be continuously differentiable on T. Then
(Pno(f))n>1 converges uniformly to f on T. Hence

f@)=F()x)= Y fln)e™

n=—oo

forallx € T.

Proof. Let f € C(T) be continuously differentiable on T. Since (o, (f))n>1
converges uniformly to f on T by Fejér’s Theorem (Theorem [3.5.8), it suffices
by Hardy’s Theorem (Theorem [3.8.3)) to show that

sup{‘nf(n)‘ | ne Z} < 0.

Notice that f’ € C(T) (i.e. the derivatives of 2m-periodic functions are
2m-periodic). Since f’ is continuous on T, the Extreme Value Theorem
implies there exists an M € R such that

(@)l < M

for all z € T. Therefore, if n € N\ {0} then, by using integration by parts,
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we see that
2nf(n \
— / —’LTLI dx
1 —inx

™ T 1 i
_ / f/(m)i.e—lnl‘ dx
T=—T -7 —mn

1
= |— f( Je —inT jo 2m-periodic
in
= / [ (@)e ] d
= x)e x
n
<= / M dx
= —27TM
Hence .
f(n)| < M=
[Fm)| <1
for all n € N\ {0} thereby completing the proof. ]

3.9 Instances of Pointwise Convergence

By Theorem [3.7.1] we know there exists continuous functions for which the
Fourier series does not converge uniformly. However, often when dealing with
applications, it is sufficient that the Fourier series converges pointwise. Thus
this section is devoted to conditions that imply the Fourier series converges
pointwise. Instead of starting with Fourier series, we will look at the Cesaro
sums. This is due to the fact that Hardy’s Theorem (Theorem implies if
the Cesaro sums converge pointwise and the Fourier coefficients are sufficiently
nice, then the Fourier series converges pointwise.

The following is a very general result that shows the Cesaro sums converge
at a point provided a specific condition is met, which we will see happens in
a lot of cases.

Theorem 3.9.1 (Lebesgue’s Theorem). Let f € RZ(T), let xg € T, and
let L € C. Assume

flzo+x) f(xo—m)_L dr = 0

lim

Then lim,, on(f)(xo) = L.

Proof. To prove this result, we will analyze |0, (f)(zo) — L| using integrals
and the Fejér kernels, and divide the integral into three parts each of which
we can show is small.
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To begin, we will introduce some notation. Define ¢ : T — R by
e(x) = f(zo+ )+ f(wo — ) — 2L

for all z € T, and define ® : [0, 7] — [0, 00) by

o) = [ lp(e)da

for all h € [0,7]. Note p € RZ(T) so @ is well-defined. Moreover, by the
Fundamental Theorem of Calculus, ® is differentiable on (0, 7) with

O'(h) = |o(h)]

for all h € (0, 7).

To proceed with the proof, let € > 0 be arbitrary. Note that instead of
inputting the correct multiple of € at each step in the proof, we will end
with a constant multiple of € in our final bound on |0, (f)(zo) — L|, which is
sufficient.

By the assumptions of the theorem, we know that

!
lim —(h) = 0.

Moreover, by Lemma [3.5.6] we see for all n € N and = € T that

F) - ( () m))

Therefore, since

T
. 2
M

by the Fundamental Trigonometric Limit, there exists a § > 0 such that

%@(h) <e€ for all h € (0,0] and
F,(z) <2(n+1) for all z € (—6,0) and n € N.

By Theorem m there exists an N € N such that if n > N then % <94
and
0< Fu(x) <e
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for all 6 < |z| < m. Hence, by using properties from Theorem for all
n > N we have that

|om (f)(20) — L

(o (o) — L
o [ B -y - 1
Q;Aﬂﬂﬂﬂﬂm—-tw+/ Fa(0)f (o — ) dy ~ 1|

L F(ﬁm—>@+—jif 0)f a0+ 0)(-1) dt - 1|
27r/ Fo(y) f(z0 —y dy+—/ Fo( x0+t)dt—L‘
QWA&@Xﬂm—yw+ﬂm+y»@—L]
5;/5&@Xﬂm—y»aﬂm+y»@—L(;_[ﬂ
2W/ Fuly)(f(zo — ) + f(zo + ) dy — 2L (;ﬁ/{:Fn(y)dyN
— F()U@m—>+f@u+m—2Md4

zﬁ/ Fa0)olo)

giéfuwwwn@

1 [ I
— o [T Bwlewlds+ o~ [ Fle@ldy + 5 [T Fa)lew)] v
7 Jo TJL

To complete the proof it suffices to show that each of these three terms

are small for all n > N. For the first term, notice since % <dforalln>N

that

1 [w 1 (=
— F dy < — 2 1 d
3 [ Ele@ldy < o [ 20+ Dle(w)]dy
1 1
:n—i- o )
s n
<2y (1)
™ n
2 /(1 1
0)
s = n
n
2
>~ —€
™
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which is just a constant multiple of €. For the third term, notice that

;ﬂ/; Fo(y)le(y) dy < ;ﬁ/{:elw(y)!dy

e [T d

<

<5 [ leldy

€

=—d

5 2(m)

which is just a constant multiple of € since ® depends only on f and L which
are fixed. Finally, for the second term, since

n(3)27
sin | = —
2)

for all z € (0,7) by elementary calculus, Lemma implies that

1 1 2

0< Fo(z) < <
< Ful2) ~ (n+1)2?

~ n+ 1sin? (3)

for all x € (0,7) so

0
[ Rawlewldy

1 g 72
< -/ X d
_2wéwn+nfwwﬂy

=y
ity Y
T

= (s 1*®) 5

Yy=un

IN

IN
3
Q)
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Therefore, combining these three estimates, we obtain that

on(f)wo) — L] < Ze 4 me + ()

= (i +7+ 217T<I>(7r)> €.

Therefore, since 2 4+ 7 + 5-®() is a constant that does not depend on € and
€ > 0 was arbitrary,

lim o,(f)(z0) =L

n—oo

as desired. m

To see a case where Lebesgue’s Theorem (Theorem [3.9.1)) can be utilized,
we prove the following which allows us to handle jump discontinuities.

Corollary 3.9.2 (Fejér’s Theorem by Zygmund). Let f € RZ(T). If
xog € T, and

1., 1.
wy(zo) = 5%1{‘1}]f($0+h)+§%%f($0—h)

exists, then
lim oy, (f)(20) = w(zo).

n—oo

Proof. To see that this result is true, we claim that

lim f(zo+ ) +f(900—95)

—wy(zo)| dr = 0.

Once this is established, the result then follows from Lebesgue’s Theorem

(Theorem [3.9.1)) with L = wy(xo).

To see that the above claim is true, let € > 0. Since
(x0) 11' f( +h)+11' f( h)
= — lim — lim —
writo 2 h\0 0 2 h\0 0

there exists an hg € (0, 00) such that if 0 < h < hg, then

‘f(330+h)+f(900—h)

_ < e
5 we(zo)| <€

Thus for all 0 < h < hy we have that

:Eo—i—% +f(:130—33)

1 [ 1
—wy(zg)| dr < E/o edx = ﬁ(he) =

Therefore, since € > 0 was arbitrary, the claim and thus proof are complete.
|
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154 CHAPTER 3. SERIES OF TRIGONOMETRIC POLYNOMIALS

In order to use Lebesgue’s Theorem (Theorem [3.9.1]) to show that the
Cesaro sums of f converge to f(zg) at various points xg, we want xg to
satisfy the following condition.

Definition 3.9.3. Let f € RZ(T). A point zo € T is said to be a Lebesgue
point of f if

1 h
lim —
h{‘%h/o

It turns out that given f € RZ(T) ‘most’ points are Lebesgue points.

f(l’o—i—(]?)—;—f((]?o—x) — f(xo)| dz = 0.

Theorem 3.9.4. If f € RZ(T), then “almost every point” in T is a Lebesgue
point of f. Consequently, Lebesque’s Theorem (Theoremm implies that

lim o, (f)(zo) = f(x0)

n—oo

for “almost every” xg € T.

Proof. The proof of this theorem requires material from MATH 4012. It may
or may not be covered based on who is teaching MATH 4012. [ |

Now let us return and see what we can prove about the pointwise con-
vergence of Fourier series without the need of Cesaro sums and Hardy’s
Theorem (Theorem [3.8.3). We start with the following.

Lemma 3.9.5. If f € RZ(T) is such that

/” f(z)

x
dx < o0,
x

then lim,, o P, (f)(0) = 0.

Proof. Let f € RZ(T) be arbitrary. Using Lemma notice for all n € N
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that

Ba(£)(0) = (f * Dn)(0)

:;ﬁ/:;f(y)D
sin((n+1) (-
:1/_7rf(y) (( +) ) d

T oo ) — sin (4 Y
1 [ sin ((n + l) y)
o /_W T — <z>2 W
. sin(ny) cos cos(ny) sin (¥

Loy sin(ny) cos
_ﬂ/ ()—sm(g d—i-f/ f(y) cos (ny)

(where the integral can be split since both integrands are the product of a
Riemann integrable function against a continuous function and thus Riemann
integrable). We will show that

7111—{20%/ f(y)cos (ny) dy =0 and (3.1)
1T (ny) cos (3
du s [ 16 >mf1(2>(2)dy =0 32)

thereby completing the proof.

To see that (3.1]) is true, let fi = Re(f) and fo = Im(f). Therefore, for
all n € N, we see that

o | Ty cos () dy

= o= | i) + ina(w) cos ny) dy

% f1(y) cos (ny) dy—i——/ f2(y) cos (ny) dy
= 2Re (f1 (n)) + 2iRe (fg(n))

by Theorem since fi; and fy are real-valued. Therefore, since the
Riemann-Lebesgue Lemma (Theorem [3.5.11)) implies that

nli_{gofl(n):O and nh_{Eof?(”):
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it follows that (3.1)) is true.
To see that (3.2)) is true, define g, 91,92 : T — C by

L f@es@) o p@eos(E) L pes()
Wm0 MO a0 R0 TG

for all z € T. Clearly g1 = Re(g), g2 = Im(g), and

y

smny ) cos (%)
o / fy sm() (@
T on

/_ i 9(y) sin(ny) dy
1

= % / ’ (91(y) +ig2(y)) sin (ny) dy

=5 / g1(y) sin (ny) dy—i——/ g2(y) sin (ny) dy
= —2Im (g1(n)) — 2im (g2(n)

by Theorem [3.2.14] since ¢g; and g2 are real-valued. Therefore, since the
Riemann-Lebesgue Lemma (Theorem [3.5.11]) implies that

lim Gi(n) =0 and  lim gGa(n) =0,

it follows that (3.2)) is true... modulo one caveat... g ¢ RZ(T) since g may
not be bounded at zero! So does the above actually work?
To see the above is valid, first note since

¢ N\ | S 2|
an | 5 T
for all z € (—m, m) that

/_ZIQ(y)\dy=/_1%dy§/_z 2|{y(iyﬂdy<oo (3.3)

by the assumptions of the theorem. It is this fact that we can use to correct
the proof.

First, due to , it follows that the conclusions of Proposition
hold whenever we use a function that is a linear combination of g and elements
of RZ(T). Therefore Theorem is still valid as the proof of Theorem
relies only on Proposition [3.2.12] Furthermore, since Proposition
[3:2.12| holds whenever we use a function that is a linear combination of g and
elements of RZ(T), to prove the Riemann-Lebesgue Lemma (Theorem
for g it remains only to show that for all € > 0 there exists an h € C(T) so
that

o [ latw) = hwldy < e
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The proof of this fact can be obtained by looking at the proof of Lemma
3.3.8. Indeed ignoring the upper bounds on elements of C(T), it suffices to
prove there is a step function hg on T such that

1 (= €
om | latw) = hotw)ldy < 5.

By (3.3)), it follows that there exists a 6 > 0 such that

€

0
[ Jow)dy < 5

so by constructing a step function that is 0 on [—d, ] and constructed on
T\ [-6,0] via the same ideas as the proof of Lemma the desired hg
will be constructed.

(The reason we did not work with such functions throughout is that we
only needed these facts in this one result and doing so would make other
results more difficult to prove.)

(Alternatively, one can revisit this after taking MATH 4012. Indeed, in
pretty much every result in this chapter, RZ(T) can be replaced with the
Lebesgue integrable functions L;(T) and shows g € Ly(T).) ]

Theorem 3.9.6 (Dirichlet-Dini’s Test). Let f € RZ(T) and let xo € T.
Assume L € C is such that

™1
oz

Then lim,, o0 Py (f)(x0) = L.

flzo+2) + flzo — 2)

5 — L| dz < 0.

Proof. Fix f € RZ(T), g € T, and L € C satisfying the assumptions of the
theorem. Define g : T — C by

f(a:o + DU) + f(x() — 33)
2

9(x) = —-L

for all z € T. Then g € RZ(T) and, since g(—z) = g(z) for all x € T,

/ dx:2/
- 0

by assumption. Hence Lemma [3.9.5] implies that

g9(z)

X

de<oo,
x

lim P,(g)(0) = 0.

n—oo
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However, notice by Proposition and Proposition we have for all
n € N that

P,(9)(0)
= (g * Dy)(0)

y)d
27T/ 9(y 4

27r/” (f($o+y)+f(

2

:417T/_7;f(a:0+y) dy+—/ f(z Dn(—y) dy

o [ EDuw)dy

b L) Dy(~y) dy

4 / f(zo —7r)Dp(r) d’r—i——/ (xo —y)Dn(y)dy — L

— o | #a - 9)Duly)dy - L

= (Dn * f)(x0) — L
= (f * Dn)(x0) — L
= Pu(f)(x0) — L.

Thus the result follows. n

One example where Dirichlet-Dini’s Test (Theorem [3.9.6) applies is the
following.

Corollary 3.9.7. Let f € RZ(T) and assume f is differentiable at a point
xo € T. Then

f(wo) = lim Py (f)(xo).
Proof. Let f € RZ(T) be such that f is differentiable at a point zo € T.
Therefore

i AR IDIIEZD) )| = (a0
SO
x»—>% f(x0+$)";f($0_x) — f(z0)

is a bounded function on (0, 7]. Thus

/”1 flzo+ ) + f(zo — x)
0z 2

so the Dirichlet-Dini’s Test (Theorem [3.9.6)) implies that
f(wo) = lim P, (f)(o)

as desired. n

- f(xo)’ dr < o0
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3.10 Mean-Square Convergence

To conclude this chapter, we return to our motivation for constructing Fourier
series, namely orthogonal projections. Using this linear algebra concept, we
can describe another form of convergence and obtain more information about
the Fourier coefficients. In particular, part a) of the following looks like
convergence where length has replaced the absolute value. This idea will be
further explored in MATH 4011.

Theorem 3.10.1 (Mean-Square Convergence). For all f € RZ(T),

a) limp o0 || Pu(f) — fllo = 0.

b) £y = /35 o IF () 2.

Proof. To see that a) is true, we will use the fact that elements of RZ(T)
can be approximated with elements of C(T) ‘sufficiently well’ and elements
of C(T) can be approximated with elements of 7 (T) ‘sufficiently well’

Fix f € RZ(T) and let € > 0 be arbitrary. Since f € RZ(T), there exists
an M € R such that [f(z)] < M for all z € T. By Lemma there exists
an g € C(T) such that

lg(z)] < 2M
for all x € T and

2

1 ™ €
o | 1@) = gla)ldo < e

Moreover, by Theorem [3.5.10} there exists p € T(T) such that
€
o) — (@) < §
for all z € T. Hence

IF =Pl <l ~glatlo—pls
(5 [ W@ —g@)de) "+ (5 [ lgta) - plo) o)
1

" % T 62 %
ﬂ/_ﬂ |f(x) — g(@)|(|f(z)] + |g(:c)|)dx> + (2177 _7r4dx>

SIS

(
< (5 [ 170~ g@lEM)ds) + £
:

IN

IN
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160 CHAPTER 3. SERIES OF TRIGONOMETRIC POLYNOMIALS

Since p € T(T), there exists an N € N such that p € Tn(T). Therefore,
if n > N then p € T,(T) and thus part E[) of Theorem [3.1.19| implies that

1F = Pu(Dll2 < If =plly <e

Therefore since € > 0 was arbitrary, the proof of a) is complete.

To see that b) is true, notice for all n € N that

1Flla = I1(F = Pu(F)) + Pa(Hlly < 1F = Pa(H)lly + [ Ea ()l

SO

LAl = B (Pl < 1F = Palh)l2 -

Similarly
1P (Hll2 = I(Pa(f) = f) + £l

< N1Ba(f) = flla + 111l

== 1If = Pa(Hlly + I £1l2

= lf = Pl Ol + 1£1ly
SO

[Pa(P)llz = 1A ll2 < 1LF = Pa()l2 -

Hence

W lly = 1 (Aol < 11 = Pa(f)lla -

Therefore, part a) implies that

Jim [|[ flly = [P (o] = 0
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SO
£l = Jim [P,
= <Z fk)er, 32 f(a)ej>
\ k=—n j=-n
T [ S0 3 FRTG) (o)
k=—nj=—n
= Jin | 3 FRTG) (e W’
= lim_ kZ F(k)f(k) (erex)=1
= lm | D 17k
k=—n
= > k)2 g b o "
k=—o00
as desired. n

One immediate corollary of the Mean-Square Convergence (Theorem
3.10.1)) is that we can compute the value of the following sum.

Corollary 3.10.2. 302, L = g—é.

Proof. Recall from Example [3.2.17| that if f : T — C is defined by f(z) =
1(z —m)? for all z € [0,27), then

for all n € Z with n # 0 and f(0) = 7{—; Therefore

[e.o]

~ 7t 11
2 ‘f(”’ 144+ Z J2n 2|2:ﬁ 527'

n=—oo
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Thus the Mean-Square Convergence (Theorem [3.10.1)) implies that

=1
i 9

n=1

ml 11 5
—‘m+(um$$‘m)

Tt (e ()

7t ot
TR
_
- 90
as desired. m

Another immediate corollary of the Mean-Square Convergence (Theorem
3.10.1)) is the ability to compute the integral of a product of functions via a
series of Fourier coefficients.

Corollary 3.10.3 (Parseval’s Identity). For all f,g € RZ(T),
> [ @i = 3 fm

Proof. 1t is elementary to verify for any z,w € C that

1
W= 5 (|z +w)? — |z —w* +ilz +iw* —ilz — iw|2> .

Hence the Mean-Square Convergence (Theorem [3.10.1)) implies that

o [ S0

-/ (u<> 9(@) — |f(@) — g(@) +ilf(x) + igla)? — il f(z) — ig(a)]?) da

= 3 (17 + 612 =17 =gl +i 17 +igl® 17 — ig]?)

i < _Z 1£(n) +G(n)* = [F(n) — G(n)* + il f(n) + ig(n)|* — i| f(n) — iﬁ(n)l2>
> Jmg)
as desired. ]
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Our final (at this time) corollary of the Mean-Square Convergence (Theo-

rem [3.10.1)) is that if “P,(f)(x) stayed away from f(x) at too many points”,
then the integral

[ 1@ - PP as

2 Jx

would stay large thereby yielding a contradiction. This is formally seen as
follows.

Corollary 3.10.4. If f € RZ(T), then lim, o Pp(f)(x) = f(x) for ‘almost
every’x € T.

Proof. The proof of this result is beyond the ability of this course as it
requires technology from MATH 4012. ]

One can actually improve upon the Mean-Square Convergence (Theorem

3.10.1):
Theorem 3.10.5. If f € RZ(T) and p € (1,00), then

Jim 1/7r F(2) — Palf) (@) dz = 0.

Proof. The proof of this result is beyond the ability of this course as it
requires technology from MATH 4011. [
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Chapter 4

Applications of Series of
Functions

In this final chapter, we will look at some applications of the theory developed
throughout the course, mainly the results in Chapter[3] This will demonstrate
the power of series of functions; more specifically Fourier series.

Of course the applications studied in this chapter are just a sampling
of what can be done. One example we wish we had time for would be a
complete proof of the Central Limit Theorem in probability. Said proof can
be accomplished by taking a suitable transformation of the distributions of
averages of random variables, taking a limit of the transformations, realizing
the limit is the transform of a Gaussian distribution, and showing this
implies the average of random variables tends to the Gaussian distribution
in a certain sense. This is very reminiscent of Fourier series, but requires a
fair bit of technology that would take all the time we have for applications.
Consequently, we will focus on these multiple applications instead.

4.1 Isoperimetric Inequality

For our first application of Fourier series, we will look at the question in
geometry of maximizing the area contained in a region of R? by a closed
string of a fixed length. Of course our intuition says the optimal shape
should be a circle. However, we have seen weird things in this course such
as a function that is continuous but nowhere differentiable, so perhaps our
intuition is incorrect. Modulo some assumptions (which are made in the
following definition), it turns out Fourier series can be used to show our
intuition is, in fact, correct.

Definition 4.1.1. A parametrized curve in R? is a set I' € R? such that
there exists a continuous function v : [a,b] — R? such that I' = Range(y).
The function « is called a parametrization of T

165



166 CHAPTER 4. APPLICATIONS OF SERIES OF FUNCTIONS

It is said that I' is closed if y(a) = v(b).

It is said that I' is simple if I' does not intersect itself except possibly at
the endpoints; that is if ¢1, t2 € [a, b] are such that t; # to, then y(¢1) # v(t2)
provided {z1,z2} # {a,b}.

Finally, it is said that a simple closed curve I' is smooth if v is continu-
ously differentiable on [a,b] (with the one-sided derivatives at the endpoints
agreeing) and +/(t) # 0 for all ¢ € [a, b).

Remark 4.1.2. It should be pointed out that a curve being ‘smooth’ can
mean different things in different contexts by various authors. For us, we
will just need the above definition in our main result and thus opt for this
definition of ‘smooth’ in order to simplify discussions.

Remark 4.1.3. It is not difficult to see that if v : [a,b] — R? is the
parametrization of a simple closed curve, then the z- and y-terms of v are
continuous periodic functions with period b — a. We will make use of this
fact in order to apply Fourier series provided we can reduce to T. Indeed
this can often be done via the following.

Definition 4.1.4. Let 7 : [a,b] — R? be the parametrization of a simple,
closed, smooth curve I'. A re-parametrization of v : [a,b] — R? is a function
¢ : [c,d] — R? such that there exists a continuously differentiable bijective
function ¢ : [¢,d] — [a, b] with non-vanishing derivative such that

for all s € [c,d].

Note a re-parametrization yields the same subset of R? and we can
always re-parametrized so that we are working on T. Of course, the hope in
differential geometry is that the parametrization does not affect the quantities
one desires to study. The first quantity we desire to study is the following.

Definition 4.1.5. Given a simple, closed, smooth curve I' parametrized by
7 : [a,b] — R? where v(t) = (z(t),y(t)) for z,y : [a,b] — R, the length of T
is defined to be

()= [0l = [ ORI 0P i

Remark 4.1.6. It is not difficult to see that the above is the correct formula
for length based on elementary calculus arguments (i.e. distance travelled is
the integral of speed).

Remark 4.1.7. It is necessary to show that the length of a simple, closed,
smooth curve I' does not depend on the parametrization. Indeed assume I’
is parametrized by 7 : [a,b] — R2, ¢ : [c,d] — R?, and ¢ : [¢,d] — [a,b] is a
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continuously differentiable bijective function with non-vanishing derivative
such that

p(s) =(¥(s))
for all s € [c,d]. Notice this implies

¢'(s) =7 (1())'(s)

for all s € [c,d]. Moreover either ¢/(s) > 0 for all s € (¢,d) or ¢'(s) <0
for all s € (¢,d). The former is the case that v and ¢ draw I' in the same
orientation whereas the latter is the case that v and ¢ draw I' in different
orientations. Therefore we obtain that

d d
L 1@y ds = [T G, 1/ (5)1ds
b
= [ 1ol

via a change of variables. (Well, there is actually a lot to prove here. First, if
Y (c) = a and ¥(d) = b, then 1)/(s) > 0 and the above holds via by the Change
Rule. If ¢(¢) = b and 9(d) = a, then ¥’(s) < 0 so we would introduce a
negative sign when implementing the Change Rule, which would be corrected
as we would need to change the order of the bounds of the integral. Finally,
if we re-parametrized I' with a different parametrization where we do not
start and end at v(a) = 7(b), the same proof works by using periodicity.)
Hence the length of I' is well-defined.

Remark 4.1.8. Given a simple, closed, smooth curve I', we can always
re-parametrize I' to ensure I" is parametrized via a continuously differentiable
map 7 : [0, 27r] — R? with non-vanishing derivative. Moreover, it is possible
to assume that v has constant speed; that is, there exists a ¢ € R such that
|7/ (t)| = ¢ for all ¢ € [0, 27] (specifically, we would expect ¢ = @) Indeed,
consider the map f : [0, 27| — [0, 27| by

1) = gt [ I @l a

for all s € [0,27]. By the definition of the length of I' and since 7’ does not
vanish, f is a continuously differentiable bijective function with

f(s) = ;{I) IV(s)[l, #0

for all s € [0,27]. By elementary calculus, 1 = f~!: [0,27] — [0,27] is a
continuously differentiable bijective function with non-vanishing derivative

such that
1 1

Pi(s) = f((s)) - % (RACACIIP
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for all s € [0,27]. Therefore if ¢ : [0, 27] — R? is defined by

for all s € [0,27], then

" = [V (@ (s) W' (s)]]., = ||/ ((s x - i3
HSD( )HQ ||7 (W) ( )H2 ||7 (¥( ))||2 %"7'(1?(3))“2 27

for all s € [0,27] as desired.

By our Fourier series arguments, we can now assume that I' is continuously
differentiable map v : [-m, 7] — R? with constant speed. Thus we are in
Fourier series territory now to study ~.

Of course, the other geometric quantity we require is the following.

Definition 4.1.9. Given a simple closed curve I" parametrized by v : [a, b] —
R? where v(t) = (x(t),y(t)) where x,y : [a,b] — R, the area enclosed by T is

AT) = 1

S| #Ov o - v @),

Remark 4.1.10. Green’s Theorem from multivariate calculus implies the
above is the correct formula for the area enclosed by a simple, closed, smooth
curve. As Green’s Theorem is the stable of any multivariate calculus course,
we omit the proof.

Remark 4.1.11. Again it is necessary to show that the area enclosed by
a simple, closed, smooth curve I' does not depend on the parametrization.
Indeed assume I' is parametrized by v : [a,b] — R? ¢ : [c,d] — R2, and
Y i [e,d] — [a,b] is a continuously differentiable bijective function with
non-vanishing derivative such that

for all ¢t € [a,b] and s € [c,d], then

zo(s) = 2(y(x)) yo(s) =
' (¥(s))¢/(s) and Yo(s) =

2(s)
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for all s € [¢,d]. Thus, by the same technical arguments as in Remark
we have that

d
5| w(s)uh(s) — wols)h(s) s
1
2
1

2

[0 ® v ar

Hence the area enclosed by a simple, closed, smooth curve is well-defined.

With the above technicalities out of the way, we can discuss our main
result.

Theorem 4.1.12 (Isoperimetric Inequality). If T" is a simple, closed,
smooth curve in R2, then
(r)?
4
Moreover, this inequality is an equality if and only if I' is a circle.

A(l') <

Proof. Note if I" is a circle of radius r, then we know that ¢(I") = 27r and
A(T) = 7r? so equality easily holds. To proceed with the remainder of the
proof, we will first show that the inequality is true, and then shows based on
the proof that the inequality holds exactly when I' is a circle.

To see that the inequality holds, let v : [, 7] — R? be a parametrization
of T' of constant speed. Thus if z,y : [-7, 7] — R? are such that v(t) =
(x(t),y(t)) for all t € [—m, w], then there exists a ¢ € R such that ¢ > 0 and

)2+ Y (O = ¢

for all t € [—m, m]. Therefore
/ \/| 12+ |y/( )|2dt:/ cdt = 2me
Thus
¢(T)
oo

By assumptions, 2/, y" € C(T). Moreover, notice for all n € Z that

~ 1 ™

x'(n) = o 2’ (t)e™ ™ dt
1 —int " 1 " ] —int
= | —uxz(t)e - —/ x(t)(—in)e """ dt
2 t=—m 27 —7
=0+ %/ z(t)e " dt
=1inZ(n)
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and similarly 3/(n) = ingj(n). Therefore, the Mean Square Convergence
Theorem (Theorem [3.10.1)), we obtain that

[e.e]

3w (lF) + [5l?)
= 3 [P + g

1 T / 2 1/7r ! 2
= — )| d — t)|°d
o DAL= MO

1 T
=5 | R®OF+ @) d
-7

1 /™ 4
- dt
27T /—Trc

=2 (4.1)
Furthermore, Parseval’s Identity (Corollary [3.10.3)) implies that

A = 5| [ 2w - 'O dt

=7 > ) -~ i)

=7 i Z(n)iny(n) —inZ(n)y(n)

~ x| > (e - Fglo)

S Y wiE)in) - Fw) (12)
< Y 2R3 (1)
<r Y n(Em + P (1.4
<v Y wEmP ) 20 (45)
a2

)y

= (%)

oy

. 4r

as desired.
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To prove that if A(T") = Z(i;) then F is a circle, note that equality in the

Isoperimetric Inequality implies that (4.2 - , and (4.5)) are equalities
by the above proof. Note equality in 1.' 1mphes that |Z(n )|2 +1gn)? =0
for all n such that |n| > 2. Thus a, = b, = 0 for all n € Z with |n| > 2.
Thus x and y must be trigonometric polynomials of degree at most 1 so we
may write

z(t) = are + ag +a_r1e”™® and y(t) = bie + by +b_je

for some a1, ag,a_1,b1,bg,b_1 € C.
Since = and y are real-valued, this implies ag,by € R, a_1 = a7, and

b_1 = by (see Theorem [3.2.14). Moreover, equality in (4.4) implies
2lar||br] = |a1[* + [ba?
and thus |ai| = |b1|. Furthermore, notice equation (4.1)) implies that
1
=3 n?(lanf? + ba]?) = 2(lar]? + [01]*) = 4|a1[?
n=—1

Therefore

C
= b = —
la1| = |b1] 5

SO we can write

c . c .
a; = —e% and b = e
2 2
for some 6,, 60, € [—m, 7).
By examining the inequalities from (4.2) to . to (| ., equality implies

that

1
2la1by — @by = > n|@(n)g(n) — z(n)j(n)|

n=-—1
1
= Z n2(|an‘2 + |bn’2) =
n=—1

Thus, subbing in the expressions for a; and by, we obtain that

=5 () () (5

c2 . .
_ ez(ea—eb) _ e_z(ea—eb)

= 2| sin(f, — 0y)|.
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Hence |sin(6, — )| = 1s0 0, — 0 = %’T for some k € Z. Therefore

z(t) = are™ + ag +a_1e”"
= aleit + agp + CTleiit

_ C [ i(t—04) —i(t—04)

=ap + 9 (e +e )

=ap+ gcos(t —6,)

and
y(t) = bie +bg+b_1e ¥

= bre 4+ ag + bre

— by + g (ei(t—é)b) + e—i(t—eb))

= by + gcos(t — 6p)

k

:b0+§cos <t—0a+;>

= by £ gsin(t—ea)
(where + is used when %31 is even and — is used when %35! is odd). Thus
v(t) = (z(t),y(t)) is the parametrization of a circle, so I' is a circle as
desired. m

4.2 Weyl’s Equidistribution Theorem

Our next application of Fourier series is rooted in ergodic theory; the branch
of mathematics that studies properties of dynamical systems. To understand
the basic concepts of ergodic theory, consider the interval [0,1) where we
work modulo 1 and a bijective function f : [0,1) — [0,1). The hope is to
understand the behaviour of f™ on points of [0,1) as n varies. For example,
for a fixed number v € (0, 1), consider f defined by f(z) = x+~. For a fixed
xg € [0,1), what can be said about (f™(z0))n>1? In particular, if we were to
plot these points, what does their distribution look like? Does it clump up
or spread out? In particular, does it have the following property?

Definition 4.2.1. A sequence (z,),>1 in [0, 1) is said to be equidistributed
if for all (a,b) C [0,1),

<n<
o LSS N | @€ (@b}

N—o0 N —b—a

where, given X C N, | X| denotes the number of elements in X.
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Remark 4.2.2. Equidistributed clearly means ‘equally distributed’; that
is, if a sequence (xy,),>1 is equidistributed, then the probability a term in
(n)n>1 lies in an open interval of [0, 1) is approximately the length of the
interval as we add more and more points. This means that asymptotically
(n)n>1 is distributed with respect to the uniform distribution. Thus (zy,)p>1
will be as ‘spread out as possible’ in [0, 1). Moreover (z,),>1 must intersect
every interval; a property in topology known as being dense. Thus being
able to show sequences are equidistributed is desirable.

It is not difficult to show that certain sequences are not equidistributed.

Example 4.2.3. For all n € N, let x,, = 2% Then (xy,),>1 is not equidis-

tributed since
fnsnfne (G} o
N 2

for all n € N.

Example 4.2.4. Consider the sequence
11131113151 711

It is not difficult to see that this sequence intersects every interval, but is
not equidistributed since any interval (a,b) around % will yield

{1<n<N | e@h} 1 1

N -2 N’

and there are intervals of length less than % centred at %

For more examples, we note one useful way to construct sequences in [0, 1)
is to construct a sequence in R and use the following ‘modulo 1’ function.

Definition 4.2.5. Given x € R, the integer part of x (also called the floor
of ), denoted |z, is the greatest integer less than or equal to x.
Given = € R, the fractional part of x, denoted [z], is defined to be

[z] =2z — |z] €]0,1).

By working ‘modulo 1’, we note if x,y € [0,1), then [z + y] € [0,1).
Similarly other operations behave well with respect to taking the fractional
part.

Example 4.2.6. For another example of a non-equidistributed sequences, fix
q € @N[0,1) and consider the sequence ([ng]),,>;. If ¢ = § with ged(a,b) =1

then L 9 b1
[nq] € {0,b7b7...,b}

for all n € N. Thus clearly ([ng]),~; is not equidistributed as it does not
intersect (O, %)
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However, if we take an irrational number, then the exact opposite occurs:

Theorem 4.2.7 (Weyl’s Equidistributed Theorem). If v € R is irra-
tional, then the sequence ([nv]),>, is equidistributed in [0, 1).

The way we will demonstrate the Weyl’s Equidistributed Theorem (The-
orem [4.2.7) is by demonstrating the following criterion for a sequence to be
equidistributed.

Theorem 4.2.8 (Weyl’s Criterion). A sequence (xy,)n>1 in [0, 1) is equidis-
tributed in [0,1) if and only if

1 Y :
lim — > ™! =0
N—oo N nzl

for all k € Z\ {0}.

Indeed, Weyl’s Equidistributed Theorem (Theorem |4.2.7) can be proved
using Weyl’s Criterion (Theorem 4.2.8]) as follows.

Proof of Weyl’s Equidistributed Theorem via Weyl’s Criterion. Let v € R
be irrational. To see that ([n7]),,> is equidistributed in [0,1), it suffices by
Weyl’s Criterion (Theorem 4.2.8)) to show that

N—oo

1N
. 2k P
lim N gile mklmli _

for all k € Z\ {0}.
Fix k € Z \ {0} and notice that
™ = cos(2mky) + isin(2mky) # 1

as <y is irrational. Therefore, for all N € N

1 Y 1 :
N Z e2mhlnli — N Z ek 2m-periodicity
n=1 n=1
1Y 2mkyi\ "
=5 2 (™)
n=1
1 (e2mRyiyN+1 _ q
= Ne%k””( 62”’2” —7 geometric series.

Since for all N € N

1 2

< N |627rk'yi _ 1”

2|
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we obtain that

N—o0

1 E [n]i
li 2mwk([nyli 0
1m ~ (&

Thus, since k € Z \ {0} was arbitrary, Weyl’s Criterion (Theorem [4.2.8)
implies that ([n7]),,>, is equidistributed in [0, 1). ]

Remark 4.2.9. To be able to prove Weyl’s Criterion (Theorem , we
desire to connect the definition of equidistribution in [0,1) to notions of
functions and integrals we have seen in this course. To do this, let (xy,)n>1
be a sequence in [0,1), let A C [0,1), and define the characteristic function
of A to be the function x4 : [0,1) — R defined by

(2) 1 ifzeA

x) = .

x4 0 ife¢A

Notice for any (a,b) C [0,1) that
1 {1 <n <N | € (a,0)}]
N ZX(a,b)(xn) =
N — N

and .
/0 X(ap)(7) dz = b — a.

Therefore, by the definition of equidistributed, (x,,),>1 is equidistributed in
[0,1) if and only if

' 1 N 1
Jm % 3 Xan(a) = [ xen(o)ds

for all (a,b) C [0,1). Consequently, it is easy to see how the following result
may be of use in the proof of Weyl’s Criterion (Theorem |4.2.8]).

Lemma 4.2.10. Let (x,)n>1 be a sequence in [0,1). Then

1 X ‘
lim — eZﬂ'kxnz =0
N—oco N nzl

for all k € Z\ {0} if and only if

for all continuous periodic functions f : R — R with period 1.
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Proof. To begin, assume

for all continuous periodic functions f : R — R with period 1. By using the
linearity of the integral, the above limit holds for all continuous periodic
functions f : R — C with period 1.

Fix k € Z\ {0} and let f : R — C be defined by

f(.’lf) — eQﬂkxi

for all z € R. Thus f is a continuous periodic function with period 1 so the
above implies that

1 .
0 :/ 627rkm dx
0
1

1 Y .
= lim — 627rkmnz
N—oco N nzl

as desired.
For the converse direction, assume

1 Y :
lim — Y e?™hmi = 0
N—oco N nZ:l

for all k € Z \ {0}. The idea of the proof is that this assumption implies the
conclusions for trigonometric polynomials (using e*™**% instead of €***) and
thus will hold since we can uniformly approximate periodic functions with
trigonometric polynomials.

Let € > 0 be arbitrary. Consider the function g : R — R defined by

o) =1 (5

for all x € R. Since f is continuous and periodic with period 1, g € C(T).
Therefore, Theorem [3.5.10| implies there exists a p € T(T) such that

lg(x) —p(x)] < 3
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for all « € [0,2). Since p € T(T), there exists an m € N and {a;}~_,, € C

such that
m .
Z ag ezkx
k=—m

for all € [0,27). Therefore, if ¢ : R — R is defined by

q(x) = p(2mx) Z e

k=—m

for all z € R, then for all x € [0,1) we have that

(@) = q@)| = lg(2ma) — p(2ma)| < 3.

Notice that

/Olq(ac)d:r:/o1

and thus

N

Z 2™ gy — Z ak/ e2mhai gy oo

k=—N k=—m

. ' 1
=% Z Z ape>Tkent since NNaOeO = ag

m
> Jax

k=—m

k40

IA

1 N
2 : 2rnkxni
N © '
n=1

Therefore, since

lim eQﬂ'k’xnz _
N—oo N Z

for all k € Z \ {0}, there exists an Ny € N such that

’qun —/1 x)dx

<,
3
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for all N > Nj.
Thus, for all N > Ny we have that

1 Y 1 Y 1 N 1
S \N In) = 5 Tn)| + |77 $n—/ x)dz
EOISER D WIENIENS ENEY T
1 1
+ q(z) dm—/ f(z)dx
0 0
1 (&Y € 1
n=1
1 (X e € 1e
<= 3 = -d
< (g) s s
_EL L,
3 3 3
Therefore, since € > 0 was arbitrary, the result is complete. n

With that lemma out of the way, it is now possible to prove our desired
result.

Proof of Weyl’s Criterion (Theorem . Let (zn)n>1 be a sequence in
[0,1). Assume that

1 N
li § : 2nkxni =0
11m — ~ e

N—oo

for all k € Z\ {0}. To see that (x,,)n>1 is equidistributed in [0, 1), by Remark
we simply need to upgrade Lemma to include characteristic
functions of intervals.

Let (a,b) C [0,1] be such that a < b and let € > 0 be arbitrary. Consider
the 1-periodic functions fy : R — R and f_ : R — R defined by

if x € [a, D]
(x—a+e€) ifxela—eadlla,b
(b+e—x) ifzelbb+ella,b

otherwise

Kh
+
2
Il
O Al al=

ifxefa+eb—¢
if z € [a,a + €
if 2 €b—eb]

otherwise

—~
SR
Lo

8

Tﬁ
—~
8
N—
Il
O al=a= =
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Thus fy and f_ are continuous functions such that

/f Vde = (b—a) — 2e, /f+ Vde < (b—a) + 2

and
[ (@) < X(ap) (@) < f4(2)
for all z € [0, 1].
Recall Lemma implies that

1 & 1

Jim o 3 fian) = | f@)de
N 1

Jim S () = [ @) da

SWAISEESS Ly
~ f-(2n) < = X(a,b)(xn) < = f+(@n),
N n=1 N n=1 N n=1
we obtain that
1
(b—a)—2e= _(z)dx
0
< R
AN Z f-{az)
1 X
< hmlnf— ZX a,b)(Tn)
n 1

<hmsup—ZXab n)

N—o0 n=1

< (b—a)+ 2e.

Thus, since € > 0 was arbitrary, we obtain that

N N
1 1
b—a<hm1nf—§ X(a,b) mn)<hmsupﬁg X(ap)(Tn) < b —a.

N—o0 el N—oo n=1

Hence

NIgHOONZXab Tn —b—a—/ X(ap)(
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Therefore, since (a,b) C [0,1) was arbitrary, (z,)n>1 is equidistributed in

[0,1) by Remark

Conversely, assume that (xy,)n>1 is equidistributed in [0,1). To see that

lim e2mheni — ()
N—o0 N Z

for all k € Z \ {0}, it suffices by Lemma [4.2.10| to show that

for all continuous periodic functions f : R — R with period 1. The idea is to
use the fact (z,)n>1 is equidistributed in [0, 1) implies the desired limit holds
for characteristic functions of intervals and extend this to linear combinations
of characteristic functions of intervals and then to all continuous functions
via Riemann sums.

First we generalize Remark to more intervals. Since (zp)p>1 is
equidistributed in [0, 1), Remark implies that

lim 7ZXab) (xn) =b—a.

N—ooo N
Thus
J&%NZXOD o) =1
SO

lim 72)(00 .Z‘n —O

N—oco N
Since for any b < 1 we have that
X[, (T) =1 = X1 (7)

for all z € [0,1) we obtain that

lim *ZX[Ob] (xn) = hm —Zl—x(bl)(xn)_l—(l—b)—b

N—oco N
Similarly, for any 0 < a < b < 1, we have that

X[ap](®) = 1= X[0,0/(*) = X(0,a)(Z) = X(5,1) ()
for all z € [0,1) so

A}gnooﬁkz:lx[ab (7)) =1-0—a—-(1-b)=b—a.
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Returning to the desired direction, fix an arbitrary continuous periodic
function f : R — R with period 1 and let ¢ > 0 be arbitrary. Since f is
Riemann integrable, there exists a partition P = {t;}¢_, of [0, 1] where

O=tg<ti < -~ <tyg=1
such that if

My =sup({f(x) | = € [tg—1,tx]}) and
my = inf({f(z) | = € [tk—1,tx]})

for all k € {1,2,...,n} and

‘
U(f,P) =) Mi(tx —tr—1) and
k=1

¢
P)=> mi(te — tr—1),
k=1

then
P)< [ fe)de SUGLP) < L(P) 4

Define f_, f+ : [0,1] — R by
l
f+(x) = Z MkX[tk_l,tk} (.CU) and
k=1
l
(@) =" meX( ) (@)
k=1
for all z € [0,1]. Thus

for all z € [0,1] so
N 1 N N
z_: xnéﬁz wnéﬁz_: +(7n)
for all N € N. Since

lim —Zf+ (xn) = ZZMkth Ltk (zn)

N—oo N =1k=1
¢ N
-3 M, (Z&gnoo N 2 Xt (m)
k=1 n=1

¢

= Mi(tx — tr-1)
k=1

=U(f,P).
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and similarly

. 1
Jim Z f-(zn) = lim_ N Z Z MEX (b1 1) (Tn)
o =1 k=1
¢
=1
¢
= my(ty — tp—1)
=1
= L(f,P)

we obtain that
1
/ flz)de —e < L(f,P)
0

< hmmf— Zf (zn)

N—oo

< hmsup— Z f(zn)

N—o00 n 1
<U(f,P)
SL(f7P)+€

§/01f(:n)d:n—|—e.

Therefore, since € > 0 was arbitrary, we obtain that

/lf( dx<hm1nf—2fxn <hmsup—Zf$n /f
0

1
Jim 32 o) = [ ) da
Hence, since f was arbitrary, the proof is complete. ]

4.3 Solution to the Heat Equation

Fourier series can also be used to solve problems in physics and many other
areas. One example of this is the so-called heat equation where we have a
fixed position object and are looking at its temperature u(x,y,t) at point
(z,y) at time t. Using physics, it is possible to show that u satisfies the
differential equation

o ou B ?u 0%

ot 022 oy
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where o is a constant called the specific heat of the material and & is a
constant called the conductivity of the material.

The goal of this section is to solve the steady-state heat equation; that
is, when %1; = 0. This represents determining the temperature distribution
u(z,y) of an object at equilibrium. In particular, our solution will focus on

the case of a circle (or narrow disk). Since every point in the open disk
D= {(z,y) e R?* | 2* +4y* < 1}

can be though of in polar coordinates with radius at most 1, we can represent
D as [0,1) x T. The solutions to the steady-state heat equation then follows
from considering the Poisson kernel.

Theorem 4.3.1. Let f € RZ(T) and define u: [0,1) x T — C by

u(r,0) = (f = P)(6)
for allr € (0,1) and @ € T. Then the following are true:
a) If 0 € T is a point of continuity of f, then

}1/1% u(r,0) = f(0).

Moreover, if f € C(T), then the limit is uniform over 6 € T.
b) u is twice continuously derivatives in the open unit disc and

0’u  0%u

Au = 92 + P = 0.

c) If f € C(T), then u is the unique solution to the steady-state heat equation
in the open unit disc with boundary values f; that is, u is the unique
twice continuously differentiable function on the open unit disc such that
Au =0 and

lim u(r,0) = f(0)

r 1

uniformly over all 6 € T.

Proof. Clearly part a) follows immediately from Theorem m To see that
part b) is true, we will be working with polar coordinates.
First recall that

oo
u(r,) = Y M fn)e?
n=-—oo
Moreover, from the Riemann-Lebesgue Lemma (Theorem [3.5.11)), we have
that

~ ~

lim f(n) =0 and nli}lzloof(n) =0.

n—oo
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~

Therefore, (f(n))nez is bounded so there exists an M € R such that
Fm)| < M

for all n € Z. Note for all r € [0,1) that

converges by a simple application of the Ratio Test (Theorem [1.2.18]). There-
fore, by using the Weierstrass M-Test (Theorem [2.2.16]) and the real and
imaginary parts of u, we may to conclude that

e}

Z n,r|n|—1f(n)€in0
n=-—o00
converges uniformly over r € [0,1), and by using Corollary we obtain
that u is differentiable with respect to r and
)= S Il Fnet
or

n=—oo

(note this technically only gives us u is differentiable with respect to r on
(0,1), but this can be extended to r = 0 by some simple computations.)

Similarly arguments show that u is twice (actually infinitely) continuously
differentiable with

gg(r, 0) = Z inr'"lf(n)em@

2 0 N )
CLr0 = Iollnl D" F)e™ and
2 0 . )

g;;(r, 0) = Z —n2rl" f(n)e?.

Recall by Appendix [C.3] that in polar coordinates

0*u  10u 1 Ou?

Au=gat e o

Therefore, we obtain that

[e.e]

du= 3 <|n|(\n| R (L (—n2r|"|)) Fn)e?
R S (I N L e W
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as desired.

To see that c) is true, assume v : [0,1) x T — C is twice continuously
differentiable function on the open unit disc such that Av = 0 and

lim v(r,0) = f(0)

1

uniformly over § € T. For all r € (0,1) and n € Z, let

an(r) 1/ v(r,0)e~™ dg

:% .

(i.e. the n'® Fourier coefficient of 6 — v(r,6)). Our goal is to show that
() = 1

for all n € Z and r € (0,1). Indeed if for all r € (0,1) we can show that

rlol fln) = - /7r u(r,0)e”"" do),

2r J_x

then, by Lemma [3.6.6] and the uniqueness of the Fourier coefficients for
continuous functions from Corollary we would obtain that

v(r,0) = u(r,0)

for all @ € T and r € (0,1), which implies v = u by continuity thereby
completing the proof.

To prove the desired formula for a,(r), we will construct and solve a
second order differential equations using Av = 0. Note by the Leibniz
Integration Rule (Theorem that a,, is twice continuously differentiable
on (0,1). Moreover, since for all n € Z, r € (0,1), and 6 € T we know that

2 2
0= eiinaAU(T, 9) _ efine <a v 10v 1 ov > (T, 6),

o Tror T 2oe
by integrating with respect to # and applying the Leibniz Integration Rule
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(Theorem [C.2.1)) we obtain that
L (™ o (0* 10v 1 002
— me S 0)do
0 277/_7r€ <8T2+r8r+r2892 (r,9)

2 T . ™ .
= % <21/ v(r, 0)e"? d9) + lg (21/ v(r,0)e” M d@)
r2 \2m J_x ror \2n J_x

1 /™ 10 —ind
+%[Wﬁw<r,0)e d@

1 T Qv?
2mr? J_, 062
1, 1 (0 ™ 9y

N/ L .

- G/n(’r) + ran(/r) + . 89
o 1/ _1(/7rav i —inf )
=a,(r)+ ran(r) 22\ 78 (r,0)(—in)e do

=al(r) + %aﬁl(r) L (O - /7r v(r, 0)(—n?)em? dH)

2mr? —r

1 )
=ap(r) + —a,(r) + (r, 9)6_”7'0 db
r

(r, 0)(—in)e—in" d9>

2mr2

2 s

" 1/ _ n / —inf
=a,(r)+ ran(r) Sy 7ﬂv(r, 0)e=""" do

To solve this second-order differential equation for a,(r), fix n € Z and
let by (r) = 220 for all 7 € (0,1). Thus by is twice continuously differentiable

rn

on (0,1) with

al,(r) = nr" o, (r) + 7", (r)  and

al(r) =n(n — 1)r" " 2b,(r) + 2ne" 710 (1) + r"bll (7).
Therefore, we obtain that

0= (nln = 1)r"2b,(r) + 200", () + "8 (1))

TL2

1 n—1 n n
= (a7, (1)) = 5 r"ba(r)
= 1"by (r) 4+ (2n + 1)r" =), (r).

Thus
0=rb!(r)+ (2n + 1), (r) = (rb,(r) + 2nb,(r))’.

Therefore, there must exists a constant ¢, € C such that
rbl,(r) + 2nb, (1) = ¢,

for all » € (0,1). To solve this differential equation for b,(r), by breaking
the discussion via the real and imaginary parts of b,, we may assume that
b, is real-valued in the following computations.
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In the case n = 0, we see that rby(r) = co so

r) = bo(r /b’ dr—/ dr = do + coIn(r)

for some constant dy. Otherwise, when n # 0, let

Cn
hyp(r) = b,
(1) = bn(r) — .
Therefore
rhl (1) + 2nh,(r) =0
SO
ho(r) — 2n
b (1) o
and thus

/ ' (r) dt /—dt —2n1n(r) + In(d,) = In(d,r ")

T’

for some constant d,,. Therefore
hn(r) = d,,r—2"

SO

and thus

Since v is continuous on the open unit disk, v must be bounded near zero.
Therefore, since

1 /= .
an(r) = o [ v(r,0)e~" dp,

we must have that a,(r) is bounded as r tends to 0 from above. Therefore,
by examining our formulae for a,(r), we must have that ¢ =0 and d, =0
for all n € Z \ {0} so that ag(r) = sp and

an(r) = Spr!™
for all n € Z \ {0} where s, are constants. However, since

lim v(r, 0) = f(0)

r/'1

©For use through and only available at pskoufra.info.yorku.ca.



188 CHAPTER 4. APPLICATIONS OF SERIES OF FUNCTIONS

uniformly over 6 € T, we obtain for all n € Z that
In|

S, = lim s,r
n r/‘ln

= }1/‘11} an (1)

1 /= .
= lim </ v(r,0)e”"? d0>
7‘/‘1 27T —T

1 7 ,
= —/ (lim v(r, 9)) e dg by Theorem [2.4.4
2 J_x r 1
=L 7 e an
27 J_x
= f(n).
Hence
an(r) =" f(n)
for all n € Z thereby completing the proof by the above discussions. ]

To conclude this section, we point out that Theorem also is of
importance in complex analysis. Indeed u represents the unique harmonic
function on the closed unit disk with boundary values f. The study of
harmonic functions is vital to complex analysis.

4.4 The Riemann Zeta Function

To conclude our applications chapter, we look at one instance of series that
is not related to Fourier series, but one of the most important series in not
only number theory, but pure mathematics:

Definition 4.4.1. The Riemann zeta function (on (1,00)) is the function
¢ :(1,00) — R defined by

for all s € (1,00).

Remark 4.4.2. It is elementary to see that ((s) is well-defined for all s €

(1,00) as the p-test (Corollary implies the series 0% | -L- converges
absolutely for all s € (1, 00).

In fact, ¢ can be extended to a large portion of the complex plane. Indeed
it is not difficult to extend ¢ to all s € C with Re(s) > 1 via the same series
definition. To see this, note for all s = a + bi with a,b € R and a > 1 that

Lo b o mey L

—ibIn(n)

= - e
ns nanbz no no
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(modulo understanding complex logarithms), so

IR
n=1 n? n=1 n®
converges absolutely and thus ((s) = 3202, -= converges for all s € C with
Re(s) > 1.
For our next extension, notice for all s € C with Re(s) > 1 that
=1 > 2
1- _
n=1 n=1
s 1 > 1 > 2
= + —
Eotv Lar) Lar
e M
= (2n—1) = (2n)°
< (1)
s

(since all series involved converge absolutely by the same arguments as above).
Therefore . - o
C(s)_1_21_sz( )
n=1
for all s € C with Re(s) > 1. It is not difficult to see that this definition of ¢
extends to all s € R with 0 < s < 1 by the Alternating Series Test (Theorem
1.2.22)).

It is more complicated to extend (¢ to all s € C with 0 < Re(s) < 1 as the
above series will not be ‘alternating’ As this requires knowledge of analytic
extensions from complex analysis, we will not pursue this. However, with
some knowledge of Fourier series on R (another topic we do not have time
for), it is possible to show Riemann’s functional equation

nS

((s) = 2°7*Lsin (?) ['(1—s)((1—s)
where T" is the Gamma function defined by
I'(s) :/ ¥ e du.
0

(In fact, T'(n) = (n — 1)!). Modulo complex analysis, this lets one extend ¢
to all s € C with Re(s) < 0.

Of course, our focus on the Riemann zeta function will not lie in these
complex analysis results, but the connection between the Riemann zeta

©For use through and only available at pskoufra.info.yorku.ca.



190 CHAPTER 4. APPLICATIONS OF SERIES OF FUNCTIONS

function and prime numbers. Unfortunately, we will not go so far as to study
the Riemann Hypothesis (that is, the question of whether or not all zeros
of ¢ in the region 0 < Re(s) < 1 occur on the line Re(s) = 3, which has
implications for quantum computing and factorization of primes), but to
establish some elementary facts. To do this, we must first discuss infinite
products.

Definition 4.4.3. Let (ay),>1 be a sequence of positive real numbers and
for each N € N let

N
Py =ajas---any = Hak.
k=1

The infinite product [];2; ay, is said to converge to L if (Pn)n>1 converges
to L.

The most basic connection between the Riemann zeta function and prime
numbers can be seen via the following result.

Theorem 4.4.4 (Euler’s Product Formula). For all s € (1,00),
1

((s) = H 1_1°

p a prime = p®
Proof. Fix s € (1,00). Recall by the Fundamental Theorem of Arithmetic
that every n € N has a unique factorization into a product of powers of prime
numbers. Therefore, for all N, M € N we have that

o ($))5 s

p a prime n=1
p<N

Since 0 < # < 1 for all primes p, we have via geometric series that

1 =/ 1)\°
I <p’f >
p? k=0
and every term in the series is positive. Therefore
1 =1

11 <>
11— L - ns
p a prime ps n=1

p<N

for all N € N. However, notice that if n € N and n < N, then n is a product
of powers of primes that are all at most N. Therefore

N 1 o0 1 3
> I > ()
n=1 p a prime k=0
p<N
1 =1
= 1 g=r=2 0
p a prime ps n=1
p<N
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Therefore, by taking the limit as N tends to infinity, we obtain that

1
p a prime ps
converges and is equal to ((s) as desired. N

To finish off the course, we note the following series diverges, which
implies there are a lot of primes.

Corollary 4.4.5. The series

>

p a prime

1
p
diverges.

Proof. We will show for any N € N that

1 1
> = >In(In(N)) — 5
p a prime
p<N

from which the result clearly follows.
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To begin, notice that

1 1
In = —In{1--
H. 1-1 Z ( p)
p a prime p p a prime
p<N p<N
201 /1\*
= Z Z — () by Remark
/ k \p
p a prime k=1
p<N

I BN

1
p a prime p k=2

p<N
1 11
< X SFs2a
paprimep k:2p
p<N
1
1 1 =
- Z e
paprimep 21_5
p<N
1 1 1
= >~ J]"s 2 oD
p a prime paprimepp
p<N p<N
1] 1 & 1
IR S
p a prime b 2 n=2 n(n o 1)
p<N
N
1 1 1 1
| = i
paprimep 2n=2n_1 n
p<N
1 1 1
p— —_— _— 1_7
> o)al-w)
p a prime
p<N
1 1
< - —.
Z D +2
p a prime
p<N

Moreover, by the same ideas as used in the proof of Theorem we have
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that

1 2 (1"
I | = | | E () geometric series
p

1-1
p p a prime k=0
p<N

p a prime
N
1
Fundamental Theorem of Arithmetic

p<N

Combining these two, we have due to the fact that the natural logarithm is

increasing on (0, 00) that

Y LS ) - %

p a prime p
p<N
|

as desired.
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Appendix A

Complex Numbers

In this appendix chapter, we will quickly review the basics of complex
numbers.

Definition A.0.1. The complex numbers, denoted C, are the set
C={a+bi|abeR}

where ¢ denotes a fixed symbol.

Given a complex number z = a + bi where a,b € R, the number a is
called real part of z and is denoted byRe(z), and the number b is called the
imaginary part of z and is denoted by Im(z).

The symbol ¢ in a complex number is meant to denote "v/—1". To be
specific, we will equip C with binary operations of addition and multiplication
so that (0+14)(0+14) = —1 so that indeed i is a complex solution to 2 = —1.

Definition A.0.2. The binary operations + : CxC —- Cand - : CxC — C
defined by

(a+bi)+(c+di) = (a+c)+(b+d)i and (a+bi)(ct+di) = (ac—bd)+(ad+be)i

for all a,b,c,d € R are called complex addition and complexr multiplication
respectively.

Example A.0.3. It is not difficult to see that
(14+2i)+ (3+4i) =4+61 and (1+2¢)(3 4 4i) = =5+ 104.

Moreover, since
i2 = (04 14)(0 + 1) = —1 + 04,

we do indeed have that 4 is a complex solution to 22 = —1. In addition, it is
not difficult to see that —i is also a complex solution to 2 = —1.

195
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In order for C to be as nice to work with as R, we require complex
addition and multiplication to have specific properties. To be specific, we
want the following.

Theorem A.0.4. The set of complex numbers C together with complex
addition and multiplication is a field; that is,

(i) (Commutativity of Addition) z +w = w + z for all z,w € C.
(i) (Associativity of Addition) z+ (w+wu) = (z +w) +u for all z,w,u € C.

(iii) (Additive Unit) There exists a 0 € C such that z+0 = z for all z € C
(i.e. 0=0+40i).

(iv) (Additive Inverses) For all z € C there exists a —z € C such that
z4+(—2) =0 (i.e. —(a+0bi)=(—a)+ (=b)i).
(v) (Commutativity of Multiplication) zw = wz for all z,w € C.
(vi) (Associativity of Multiplication) z(wu) = (zw)u for all z,w,u € C.
(vit) (Multiplicative Unit) There exists a 1 € C such that 1z = z for all
2€C fie. 1=1+0i).
(viii) (Multiplicative Inverses) For all z € C\ {0} there exists a 21 € C such
that 271z = 1.
(iz) (Distributivity) z(w + u) = (zw) + (zu) for all z,w,u € C.

Proof. Let z,w,u € C be arbitrary. Hence there exists a, b, ¢, d, z,y € R such
that
z=a+b, w=c+di, and u=z+ yi.

We will now examine each of the above nine properties for these arbitrary
elements of C and demonstrate the property holds using the analogous
property for real numbers.

(i) Commutativity of Addition: Notice that

z+w=(a+c)+(b+d)i=(c+a)+(d+dbi=w+z

due to the commutativity of addition of real numbers. Thus commutativity
of addition of complex numbers has been demonstrated.
(ii) Associativity of Addition: Notice that

z+ (w+u)=(a+bi)+ ((c+z)+ (d+y)i)
+(c+x)+ b+ (d+y))

(
= (a
((a+c)+x)+ ((b+d)+y)i
(
= (

(a+c)+ (b—l—d)) (z +yi)
z+w)+
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where the third equality holds due to the associativity of addition of real
numbers. Thus associativity of addition of complex numbers has been
demonstrated.

(7ii) Additive Unit: Notice with 0 = 0 + 0i that

24+0=(a+0)+(b+0)i=a+bi==z

due to the property of the zero element of R. Thus the complex numbers
have an additive unit.

(iv) Additive Inverses: Let —z = (—a) + (—b)i where —a and —b are the
additive inverses of @ and b in R. then

2+ (=2)=(a+(—=a)) +(b+(=b)i=0+0i=0

as desired. Thus the complex numbers have additive inverses.
(v) Commutativity of Multiplication: Notice that

zw = (ac — bd) + (ad + be)i = (ca — db) + (cb + da)i = wz

due to the commutativity of addition and multiplication of real numbers.
Thus commutativity of multiplication of complex numbers has been demon-
strated.

(vi) Associativity of Multiplication: Notice that

2(wu) =

(a+ bi)((c+ di)(x + yi))

= (a+ bi)((cx — dy) + (cy + dx)i)

= (a(cx — dy) — b(cy + dz)) + (a(cy + dx) + b(cx — dy))i
= (acx — ady — becy — bdz) + (acy + adx + bex — bdy)i

= (acx — bdx — ady — bey) + (acy — bdy + adc + bex)i
(
(
(
= (

(ac — bd)x — (ad + bc)y) + ((ac — bd)y + (ad + be)x)i
(ac —bd) + (ad + be)i)(x + yi)
(a+ bi)(c+ di))(z + yi)

W)U

where commutativity and associativity of addition (fifth equality) and dis-

tributivity of real numbers (fourth and sixth equalities) have been used. Thus

associativity of multiplication of complex numbers has been demonstrated.
(vit) Multiplicative Unit: Notice with 1 = 1 4 0i that

lz = (la—0b) + (1b+0a)i =a+bi = =z

due to the property of the one element of R. Thus the complex numbers
have a multiplicative unit.
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(viii) Multiplicative Inverses: Assume z # 0. Thus a # 0 or b # 0 so
a? +b?> > 0. Define

L
a2+ a? 4 b2

z

which makes sense since agaﬁ, ﬁ € R since non-zero real numbers have
multiplicative inverses. Notice that

o= () o (ww)) + ((Fw) o+ (a5m) o)
a? + b2 a? + b? a? + b? a? + b?
a? + b? ab —ba\ .
:<a2+b2>+(a2+b2)Z

=14+0i=1

due to the commutative of multiplication and properties of addition of real
numbers. Hence 27! is indeed the multiplicative inverses of z. Thus the
existence of multiplicative inverses for non-zero complex numbers has been
demonstrated.

(iz) Distributivity: Notice that

z(w+u) = (a+bi)((c+di) + (z +yi))

a+bi)((c+z)+ (d+y)i)

alc+z)—bd+vy)) + (a(d+y) + blc+x))i

ac + ax — bd — dy) + (ad + ay + be + bx)i

(ac —bd) + (ax — dy)) + ((ad + be) + (ay + bx))i
(ac —bd) + (ad + bc)i) + ((ax — dy) + (ay + bx)i)
(a+bi)(c+di)) + ((a+ bi)(z + yi))

zw) + (2u)

where commutativity and associativity of addition (fourth equality) and
distributivity of real numbers (third equality) have been used. Thus distribu-
tivity of complex numbers has been demonstrated.

As all nine properties have now been demonstrated for arbitrary complex
numbers, the set of complex numbers together with addition and multiplica-
tion are a field. [

(
= (
= (
=
(
(
(
=

Remark A.0.5. Embedded in the proof of Theorem is the formula
for the inverse of a non-zero complex number. Indeed if z = a + bi where
a,b € R is such that z # 0, then

P— + b {
B N
For example,
3 4
49 — - —
(B+40)7 = 55— 55
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Note we can also write

R

When dealing with complex numbers, both the numerator and denominator
are important common quantities that are worthy of developing further.

Definition A.0.6. Given a complex number z = a + bi where a,b € R, the
absolute value (or length or modulus) of z, denoted |z|, is the quantity

z| = Va2 + b2.
|2|

Definition A.0.7. Given a complex number z = a + bi where a,b € R, the
complex conjugate of z, denoted Z, is the quantity

Z=a+ (-b)i.

Using our knowledge of the inverse of a non-zero complex number, we
have the following.

Corollary A.0.8. If z € C\ {0}, then 27! = #E

There are many other properties of the absolute value and complex
conjugates that are worthy of recording.

Proposition A.0.9. For all z,w € C, the following are true:
a) Re(z) = 2=
b) Im(z) = % 2.

i) |zw] = [2||w].
j) If z # 0, then |27 = |2|71.
k) |z 4wl < [z] + |wl.

Dzl = |l < |z = wl.

©For use through and only available at pskoufra.info.yorku.ca.



200 APPENDIX A. COMPLEX NUMBERS

Proof. Let z,w € C be arbitrary. Thus there exists a, b, c,d € R such that
z=a+bi and w = c+ di.
To see that a) is true, notice
z+zZ (a+bi)+(a—bi) 2a

2 = 2 :?:a:Re(z)

as desired.
To see that b) is true, notice
z—%Z (a+bi)—(a—bi) 2bi

= = — = :I
2 2 5 — 0 =Tm(z)

as desired.
To see that c) is true, notice

as desired.
To see that d) is true, notice that

zw = (ac — bd) + (ad + be)i
= (ac — bd) + (—(ad + bc))1
= (ac — (=b)(=d)) + (a(=d) + (=b)c)i
(a + (=b)i)(c+ (—d)7)

w

N |

as desired.
To see that e) is true, notice that

\ﬁ—\/a—i- )i)(a + bi)
- \/az_ —b)b) + (ab+ a(—b))i
=\/m:|z|

as desired.
To see that f) and g) are true, note that

a’ < a® + b? and b2 < a’ + b2,

SO

IRe(z)| = |a| = Va2 < Va2 + b2 = |z
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and

lIm(z)| = |b] = VB2 < Va2 + b2 = |7|

as desired.
To see that h) is true, note that

2] = la+ (=b)i] = /a2 + (=b)? = V@ + 17 = ||

as desired.
To see that i) is true, notice that

zw = (ac — bd) + (ad + bc)i

so that

|zw| = \/(ac — bd)? + (ad + be)?
= \/(a202 — 2abed + b2d?) + (a?d? + 2abed + b2c?)
= Va2e® + B2d? + a2d? + b2
= /(@ +82)(e? + &?)
= /(@ + )/ (2 + )

= [2]|w|

as desired.
To see that j) is true, notice by i) that

2 Izl =72 = 1] = 1,

so |27 = |z|7! as desired.
To see that k) is true, notice that

|z +w* = (zFw) (2 +w) by e)
=(Z+4+w)(z+w) by ¢)
=2Zz+Zw + Wz +ww
= 2> 4+ Zw + Zw + |w|? by d) and e)
= |2)? + 2Re(zw) + |w/|? by a)
< |2|? + 2[zw| + |w|? by f)
= [2f? + 2[z]|w| + |w]? by i)
= |22 + 20l + [w]? by h)
= (2] + [w])®.

Therefore, by taking the square root of both sides of the inequality, the
desired result is obtained.
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Finally, to see that 1) is true, first notice by k) that
|2 = [(z —w) + w| < |2 — w| + [w].
Therefore
2] — ] < |2 — wl.
Similarly, notice by k) and i) that
w| = [(w - z) + 2|
< fw = 2| + 2]
= [(=1)(z —w)| + 2|
= [ =z —wl+ 2] = |z — w| + [2]
Hence
jw| = 2] < |z = wl.

Therefore, by combining |z| — |w| < |z —w]| and |w| — |z| < |z — w|, we obtain
that
2] = |wl| < |2 = w]

as desired. n
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Appendix B

Differentiation and
Integration in C

In this section, we will extend the notions of derivatives and integrals of real-
valued functions on closed intervals to complex-valued functions. In particular,
it will be demonstrated that every elementary notion for derivative and
integrals seen in previous courses extend to these complex-valued functions
with ease.

B.1 Complex Differentiation

As is natural with calculus, we begin with differentiation. To simplify
notation, we introduce the following.

Notation B.1.1. For a,b € R with a < b, the vector space of all complex-
valued functions on [a, b] is denoted by F([a,b],C). Recall if f € F([a,b],C),
then the real and imaginary parts of f are the functions Re(f),Im(f) :
[a,b] — R defined by

Re(f)(z) = Re(f(z))  and  Im(f)(z) = Im(f(x))
for all = € [a, b].

Definition B.1.2. Let f € F([a,b],C) and let 2o € (a,b). It is said that f
is differentiable at xq if

lim f(zo+h) — f(zo)
h—0 h

exists in C. When f is differentiable at xg, the derivative of f at xg, denoted

I/ (x0), is
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Finally, it is said that f is differentiable on [a,b] if f is differentiable at
each point in (a,b) and f is continuous on [a, b]. The derivative of f on (a,b)
is the function f’: (a,b) — C whose value at zo € (a,b) is f'(x¢) as defined
above.

Of course, it is possible to develop the properties of derivatives of complex-
valued functions on intervals by mirroring the corresponding real-valued
results. However, as limits of complex numbers converge if and only if their
real and imaginary parts converge, the theory of derivatives of complex-
valued functions on intervals reduces down to the theory of derivatives of
real-valued functions on intervals.

Theorem B.1.3. Let f € F([a,b],C), let fi = Re(f), let fo =Im(f), and

let zg € (a,b). Then f is differentiable at xy if and only if fi and fa are
differentiable at xq. When f is differentiable at xq,

f'(@o) = fi(o) +if3(z0)-

Finally, f is differentiable on [a,b] if and only if fi and fo are differentiable
on [a,b], in which case f' = f{ +if5.

Proof. Since for all xg € (a,b) and h € R with z¢ + h € [a, b] we have that

flwo+h) = f(zo) _ filzo+h) — fi(zo) +if2(ﬂ?o+h) — fa(xo)
h h h ’

it follows that

lim f(zo+h) — f(zo0)
h—0 h

exists if and only if

lim fi(zo + h) — fi(zo) and  lim
h—0 h h—0

Ja(zo + h) — fa(zo)
h

exist. Moreover, this implies that

f'(x0) = fi(wo) + i fa(xo).

Finally, since f is continuous if and only if f; and fo are continuous, the
result follows. [

It is worthwhile to see that one specific function behaves incredibly well
with respect to this definition of differentiation thereby further supporting
why this definition of differentiation for complex-valued functions on intervals
is desirable.
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Example B.1.4. Let a,b € R, let « = a + bi € C, and define f : R — C by
f(x) = e = 0T — 0% cog(ba) + i sin(ba)
for all x € R. Then f is differentiable at each point in R with

f'(x) = (e*® cos(bx)) + i (e®* sin(bx))’

(
(ae® cos(bx) — be™ sin(bx)) + i (ae® sin(bz) + be®” cos(bx))
(

(a + bi)e* cos(bx) + (—b + ia)e® sin(bx)
(a + bi)e* cos(bx) + i(a + bi)e® sin(bx)
a + bi) (e cos(bx) + 1e** sin(bx))

= af(x).

Hence

(eaz)/ — aeam
for all « € C.

Of course, some results, such as the following, immediately import from
the theory of derivatives of real-valued functions.

Corollary B.1.5. Let f € F([a,b],C) and let xo € (a,b). If f is differen-
tiable at xg, then [ is continuous at xg.

Proof. Since f is differentiable at zg, Re(f) and Im(f) are differentiable at
xo. Therefore Re(f) and Im(f) are continuous at xg so f = Re(f) + iIm(f)
is continuous at x. n

Again using the results for derivatives of real-valued functions, certain
operations behave well with respect to differentiation.

Corollary B.1.6. Let f,g € F([a,b],C) and let zg € (a,b). If f and g are
differentiable at xg, then f + g is differentiable at x¢ with

(f +9)(x0) = f'(0) + ¢’ (w0)-
Proof. Let fi = Re(f), fo =1Im(f), g1 = Re(g), and g2 = Im(g). Since

fH+g=(fi+ife)+ (g1 +ig2) = (f1+g1) +i(fa+ g2)

we have that

Re(f+g)=fi+tgr and  Im(f+g)=fo+ g

Therefore, since f and g are differential at xg, we know that f1, fo, g1, and go
are differentiable at z¢ and thus Re(f + ¢) and Im(f + ¢) are differentiable
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at xg by results from the real case with

(f +9) (x0) = (fr + g1)(z0) +i(f2 + g2)' (o)

(fi(zo) + g1 (w0)) +i(f3(z0) + g5(20))
(z0) +if3(x0)) + (g1(x0) + iga(z0))

"(x0) + g’ (20)

ol
="
= (f1
= f(
as desired. m

To see that scalar multiplication behaves well with respect to differentia-
tion, it is easier to generalize the product rule first.

Theorem B.1.7 (Product Rule). Let f,g € F([a,b],C) and let xy € (a,b).
If f and g are differentiable at xq, then fg is differentiable at xo with

(f9)'(w0) = f'(z0)g(z0) + f(w0)g'(z0)-
Proof. Let fi = Re(f), fo =1Im(f), g1 = Re(g), and g2 = Im(g). Since

fa=(fi+if2)(g1 +ig2) = (frgr — fage) +i(f192 + f291)

we have that

Re(fg) = fig1 — fa92 and  Im(fg) = fig2 + fag1-

Therefore, since f and g are differential at zg, we know that fi, f2, g1, and
g2 are differentiable at 2y and thus Re(fg) and Im(fg) are differentiable at
xo by the real-valued product rule with

(f9) (z0) = (frg1 — f2g2)'(w0) + i(f1g2 + f291)' (o)
= ((f191)"(z0) = (f292)' (z0)) + i ((f192) (z0) + (f291) (z0))
((fi(z0)g1(wo) + fi(w0)gi(20)) — (f3(w0)g2(0) + f2(20)gs(w0))
+i ((fi(z0)g2(wo) + fi(z0)ga(x0)) + (f2(0)g1(20) + fa(w0)g) (x0))
= fi(zo) (91(z0) + iga(z0)) + fo(z0) (—g2(w0) + ig1 (o))
+ (fi(zo) + ifa(w0)) g1 (z0) + (= fa(w0) + i f1(w0)) g5 (o)
= fi(x0)g(xo) +if3(x0)g(wo) + f(x0)g1(w0) + i f (z0)ga (o)
= (fi(wo) +ifs(z0))g(x0) + f(20) (g1 (x0) + iga(wo))
= f'(z0)g(x0) + f(x0)g'(z0)

as desired. m

Corollary B.1.8. Let f € F([a,b],C) and let xg € (a,b). If f is differen-
tiable at xg and a € C, then af is differentiable at x¢ with

(Oéf)/(xo) = Oéf,(fo)-
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Proof. Define g € F([a,b],C) by g(z) = a for all x € [a,b]. It is elementary
to see based on the definition of the derivative that g is differentiable with
g () = 0 for all € (a,b). Hence the Product Rule implies fg = af is
differentiable at xg with

(af) (x0)(f9) (z0) = f'(w0)g(x0) + f(z0g (x0) = af (w0) + 0 = af' (o)
as desired. ]

Of course, the quotient rule also generalizes.

Theorem B.1.9 (Quotient Rule). Let f,g € F([a,b],C) and let z¢ € (a,b).
If g is differentiable at xo and g(xg) # 0, then é is differentiable at xo with

(=3

9(x0))*

Therefore, if in addition f is differentiable at xq, then 5 is differentiable at

T with
O <f>/ (w0) = f'(x0)g(x0) = f(x0)g'(x0)
9 " (g(w0))? '

Proof. Instead of appealing to the real and imaginary parts, it is much easier
to return to the definition of the derivative. Suppose g is differentiable at
xo and g(zg) # 0. Since g is differentiable at zp, ¢g is continuous at xg
and therefore, since g(zg) # 0, there exists a § > 0 such that if x € R
and |x — xg| < J, then = € (a,b) and g(z) # 0. Thus for all h € R with
0 < |h| < 6 we have that

1 1 g(z0)—g(zo+h)
G Th) ~ o) eGoaerhy _ g(xo) — g(zo + h)

h h g(wo)g(xo+ h)h

Since g is continuous at xg, we know that

1
lim = .
h—=0 g(xo+h)  g(xo)

Moreover, since g is differentiable at xg, we know that

g(x0) — g(wo + h)

. 1
i S = /o)
Hence
1 1 ,
lim $&oth)  g(zo) _ _ 9 (20)
h—0 h (9(20))?

Thus é is differentiable at ¢ with

(5) 0=~
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Finally, if in addition f is differentiable at xq, then 5 =f % is differentiable
at xg by the product rule with

(2) w0 = #@0)—s + saw) () o)

as desired. m

Finally, we have a version of the chain rule for the composition of a
real-valued function with a complex-valued function.

Theorem B.1.10 (Chain Rule). Let I and J be open intervals, let g :
I - C, and let f : J — R be such that f(J) C I. Suppose that a € J, f
is differentiable at a, and g is differentiable at f(a). Then go f : I — C is
differentiable at a and

(90 f)(a) =4 (f(a))f (a).
Proof. Let g1 = Re(g) and g2 = Im(g). Then

(go f)(x) = gi1(f(z)) +iga(f(z)) = (910 f)(z) +i(g2 0 f)()

for all x € J. Therefore, by the chain rule for real-valued functions, g o f is
differentiable at a with

as desired. n

B.2 Complex Integration

With the basics of differentiation of a complex-valued function on an interval
complete, we turn our attention to integration. As differentiation can be
done via the real and imaginary parts, the following definition should be no
surprise.

Definition B.2.1. Given f € F([a,b],C), it is said that f is Riemann
integrable if Re(f) and Im(f) are Riemann integrable. When f is Riemann
integrable, the complez-valued Riemann integral of f on [a,b] is defined to
be the complex number

/abf(x)dx:/abRe(f)(SC) d:v+i/ab1m(f)(gg) d.
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Using the above definition and by exploiting results in the real-valued
setting, we automatically generalize the Fundamental Theorems of Calculus.

Theorem B.2.2 (Fundamental Theorem of Calculus, Part I). Let
f i [a,b] — C be continuous and define F' : [a,b] — C by

PXx):tA$f@)dt

for all x € [a,b]. Then F is continuous on |a,b], differentiable on (a,b), and
F'(x) = f(z) for all x € (a,b).

Proof. Let f1 = Re(f), fo =Im(f), F1 = Re(F), and Fy = Im(F). By the
definition of the complex-valued Riemann integral, we have that

mmzfmmﬁmdawth@ﬁ

for all x € [a,b]. Since f is continuous, fi; and f; are continuous. Therefore,
by the real-valued version of the Fundamental Theorem of Calculus, we
obtain that F; and F» are continuous on [a, b], differentiable on (a, b), and
F{(z) = fi(z) and Fi(x) = fa(z) for all z € (a,b). Thus it follows from
Theorem that F' is continuous on [a, b], differentiable on (a,b), and
F'(z) = f(z) for all x € (a,b). ]

Theorem B.2.3 (Fundamental Theorem of Calculus, II). Let f, F :
[a,b] — C be such that f is Riemann integrable on [a,b], F is continuous on
[a,b], F is differentiable on (a,b), and F'(x) = f(x) for all x € (a,b). Then

LU@&:F@—F@‘

Proof. Let fi = Re(f), fo = Im(f), F1 = Re(F), and F5 = Im(F'). Therefore
f1 and fy are Riemann integrable on [a, b], F and F» are continuous on [a, ],
Fy and F are differentiable on (a,b), and F{(x) = fi(x) and Fj(z) = fa(z)
for all € (a,b) by Theorem Therefore, by the real-valued version of
the Fundamental Theorem of Calculus, we obtain that

b b
[ fi@dt=Fi®) - Fi@) and [ fat)dt = Fap) - Fala).

Thus

L%@ﬁ—LUﬁMH%Kh@ﬁ

= (F1(b) — Fi(a)) + i(Fa(b) — Fa(a))
= (F1(b) + iF(b)) — (Fi(a) +iFo(a)) = F(b) — F(a)

as desired. ]
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As with real-valued functions, the Fundamental Theorems of Calculus
immediately enables us to integrate any function we know the anti-derivative
of. In particular, the exponentials in Example are particularly easy yet
useful in this course.

Example B.2.4. Let a,b € R, let & = a+bi € C\{0}, and define f : R — C
by
f(z) = e = el0Th)T — 0% co5(bg) + i sin(ba)

for all x € R. Since
I'(z) = ae®

()=

for all x € R. Thus the Fundamental Theorem of Calculus implies for all
¢,d € R with ¢ < d that

d 1 1
/ T dy = —e® — g0,
c « (6]

for all x € R, we see that

To conclude this discussion, it is particularly useful to know what opera-
tions on Riemann integrable functions produce Riemann integrable functions
and how the values of the integrals relate. We begin with the following.

Proposition B.2.5. Let f,g € F([a,b],C) be Riemann integrable. Then the
following are true:

a) f+ g is Riemann integrable.
b) f is Riemann integrable.
c) fg is Riemann integrable.

d) |f| is Riemann integrable.

Proof. Let fi = Re(f), fo = Im(f), g1 = Re(g), and g2 = Im(g). Since
f and g are Riemann integrable, fi, f2, g1, and go are Riemann integrable.
Therefore, since

Re(f+9) = fi+ g1,
Im(f +g) = f2 + g2,
Re(f) = f1,
Im(f) = — f2,
Re(fg) = fig1 — f2g2,
Im(fg) = fig2 + fog1, and

Ifl =i+ 13,
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we see that all of these functions are Riemann integrable and thus f + g, f,
fg, and |f| are Riemann integrable. n

Of course, it is unsurprising that the complex integral is linear.

Proposition B.2.6. Let f,g € F([a,b],C) be Riemann integrable. Then

[ 5@+ g@yde = [ syae s [ g ae

Moreover, if a € C, then

/abaf(x)dx:oz/abf(x)da:

Proof. Let fi = Re(f), fo =Im(f), g1 = Re(g), and g2 = Im(g). Since

Re(f+g)=fi+g and Im(f+g)= fo+ g2,

we obtain by the definition of the complex integral that

[ 1) + @) da
(L) o L1
_ (/ fl(ac)dx—i—/a gl(x)d:r> —H(/ fz(x)dx+/abgz(x)dx>
_ (/bfl(x)dx—i—i/bfg(m)dx) + (/:gl(x)dxﬂ'/:gg(x)dx)
/ dx—l—/ e

as desired.

For the second part of the proof, write &« = ¢ + di where ¢,d € R. Since

Re(af) =cfi —dfs and Im(af)=cfz+df1,
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we obtain by the definition of the complex integral that

b
/{lafda;
b b
= (/a cfl(ar)—dfg(af)da?) —i—z(/a cfg(a?)—i-dfl(x)dx)

_ (c/abfl(x)dx—d/abfg(a:)dw) +i <c/abf2(x)dx—l—d/abf1(x)da:)
_ (c+dz')/abf1(a:)da:+(—d+z’c)/abf2(x)dx
:a/abfl(a:)dm—i-ai/abfg(m)dm

—a(/{lbfl(w)da?—i—i/(lbfg(x)dx) —a/abf(a?)dx

as desired. |
In addition, integrating a complex conjugation is almost trivial.
Proposition B.2.7. Let f € F([a,b],C) be Riemann integrable. Then
b b
/ f(z)dx :/ f(z)dz.
Proof. Let fi = Re(f) and fo = Im(f). Since
Re(f) = fi and Im(f)= —fo,
we obtain by the definition of the complex integral that
b
/ f(z)dx
“ b
— [ A doti [ ~pw) do
b b
:/ fl(x)dx—i/ fo(x) dx
b b
= [ h@doti [ pads
b
~ [ @) do
as desired. ]

We recall from integrating real-valued functions that integrals of products

need not be the product of the integrals. However, integration by parts still
works.
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Theorem B.2.8 (Integration by Parts). Let hi,he € F([a,b],C) be
continuously differentiable functions. Then

b b
/a B (2)ho(x) doe = (h1 (D)ha(b) — B (a)ha(a)) — / I ()l () dee
Proof. Let f :[a,b] — C be defined by

f(@) = hi(@)ha(z)

for all « € [a,b]. Since h; and hy are continuous on [a,b], we obtain that f
is continuous on [a, b]. Moreover, since hy and hg are differentiable on (a, b),
the product rule implies that

f'(@) = by (2)ha(x) + ha(z)hy(x)

for all z € (a,b). Furthermore, since h; and hs are continuously differentiable,
we see that f' = hlho + hihf is Riemann integrable on [a, b]. Therefore, the
Fundamental Theorem of Calculus II implies that

hi(b)ha(b) — hi(a)ha(a) = f(b) — f(a)
/f
/h’ Jha(z) + o (@)l () do

_/h' Yho(x da:—i—/hl Yhy(z

Thus, by rearranging this equation, the result follows. ]

Finally, the following relates the integrals of a function and its absolute
value. However, as the proof does not follow from the real-valued results, we
need to be slightly clever.

Theorem B.2.9. Let f € F([a,b],C) be Riemann integrable. Then

< [r@)a

/bf(x)d;re(C,

there exists a z € C such that |z| =1 and

z/abf(a:)da::
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(i.e. if fé’f(:):) dx = re' for some r > 0 and 0 € [0, 27), then take z = e~%).
Therefore we have that

:/abRe(zf(a:))dx+i/ab1m(zf(x))dx.

However, the above inequality implies it must be true that

b
/a Im(zf(x))dz =0

as the only way a real number and a complex number are equal is if the
imaginary part of the complex number is zero. Therefore we have that

/abf(:c) dx| = /abRe(zf(a;)) dx

b
< ["es)as as Re(=f(z)) < [f(z)]
= [ kllste)da

b
- / ()| do

as desired. m
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Appendix C

Multivariate Calculus
Theorems

In this appendix chapter, we will provide proofs to the multivariate calculus
results that are used in this course.

C.1 Fubini’s Theorem

We begin with the fundamental result of changing the order of integral signs.

Theorem C.1.1 (Fubini’s Theorem). If f : [a,b]x[c,d] — R is continuous,
then

b d
W/a f@y)dz  and w/c f(@y)dy

are continuous on [c,d] and [a,b] respectively, and

//[a,b]x[c,d] f(z,y)dA = /ab/cdf(x,y) dydx = /Cd/abf(x,y) dx dy.

Before we get to the proof of Fubini’s Theorem (Theorem [C.1.1)), we first
desire to present a proof that if f : [a,b] X [¢,d] — R is continuous, then f is
Riemann integrable over [a,b] X [c,d]. To do this, we re-imagine the notion
of uniform continuity presented in Definition [2.8.1]

Definition C.1.2. A function f : [a,b] X [¢,d] — R is said to be uni-
formly continuous on I if for all € > 0 there exists a § > 0 such that
if (x1,y1), (z2,y2) € [a,b] X [e,d], |x1 — 22| < §, and |y; — y2| < §, then
|flz1,01) = f(@2,52) <e

Unsurprisingly, we can generalize the proof of Theorem to the
following.

Theorem C.1.3. If f : [a,b] X [¢,d] — R is continuous, then f is uniformly
continuous.

215
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Proof. Let f :[a,b] X [¢,d] — R be continuous. Suppose to the contrary that
f is not uniformly continuous. Hence there exists an ¢ > 0 such that for
all § > 0 there exists (x1,y1), (z2,y2) € [a,b] X [¢,d] such that |1 — z2| < 4,
ly1 —y2| < 6, and |f(x1,y1) — f(x2,y2)| > €. Therefore, for each n € N there
exist (Tn,yn), (2, y),) € [a,b] X [¢,d] with |z, — 2}, < %, lyn — yl,| < 9, and
|f(xn7yn) - f(a:;w y;l,)| g

Since [a,b] is closed and bounded, the Bolzano-Weierstrass Theorem
implies there exists a subsequence (z,)n>1 of (z)n>1 that converges to
some number L € [a, b]. Subsequently, since [c,d] is closed and bounded, the
Bolzano-Weierstrass Theorem implies there exists a subsequence (Y, Jn>1
of (Yk, )Jn>1 that converges to some number K € [c,d]. Note (7, )n>1 still
converges to L since (z,, )n>1 does.

Since f is continuous on [a,b] X [c,d], there exists an N; € N such that
|f (@, » Umy,, ) — fF(L, K)| < § for all n > Ny.

Consider the subsequence (z,, )n>1 of (z},)n>1. Notice for all n € N
that
Ty, — LI < |2, = Ty, [+ [Tm,, — L]

1
< ——+ [om,, — L
m

n

1
< —+|2zm,, — LI
n

Therefore, since lim, 0 [Zm,, — L| = 0 and lim;, % = 0, we obtain that
lim,— 00 :U;nkn = L. Similarly, lim, . yfnkn = K. Since f is continuous this
implies that there exists an Np € N such that |f(z7,, v, )— f(L, K)| <3
for all n > Ns.

Notice if N = max{Nj, N2}, then the above implies that

’f(‘rmkn ) y’mkn) - f(‘/l:;nkn7y;nkn)|
< 1f ey 9ma,) — LD+ L) = F )

cELE_
272" ¢

thereby contradicting the fact that |f(@m, ,Ym,, ) — f(@n, ¥m, ) > €

Hence f is uniformly continuous on [a, b] X [c, d]. ]

It is the property of uniform continuity that implies continuous functions
are Riemann integrable. The following demonstrates the 2-variable version,
whereas the 1-variable version (which should have been proved in MATH
2001) follows by similar arguments.

Corollary C.1.4. If f : [a,b] X [¢,d] = R is continuous, then f is Riemann
integrable on [a,b] x [c,d].
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Proof. Let e > 0. Since f is continuous on [a, b] X [¢, d], f is uniformly contin-
uous on [a, b] X [¢,d]. Thus there exists a § > 0 such that if (z1,y1), (z2,y2) €
[a,b] X [c,d] are such that |21 — 22| < d and |y — y2| < 0, then

€

|f(x1,91) — f(@2,42)] < b ad—o

Let P be any partition of [a, b] x [c, d] with interval lengths at most § (which
can always be constructed). Write P = {{(x,y;)}} ¢} 2o Where

a=xp <1< - <xTp=>
c=yo<yr < <Yy =d.

For all (i,7) € {1,...,n} x {1,...,m}, let

Mi,j = sup({f(x,y) | (l’,y) € [ZL'Z;l,ZL‘i] X [yjflvyj]}

m; ;= inf({f(2,y) | (z,9) € [wi—1, 2] ¥ [yj-1,95]}-

Then
n m
U(f,P) =D Mij(wi —i1)(y; — yj—1)
i=1j=1
n m
(f,P) =D mij(zi — zio1)(y; — yj-1)
i=1j=1
Hence
m
u(f,p P) =D (Mij—mig)(zi — zim1)(yj — yj-1)
i=1j=1
n m
SZZ b—a C)(x zi-1) (Y5 — Yj-1)
i=1 ]—].
=€
Therefore, as € > 0 was arbitrary, f is Riemann integrable. ]

Proof of Fubini’s Theorem (Theorem . First, it is necessary to demon-
strate that all of the integrals in the statement of the theorem are well-defined.
Since f is Riemann integrable,

/ / f(z,y)dA
[a,b] x[c,d]

is well-defined. Moreover, since
CL‘F—)f(.'E,yo) and y*_>f($0)y)
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are continuous on [a, b] and [c, d] respectively for all zg € [a, ] and yg € [¢, d],
we obtain that

b d
Lf@wdm and Lf@m@@

are well-defined for all zg € [a,b] and yo € [c, d]. Thus, to see that

/cd/abf(x,y)dacdy and /ab/cdf(;r,y)dydx

are well-defined, it suffices to show that

b d
yH/ f(z,y)dz and $*—>/ f(z,y)dy

are continuous on [c,d] and [a, b] respectively.

To see that the first is continuous, let ¢ > 0. Since f is uniformly
continuous on [a, b] X [c, d], there exists a 0 > 0 such that if (z1,y1), (z2,y2) €
[a,b] % [c,d] are such that |21 — z2| < § and |y; — y2| < 0, then

\flzr,y1) — f22,30)] < ﬁ

Therefore, for all y1,y2 € [¢,d] with |y1 — y2| < § we have that

[ rwde = [ i =| [ 100 - 5@ o)

b
s/ﬁfuwn—fungx
S/bbjadx
— €.

Thus y — [ ; f(z,y) dx is uniformly continuous on [¢,d]. Similarly = —

i) cd f(x,y) dy is uniformly continuous on [a, b].
To see that

//[a:b}x[c,d] f(z,y)dA = /Cd/abf(x,y)dacdy,

let € > 0 be arbitrary. Since f is Riemann integrable on [a, b] X [c,d], there
exists a partition P of [a, b] x [c, d] such that if P = {{(z;,y;)}i_¢} Lo Where

a=xp <1< <xp=>

c=yo<yy<--<ym=d
and for all (¢,7) € {1,...,n} x {1,...,m}, we let
M; j =sup({f(z,y) | (z,y) € [wi—1, 2] X [yj-1,y;]}
mi; =inf({f(z,y) | (z,y) € [wi—1, 2] x [y;—1, y5]},
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then with

we have that
L(f.P) < / / Fla,y)dA <U(f,P) < L(f,P) + ¢
[a,b] X [e,d]

Since for all (i,j) € {1,...,n} x {1,...,m} we have
mij < f(z,y) < Mi;

for all (x,y) € [zi—1,2:] X [yj—1,y;], we obtain that
mi (i — xi-1) / flz,y)de < M; j(z; — xi-1)

for all y € [y;—1,y;] and (4,5) € {1,...,n} x {1,...,m}. Therefore, for any
fix j € {1,...,m} and y € [y;j—1,y;], we obtain by summing over i that

n
me-( — T 1 < Z/
i=1 Ti-1

:/a f(z,y) dx

n
<M (i — mim1).
ot

Thus, by integrating all three expressions over y € [y;—1,y;] for all j €
{1,...,m}, we obtain that

Zmi,j(xi _%'—1) —Yj— 1) / f(z,y)dedy
i=1

| A

Yj—
Z — 1) (Y — Yj-1)-
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Thus, by summing over all j € {1,...,m}, we obtain that

Ms
M:

mi (@i — 1) (Y — Yj-1)

.
I
—
o
I
—

IA
INGE

/a f(z,y) do dy

S =

f(w y) dz dy

I
s~
M:@\ \

IA
INgE

—zi—1)(Yj — Yj-1)

.
Il
.
Il
i

I
=
3

Therefore, since both

d rb
// f(z,y)dA and //f(:v,y)d:vdy
[a,b] x[c,d] c Ja

are in the interval
[L(f,P),U(f,P)]
and

U(f773) _L(f773) <,

we obtain that

|//[a,b}><[c,d] f(z,y)dA - /Cd /abf(%y) dz dy

Therefore, as € > 0 was arbitrary, we obtain that

//[avb}x[c,d] flz,y)dA = /Cd/abf(:c,y)d:cdy,

The proof that

//[a,b]x[c,d] fz,y)dA = /ab /cd f(z,y)dydx

is similar. [ |

< €.

C.2 Leibniz Integral Rule

Another useful result from multi-variate calculus is the ability to differentiate
under the integral sign.
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Theorem C.2.1 (Leibniz Integral Rule). Let f : [a,b] X [¢,d] — R be
such that %5 is continuous on [a,b] X [¢,d]. Then

(/fxy >:/ o

n (c,d).

Proof. Since % is continuous on [a, b] X [¢,d], f is continuous on [a, b] X [c, d]
and thus both integrals in the statement of the theorem are well-defined.
To see the desired result, fix yo € (¢, d). Consider the function F' : [¢, d] —

R defined b
y t baf
Z/C/aay(w,y)dxdy

for all t € [c,d]. Note F' is well-defined since %5 is continuous and

b
yH/a %(m y) dx

is continuous by Fubini’s Theorem (Theorem |C.1.1)). Moreover, by the
Fundamental Theorem of Calculus, we know that

baf

F'(t) =
()= a Oy

—(z,t) dx

for all t € (¢,d). Thus, it suffices to show that

<CZ/ </abf($7y) d$>> (0) = F' (o).

Notice if h > 0 is such that yo + h € [c,d], then by Fubini’s Theorem
(Theorem |C.1.1)) and the Fundamental Theorem of Calculus, we have that

Flyo +h) — Fyo) _1</y°+h O (o, da dy — /yo baf(xy)dxdy>

h h

1 yo+h
- (/ (z,y)dx dy)
Yo

O+h8f
= — —(x,y)dydzx
h/ﬂ/yo 8y( y) dy

b
- / @ g0+ h) — f(z, o) da

zfll(/abf(fc,yoJrh)dw—Lbf(x,yo)d$>-
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Thus

}y{%h(/ f(e 0+ h) dm—/ £ ) da:)—hgl Pl £ 1= F ) _ oy,

Since similar arguments show

%%h</fwyo+hdm—/f$yo dﬂﬁ) (o),

the result follows. []

C.3 Laplace’s Equation in Polar Coordinates

One result necessary for applications to the steady-state heat equation is the
following version of the Laplacian in polar coordinates.

Theorem C.3.1. If f is a continuous function on the closed unit disk centred
at the origin that is twice continuously differentiable on the open unit centred
at the origin, then, using polar coordinates,

a%+}af+1aﬂ

AL =5m T TR

Proof. Recall if (x,y) is a point in the closed unit disk and
x=rcos(f) and y=rsin(h)

are the polar coordinates, then

2
U~ sin(s),
% = —rsin(f), and
% = rcos(0)

To show the desired formula holds, let us compute

of of 4 o
a2 or M 92
using the Chain Rule. Indeed
of Ofox Of0oy of of
S 9 _J
or  dxdr  dyor CO()8x+Sn()8y
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Therefore,

= cos(f) o gx) + sin(# gi)
=os0) (5 (50) o * a5 () o)

p)
(a (?)D ar +38 g;) gi)

dl
i

+ sin(0)
52 2
_ o°f of
= cos(f) (cos( )81'2 + sin(0) 8y8x>
0% f 0% f
+ sin(0) (cos(G) 920y + s1n(¢9)8—y2
0 f 0% f 0% f
20°] . 2O
= cos” 53 + 2 cos(6) sin(0) 920y + sin”(0) 55
Similarly
of _ofox 0fdy of of
96~ dr o0 " ogas om0, s,
Therefore
*f 9 S

502 = 90 (—r sin(@)gx + 7 cos(6) )

of

Oy
- cos(9)g£ - rsm(@)gg gi) — rsin(f )* + TCOS(9)§ (
:—rcos(ﬁ)gi—rsm(e) ai:( )896 aay( )
-raoeron (3 () 5 (5 )

0% f 0% f 0% f
2 2 _ . 2 2
+ 7r“sin (9)&1;2 2r cos(0) sm(@)a 5 + 7 cos*(0)
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Therefore
O%f 10f 1 0f?
o2 T ror T ZogE

0’ f 0% f 0% f
_ 2 9 . )
(cos 922 + 2 cos(f) sin(0) 920y + sin (0)—(32/2
1 of

+ - (COS(Q)&U + Sin(@)gzjj)

1 0 . 0
+ 2 (—r cos(@)a—i - r81n(0)a£>

+ %2 (7“2 sin2(9)82f — 2r cos(#) sin(6) > + 72 cos?(6) 0°f

Ox? Oxdy Oy?
. Ff Pf
= (cos?(6) + sin()) (8:1:2 + a7
= Af
as desired.
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1-torus, [87]

Abel sum, [137]

absolute value, [199]

absolutely convergent series,
Alternating Series Test, [I9]
area enclosed by a curve, [168

Cauchy Criterion, convergent series, [I]]
Cauchy sequence,
Cauchy-Schwarz Inequality, 03]
Cesaro sum,

characteristic function, [175

closed curve,

Comparison Test,

complex conjugate, [I99]

complex exponential,

complex numbers, [195]
conditionally convergent series,
conjugate, complex number, [199]
continuous at a point, [40]
continuous function, [0]
continuous, uniformly, [76]
converge, sequence, [3]

convergent series, [J]

convolution, |[110

cosine, 36|

derivative, complex, [203]
differentiable function, complex, 203
Dini’s Test,

Dirichlet kernel, [T14]

Dirichlet-Dini Test,

diverge, sequence, [3]

divergent series, []
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equidistributed, sequence, [172]
Euler’s Formula,
Euler’s Product Formula, [I90]

Fejér kernel, [127]

Fejér’s Theorem, [132

Fejér’s Theorem, Zygmund, 153
field,

floor, real number, [I73|

Fourier coefficient,

Fourier series, (100

Fourier series, partial, [I00]
fractional part, real number,
Fubini’s Theorem, continuous functions, 215]
Fubini’s Theorem, sums,

Gamma function, [189
geometric series, [I0]

Hardy’s Theorem,

imaginary part, [[95]
imaginary part, function,

inner product,
integer part, real number, [I73]

Integral Test,
Isoperimetric Inequality, [169]

Lebesgue point, [154]
Lebesgue’s Theorem, |149
Leibniz Integral Rule, 221]
Leibniz’s Theorem,
length of a curve, [L66

length, RZ(T),
length, complex number, [I99
limit, sequence, [3]

Mean-Square Convergence, [159]
modulus, complex number, [199]

natural logarithm,
nowhere differentiable, 9]

orthonormal set,

parametrization of a curve, [L65
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parametrized curve, [165)
Parseval’s dentity, [L62

partial Fourier series, @
partial sum, [9]

periodic extension, function, [49]
periodic function,

pointwise convergence, [42]
pointwise convergence, series of functions, @
pointwise sum of functions,
Poisson kernel, [134]

power series, [G§]

product, infinite, converges, [190

radius of convergence, [72]

Ratio Test,

re-parametrization of a curve, [1606]
real part,

real part, function,

Riemann integrable on T, [8§]
Riemann’s functional equation, [189
Riemann-Lebesgue Lemma,
Root Test, [I§]

sequence converges, [3]
sequence diverges, [3]
sequence, Cauchy,
series, converge, [J]
series, diverges, [9]
simple curve, [166

sin, [36]

smooth curve, [166
summability kernel,

tail, series, [9]

Taylor’s Theorem,
Tonelli’s Theorem, sums, [2§]
trigonometric polynomials,

uniform convergence, [44]
uniform convergence, series, @
uniformly bounded, [46]

unit circle, [87]

Weierstrass function,
Weierstrass M-Test, [47]
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Werierstrass Approximation Theorem,
Weyl’s Criterion, [I74]
Weyl’s Equidistributed Theorem,
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